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Considering that the dynamics of structural units of the polymer-drug complex systems takes 

place on continuous and nondifferentiable curves (multifractal-curves) we will describe these 

dynamics through the scale covariance derivative (for details see [19,20]); 
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In the above – written relations, 𝑥𝑙 is the fractal spatial coordinate, 𝑡 is the non – fractal time 

having the role of an affine parameter of the motion curves, 𝑉̂𝑙 is the complex velocity, 𝑉𝐷
𝑙  is the 

differentiable velocity independent on the scale resolution 𝑑𝑡, 𝑉𝐹
𝑙 is the non – differentiable velocity 

dependent on the scale resolution, 𝐷𝐹 , the fractality dimension,  𝑓(𝛼) is the singularity spectrum of 

order 𝛼 of fractal dimension, 𝛼 is the singularity index, 𝐷𝑙𝑝 is the constant tensor associated with 

the differentiable – non – differentiable transition, 𝜆+
𝑙 (𝜆+

𝑝
) is the constant vector associated with the 

backward differentiable – non – differentiable drug release processes and 𝜆−
𝑙 (𝜆−

𝑝 ) is the constant 

vector associated with foreword differentiable – non – differentiable drug release processes. There 

are many modes, and thus a varied selection of definitions of fractal dimensions: more precisely, the 

fractal dimension in the sense of Kolmogorov, the fractal dimension in the sense of Hausdorff – 

Besikovici etc. [21,23,24] Selecting one of these definitions and operating in the drug release dynamics, 

the value of the fractal dimension must be constant and arbitrary for the entirety of the dynamical 

analysis. For example, it is regularly found 𝐷𝐹 < 2 for drug release correlative processes, 𝐷𝐹 > 2 for 

drug release non – correlative processes etc. In such a conjecture, through 𝑓(𝛼)  it is possible to identify 

not only the “areas” of the drug release dynamics that are characterized by a certain fractal dimension, 

but also the number of “areas” whose fractal dimensions are situated in an interval of values. More than 

that, through the singularity spectrum 𝑓(𝛼) it is possible to identify classes of universality in the drug 

release dynamics laws, even when regular or strange attractors have different aspects. 

For Markov – type stochastic processes [21,23,24] 
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𝜆+
𝑖 𝜆+

𝑙 = 𝜆−
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𝑙 = 2𝜆𝛿𝑖𝑙 (S3) 

and for 

𝑓(𝛼) ≡ 𝐷𝐹 (S4) 

where 𝜆 is a specific coefficient associated to the fractal – non – fractal transition of drug release 

processes and 𝛿𝑖𝑙 is Kronecker’s pseudo – tensor, then the scale covariant derivative (S1) becomes: 

𝑑̂

𝑑𝑡
= 𝜕𝑡 + 𝑉̂𝑙𝜕𝑙 − 𝑖𝜆(𝑑𝑡)

[
2
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]−1

𝜕𝑙𝜕𝑙 (S5) 

In the particular case of motions on Peano – type curves, which implies 𝐷𝐹 = 2, the scale 

covariant derivative (S5) takes the standard form from the Scale Relativity Theory [24]: 

𝑑̂

𝑑𝑡
= 𝜕𝑡 + 𝑉̂𝑙𝜕𝑙 − 𝑖𝐷𝜕𝑙𝜕𝑙 (S6) 

where 𝜆 ≡ 𝐷 is the diffusion coefficient associated to fractal – non – fractal transition of drug release 

processes. Therefore, this model, generalizes all the results of Nottale’s theory (i.e. Scale Relativity 

Theory). [24] 

Now, accepting the functionality of the scale covariance principle, i.e. applying the operator (S1) 

to the complex velocity fields (S2), in the absence of any external constraint, the motion equations (i.e. 

the geodesics equation on a multifractal space) takes the following form: 

𝑑̂𝑉̂𝑖
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This means that the multifractal acceleration, 𝜕𝑡𝑉̂𝑖, the multifractal convection, 𝑉̂𝑙𝜕𝑙𝑉̂
𝑖 and the 

multifractal dissipation 𝐷𝑙𝑘𝜕𝑙𝜕𝑘𝑉̂𝑖 make their balance in any point of the multifractal curve. 

Particularly, for (S3) and (S4), the motion equation (S7) becomes: 
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Now, separating the drug release dynamics on scale resolutions (the differentiable and non – 

differentiable scale resolutions), (S7) becomes: 
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(S9) 

while (S8) takes the form: 
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For irrotational motions of the polymer drug structural units, the complex velocity fields (S2) 

become: 

𝑉̂𝑖 = −2𝑖𝜆(𝑑𝑡)
[

2
𝑓(𝛼)

]−1
𝜕𝑖 𝑙𝑛 𝛹 (S11) 

 

where  
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𝜒 = −2𝑖𝜆(𝑑𝑡)
[

2
𝑓(𝛼)

]−1
𝑙𝑛 𝛹 (S12) 

 

is the complex scalar potential of the complex velocity fields (S2) and 𝛹 is the function of states. 

In these conditions, substituting (S11) in (S8) and using the mathematical procedures from [19,20], 

the geodesics equation (motion equations) (S8) takes the form of the multifractal Schrödinger – type 

equation: 

𝜆2(𝑑𝑡)
[

4
𝑓(𝛼)

]−2
𝜕𝑙𝜕𝑙𝛹 + 𝑖𝜆(𝑑𝑡)

[
2

𝑓(𝛼)
]−1

𝜕𝑡𝛹 = 0 (S13) 
 

Therefore, for the complex velocity fields of the form (S11), the dynamics of the polymer-drug 

structural units are described through Schrödinger “regimes” of multifractal type (i.e. Schrödinger – 

type equations at various scale resolutions). 

Moreover, if we choose 𝛹 of the form: 

𝛹 = √𝜌𝑒𝑖𝑠 (S14) 

where √𝜌 is the amplitude and 𝑠 is the phase, then the complex velocity fields (S11) take the 

explicit form: 

𝑉̂𝑖 = 2𝜆(𝑑𝑡)
[

2
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𝜕𝑖𝑠 − 𝑖𝜆(𝑑𝑡)
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2
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which enables us to define the velocity fields: 

𝑉𝐷
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𝑉𝐹
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[
2

𝑓(𝛼)
]−1

𝜕𝑖 ln 𝜌 
(S17) 

By (S14), (S16) and (S17) and using the mathematical procedures from [19,20], the geodesics 

equation (S13) reduces to the multifractal hydrodynamic – type equations: 

𝜕𝑡𝑉𝐷
𝑖 + 𝑉𝐷

𝑙 𝜕𝑙𝑉𝐷
𝑖 = −𝜕𝑖𝑄 (S18) 

𝜕𝑡𝜌 + 𝜕𝑙(𝜌𝑉𝐷
𝑙 ) = 0 (S19) 

with Q the specific multifractal potential: 

𝑄 = −2𝜆2(𝑑𝑡)
[

4
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(S20) 

The equation (S18) corresponds to the specific momentum conservation law of multifractal type, 

while equation (S19) corresponds to the states density conservation law of multifractal type. The 

specific multifractal potential (S20) implies the specific multifractal force: 

𝐹𝑖 = −𝜕𝑖𝑄 = −2𝜆2(𝑑𝑡)
[

4
𝑓(𝛼)

]−2
𝜕𝑖

𝜕𝑙𝜕𝑙√𝜌

√𝜌
 

(S21) 

which is a measure of the multifractality of the motion curves. 

Therefore, for the complex velocity fields of the form (S13), the dynamics of the polymer-drug 

structural units are described through hydrodynamic “regimes” of multifractal type (i.e. 

hydrodynamic equations at various scale resolutions). 

 

 


