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Abstract: Evidence of inhomogeneous superconductivity, in this case superconductivity with a
spatially modulated superconducting order parameter, has now been found in many materials
and by many measurement methods. Although the evidence is strong, it is circumstantial in the
organic superconductors, scant in the pnictides, and complex in the heavy Fermions. However, it is
clear some form of exotic superconductivity exists at high fields and low temperatures in many
electronically anisotropic superconductors. The evidence is reviewed in this article, and examples of
similar measurements are compared across different families of superconductors. An effort is made
to find a consistent way to measure the superconducting energy gap across all materials, and use this
value to predict the Clogston–Chandrasakhar paramagnetic limit HP. Methods for predicting the
existence of inhomogeneous superconductivity are shown to work for the organic superconductors,
and then used to suggest new materials to study.
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1. Introduction

It is becoming evident that an exotic superconducting phase, associated with inhomogeneous
superconductivity, has been realized in a number of organic conductors, and possibly in a pnictide
superconductor as well. In this chapter, we will compare experimental evidence that supports the
discovery of Fulde, Ferrell, Larkin, Ovchinnikov (FFLO) states, and examine methods to search for
new materials where a FFLO state could be stabilized.

The most compelling evidence for the FFLO state comes from systematic measurements of
quasi-two-dimensional organic superconductors that suggest that an inhomogeneous superconducting
state can be stabilized if a magnetic field is applied precisely parallel to the conducting layers.
This exotic superconducting state, a tunable mixture of a spatially modulated superconducting order
parameter and a magnetic lattice created by the remaining unpaired electrons, was predicted over
50 years ago, and is called the FFLO state after the authors Fulde, Ferrell, Larkin, and Ovchinnikov, who
first predicted it [1,2]. The topology of the FFLO state enhances the stability of the superconducting
state, and allows superconductivity to survive at higher magnetic fields than what is predicted from
the size of the superconducting energy gap. It only exists when orbital effects, manifested as vortices
in superconductors, can be suppressed, and an advantage of anisotropic superconductors is that they
can be studied with or without the effects of vortices, by aligning the magnetic field perpendicular
or parallel to the conducting planes, respectively. The FFLO state is highly tunable via temperature,
the direction and strength of the magnetic field, and pressure. It is sensitive to impurity scattering
and a magnetic scattering process called spin-orbit scattering, an effect that magnetically spin flips
itinerant electrons. These attributes make it a rich system for the study of correlated electrons, and,
in particular, superconductivity. Many of the details of the FFLO state will be discussed below with
references. The discussion will focus on organic superconductors where the evidence for the FFLO
state is more compelling, although pnictides and heavy Fermions will be addressed briefly.
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A sampling of the best recent evidence for the FFLO state comes from the following measurements
of organic superconductors:

• κ-(BEDT-TTF)2Cu(NCS)2, specific heat [3], torque magnetometry [4,5], rf penetration depth [6],
resistivity [5], NMR [7,8],

• λ-(BETS)2GaCl4 thermal conductivity [9], rf penetration depth [10],
• β′ ′-(ET)2SF5CH2CF2SO3 rf penetration depth [11], NMR [12].

For the rest of this manuscript, we will use these abbreviations for the following compounds:

• κ-(BEDT-TTF)2Cu(NCS)2:κET-CuNCS,
• λ-(BETS)2GaCl4:λBETS-GaCl,
• β′ ′-(ET)2SF5CH2CF2SO3:β′ ′ET-SF5,
• κ-(ET)2Cu[N(CN)2]Br:κET-Br.

Given the number of materials now showing evidence of the FFLO state, and the wide variety
of measurement techniques available to investigate the details of the FFLO state, the prospect of
learning new fundamental facts about the microscopic mechanisms of superconductivity is compelling.
For example, as detailed measurements of the FFLO state have become available, comparison between
theory, particularly early theory [13–19], and experiments (see references throughout the article) are
finally possible. Certain results have been consistent with theory, such as the first order nature of
the vortex state to the FFLO state phase line [3,20], but other aspects of the FFLO state, such as the
onset temperature, T∗, are not consistent with prevailing theory [17]. After a brief description of
inhomogeneous superconductivity, the results of experiments that have been done to date will be
reviewed to see how well the results match each other, and with what is expected from the theory of
inhomogeneous superconductivity. In addition, tests will be described to determine if a superconductor
is a candidate for inhomogeneous superconductivity. This analysis will begin to determine if the
proposed FFLO states that have been discovered are universal, or specific to each material.

These studies are important for the basic and applied understanding of materials. As an
example, superconductivity is sometimes related to the existence of a quantum critical point, and a
quantum critical point may be an important signature of the FFLO state [21]. The FFLO state has
also been studied, at least theoretically, in cold atom systems, and attempts have been made to create
model systems to study FFLO interactions with highly tunable parameters [22–27]. On the more
practical side, the understanding of correlated electron states in new materials is not only the basis of
understanding phenomena such as superconductivity, but it is also the starting point for developing
new electronic devices, many which will be based on magnetic properties. The FFLO superconducting
state will further the understanding of the relationship between superconductivity and magnetism.
Magnetism is now recognized as one of the key drivers of superconductivity, but the exact nature of the
mechanism that lets magnetism drive superconductivity is not known (see, for instance, these reviews
[28,29]). The interplay of magnetism and superconductivity is critical to the understanding of most
superconductors of interest, including metallic, cuprate, and iron based pnictide materials.

1.1. Inhomogeneous Superconductivity

In order to understand the genesis of inhomogeneous superconductivity, it is important to
understand what suppresses superconductivity. In most cases, superconductivity is destroyed in an
external magnetic field due to vortices—non-superconducting regions containing a magnetic field line
shielded by circulating Cooper pairs—which increase in density as the magnetic field is increased and
ultimately displace the superconducting phase. Chandrasekhar [30] and, independently, Clogston [31]
were the first to recognize that, if the formation of vortices could be suppressed, superconductivity
could persist only to a magnetic field limit determined by the Pauli paramagnetism of the electrons
denoted as HP, and properly called the Chandrasekhar–Clogston Pauli paramagnetic limit [32]. We will
refer to this level of magnetic field as the paramagnetic limit for short.



Crystals 2018, 8, 285 3 of 20

At this magnetic field, the energy to flip an electron spin between the up and down states,
the Zeeman energy µb H exceeds the binding energy of the Cooper pairs, destroying the pairs.
Soon after the Chandrasekhar and Clogston papers, it was found that the upper critical field of
a superconductor in the paramagnetic limit changes from a continuous to a first-order transition
below t = T/Tc ∼ 0.5 [33,34]. After further study, it was proposed that, if Pauli paramagnetism was
the dominant cause for limiting superconductivity and the superconductor was clean (r > 1, where
r = `/ξ and ` is the mean free path of the quasiparticles and ξ is the superconducting coherence
length), a new kind of superconducting state could be stabilized at a magnetic field above HP. This new
superconducting state is the FFLO state and is characterized by Cooper pairs with non-zero momentum,
and a spatially modulated order parameter [1,2].

A diagram of this modified electron pairing is shown in Figure 1, reproduced from a recent article
by Wosnitza [35]. A momentum q is added to one of the k vectors (electrons) to compensate for the
energy difference in a magnetic field between the up and down spins, which creates an electron with
non-zero momentum, but a Cooper pair with a center of mass momentum of zero. As described in
the figure caption, in real material, more complex diagrams could exist. The Fermi surface could
create a preferential direction for q, creating a modulated order parameter in one dimension, or a
set of q vectors creating a two- or three-dimensional modulation of the order parameter [15,16,20].
In particular, it is shown that, in higher magnetic fields, more complex combinations of q-vectors
form more complicated, higher dimensional order parameter patterns. In Figure 2, a cartoon taken
from Agosta et al. [3], shows a simple real space model of a FFLO state with the q-vector aligned
with the applied magnetic field. In a real, highly anisotropic organic superconductor as suggested by
the discussion of Figure 1, the q-vector could also align in another direction in the conducting plane,
for example perpendicular to the magnetic field, as determined by the anisotropic Fermi surface and
as depicted in Figure 5b from Mayaffre et al. [8]. The influence of the Fermi surface on the stability and
the details of a FFLO state are discussed in a number of papers [36–40], including how an elliptical
Fermi surface can improve the stability of the FFLO state [35]. Other symmetry breaking properties of
the material such as the crystal anisotropies or the symmetry of the Cooper pair wave function could
also influence the q-vector, as described in many studies [13,15,16,20,38,41,42]. As suggested above,
the greatest influence on q in the organic superconductors is probably the shape of the Fermi surface,
particularly if the closed pockets are highly elliptical [35].
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Figure 1. a) Splitting of the free-electron parabola in a magnetic field lead-
ing to Pauli paramagnetism and different Fermi momenta for spin-up and
spin-down electrons. b) Schematic sketch of (left) the usual BCS pairing
state with zero resulting momentum and spin and (right) the FFLO pair-
ing state with a finite center-of-mass momentum, q . The circles represent
the Fermi surfaces for spin-up and spin-down electrons.

not one of the originally predicted FFLO states, but might be
interpreted as a more complicated version thereof [19]. Further-
more, careful thermodynamic experiments showed that the en-
tropy decreases when going from the homogenous supercon-
ducting into the Q phase in CeCoIn5, contrary to the entropy in-
crease expected for the evolution of the FFLO phase, but in line
with the emergence of antiferromagnetic order.[20]

As visualized in Figure 2, electronically low-dimensional ma-
terials have a strongly enlarged stability region for the FFLO
phase compared to 3D metals. Prime candidates for the real-
ization of FFLO phases are, therefore, quasi-1D[21] or 2D met-
als, such as organic superconductors. Whereas, so far, no clear
signs for FFLO states have been reported for quasi-1D super-
conductors, very strong evidence for such states is found for
the 2D organic metals. For these, the orbital pair breaking is
greatly suppressed when the magnetic field is applied parallel to
the conducting layers. Indeed, the well-studied 2D organic su-
perconductors based, for example, on the organic molecules ET
(= BEDT-TTF = bisethylenedithio-tetrathiafulvalene) or BETS
(= bisethylenedithio-tetrathiafulvalene) have all the ingredients
necessary for FFLO states to occur.[22–25] These strong type-II
spin-singlet superconductors are of high purity with long mean
free paths and have close to ideal two-dimensional electronic
properties.

Figure 2. a) Calculated phase diagram of a Pauli-limited superconductor.
Above T ⋆ = 0.56Tc only the uniform superconducting (yellow region) or,
above Bc2, the normal state (blue) can exist. Below T ⋆, the FFLO state
(red) may evolve up to µBB2D

FFLO = "0 for a 2D superconductor. The sta-
bility region of the FFLO state for a 3D superconductor is considerably
smaller (B3D

FFLO). b) Depending on the ratio of the Fermi velocities on the
major to minor axis for an elliptical in-plane Fermi surface, the stability re-
gion of the FFLO state in a 2D superconductor may extend to even higher
magnetic fields.

The in-plane Fermi surfaces of the two ET-based supercon-
ductors that show evidence for FFLO states, discussed in detail
below, are depicted in Figure 3. The calculated Fermi surface of
κ-(ET)2Cu(NCS)2 [26] shows a nearly free-electron-like large circle
(filled in yellow in Figure 3a) that due to Bragg reflections and
symmetry reasons splits up in corrugated 1D-like and 2D ellip-
tical parts.[27] Contrary, β ′′-(ET)2SF5CH2CF2SO3 shows a much
larger in-plane anisotropy with a measured aspect ratio of the el-
liptical Fermi surface of about 9 (Figure 3b).[28] This means, that
according to Figure 2b, the FFLO state in the latter material is
expected to have a much larger stability region than in the in-
plane more isotropic κ-(ET)2Cu(NCS)2. This indeed is supported
by experiment as shown below.
Some of the earlier reports claiming evidence for the existence

of an FFLO state in 2D organic superconductors were based on
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Figure 1. Color online. From Wosnitza [35] On the left, the traditional BCS Cooper pair is represented.
On the right, the energy of the up and down electrons have been shifted by the magnetic field.
A momentum q can be added to one of the electrons to create a zero momentum center of mass Cooper
pair. In the diagram, the initial momentum of the electrons is isotropic. In real material, the shape of
the Fermi surface could create more complex diagrams.
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Figure 2. Color online, from [3]. Cartoon of the FFLO state showing the nodes in the order parameter
as horizontal planes where we estimate the spin-polarization to be≈10% at 25 T in the low temperature
limit. In the diagram the black arrow labeled B represents the applied magnetic field, and the red
arrows represent the net spin polarization. Although the diagram is schematic, all of the lengths are to
scale; small boxes represent the unit cells of κET-CuNCS, yellow slabs represent the least conducting
layers of the crystal, and red rectangles represent Josephson core-less vortices at about the right distance
apart in a 25 T field. The full height of the crystal is ≈20 nm.

As another example of the effect of the crystal anisotropy, observe that the vortices depicted
in Figure 2 are highly elongated Josephson vortices. This is due to the difficulty of driving
super-currents perpendicular to the conducting planes in a highly anisotropic superconductor such
as the crystalline organics where the layers are Josephson coupled. The perpendicular current
density is limited to the value of the Josephson tunneling current density, and the vortex needs
to elongate to find enough surface area to have equal current along the superconducting planes as
there exists across the quasi-insulating layers, to form the vortex. The existence of inhomogeneous
superconductivity in highly 2D Josephson coupled layered superconductors was treated early on,
before the discovery of organic superconductors, by Bulaevskii [43]. There is no doubt that Josephson
coupling exists in organic conductors, as it has been measured indirectly [44,45] as well as being
imaged directly [46]. Furthermore, in a recent calculation, it is shown that, in these highly anisotropic
organic superconductors, orbital currents are confined to just one layer [47].

1.2. Critical Parameters

Ideally, one should be able to measure a few critical parameters that will indicate if a material
is in the paramagnetic limit at low temperatures or, in more interesting cases, has a FFLO or related
inhomogeneous superconducting state. One of two parameters that are useful for this purpose is the
Maki parameter

αM =
√

2H0
orb/HP, (1)

where
H0

orb = 0.7Tc
dHc2

dT
|Tc , (2)
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the orbital critical field at zero temperature [48], is the critical field as if there were no spin-paramagnetic
pair breaking, just vortices. This formula was derived for 3D isotropic superconductors, and, for 2D
materials, the more complicated results in Klemm et al. [32] or Schneider et al. [49] should be used;
however for a simple comparison of the anisotropy between materials, the Hc2 slope near Tc is valid.
In addition, many superconductors of recent interest are two gap, or multiband superconductors, and
additional theories exist for those materials [42]. Therefore, a large Maki parameter αM suggests that
the orbital pair breaking happens at a higher field than HP, and Pauli paramagnetism will dominate,
favoring inhomogeneous superconductivity. The other parameter r, defined above, is a measure
of how clean the system is. It measures the ability for the material to support an extended wave
function, necessary for the long range order of the FFLO state [39], although there are claims that clean
ordered systems are not absolutely necessary [50]. These parameters come from routine measurements.
In the ratio r = `/ξ, ` comes from the scattering time, which is related to the Dingle temperature,
TD, and the Fermi velocity, vF =

√
2EF/m∗, where EF is the Fermi energy and m∗ is the effective

mass. The Fermi energy, effective mass, and TD, can all be measured via Shubnikov–de Haas (SdH)
or de Haas–van Alphen oscillations. The other necessary parameter for finding r is ξ, which is found
from the measurement of the superconducting critical field versus temperature and the formula
Hc2 = Φ0/2πµ0ξ2, or estimated from the size of the superconducting energy gap, ∆, and the formula
ξ = h̄vF/2∆. Note that, for the same Fermi energy, a higher effective mass results in a smaller vF
and a smaller ξ, and hence a higher H0

orb. For this reason, heavy fermion superconductors should
favor the FFLO state. In general, H0

orb comes from critical field measurements and HP can be found
by analyzing specific heat measurements and determining the superconducting energy gap, as is
described in detail below.

2. Materials and Methods

Most of the discussion in this article will focus on the crystalline organic conductors. Although the
search for inhomogeneous superconductivity has spanned many years, and began in low dimensional
single layers of superconducting materials [51], the first credible evidence was from experiments on
heavy Fermions such as UPd2Al3, CeRu2 [52,53], and CeCoIn5 [54,55]. These first claims were later
found to be incorrect as discussed in Section 3.1. The crystalline organics then became the prime
candidates for stabilizing inhomogeneous superconductivity because they are highly anisotropic
layered materials, in some cases with incoherent transport between the layers [56–58]. Their high
anisotropy allows vortices to hide between the most conducting layers if a magnetic field is aligned
precisely parallel to the layers. In this orientation, the vortices have a diminished influence on the
superconductivity [59,60]. As explained above, the vortices become Josephson vortices, weak interlayer
vortices that can slide in and out of the material in the spaces between the most conducting layers.
A vivid illustration of the disappearance of the influence of the vortices is shown in Figure 3. A number
of features indicated in the figure such as the critical field, Hc2, the vortex melting transition (Hm)—the
kink below Hc2, the irreversibility transition (Hirr)—the end of the hysteresis, and, at the lowest
temperatures flux jumps, can be seen in most of the traces. The last three features, which all depend
directly on vortices, are completely absent when the sample layers are parallel (black trace) to the
magnetic field. In this orientation, when Jopsephson vortices are confined to the least conducting layers,
H0

orb is essentially infinite and superconductivity is destroyed by Pauli paramagnetism, resulting in
high values of αm. Crystalline organic superconductors also can have large mean free paths, `, if they
are synthesized carefully. Measurements of ` range from 10 to over 100 nm [61]. Given a high value of
αm and r, inhomogeneous superconductivity is likely to exist at the right combination of temperature
and magnetic field.

A number of different methods have been used to study the FFLO state. A key indication of
the existence of the FFLO state is the identification of the phase line separating the traditional vortex
superconducting state from the inhomogeneous superconducting state. Given that these are both
superconducting states, electrical resistance is always zero and rarely a useful measurement. We have
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used rf penetration depth via the tunnel diode oscillator (TDO) method because it is a very sensitive
measurement [62] and rather simple and robust, allowing us to use it in dc and pulsed fields [10,63],
down to temperatures below 65 mK [64] and in pressure cells [65]. Specific heat is much more
difficult to measure, but detailed thermodynamic information is critical to understand the nature of
phase transitions [3,55]. NMR is one of the few microscopic probes that have been used to study
inhomogeneous superconductivity [7,8,12], and results from an NMR experiment will be discussed in
Section 3. Other methods such as magnetic torque [4,5] and thermal conductivity [9] have also been
used to locate the phase transitions into and out of the FFLO state.
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Figure 3. The angle dependence of the penetration depth near the parallel orientation for κET-CuNCS.
The lowest trace is exactly parallel, or 90◦ in our absolute coordinates. The other traces are in order of
increasing angle. The traces are vertically shifted to aid visualization. It is truly remarkable how all the
vortex details are absent at the exactly parallel orientation.

2.1. The Paramagnetic Limit

A universal property of the FFLO state is that Cooper pairs are broken apart by Pauli
paramagnetism as opposed to the formation of vortices. As we described above and as Clogston
and Chadrasakhar [30,31] showed, the ultimate critical magnetic field for a superconductor should
occur when the Zeeman energy is greater than the superconducting energy gap. In the simplest case,
the Zeeman energy is µBH, and the BCS energy gap is 1.746KBTc. Of course, most superconductors of
current interest are not accurately described by BCS theory, so we use a semi empirical method to find
HP. As we showed in a previous paper [6], following Clogston [31], we can find the critical magnetic
field associated with the quenching of superconductivity by estimating the superconducting energy
gap by analyzing specific heat data and setting this energy equal to the gain in free energy in a metal
with susceptibility χe. More specifically, we equate the superconducting condensation energy

Uc = 1/2N(E f )∆(0)
2, (3)

where N(E f ) is the density of states at the Fermi energy and ∆(0) is the superconducting energy gap
at zero temperature, with

∆F = 1/2µ0χeH2
P, (4)
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the magnetic energy of a metal with susceptibility χe. The susceptibility χe can be expressed as
µ2

BN(E f ), but it is important to notice that µ0H2 already has the units of energy density, so χe must
be dimensionless. The expression µ2

BN(E f ) has dimensions of J/T2m3, exactly the inverse of µ0.
Therefore, we substitute µ0χe into Equation (4) and after equating Uc = ∆F and noticing that the
density of states cancels out, we end up with the common result

BP =
∆√
2µB

(5)

after using the relation that B = µ0H and knowing that B is what we measure in the laboratory. This is
the result of a direct comparison of the energy needed to break a Cooper pair with the energy needed
to flip a electron spin. Orlando et al. [66] added a correction to Formula (5) of 1/

√
1 + λ where λ is

the electron–phonon interaction parameter, in order to account for many body effects. This factor was
corrected by Schossmann and Carbotte [67] to not have the squareroot in the denominator. McKenzie
adds a practical version of this correction to Equation (5) calling it g∗/g [68], which also takes into
account the effects on g, the gyromagnetic ratio. The result is

BP =

(
g
g∗

)
∆√
2µB

. (6)

The ratio g*/g can be found from specific heat and susceptibility measurements, or from
spin-splitting of quantum oscillations, a measurement that is common in our laboratory. There is a
table with g∗/g found by both methods in McKenzie’s paper on the arXiv [69]. Despite knowing that
BP is really the more useful parameter in this calculation, we will continue to use HP as the designation
of the Chandrasekhar–Clogston Pauli paramagnetic limit as is common in most articles.

2.2. Specific Heat, Energy Gap, and Other Parameters

We have found the superconducting energy gap ∆ by fitting specific heat data in the
superconducting state to the Alpha Model, a semi empirical model loosely based on BCS theory,
and created by Padamsee et al [70]. Our most recent fits have been done using the more recent version
by Johnston [71], which allows direct integration of the specific heat data to find the size of the gap.
In this model, the ratio α = ∆/kBTc, is a free parameter rather than fixing α at the BCS value of 1.764,
although the gap in the model has the same temperature dependence as the BCS model. The calculation
is based on the universal expression of the entropy, S = kB ∑ f ln( f ), where f is the Fermi distribution
function. The sum can be turned into an integral over the energy range of the quasiparticles, and for
a given α, Tc, and γ, the entropy is calculated as a function of temperature. The calculated specific
heat can then be found by taking the derivative of the entropy with respect to the temperature. In the
Johnston version, the derivative of the entropy integral is done analytically and new integral results
that can be used to find the specific heat directly.

We have fit the specific heat of many of the superconductors that we have studied to find the
optimal α, and hence the energy gap ∆. One of the additional complications of fitting the specific heat
to the Alpha Model is that the fit is sensitive to symmetry of the superconducting order parameter.
The original versions of both Padamsee and Johnston use s-wave pairing. We modified the integral
expressions for d-wave symmetry. In most cases, we fit the data using both forms of the equation,
and pick the best fit to determine α, and ideally determine the pairing symmetry, a question which
is still not completely settled in the organics. We find d-wave as the best fit for κET-CuNCS as did
Taylor et al. [72], although we find s-wave as the best fit for the other organics, which is contrary to
some of the other evidence in, for example, the κET-Br material [73]. Part of the challenge in organics
is that the lattice is soft, so the phonon contribution to the specific heat continues to low temperatures.
One way to subtract the phonon contribution is to measure the specific heat at a magnetic field large
enough to quench the superconductivity and subtract that curve from the specific heat measured
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with no magnetic field. With this method the phonon contribution is subtracted, but the electronic
linear term is also subtracted and mixed with the phonon terms. The linear term determines the
constant γ, which is a measure of the electronic density of states. The ability to determine γ is critical
to getting a good result for the α fits. It is unclear what our conclusion should be for the pairing
symmetry, particularly if we believe that all the organics have the same pairing. We have also noticed
that the shape of the fits are not perfect with s or d-wave pairing, which possibly suggests that the
pairing has some other symmetry such as s+d, or anisotropic s-wave, a notion supported by some
experiments [74] and recent theory [75]. At this point in time, we will take the best fits, s-wave or
d-wave and use that value of α for each superconductor. Once we have α, the value of HP is then
calculated from Equation (6). HP is important for the study of the FFLO state because it determines
the magnetic field that separates the vortex state of superconductivity from the FFLO state. Given that
the superconducting energy gap does not change much in the lower half of the temperature range of
the superconducting phase diagram, HP and hence the vortex state-FFLO state phase line should be
virtually temperature independent [76].

The results of fitting for α and the corresponding energy gap HP are shown for a number of
materials in Table 1. We have also collected a number of other useful parameters for the study of
inhomogeneous superconductors. Most of the compounds are from the family of organic crystalline
superconductors. We have also added the heavy fermion CeCoIn5 and the pnictides KFe2As2 and
LiFeP as examples of other materials where the FFLO state has been claimed to be found.

Table 1. Parameters that are useful in the study of inhomogeneous superconductivity. The ratio α is
determined from the specific heat data in the reference next to α. The other parameters are calculated
from values in the table or references. The Tc values come from the specific heat data referenced for α.

Material α g∗/g Tc(K) Hp(T) αM H0
orb(T) ξ(Å) `(Å)

κ-(BEDT-TTF)2Cu(NCS)2 3.0 [72] 1.26 [69] 9.6 21.6 4.9 130 [35] 13 900 [77]
β′′-(BEDT-TTF)2SF5CH2CF2SO3 1.94 [78] 1.0 [69] 4.5 9.2 3.9 75 [35] 21 520

α-(ET)2NH4Hg(SCN)4 1.76 [79] 0.86 [69] 0.96 2.1 5.5 8.1 [76] 53 681 [76]
λ-(BETS)2GaCl4 1.83 [80] 1.0 [69] 4.3 8.3 3.9 23.1 [10] 31.5 170 [56]

κ-(ET)2Cu[N(CN)2]Br 2.77 [72] 1.4 [69] 11.5 23.8 9.6 161 [81] 12 260 [82]
CeCoIn5 3.03 [83,84] 0.73 [83] 2.16 9.44 6.5 43.5 [85] 23 810
KFe2As2 1.75 [86] 1.3 [87] 3.14 4.84 2.9 9.9 48 1770 [88]

LiFeP 1.89 [89] 1.0 17.6 34.9 2.1 51 [90] 21 5500 [90]

As mentioned earlier, to form an FFLO state, H0
orb needs to be higher than HP, as determined by

αM. It was determined theoretically that, above the critical value of αM = 1.8, the FFLO state could be
stablilzed [91] in a clean material (r > 2). The search for the FFLO state involves careful measurements
of some parameter that can be probed in the superconducting state around the value of HP, such as
specific heat, penetration depth or NMR, in order to find evidence of a phase transition.

3. Results and Discussion

The material with the most compelling data that suggests the existence of the FFLO state is
κET-CuNCS. Evidence for the FFLO state in this material has been found with numerous measurement
techniques, including NMR [7,8], rf penetration depth [6,92] , magnetic torque [4,5], specific heat [3,93]
and transport [5]. The phase diagram of this material depicting examples of these measurements is
shown in Figure 4. The phase diagram is certainly suggestive of a FFLO state. Two telling characteristics
of the phase line separating the vortex state from the FFLO state are that it occurs at the paramagnetic
limit, HP, that was calculated with the specific heat data via the Alpha Model, and also that the phase
line has near zero slope, consistent with the superconducting energy gap, which is almost temperature
independent below Tc/2.
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Figure 4. Color online. From Agosta et al. [3] Phase diagram of κET-CuNCS for parallel magnetic field
(θ = 0). Solid black circles represent calorimetric observations of the phase transitions between the
lower and higher field superconducting phases at HP, and squares, the normal and superconducting
state at Hc2(T). Points from an earlier calorimetric determination of Hc2(T) [93] are shown as open
blue squares. Also included are determinations of both the Hc2 and Hp phase boundaries by means
of rf penetration measurements (green) [6] and NMR measurements [7,8] (open purple and red
symbols, respectively).

Also noteworthy is that the HP phase line is a first order transition based on hysteresis in the
specific heat as the transition is crossed in up and down sweeps of the magnetic field [3]. An example
of the hysteresis in the specific heat is shown in Figure 5a along with a TDO measurement that shows
the same hysteresis. The TDO measurement is a much simpler measurement, and the idea that it also
can provide evidence of a first order transition is useful for future experiments. The magneto-caloric
measurements, shown in Figure 5b, also provided the important evidence that the higher field state
has a greater entropy than the vortex state, consistent with the fact that the FFLO state is less ordered
than the uniform superconducting state, because of the unpaired electrons [3,94,95]. Another piece
of information that can be gathered from the phase diagram is that the enhancement of the ultimate
critical field Hc2 is ≈1.4HP, consistent with predictions [20,36] for a 2D material. One difference that
can be found between this data and the theory is that T*, the place where the FFLO phase starts is at
Tc/3, much lower than ≈Tc/2 as most theories predict.

Although this is the best example of the FFLO state, it is worth comparing these results to other
materials where credible FFLO states exist. In Figure 6, we show superimposed phase diagrams of
three organic conductors where there is evidence for the FFLO state, each normalized by their own
experimentally determined HP and Tc. In this figure, the three materials scale relatively well, although
the upper critical field for λBETS-GaCl is not quite as high as the others. This would suggest that it is
not as two-dimensional as the other superconductors [20], however, we have used the vortex-FFLO
phase line as the HP for this figure. It is also possible that impurities or spin-orbit scattering could
have raised the value of HP [32,48].



Crystals 2018, 8, 285 10 of 20

206

205

204

203

202

201

200

Te
m

pe
ra

tu
re

 [
m

K]

302520

Magnetic Field [T]

Hc2 +1 T/min upsweep
  -1 T/min downsweep

Heating on Downsweep

Cooling on Upsweep

30 x10-3

20

10

0

C
p/

T

2624222018
Field (T)

50

40

30

20

10

0

-10

rf penetration

 Cp (177 mK)
 rf penetration (55 mK)

(a) (b)

Figure 5. Color online. (a) specific heat and TDO up and down field traces as the measurements
cross the vortex-FFLO phase transition showing the hysteresis. This is direct evidence of a first order
transition; (b) from Agosta et al. [3], the magneto caloric effect, which shows the direction of the flow
of latent heat as the vortex-FFLO phase line is crossed. This information can be used to show that the
higher field state, in this case the FFLO state, is of higher entropy than the vortex state, consistent with
what is expected for this phase transition [3,94,95].
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Figure 6. Color online. Phase diagram of κET-CuNCS, λBETS-GaCl and β"ET-SF5 each normalized
using the phase line between the vortex and FFLO states. The BETS does not seem to have as much
enhancement of the upper critical field as the other two superconductors, which scale identically.

To probe these ideas, we have preliminary data for cleaner samples of BETS, synthesized by
Kobayashi, and the data suggest that the scattering details may be important. In Figure 7, we show
preliminary new data on an absolute scale with the previous data. The cleaner samples have a lower
HP, but surprisingly an identical Hc2. The drop in the value of HP is expected if it is dependent on
similar pair breaking mechanisms as Hc2 [32,48]. In particular, less spin-orbit scattering should lower
the critical field. The surprise is that the upper critical field for the FFLO state, where the material
crosses into the normal state, is robust with respect to the degree of scattering, unlike HP, the upper
critical field for the vortex state. In the traditional superconducting state, Hc2 is very sensitive to
scattering. This may be understandable in the context of Hc2 as calculated by [32,48] where similar
changes in the Hc2 phase line are found for greater orbital effects (vortices) or more spin orbit scattering.
However, spin-orbit scattering can directly modify HP, but vortex effects will not. In addition, if orbital
(vortex) effects are suppressed, as they are in the highly anisotropic organics, Hc2 must be the result
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of the magnetic energy in the system, which is more immune to scattering events than orbital effects.
Therefore, the vortex FFLO phase line should follow HP, which is dependent on the energy gap and
spin orbit scattering, and Hc2 will be insensitive to scattering. In many of these materials, it may be
important to always adjust HP to account for the degree of scattering and spin-orbit scattering to
properly interpret the results.
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Figure 7. We obtained new samples from Kobayashi that are higher quality samples (more pure) based
on Shubnikov–de Haas oscillations. The higher quality samples show on an absolute scale that the
upper critical field of the clean and dirty samples is the same, but HP is very sensitive to impurities.
The new data was taken in a dilution refrigerator and we are looking forward to extending the data to
higher temperatures in the near future.

One of the more promising measurements showing further evidence for the FFLO state was made
with NMR by Koutroulakis et al. [12] on the crystalline organic β"ET-SF5. In this measurement, the
line shape of carbon atoms in the FFLO phase was measured and compared to a calculated line shape.
The signal comes from the substitution of four inequivalent carbon atoms in the ET molecule with
13C to have an active NMR target. The data is compared to a calculation based on the sum of the
four inequivalent line-shapes from the four inequivalent carbon atoms modified by the effects of a
one-dimensional q-vector. It is not yet clear if the features of the line-shape are unique enough to
offer proof that the FFLO state is the cause of the line-shape, but it is more compelling that any other
microscopic measurement so far. The data is reproduced in Figure 8.

superconducting phase diagram of the all-organic material
β00-ðETÞ2SF5CH2CF2SO3. Moreover, a possible second
phase transition is identified between inhomogeneous
phases at ∼11 T. Further study of the field range in the
vicinity of 11 T is needed to confirm the latter. The NMR
spectra recorded in the modulated phase are consistent with
a real-space, single-Q modulation of the order parameter,
albeit with substantial broadening.
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3.1. Other Materials

Two other materials outside of the class of organic conductors are worth mentioning: the heavy
Fermion superconductor CeCoIn5 and the pnictide superconductor KFe2As2. An interesting discussion
of the FFLO state in heavy fermion and pnictide superconductors was recently published that supports
the existence of inhomogeneous superconductivity in these classes of materials [37]. The heavy
fermion superconductor CeCoIn5 was one of the first materials where there was thought to be credible
experimental evidence for the FFLO state. This evidence was in the form of calorimetric observations
of a bulk field induced phase transition between two superconducting phases [54,55]. This transition
was initially attributed to FFLO superconductivity but is now known to correspond to the onset
of spin-density wave (SDW) ordering within the superconducting state [95–99] and is called the Q
state. The Q state is the coexistence of a SDW and a superconducting state, although it is not clear
if the superconducting state is a FFLO state or a uniform state. The q-vector measured by neutron
scattering suggests a modulated state, but it does not change wavelength as a function of magnetic
field as is expected for the FFLO state [97]. Details of the SDW ordering observed by NMR have led
to suggestions of a lower field FFLO transition [100] and/or coupling of a FFLO phase to this SDW
transition [100–102], but there is no clear thermodynamic evidence for these proposals [95,103,104].
The possibility remains of a more complex coupling of the SDW transition to a modified FFLO phase
or pair density wave (PDW) [100,104]. One way to gain more insight into the nature of the Q phase
is to scale the CeCoIn5 data on the same phase diagram with an organic superconductor as seen in
Figure 9. In this figure, the TDO data from ETCuNCS is used as a baseline, and the CeCoIn5 data
is scaled using HP from Table 1. We note that α for CeCoIn5 was calculated based on two sets of
specific heat data [83,84] with nearly identical results. The parameter g ∗ /g was more difficult to
determine, and for this study we relied on γ and χ measurements [83] averaged over temperatures
below Tc and used Wilson’s ratio [69]. What is surprising is that although the vortex-FFLO phase
line found by specific heat and torque does not line up with HP, and it also wouldn’t even have the
right slope for the HP line, the phase line found by TDO rf penetration measurements [64] matches
the value of HP as calculated from the specific heat. Adding to this evidence for a phase line at 9.2 T,
Koutroulakis et al. [100] identified a phase they call the exotic superconducting state, or ESC that starts
at a minimum magnetic field of 9.2 T. It may be worth looking at the CeCoIn5 specific heat data to
see if there is any indication of this lower phase line. In any case, it can be seen that the Q state, as
it is called, is not a simple FFLO state, or at least not the same as found in the organic and pnictide
superconductors.

The pnictides are not nearly as anisotropic as the organics [90], but their high electron masses and
tunable anisotropy suggest that they may be candidates for inhomogeneous superconductivity [105,106].
A very recent result claims the possible existence of a FFLO state in the two band pnictide
superconductor KFe2As2 [107] based on specific heat and magnetic torque measurements. Using
the values of α from the two band alpha model in this KFe2As2 paper and others [86,108], we calculated
HP between 4.45 and 5.23 T (the result in Table 1 is the average). For convenience, we used the value
from Figure 4 in Cho et al. [107] to scale their phase diagram and superimpose it on the the phase
diagram from the organic conductors. The result is in Figure 10. This diagram and the KFe2As2 specific
heat data raise a number of questions about the claim of the FFLO state in this material.

The enhancement of the critical field over HP in κET-CuNCS is 1.35, and in KFe2As2 it is 1.24 if
you extrapolate to zero temperature. This is consistent with the difference in anisotropy. According to
Matsuda [20], the enhancement in an ideal 2D and 3D system should be 1.4 and 1.2 respectively. The
ratio of parallel and perpendicular critical fields at zero temperature is one indication of the anisotropy
of a material, and this value is ~4–5 for both KFe2As2 [86] and for κET-CuNCS, yet this is misleading
because κET-CuNCS is strongly paramagnetically limited. Using the initial slopes of the critical field
lines in different orientations as described in Section 1.2, Equation (2) determines H0

orb. H0
orb is a much

better measure of the superconducting anisotropy because it is based on the anisotropy of the vortices,
and hence the superconducting coherence lengths, ξ. This anisotropy measurement is reliable as long
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as the diameter of the vortices is larger than the interlayer spacing, a limit that is always true close
to Tc where ξ diverges. Using these slopes, the anisotropy of KFe2As2 is still 4.5 but for κET-CuNCS
the anisotropy is ≈21, if the slope of Hc2 is properly measured [93]. Thus, this anisotropy explains the
difference in critical field enhancement, but the anisotropy of KFe2As2 is inconsistent with the onset of
the FFLO state in a multiband superconductor. According to Gurevich [42], the lower anisotropy of
the pnictides should result in the FFLO state starting at t < 0.5, below the results found by Cho et al.,
and certainly below the results of the highly anisotropic organic conductors. Zocco et al. [88] has a
higher temperature onset of the FFLO state according to their calculations, but a much smaller critical
field enhancement than the data.
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Figure 9. Color online. Phase diagram of CeCoIn5 with κET-CuNCS as our baseline FFLO
phase diagram. If the magnetic field is normalized by HP as calculated by Equation (6), the TDO
measurement [64] (blue squares) finds a phase line at HP. NMR experiments [100] confirm a change
of the material properties at this field value too, suggesting that there may be a FFLO type transition
at the calculated HP. The more vertical phase line discovered by specific heat [54] (black triangles) at
about t = 0.1 could be related to the SDW.

The second quantitative difference between the organic phase diagrams and the KFe2As2 phase
diagram is the slope of the vortex state–FFLO state phase line at HP. As expected, to first order, this
line should have no slope if HP is proportional to the energy gap, given that the BCS superconducting
energy gap is almost constant for t < 0.4. Within experimental error, this is almost the case for
κET-CuNCS. Doing a fit to our largest set of data points, from the TDO measurements, we find a slope
of <0.05 T/K. The slope of this phase line for KFe2As2 is 0.3 T/K. The increased slope could be due
to the presence of vortices, as expected for the pnictides, which are less anisotropic than the organic
superconductors. Another interpretation is that this line is really Hc2 and the bump in specific heat
at a higher field is not due to the FFLO state. Given the form of the specific heat data in Agosta et al.
[3] and the calculations of Ptok [106], a small jump in specific heat at Hc2 followed by a large jump
in specific heat at the FFLO to uniform superconductivity phase line does not make sense. In Ptok,
these jumps are calculated as at least similar in size, and given that Hc2 is a transition into a bulk
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superconducting state, with the formation of Cooper pairs throughout the sample, the resulting drop
in entropy should produce a robust specific heat peak at Hc2, and as calculated in Ptok and in many
publications for single band superconductors [109]. Furthermore, without more angular data to see if
the specific heat signature of the FFLO state slowly changes when the sample is rotated with respect to
the magnetic field, the data is less compelling. Many of the other studies of KFe2As2 that have been
done, as referenced in the above paragraph, and in particular the one by Zocco et al., do not see any
indication of a FFLO state. There still is hope to find indications of the FFLO state in KFe2As2 and
other pnictides, but the present claim in Cho et al. although exciting, needs more evidence.
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Figure 10. Color online. The phase diagram of κET-CuNCS superimposed with the KFe2As2 data
from Cho et al. [107], normalized to Tc and HP for each sample respectively. We note the two main
differences, the slope of the vortex-FFLO transition, and the overall enhancement of the FFLO state
over HP.

3.2. New Materials

There have been predictions of the FFLO state in LiFeP [90], and this is another good example
of a material where it is difficult to predict if the FFLO state exists. LiFeP as many of the pnictides,
has two superconducting energy gaps, and it is unclear, when there are multiple gaps, which one
dominates. It is reasonable to think that the largest gap, with the largest Tc will dominate. This is
because above HP for the largest gap, all Cooper pairs will be subject to pair breaking via the Zeeman
energy. The data claiming inhomogeneous superconductivity in KFe2As2 [107], if it is correct, shows
the HP phase line at the value of the higher gap energy consistent with the argument above. For this
reason, the parameters for both of the pnictides in Table 1 correspond to the higher energy of the two
gaps found in each compound. The energy gaps and ratio α for these materials were not calculated
from our version of the alpha model but came from the papers referenced in the table, and use a two
gap model. It is also important to note that g∗/g for LiFeP is not known, so it was set to equal one.
Given what is known, the value of HP in LiFeP is above Hc2 and no FFLO state should exist. It is
possible that a weak variation of the FFLO state could exist when the magnetic field was greater than
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HP corresponding to the lower energy gap, but it is difficult to search for evidence of such a weak
FFLO state, if it exists at all.

4. Conclusions

It is clear that an exotic superconducting state exists in the low temperature high field quadrant
of the superconducting phase diagram in quasi 2D anisotropic organic superconductors, and possibly
heavy fermion and pnictide superconductors. So far, the data that have been collected on the organics
is consistent with inhomogeneous superconductivity. Microscopic probes such as NMR will help
determine if these are truly FFLO states, but spatial probes such as STM, neutrons, or X-rays will
eventually be the way to measure the q-vectors, and unambiguously identify these exotic correlated
electron states. There are still many methods available for the organics that can be used to expand
the parameter phase space, including pressure, defects, and chemical substitution. It has been shown
that CeCoIn5 is more complex than the other materials, and the specific heat data needs a second
look. It also may be a good candidate for STM. Other classes of superconductors such as the pnictides
are promising new materials for understanding inhomogeneous superconductivity. Finally, a topic
not covered in this review, and closely related theoretically [110,111] and experimentally [112] to this
subject is the study of inhomogeneous superconductivity in quasi 1D materials. It will be insightful to
discuss 1D and 2D materials together in the future.
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