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Abstract: We analyzed the aerosol optical depth time series retrieved from daily satellite
Moderate-Resolution Imaging Spectroradiometer measurements. The investigated geographic
area includes Italy and the Mediterranean Sea. By performing second- and fourth-order statistics
analyses, the dynamics can be decomposed into two sources, the main of which is the annual cycle.
The residence time distribution is made of local maxima over an exponential behavior. The two
successive peaks are located at about 200 and 600 days. This allows us to hypothesize a stochastic
resonance phenomenon in the dynamics of aerosol optical depth. The characteristic periodicity of the
resonance is on the annual timescale, and the asymmetric double-well potential is provided by two
different regimes for the values of the aerosol optical depth in winter and summer time. This means
that a simple, although stochastic, differential equation can represent the time evolution of the optical
depth, at least concerning its component related to the annual cycle.
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1. Introduction

Atmospheric aerosol particles influence the Earth’s radiation balance directly, by the scattering
and the absorption of the incoming solar radiation and indirectly by changing the albedo, the clouds
recovering, acting as condensation nuclei, and air quality, this playing a relevant role in the greenhouse
effect [1–3]. The total tropospheric aerosol is mainly (for about 40%) affected by desert dust [4].

The understanding of the aerosol particles’ impact on the regional and global climate change is one
of the most relevant problems in climate modeling. To account for the spatial and temporal variability
of the aerosols, remote sensing from satellites delivers information about global aerosol distribution.

A well-defined physical quantity measuring these effects is aerosol optical depth (AOD). It is
determined by subtracting the contributions of the total column ozone absorption, water vapor
absorption and Rayleigh scattering from the total atmospheric optical depth as provided by the known
Lambert–Beer law.

In the literature, many studies investigated AOD on a long-term scale, focusing attention on the
related spectral properties, and the correlations with air temperature and precipitation (see, e.g., [5–10]).
Indeed, the spectral properties of aerosol optical properties influence the Ångström parameters and
the aerosol radiative properties (aerosol phase function, single scattering albedo) [11].

In this work, AOD time evolution is analyzed considering a geographic area including Italy
and the Mediterranean Sea. The investigated area represents a significant case study for aerosols,
because the high solar radiation intensity and the cloud-free conditions strongly affect the climate
especially in summertime. Moreover, proximity to regions such as the Western Sahara influences
the Mediterranean Sea producing large aerosol optical depths [4,12]. Regarding the Mediterranean
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area, dust mainly originates from the Sahara Desert and is transported to Europe (see, e.g., [13] and
references therein). This region includes a variety of geographical areas (urban, desert, marine) with
different types of aerosols.

The main goal of this work is to derive information on the aerosol in order to develop a model
able to reproduce its dynamics at least on the selected spatial scale. In other words, we study and
characterize the AOD in the framework of dynamical system theory in order to describe the associated
complex dynamics by exploiting differential equations. In a seminal work, for the same geographic
area, a stochastic resonance mechanism was recognized to play a fundamental role in the dynamics of
the Aerosol Index (AI) [14]. The annual peak in the AI power spectrum was, indeed, interpreted in
terms of an activated resonance. It would be interesting if a stochastic mechanism is still governing the
dynamics of AOD, which is an indicator of air transparency and thus a more quantitative parameter
than AI.

Stochastic resonance (RS) is a general mechanism observed in a large variety of physical systems
such as lasers, semiconductor devices, chemical reactions, neurophysiological and biological systems,
virus dynamics (see, e.g., [15–18]). RS describes phenomena where a weak periodic signal can be
amplified and optimized by the presence of noise. Of course, in the case of natural systems, the
environmental noise, which affects all the dynamics, can change in intensity over time, and its
contribution must be extracted from the experimental data. The interaction between the environmental
noise and the nonlinearity gives rise to a rich variety of experimental phenomenology and dynamic
behaviors from climate to biological systems [19–23]. In addition, fluctuations may play a relevant role
in stabilizing the dynamics of metastable systems (see [24–26]).

2. Experiments

This work analyzes the time series of AOD retrieved from daily satellite Moderate-Resolution
Imaging Spectroradiometer (MODIS) measurements. For an updated analysis on the MODIS system
and the set of associated data, see Wei et al. 2019 [27].

The dataset consists of 200 time series of AOD at 550 nm, measured daily for the period
from February 2000 to March 2006, for each point of a geographical grid whose spatial extension
comprises the Mediterranean area, going from 6◦ W–9◦ E and 34◦ W–43◦ N, with a resolution of about
102 km × 102 km.

Gaps in the regional coverage of MODIS retrievals, mostly due to the cloud coverage, to the
difficulties with highly reflective arid and snow-covered land [5] are filled with a random extraction of
missing data from a log-normal distribution parameterized by the statistical estimates of raw data.
Indeed, in the atmosphere, the size distributions of aerosols, clouds and parameters of turbulent
processes follow a log-normal distribution law [28].

For each time series, we calculate the mean and the standard deviation of the logarithm of the
AOD values and use them as parameters of the corresponding log-normal distribution.

Missing data represent about 24% of the whole dataset, with a density which gets larger and larger
going towards the northeast. The log-normal filling algorithm provides a quite effective procedure to
supply lost data. For each time series j (j = 1,..., 200), whose number of elements is denoted with n, we
calculate the geometric mean µj and the geometric standard deviation σj of the AOD values τ j

i for i= 1,
. . . n, and use them as parameters of the corresponding log-normal distribution:
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Hence, each gap in the j-th time series is filled with a value extracted from the distribution
(Equation (1)).
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3. Results

3.1. Linear and Nonlinear Analysis

We characterize the AOD series in terms of dynamical systems by adopting both linear and
nonlinear analyses. Indeed, we retrieve the spectral properties information on the underlying sources
and their degrees of freedom.

Figure 1a displays the behavior of a typical AOD signal, and Figure 1b shows the relative amplitude
distribution. Notice that the black stars superimposed on the histogram represent the distribution
of the AOD values calculated following Equation (1), showing quite a good accordance between
simulated and raw data.

Figure 1. (a) An example of the gap-filled data and (b) the relative distribution, which the log-normal
distribution is superposed to (black stars). A strong periodicity is visible in the waveform.

Even at a glance, the AOD signal shows a periodicity in its time evolution. To better investigate
this characterization, spectral analysis is performed.

Figure 2 shows the normalized power spectrum in logarithmic scale stacked over the 200 series.
It represents the overall dynamics much better than an individual spectrum relative to just one series,
and, of course, relative to just one story of our process.

Figure 2. Normalized power spectrum (PSD) in semilogarithmic scale stacked over the 200 series of
aerosol optical depth (AOD): A dominant peak is associated with the annual cycle, but also higher
harmonics are evident up to a week timescale.
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The spectrum evidences the existence of a complex system, in which the highest peak corresponds
to an annual cycle and additionally its harmonics are also evident. At very high frequency, i.e., on the
scale of a week, a peak at about 2–3 days emerges.

Regarding the latter, although it emerges also in the mean value, the peak is too close to the
Nyquist frequency to comment on, leaving its further investigation to data with a higher sampling.

The annual peak, on the other hand, marks the influence of seasonal phenomena on the aerosol
concentration in the atmosphere, and hence on the corresponding AOD (see, e.g., [29]). In the
following, we focus on this annual cycle, which is strongly affected by the Saharan dust [4,12,13] in our
investigated area.

In order to identify the dynamical system generating the experimental AOD, we apply a
decomposition method in time domain, that is, the Independent Component Analysis (ICA) to the
whole dataset. It is an entropy-based technique, which can find underlying components (sources)
from multivariate statistical data based on their statistical independence. The latter is evaluated by
using fourth-order statistical properties. Its goal is to find a linear representation of non-Gaussian
data so that the components are statistically independent, or as independent as possible. ICA relies
upon the Central Limit Theorem, which implies that the sum of two independent random variables
has a distribution closer to Gaussian than any of the two original random variables [30–32]. ICA has
been already successfully applied to a variety of experimental signals, such as in the field of volcano
seismology and oceanography [33–40].

Figure 3 shows the results relative to the application of ICA to AOD series, displaying the
waveforms and the relative PSDs of the extracted components (ICs). By avoiding some redundancies
in ICs, it is possible to identify two components with a well-separated spectral content. Indeed, IC1
has a dominant peak of about 1 year, which appears on a sustained background noise, as shown in
Figure 3a. Indeed, the annual contribution is not extracted as an independent periodic signal linearly
superposed to the noise [30], suggesting that the annual periodic part in these signals is intrinsically
tied to the fluctuations. Instead, IC2 is characterized by a period of about 2–3 days as reported in
Figure 3b. Finally, IC3 represents the residual (Figure 3c). Summarizing, the 2–3 days periodicity is
extracted as an independent source in time domain, whereas the annual periodicity is expected to be
generated by genuine stochastic dynamics [15].

Figure 3. Independent Component Analysis (ICA) extracted components and relative PSDs: (a) The
annual peak is always embedded in a background noise (IC1), linking noise to the deterministic part,
whereas (b) a 2–3 day period (IC2) is completely separated; (c) residual is represented by IC3.

Considering the ICA results, in the following, we concentrate on the dynamic characterization of
the annual cycle.
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To achieve that goal, an estimate of the reconstructed phase space dimension is derived. We apply
the false nearest neighbors method (FNN) [41] to each time series of the dataset. The method is used
for the embedding dimension estimate. This technique is based on the projection of the points of the
dynamics onto spaces of increasing dimensions. The points appear as nearest neighbors of some others
until the dimension becomes that of the embedding space. When the fraction of these false nearest
neighbors with respect to the total number of points is zero, the process is complete [41]. Note that the
value thus obtained represents the lower limit for the embedding dimension necessary to evaluate
attractor dimension on which the asymptotic dynamics evolves.

The application of the technique provides a singular and fascinating result: For all the time series,
there is no convergence of the algorithm up to a dimension equal to 10.

This means that the results of the phase space analysis are incompatible with both a deterministic
and a chaotic evolution of the system, but in accordance with possible stochastic dynamics.

3.2. AOD Residence Time Distribution and Modeling

Now, we are interested in characterizing the larger temporal variations of AOD, i.e., understanding
the dynamical origin of the annual peak. Hence, we focus our analysis and the following numerical
simulations on this portion of the spectrum. The raw signals are low-pass filtered selecting the corner
frequency at 10−6 Hz. Due to the difference in depth and typology of the aerosol layers between winter
and summer, we can distinguish two different regimes for the values of the AOD. It is reasonable to
hypothesize that there are two metastable states which characterize the seasonal amount of AOD.

The distribution of the time intervals between two consecutive metastable states, known as
Residence Time Distribution (RTD), gives information about the stochastic behavior of the AOD
dynamics, and it quantifies the degree of synchronization at each switching [41–46]. The residence
times are estimated introducing a set of coupled thresholds τu and τd, fixed according to the average
values of AOD during winter and summer, respectively, and taking the time necessary to cross them
(residence times). To simplify the comparison between the observed data and those obtained by the
numerical simulations of the dynamic model, we make each signal a null-average time series, shifting
accordingly the values of the thresholds. Thus, for each couple of thresholds, we apply an appropriate
residence time counting algorithm to each time series. Subsequently, due to the relative shortness
of the signals considered, the time intervals have been aggregated to get more significant statistics.
Specifically, for τu= 0.2 and τd= −0.15, the resulting RTD of our analysis is shown in Figure 4.

Figure 4. Residence time distribution (RTD): Two main peaks centered between 190 and 210 days,
and around 600 days can be observed. The typical exponential decreasing peaks support a stochastic
resonance phenomenon in the dynamics of AOD [16]. This represents an example of estimate of the
residence times (the lapsed times) between the two selected amplitude-crossing thresholds τu = 0.2
and τd = −0.15.
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The RTD histogram shows exponentially decreasing peaks. The first significant peak is centered
between 190 and 210 days, while the second one is located around 600 days. We remark that the
RTD exhibits the typical exponential form in a pure noisy two-state system, whereas, in presence of a
periodic forcing, with period TΩ, and in regime of SR, one observes a series of exponentially decreasing
peaks, the first of which is (nearly) centered at the stochastic transition time Ts = TΩ/2, which represents
the timescale matching condition for stochastic resonance [16,47].

The nonmonotonic behavior of the residence time as a function of noise has been crucial in
investigating many experimental phenomena (see, e.g., [24–26] and references therein).

The RTD of Figure 4 is in accordance with the hypothesis of a SR mechanism for the dynamics
of the AOD: In particular, the first peak of the RTD (about 190 days) is centered approximately at
half of TΩ (381 days looking at the low frequency peak in the spectrum of Figure 2), providing the
aforementioned timescale matching condition for the stochastic resonance.

3.3. Stochastic Resonance Modeling

We assume that the transitions between the two states are driven by a combined action of a
periodic forcing and a noise term which considers the atmospheric complexity. Thus, the dynamics of
the system can be described by an SR model with a double-well potential modulated by a periodic
component and added to a stochastic fluctuation term [15–19].

That hypothesis is in accordance with the seminal paper of De Martino et al. (2002) [15], where an
SR mechanism was recognized to play a fundamental role in the interpretation of the annual peak in
the power spectrum of the Aerosol Index.

The typical signal to noise ratio curve of the stochastic resonance for the analyzed data is reported
in Figure 5. As one can see, with respect to the level of noise, in this geographic area, AOD is close
to the maximum. This means that though the resonance is not fully developed, most of the energy
is taken from the noise. The previous results assure us that AOD experiences a phenomenon of SR.
In addition, the difference between the absolute values of the thresholds suggests an asymmetrical
double-well potential for the SR model, yielding relevant constraints for the parameters of the model.
Very recently, the noise-stabilizing effects were also observed in quantum systems with asymmetric
bi-stable potentials [14,15,25].

Figure 5. Signal to noise ratio curve: The maximum corresponds to a fully developed resonance.
The red star corresponds to our level of resonance. From comparison with the experimental series,
the level of noise is 0.02, whereas for a full resonance, the model requires a level of noise equal to about
0.03.
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Specifically, if the potential has the form:

V(x) =
x4

4
−

a x3

3
−

b x2

2
(2)

with a and b positive parameters, and Su and Sd denoting the values of the thresholds, with |Su|>|Sd|,
self-consistent arguments lead to the following constraints:

a≥|Su|>|Sd| b≥|Su||Sd| (3)

Thus, the equation of our stochastic resonance model for the dynamics of the AOD is:

dx = −V’(x)dt + Acos(ωt)dt + νdξ; (4)

where x is representative of AOD, the periodic forcing (A,ω) takes into account the annual cycle affected
by the Saharan dust, ν is the noise level and dξ is a Wiener process. The asymmetric double-well
potential represents the different height of the aerosol layers in winter and summer, which is a
consequence of the radiative balance of incoming and outcoming radiation at the top of the atmosphere
(following the Budyko–Sellers model). The model requires the estimates of two parameters: the
amplitude A and the level of noise ν, having fixed the frequency to the annual cycle, and the parameters
of the asymmetric double-well potential (a = 0.02 and b = 0.07). Specifically, for each couple of (A,ν)
values, we performed 200 numerical simulations of the dynamics of the AOD according to the SR model.
The best couple of (A, ν) was selected minimizing the distance between the mean values, at each time,
of the time simulated and raw data. The correlation between the two averaged signals is maximized
(greater than 0.7). With this criterion, we obtained an estimate of A = 10−3 and ν = 0.02, respectively.

The superposition of the simulated signal and experimental average signal is shown in Figure 6.

Figure 6. Comparison between simulated (red line) and experimental data (black line). Performing
numerical simulations, the best fit with data under the constraints of Equation (3) leads to A= 10−3 and
ν ≈ 0.03 at resonance.
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4. Discussion and Conclusions

We performed a detailed analysis of AOD in the Mediterranean area, including Italy, characterizing
the experimental series in terms of second- and fourth-order statistics. Moreover, we derived a
mathematical model for describing the observed data.

Summarizing, the results presented in this work are:

(1) AOD is made of a wide band spectrum in which a peak characterized by an annual periodicity
emerges retaining most of the information. A non-negligible contribution at very high frequency
of the order of a few days is also present.

(2) ICA basically decomposes AOD into two main and independent signals (time components), IC1
(peaked at about 1 year) and IC2 (peaked at about 2–3 days). The first extracted signal component
IC1 is the most energetic.

(3) The residence time distribution is made of local maxima over an exponential behavior. The two
successive peaks are located at about 200 and 600 days.

(4) FNN indicates that there is no convergence of the algorithm up to a dimension equal to 10,
showing no high dimensional deterministic system is driving the dynamics.

All previous results suggest that the annual cycle, well extracted in ICA, is intrinsically tied to the
fluctuations and, thus, described by a stochastic process. The residence time distribution provides
the stochastic transition time between two stable states. Based on all these results, we can ascribe the
annual cycle (IC1) to a phenomenon of stochastic resonance. The comparison between a standard
SR model and our data indicates an asymmetric double-well potential in Equation (4), a periodic
contribution on the annual scale (periodicity of IC1) and noise.

Though over a smaller investigated area, De Martino et al. (2002) [15] demonstrated the same SR
mechanism for the AI. We demonstrate that a stochastic behavior and a consequent SR mechanism also
arise in a larger geographic area when analyzing the physical AOD parameter.

The noise that influences, on a local scale, the standard optical properties through a resonant
behavior is presumably produced for the major part over urban areas; nevertheless, it influences a
very large area. The investigated parameter AOD has been conjectured and, in some cases, shown to
influence local meteorological behavior. Our result introduces an equation that governs the dynamics
and allows a quantitative estimate of the parameters relevant to AOD on a local scale.
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