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Abstract: It is shown that in the potential energy of an exciton of spatially separated electrons and
holes (hole moves in the amount of quantum dots (QDs), and the electron is localized on a spherical
surface section (QD—dielectric matrix)) taking into account centrifugal energy gives rise band
of the quasi-stationary surface exciton states that with the increase of the radius of QD becomes
stationary state. The mechanisms of formation of the spectra of interband and intraband absorption
(emission) of light in nanosystems containing aluminum oxide QDs, placed in the matrix of vacuum
oil, are presented. It is shown that the electron transitions in the area of the surface exciton states cause
significant absorption in the visible and near infrared wavelengths, and cause the experimentally
observed significant blurring of the absorption edge.

Keywords: exciton of spatially separated electrons and holes; quasi-stationary and stationary states;
quantum dots

1. Introduction

Investigation of quasi-zero nanosystems consisting of semiconductor (dielectric) spherical form
quantum dots (QDs) with the radii a = 1–10 nm, containing CdS, ZnSe and aluminum oxide in
their volume, which were grown in the transparent dielectric matrix, such as borosilicate glass,
vacuum and immersion oils, has received increased attention due to their unique photoluminescent
properties and the ability of the efficiently emitting light in the visible or near infrared regions
at room temperature [1–4]. Such linear dimensions a of QD are comparable with the de Broglie
wavelength of the electron and hole or/and their Bohr radii. The optical properties of quasi-zero
nanosystems are largely determined by the energy spectrum of the spatially separated electron-hole
pairs (excitons) [5–8].

There are many works devoted to the investigation of different physical characteristics of quantum
dots with different geometries. For example, in [9], the authors study intrinsic defect centers such
as oxygen and zinc vacancies in ZnO nanocrystals. The core-shell model established from optical
emission and electron paramagnetic resonance suggests distinguished electronic states in the band gap
belonging to negatively charged Zn vacancies and positively charged oxygen vacancies. In [10] the
authors report the formation of highly luminescent organic capped colloidal cadmium sulfide (CdS)
nanoparticles having the highest photoluminescence quantum yield of 69% in solutions and 34% in
neat thin films in the near-infrared range.

The synthesis of ZnO nanoparticles by solid state and hydrolysis methods based on the
conventional precipitation is reported in [11]. Novel ZnS quantum dots and ZnS quantum flakes were
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successfully prepared with graphene nanosheets as a special template, and two unique heterostructures
of ZnS/GNs were also obtained in [12]. The synthesis of ZnO 3.4 nm diameter spherical nanoparticles
for the implementation them as an electron injection layer in large-area emitters leads to efficient
solution-based devices is reported in [13].

In the experimental work [1] it is found that the non-equilibrium electrons generated by the
interband excitation of CdS QDs with radii a = (1.5–30) nm, have a finite probability of overcoming
the potential barrier and penetration into the matrix of borosilicate glass, where the QD is immersed
(wherein the hole moves in the QD volume).

In [5,6] it is developed the theory of the exciton from spatially separated electrons and holes (the
hole is within the volume of the semiconductor (dielectric) QD, and the electron is localized over the
spherical surface boundary of (QD/matrix)). The effect of a significant increase of the binding energy
of an exciton is revealed in nanosystem containing semiconductor (CdS, CdSe, ZnSe) and aluminum
oxide (almost by two orders) dielectric QD in comparison with the binding energy of an exciton in
such single crystals materials.

In experimental works [2–4] the nonlinear optical properties and their dependences on the matrix
material (vacuum oil) of heterogeneous liquid nanophase composites based on wideband aluminum
oxide QD with average radii not exceeding a = 25 nm were studied. In [2–4] it is shown that aluminum
oxide QDs in such matrix have a wide absorption band in the visible and near-infrared wavelengths.

In [2–4] the nature of the absorption bands in the visible and near infrared regions remains unclear.
Therefore, the study of light absorption mechanisms in such nanoheterostructures is an actual problem.

The present work summarizes the theory of excitons from spatially separated electrons and holes
(the hole moves in volume QD, and the electron is localized over the spherical surface boundary of
(QD/matrix)), developed in [5,6], for the case in which centrifugal energy of the electron is considered
in the potential energy of the exciton. It has been shown that considering the centrifugal energy
in the potential energy of the exciton leads to the occurrence of the quasi-stationary states in the
band of the surface exciton states, which with the increase of QD radius transfers into stationary
state. It is established that the light spectrum of the interband absorption (emission) of nanosystems
consisting of the energy bands which are formed by the electron between quasi-stationary and
stationary states, and intraband absorption spectra—from the bands caused by electron transitions
between stationary states.

2. Energy of Ground State Exciton in Nanosystems

Consider the model of quasi-zero-nanosystems: Semiconductor spherical QD with a radius,
which contains in its volume semiconductor (dielectric) material with permittivity ε2, surrounded
by a dielectric matrix with ε1 permittivity. In the QD volume h hole moves with the effective mass
mh, and e electron with the effective mass me

(1) is situated in the matrix (re and rh—the distance of
electron and hole from the QD center). Let us assume that in QD the valence band has a parabolic
form. We also assume that on the spherical surface boundary of QD/matrix infinite high potential
barrier exists. Therefore, in the studied model h hole cannot go out from the QD volume, and e electron
can not penetrate into the QD volume.

The energy of polarization interaction of the electron and hole U(re, rh, a) with spherical surface
boundary of QD/matrix in the case of relative ε = (ε2/ε1) >> 1 permittivity can be represented as
the algebraic sum of the hole and electron interaction energies with their Vhh′(rh, a), Vee′(re, a) and
“foreign” Veh′(re, rh, a), Vhe′(re, rh, a) images, respectively [5]:

U(re, rh, a, ε) = Vhh′(rh, a, ε) + Vee′(re, a, ε) + Veh′(re, rh, a, ε) + Vhe′(re, rh, a, ε) (1)

where

Vhh′(rh, a, ε) =
e2β

2ε2a

(
a2

a2 − rh
2 + ε

)
(2)
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Vee′(re, a, ε) = − e2β

2ε1a
· a4

r2
e (r2

e − a2)
(3)

Vhe′(re, rh, a, ε) =
e2β

2ε2a
· a2

re

∣∣∣rh − (a/re)
2re

∣∣∣ (4)

Veh′(re, rh, a, ε) = − e2β

2ε1a
· a2

rh

∣∣∣re − (a/rh)
2rh

∣∣∣ (5)

Here the parameter of the nanosystem β = (ε2 − ε1)/(ε2 + ε1).
For the simplicity, without losing the generality, we will assume that the hole h with the effective

mass mh, is located in the center of the QD (wherein rh = 0), and the e electron with an effective mass
me

(1) is localized in the matrix of the spherical surface QD (re = r—the distance of e electron from the
QD center). Such assumption is justified, as the ratio of the effective masses of electrons and holes in
nanosystem

(
(m(1)

e /mh)� 1
)

. In the observed quasi-zero nanosystems model, in the frame of the
above mentioned approximations, as well as in the effective mass approximation and the center of
mass of nanosystem, the Hamiltonian of exciton (from spatially separated hole, moving in QD volume,
and the electron situated in the dielectric matrix) takes the form:

H(r, a) = − }2

2µ0
∆ + Vl(r) + Veh(r) + U(r, a) + Eg (6)

where the first member is the operator of exciton’s kinetic energy, (µ0 = me
(1)mh/(me

(1) + mh)—the
reduced mass of the exciton from spatially separated electrons and holes), the second describes the
centrifugal energy of the exciton

Vl(r) =
}2L2

2µ0r2 (7)

(L2 = l(l + 1), l = 0, 1, 2,—orbital quantum number of the electron), Eg—width of semiconductor
bandgap with ε2 permitivity. In the Hamiltonian (6), the energy of the Coulomb interaction between
the electron and hole is described by the equation [5]:

Veh(r) = −
1
2

(
1
ε1

+
1
ε2

)
e2

r
= − e2

ε̃r
(8)

Polarization interaction energy (2), (4), (5) of electron and hole with spherical surface boundary of
QD/matrix, when rh = 0, takes the form:

Vhh′(a) =
e2β

2ε2a
(1 +

ε2

ε1
) (9)

Vhe′(a) =
e2β

2ε2a
(10)

Veh′(a) = − e2β

2ε1a
(11)

Then taking into account (3), (9), (10) and (11), the energy of polarization interaction (3), may be
written in the following form:

U(r, a) = − e2β

2ε1a
· a4

r2(r2 − a2)
+

e2β

ε2a
(12)
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Consideration of interaction energy of hole with its (9) and “foreign” (10) images, as well as the
electron with the “foreign” (11) image, leads to the increase of the polarization interaction energy (9)
by (e2β/ε2a), which decreases with the increase of QD radius.

In the nanosystem the Hamiltonian H(r, a) (6) of the exciton from spatially separated electron
and hole considering the formulas (7), (8) and (12) takes the following form:

H(r, a) = − }2

2µ0
∆ + Ul(r, a) + Eg (13)

where effective potential energy of the exciton

Ul(r, a)= − e2

ε̃r
− e2β

2ε1a
· a4

r2(r2 − a2)
+

e2β

ε2a
+

}2L2

2µ0r2 (14)

with the increase of the QD radius (so that a >> aex, where aex = (ε2 }2/µ e2)—exciton Bohr radius,
µ = me

(2) mh/(me
(2) + mh) is the reduced exciton mass and me

(2)—the effective mass of electron in the
semiconductor with permittivity ε2), the spherical surface between boundary of two media goes into
the flat boundary surface. Wherein the exciton from the spatially separated electrons and holes (the hole
moves in the semiconductor, and the electron is situated in the matrix) becomes two-dimensional. In the
Hamiltonian (6) potential energy, describing the motion of the exciton in the nanosystem, containing
QD with large radius (a >> aex) the main contribution is the energy of the Coulomb interaction Veh(r)
(8) between electron and hole. Interaction energy between electron and hole with their (9), (11) and
“foreign” (11), (10) images gives a much smaller contribution to the potential energy (14) of the
Hamiltonian (6). By the first approximation this contribution may be neglected. In the potential energy
(14) of the Hamiltonian (6) remains only the energy of the Coulomb interaction (8) between electron
and hole. The Schrodinger equation with this Hamiltonian describes a two-dimensional exciton (2D
exciton) from spatially separated electron and hole energy spectrum, which takes the form [14]:

En = − Ry2D
ex

(n + (1/2))2 , Ry2D
ex =

(ε1 + ε2)
2

4ε2
1ε2

2
·
(

µ0

m0

)
Ry0 (15)

where n = 0,1,2 ...—the principal quantum number of exciton, Ry0 = 13.606 eV—the Rydberg constant.
Bohr radius of such 2D exciton is described by the following equation:

a2D
ex =

2ε1ε2

ε1 + ε2
· }2

µ0e2 (16)

and the binding energy of the ground state of 2D exciton, according to (15), is given by:

E2D
ex = −4Ry2D

ex (17)

If l 6= 0, the contribution of the centrifugal energy into the effective potential energy Ul(r, a) (14)
creates a positive potential barrier, the maximum value of which is the following

Umax(l, S) ∼ L2S−2 (18)

for QD with large radius S � 1 (S =
(
a/a2D

ex
)
—the dimensionless radius of QD). The formation

of such barrier means that along with the stationary states E1,l(S) < 0 the exciton (from spatially
separated electrons and holes)), over the spherical surface of the QD, can occur quasi-stationary states
of the exciton with energy E1,l(S) > 0. With the increase of radius S of QD, starting from the value of S
greater than a certain critical radius of S∗c (1, l), i.e., at

S > S∗c (1, l) (19)
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first quasi-stationary states should be appeared. At bigger radii of QD

S > Sc(1, l) > S∗c (1, l) (20)

they need to pass into stationary states. When S ≥ S̃c(1, l) � 1 stationary states passes into
two-dimensional exciton state with energy E1,l (a) = (− E2D

ex ) (14), localized on flat surface between two
media [5,6], i.e., the energy spectrum E1,l (S) of the stationary states of the exciton energy is bounded
from below (−E2D

ex ) (14). The existence of the critical radius S∗c (1, l) shows that for QD with determined
radius S the energy spectrum E1,l (S) of the exciton is bounded above by the maximum value lmax(1, S),
forming a band of surface states, localized on the surface spherical boundary of (QD/matrix), part of
which has a quasi-stationary character. Such band of surface states contains a finite number of levels
(1, l), and this band is finished by (1, lmax(l, S)) level. Radius S∗c (1, l) corresponds to the highest
acceptable value of energy Emax

1,l (S) of ground state at fixed l. This maximum value of the energy
coincides with the Umax(l, S = S∗c (1, l)) (15).

Let us define the energy of the ground (n = 1) state of the exciton Hamiltonian (10) for arbitrary
values of S and l by means of variational method. By making a standard replacement of the radial
wave function Rl(r) = (χl(r)/r), the variational function χl(r) will be given as:

χl(r) = Alr(r− a)exp(−jl(r− a)/a)
Al = 2(jl/S)5/2(a2D

ex
)−5/2,

(21)

where jl(a)—variational parameter. Choosing the wave function χl(r) in the form (21) provides its
passage to the limit when S→ ∞, (jl/S)→ const in the wave function of electrons localized on the
plane surface between two media [15,16]. We write the mean value of the exciton Hamiltonian (10) on
the wave functions (18) in the following form:

E1,l(a, jl(a)) = 〈Rl(r)|H(r, a)|Rl(r)〉 (22)

The results of the variational calculation of energy E1,l(a) (22) of the ground state of the exciton in
nanosystems containing aluminum oxide QD with average a radius not exceeding 20 nm, are obtained
for the nanosystem containing aluminum oxide QD (with permittivity ε2 = 10 and the effective mass of
hole (mh/m0) = 6.2; the value of the effective mass of the electron in the matrix (me

(1)/m0) = 0.537 [17],
situated in the matrix (vacuum oil), which was studied in experimental studies [2–4] (see Figure 1).
Figure 1 shows the dependence of E1,l(a) (19) for the states with l = 0, 1, 2, 3, 4, 5, 6, 7, 8 with
quasi-stationary states spectrum border Emax

1,l (a). The obtained results (see Figure 1) clearly illustrate
the abovementioned qualitative features of considered dependences E1,l(a) (22). The critical radii of
QD for l ≤ 8 have are respectively values:

a∗c (1, l)(S∗c (1, l)) = 4.9 nm (13.94); 6.64 nm (18.9);
8.48 nm (24.12); 10.22 nm (29.1); 11.82 nm (33.6);

13.5 nm (38.4); 15.2 nm (43.2); 16.8 nm (47.8);
ac(1, l)(ac(1, l)) = 3.1 nm (8.82); 5.0 nm (14.22)

6.83 nm (19.43); 8.63 nm (24.55);
10.4 nm (29.6); 12.14 nm (34.5);

13.84 nm (39.4); 15.5 nm (44.1); 17.16 nm (48.8)

(23)

In nanosystems with the increase of radius a of QD, starting from the value not exceeding a certain
critical radius of QD a∗c (1, l) at

a∗c (1, l) ≤ a ≤ ac(1, l) (24)

quasi-stationary states of the exciton firstly appear (see Figure 1). For instance, the smallest radius
a∗c (1, l) of QD in which case quasi-stationary states of the exciton appear (in the state (1, l = 1))
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according to (20) is equaled to a∗c (1, 1) ∼= 4.9 nm, whereas the largest radius of QD a∗c (1, l), at which
the quasi-stationary state exciton occurs (in the state (1, l = 8) is equaled to a∗c (1, l = 8) ∼= 16.8 nm).

Figure 1. The dependence of the energy spectrum (E1,l(a)− Eg) of the exciton (from spatially separated
electrons and holes) in the states (n = 1, l = 0, 1, 2, 3, 4, 5, 6, 7, 8) (where n and l—the principal and
orbital quantum numbers of the electron) (solid line) on the a radius of the aluminum oxide QD,
situated in the dielectric matrix (vacuum oil). The numbers at the curves indicate the value of l.
The dashed lines indicate the boundaries of the spectrum of quasi-stationary states Emax

1,l (a) of the
exciton. Here Eg —bandgap of the aluminum oxide QD, E2D

ex = 2.5038 eV—the binding energy of the
ground state of the two-dimensional exciton (from spatially separated electrons and holes).

In the range of values of QD radii

ac(1, l) ≤ a ≤ ãc(1, l) (25)

(at a ≥ ãc(1, l) = 19.1 nm quasi-stationary states (1, l) of the exciton goes into the two-dimensional
exciton state (12) localized on a flat surface bounding two media [5,6]), and the quasi-stationary
state goes into the exciton stationary states (see Figure 1). The smallest radius of QD ac(1, l) at
which the exciton stationary states appear (in the state (1, l = 0), according to (20) is equaled
to ac(1, 0) ∼= 3.1 nm [5,6], wherein the largest radius of QD ac(1, l) (in exciton state (1, l = 8))
ac(1, l = 8) ∼= 17.16 nm. In nanosystem the stationary states of the exciton (from spatially separated
electrons and holes) are located in the bandgap of aluminum oxide QD (below the bottom of the
conduction band Es of aluminum oxide QD (see Figure 2, area 1)). They are limited below by level
E2D

ex
∼= 2.504 eV (14), which is equal to the binding energy of the ground state of two-dimensional

exciton (from spatially separated electrons and holes). Quasi-stationary states of the exciton are in
the conduction band Es (above the bottom of the conduction band Es of aluminum oxide QD (see
Figure 2, area 2). They are limited to the top by the border of the spectrum Emax

1,l (a) of quasi-stationary
states. The magnitude of Emax

1,l (a) takes a maximum value in the state (1, l = 8), wherein the
Emax

1,l=8

(
a = a∗c (1, l = 8) ∼= 0.21 E2D

ex
∼= 0.526 eV

)
(see Figure 1). In the nanosystem hole moves in the
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valence band Ev of QD, and the electron is in the quasi-stationary and stationary states (in areas 1 and
2 of the conduction band and the band gap of QD, see Figure 2).

Figure 2. Schematic representation of the energy levels E1,l(a) of the exciton (from spatially separated
electron and hole) in the state (n = 1, l ≤ 8) in the nanosystem consisting of Al2O3 QD with a radius
situated the dielectric matrix (vacuum oil). The stationary states of the exciton (area 1) are located
in the bandgap of Al2O3 QD (below the bottom of the conduction band Es of Al2O3 QD). They are
bounded below by level E2D

ex , which is the binding energy of the ground state of the exciton (from
spatially separated electrons and holes) in the nanosystems. Quasi-stationary states of the exciton (area
2) are in the Es conduction band of Al2O3 QD (above the bottom of the conduction band Es). They are
limited to the top boundary of the spectrum of quasi-stationary states Emax

1,l (a) (see Figure 1). In this
case, the hole moves in the valence band of QD, and the electron is located on energy levels (in area 1
and 2).

Such high quasi-stationary states could be significant in the processes of scattering of electrons on
the QD with sufficient large radius a ∼= a∗c (1, 8) ∼= 16.8 nm and may lead to strong suppression of the
electron mobility in dielectric matrices. The electron trapping on the quasi-stationary states, herewith
it is possible also without changing the total energy.

Thus, for aluminum oxide QD, which radius is in the interval (25), the energy spectrum E1,l(a) of
the exciton is limited above by the maximum value of the orbital quantum number lmax = 8, forming
surface states band. Such band of the surface states of the exciton (from spatially separated electron
and hole) consists of stationary and quasi-stationary states and has a finite number of levels (1, l),
is equal to nine.

Obtained results allow us to follow the transition from the exciton states localized on the surface
of a spherical QD, to the states of the exciton localized on the boundary plane surface. For QD with
large radius S (in the limit of S → ∞) not only arbitrary values of l, but also (l/S), which within
(S, l → ∞) define the finite quasimomentum p = }k‖ = (}l/a) of free movement of the electron
parallel to the boundary surface, become permitted. As a result, the expression E1,l(a) (22) proceeds
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into the spectrum of exciton states localized on the boundary plane surface, which in the dimensional
units has a following form

E1,l(k‖) = −E2D
ex +

(
}2k‖

2
)

/2µ0 (26)

Thus, all surface states become stationary, as in the case of specified passage to the limit potential
barrier (14) becomes infinitely wide, and its height (18) Umax(l, S)→

(
L2/S2) = (}2k‖2

)
/2µ 0 (in the

dimensional units) defines the kinetic energy of the “free” motion of the electron along the plane of the
media boundary.

The more elementary method to detect and study of observed exciton states in nanosystems
consisting of aluminum oxide with an average radius of a (25) placed in the matrix(vacuum oil) [2–4],
can be investigated the interband, which is formed by the electron transitions in the surface exciton
states band between the quasi-stationary states, located in the conductivity band Es of QD and
stationary states, being in the band gap of the QD (see Figure 2)) and intraband (which is caused by the
electron transitions between the stationary states) of light absorption. Such transitions with a change
in the orbital quantum number (l′ = l ± 1) per unit are allowed by the selection rules. The photon
energy for such transitions

∆El+1
l (a) = E1,l+1(a)− E1,l(a) (27)

(where l is takes values from 0 to 8).
Consider the qualitative picture of the appearance of transition states in nanosystem (see Figures 1

and 2 and Table 1). Starting from the radius of aluminum oxide QD a ≥ a∗c (1, 1) ∼= 4.9 nm in the range
of QD radii:

a∗c (1, 1) ≤ a < (a∗c (1, 2) ∼= 6.64 nm) (28)

interband transition occurs between states of (1, 1) and (1, 0) photons with energies in the range of

248 meV < ∆E1
0(a) ≤ 551 meV (29)

Table 1. Energy transitions ∆El
l−1(a) (expressed by meV), in which the orbital quantum number l

changes by one (wherein l takes values from 1 to 8) between quasi-stationary and stationary states of the
exciton (from the spatially separated electrons and holes) (see Figure 1), appearing in the nannosystem
containing aluminum oxide QD with a radius (expressed by nm), situated in the dielectric matrix
(vacuum oil).

a (nm) ∆E1
0(a)

(meV)
∆E2

1(a)
(meV)

∆E3
2(a)

(meV)
∆E4

3(a)
(meV)

∆E5
4(a)

(meV)
∆E6

5(a)
(meV)

∆E7
6(a)

(meV)
∆E8

7(a)
(meV)

5.2 501
5.3 426
5.6 401
5.8 351
6.0 325
6.5 250
6.9 200 826
7.2 180 801
7.5 150 751
8.0 75 676
8.6 24 570 1150
9.0 0 451 926
9.5 0 325 851
10 0 225 751

10.3 0 201 701 1172
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Table 1. Cont.

a (nm) ∆E1
0(a)

(meV)
∆E2

1(a)
(meV)

∆E3
2(a)

(meV)
∆E4

3(a)
(meV)

∆E5
4(a)

(meV)
∆E6

5(a)
(meV)

∆E7
6(a)

(meV)
∆E8

7(a)
(meV)

11 0 75 576 976
11.9 0 0 350 750 1192
12.5 0 0 225 651 1080
13 0 0 124 502 976

13.6 0 0 52 388 851 1352
14 0 0 0 275 626 1302

15.2 0 0 0 63 376 1001 1480
16 0 0 0 0 150 501 1281

16.9 0 0 0 0 0 224 628 2000
17.5 0 0 0 0 0 63 300 1552
18 0 0 0 0 0 0 150 1052

18.5 0 0 0 0 0 0 34 401
18.8 0 0 0 0 0 0 0 72
19.1 0 0 0 0 0 0 0 0

With the increase of the radius a of QD in the range of radii a

a∗c (1, 2) ≤ a < (a∗c (1, 3) ∼= 8.48 nm) (30)

there are two interband transitions: The transition between the states (1, 1) and (1, 0) with photon
energies in the range of

248 meV ≤ ∆E1
0(a) < 25 meV (31)

and transition between states (1, 2) and (1, 1) in the range of QD radii

a∗c (1, 2) ≤ a < (ac(1, 2) ∼= 6.83 nm) (32)

with the energy of the quantum
∆E2

1(a) ∼= 826 meV (33)

and in the range of QD radii
ac(1, 2) ≤ a < a∗c (1, 3) (34)

such transition is intraband with energies of the quantum in the range of

526 meV < ∆E2
1(a) ≤ 826 meV (35)

in the range of QD radii
a∗c (1, 3) ≤ a < (a∗c (1, 4) ∼= 10.22 nm) (36)

interband transition between (1, 3) and (1, 2) is added to two transitions which occur in the range of
QD a radii (30), which range in radii of QD

a∗c (1, 3) ≤ a < (ac(1, 3) ∼= 8.63 nm) (37)

will be interband with photon energy

∆E3
2(a) ∼= 1.0 meV (38)

in the range of QD radii
ac(1, 3) ≤ a < a∗c (1, 4) (39)
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such transition is intraband with photons energies

0.694 meV < ∆E3
2(a) ≤ 1.0 meV

In the range of a radii of QD (36) intraband transition between states (1, 2) and (1, 1) will be
observed with photon energies in the range of

175 meV < ∆E2
1(a) ≤ 526 meV (40)

Intraband transitions between the states (1, 1) and (1, 0) disappears when a ∼= 9.1 nm.
In the range of radii of QD

a∗c (1, 4) ≤ a < (a∗c (1, 5) ∼= 11.82 nm) (41)

three transitions exist: intraband transitions between the states (1, 2) and (1, 1), which, with energy not
exceeding (188 meV), disappears when a ∼= 11.6 nm, and intraband transitions between the states (1, 3)
and (1, 2) with photon energies

351 meV ≤ ∆E3
2(a) ≤ 701 meV (42)

Arising new transition between (1, 4) and (1, 3) states in the range of a radii of QD

a∗c (1, 4) ≤ a < (ac(1, 5) ∼= 10.4 nm) (43)

is interband with a photon energy
∆E4

3(a) ∼= 1.108 eV (44)

in the range of radii
ac(1, 4) ≤ a < a∗c (1, 5) (45)

such transition will be intraband with photons energies

0.801 eV < ∆E4
3(a) ≤ 1.108 eV (46)

In the range of a
a∗c (1, 5) ≤ a < (a∗c (1, 6) ∼= 13.5 nm) (47)

two transitions that occur in the range of a radii of QD (42) is added to the transition between (1, 5)
and (1, 4) states, which range is in the range of QD radii

a∗c (1, 5) ≤ a < (ac(1, 5) ∼= 12.14 nm) (48)

will be interband, with photon energy

∆E5
4(a) ∼= 1.128 eV (49)

in the range of radii
ac(1, 5) ≤ a < a∗c (1, 6) (50)

such transition is intraband with photons energies

0.876 eV < ∆E5
4(a) ≤ 1.128 eV (51)
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In the same range of QD radii (47) intraband transitions between the states (1, 3) and (1, 2) occurs
with the photon energies

20 meV ≤ ∆E3
2(a) ≤ 351 meV (52)

and intraband transitions between the states (1, 4) and (1, 3) is observed with photon energies

351 meV ≤ ∆E4
3(a) ≤ 801 meV (53)

In the range a of QD
a∗c (1, 6) ≤ a < (a∗c (1, 7) ∼= 15.2 nm) (54)

there are three transitions: intraband transitions between the states of (1, 4) and (1, 3), and between
(1, 5) and (1, 4) with photon energies which are in the following ranges respectively:

20 meV ≤ ∆E4
3(a) ≤ 351 meV (55)

326 meV ≤ ∆E5
4(a) ≤ 876 meV (56)

transitions between (1, 6) and (1, 5) in the range of QD radii

a∗c (1, 6) ≤ a < (ac(1, 6) ∼= 13.84 nm) (57)

will be intraband with the photon energy

∆E6
5(a) ∼= 1.302 eV (58)

and in the range of QD radii
ac(1, 6) ≤ a < a∗c (1, 7) (59)

Such transition is intraband with photon energies

0.901 eV < ∆E6
5(a) ≤ 1.302 eV (60)

In the range of QD a radii

a∗c (1, 7) ≤ a < (a∗c (1, 8) ∼= 16.8 nm) (61)

there are three transitions: two intraband between states (1, 5) and (1, 4), and also between the states of
(1, 6) and (1, 5) with photon energies which lie in the ranges, respectively

0 meV ≤ ∆E5
4(a) ≤ 326 meV (62)

876 meV ≤ ∆E6
5(a) ≤ 901 meV (63)

Transition between (1, 7) and (1, 6) states in the range of QD radii

a∗c (1, 7) ≤ a < (ac(1, 7) ∼= 15.5 nm) (64)

in intraband with the photon energy

∆E7
6(a) ∼= 1.502 eV (65)

in the range of a
ac(1, 7) ≤ a < a∗c (1, 8) (66)
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this transition will be intraband with photon energies with the range of

0.876 eV < ∆E7
6(a) ≤ 1.502 eV (67)

In the range of a
a∗c (1, 8) ≤ a < (ãc ∼= 19.1 nm) (68)

there are three transitions: two intraband between states (1, 6) and (1, 5), and between the states (1, 7)
→ (1, 6) with photon energies lying in the ranges respectively:

263 meV ≤ ∆E6
5(a) ≤ 876 meV (69)

776 meV ≤ ∆E7
6(a) ≤ 876 meV (70)

transition between (1, 8) and (1, 7) states in the range of QD

a∗c (1, 8) ≤ a < (ac(1, 8) ∼= 17.16 nm) (71)

will be intraband with photons energies

∆E8
7(a) ∼= 1.903 eV (72)

In the range of a
ac(1, 8) ≤ a ≤ ãc (73)

there are three intraband transitions: the transition between the states (1, 6) and (1, 5) with photons
energies in the interval

0 ≤ ∆E6
5(a) ≤ 263 meV (74)

transition between (1, 7) and (1, 6) states with photon energies

0 ≤ ∆E7
6(a) ≤ 776 meV (75)

and transition between (1, 8) and (1, 7) states with photon energies

0 ≤ ∆E8
7(a) ≤ 1.903 eV (76)

Thus, in the nanosystem in which average values of aluminum oxide QD radii vary in the range of:

a∗c (1, 1) ≤ a ≤ ãc (77)

interband and intraband transitions create energy bands, lying in the QD bandgap. Energy of photons
∆El+1

l (a) (26) of such interband and intraband transitions reach high values comparable to the binding
energy E2D

ex
∼= 2.504 eV (17) of the ground state of two-dimensional exciton (see Figure 1 and Table 1).

Energies of the interband transitions ∆El+1
l (a) (26) are significantly exceed the energies corresponding

to the intraband transitions for given average radius of QD a (in the interval (77)). Spectra of emission,
absorption and transmittance of light, which are located in the visible and infrared wavelengths, are
formed from such energy bands. Such spectra were observed in experimental works [2–4].

It should be noted that in the nanosystems, in which average a radii of aluminum oxide QD vary
in the interval (77) at T temperature satisfying

∆El+1
l (a)� kBT (78)

(where kB—Boltzmann constant), the observation of nanosystems is possible in the processes of
absorption and emission on the transitions with frequencies

(
∆El+1

l (a)/}
)

, depending on the values
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of the average radius of the QD (in the interval (77)), lying in the range from the infrared to the visible
spectrum. Such processes do not occur on QD with small radii a < a∗c (1, 1) ∼= 4.9 nm. New transition
states (1, l), starting from (1, 0) at a ≥ a∗c (1, 1) to (1, 8) state at a ≥ a∗c (1, 8) (see Table 1), will give
a contribution to the absorption (and also emission) at large values of QD radii a ≥ a∗c (1, l ≤ 8).
Therefore, for instance, it is possible specroscopically control the nucleation of QD in the dielectric
matrix, fixing the formation stage of the QD, starting from the radii a ≥ a∗c (1, 1), i.e., the emergence
of a new phase in the nanosystem. The dependence of the energy spectrum of E1,l(a) (22) of the
exciton on the a radius of QD and its threshold feature enable opportunity to make selection by laser
spectroscopy methods in nanosystems, determining the degree of dispersion of nanosystems (see
Figure 1).

It should be noted that in the energy of the ground state of the exciton (22) (of spatially
separated electrons and holes) in nanosystems containing aluminum oxide QD with a radii (25),
the main contribution is the average value of the energy of the Coulomb interaction Veh(a) =

〈Rl(re, rh, r, a)|Veh(r)|Rl(re, rh, r, a)〉 between the electron and hole. Wherein the average value of
the energy interaction between electron and hole with her and “foreign” images gives much smaller
contribution to the energy of the ground state of the exciton (22) (the ratio of which to the contribution
of the average value of the Coulomb interaction energy does not exceed 8%). The latter circumstance is
due to the fact that the values of the average energies of the interaction of holes and electrons with their
images, as well as the values of average interaction energies of the hole and electron with “foreign”
images makes contribution to the (22) with different signs, which are largely compensate each other.

Thus, the energy of the ground state of the exciton (22) (of spatially separated electrons and
holes) is due to the renormalization of the Coulomb interaction energy (8) between the electron with
a hole, as well as the polarization interaction energy (5) of electron and hole with spherical surface of
boundary QD/matrix associated with the spatial restriction of the area of the volume quantization
volume of QD.

One can see from the Figure 1, which shows the dependence of the total energy E1,l(a) (22) of
the ground state of exciton (of spatially separated electrons and holes) in nanosystem containing
aluminum oxide QD with average radius a from the interval (25), it follows that with the increase of
QD radius E1,l(a) (19) total energy of the ground state of the exciton increases. Herewith, the energy
(22) of the ground state of the exciton significantly exceeds (3–49 times) the value of the binding
energy of the exciton Ẽ2D

ex ≈ (−51.16 meV) in aluminum oxide single crystal. Starting from the
radius a ≥ ãc(1, l) = 19.1 nm, the value of the total energy (22) of the ground state of the exciton
asymptotically tends to the, accordingly, values of E2D

ex = (−2.5038 eV) (17) (characterizing the binding
energy of the ground state of the two-dimensional exciton (from spatially separated electrons and
holes)) (see Figure 1).

3. Comparison of the Theory with Experiment

In experimental works [2–4] nanostructures containing aluminum oxide QD with small
concentrations (x = 0.03%), placed in the matrix (vacuum oil). At such low concentrations of QD,
the interaction between the QDs can be neglected. Optical properties of such nanosystems are mainly
determined by the energy spectrum of electrons and holes localized near the surface of the spherical
single QDs, situated in the dielectric matrices. In [2–4] it was observed the nonlinear optical properties
and their dependences on the matrix material of heterogeneous liquid nanophase composites based on
wideband aluminum oxide QD with average radii not greater than a = 25 nm. In [2–4] it is shown that
in the matrix (vacuum oil) aluminum oxide QD have a wide absorption band (from 1.4 eV to 3.7 eV) in
the visible and near infrared regions.

To interpret the results of the experiments [2–4], we may assume that QDs have a spherical form.
In [2–4] the average a radii of QD vary from 1 nm to 25 nm, as follows from the results of the variational
calculation of the ground state energy E1,l(a) (22) of the exciton in nanosystem containing aluminum
oxide QD, varying radii a in the range of (25), (see Figures 1 and 2 and Table 1) the band of surface
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exciton states appears (consisting of the stationary states band with E1,l = E2D
ex = 2.5038 eV width,

located in the band gap of QD, and from a band from quasi-stationary states Emax = 0.526 eV, located
in the conduction band of QD. In [2–4] works it is revealed the formation of donor type additional
band with (0.3–0.4) eV width inside the bandgap aluminum oxide QD at the depth (2.3 eV and 1.96 eV)
from the bottom of the conduction band of the QD. Let us suppose that such a band can be described
by the band of surface exciton states. Then in the nanosystem levels Ed = −2.3 eV and (−1.96 eV)
correspond to the QDs with average radii: (14.0 nm, 14.9 nm, 16.1 nm, 17.0 nm, 18.1 nm) and (5 nm,
5.2 nm, 12.5 nm, 13 nm, 15.2 nm, 16.3 nm, 17.4 nm), respectively (see Figure 1), and besides the values
of the radii lie in the range of average radii of QD studied in experimental conditions [2–4].

In the frequency region corresponding to the quasi-stationary and stationary states (1, l) from
the band of surface exciton states, the light wavelength is much larger than the dimensions of these
states (about a2D

ex (16)) (see Table 1). Therefore, the behavior of such states (1, l) in the electromagnetic
field can be well described by the dipole approximation [18,19]. In the case of the optical absorption of
nanosystem containing aluminum oxide QD with average radii but not exceeding 20 nm, an electron is
transferred from the stationary levels (1, l) to the higher levels of the excited stationary states (1, (l + 1))
(the condition (78) is satisfied). As a result, the electron transitions to such highly excited exciton
levels (particularly, transitions from the levels (Ed = −2.3 eV and (−1.96 eV)) [2–4]) excite the dipole
moments of the transitions, the values of which are proportional to the a radii of QD and exceed by
an order typical values for aluminum oxide single crystal [18,19]. Such mechanism of excitation of
the dipole moments of transitions causes QD polarization in the field of the light wave, which creates
an additional polarization of nanosystem, and as a result, the nonlinear increment to the refractive
index of the nanosystem [2–4]. The increment in the range of frequencies below the resonance is
positive. In the case of sufficient large length of interaction of light waves with the nanosystem the
increase in the refractive index due to self-focusing of the beam can cause a waveguide channel.
As a result, with an increase of the radiation intensity [2–4] “enlightenment” of nanosystem occurs.

Optical absorption of nanosystem causes the interband transitions between the levels of the
surface exciton states—between stationary states lying in the bandgap of QD, and quasi-stationary
states, located in the QD conduction band (see Figures 1 and 2 and Table 1). Such transitions lead to
the increase of concentration of non-equilibrium electrons in the QD conduction band. In the case
of scattering of electrons on the QD with large radii a > a∗c (1, l = 8) = 16.8 nm the trapping of the
electrons on the quasi-stationary states can occur without change in their total energy. As a result, the
concentration of non-equilibrium electrons in the conduction band of QD can also increase. In [2–4]
it was observed electron transition from quantum energy 4.1 eV with an additional band to the QD
conduction band at the level of 0.4 eV. This level is in the area of quasi-stationary states. As it is shown
in [2–4], the increase of the electron concentration in the QD conduction band induces the nonlinear
increment to the refractive index of the nanosystems, which is negative. As a result, in the [2–4] the
saturation of radiation intensity was experimentally observed increasing the intensity of the light wave
due to the finite number of electronic levels in surface exciton states in the QD (see Figure 1).

4. Conclusions

The picture of the occurrence of the surface exciton states was described in the nanosystem. It was
found that with the increase of a radius of QD, starting from the magnitude a greater than a certain
critical radius of QD a∗c (1, l) quasi-stationary states initially appear, which with the increase of QD
radius a ≥ ac(1, l) > a∗c (1, l) goes into the stationary state. Quasi-stationary and stationary states
form a band of surface states of the exciton. In the nanosystem the stationary states of the exciton
are located in the bandgap of aluminum oxide QD (below the bottom of the conduction band of QD,
see Figure 2, area 1). They are bounded below by the level E2D

ex , which is equal to the binding energy
of the ground state of the two-dimensional exciton (from spatially separated electrons and holes).
Quasi-stationary states of the exciton are in the conduction band of aluminum oxide QD (see Figure 2,
area 2). They are bounded to the top by boundary of the Emax

1,l (a), wherein Emax
1,l (a) takes the significant
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value comparable to the E2D
ex
∼= 2.504 eV. The mechanisms of the formation of intra—and interband

absorption spectra (emission light) are presented in the nanosystem containing aluminum oxide QD,
situated in the matrix (vacuum oil) [2–4]. It was found that in the nanosystem the spectra of interband
absorption (emission) of light composed of the energy bands, which were formed by the electron
transitions between quasi-stationary and stationary states, and intraband absorption spectra—of the
zones, which were caused by the electron transitions between stationary states.

It was shown that the electron transitions from fixed levels (1, l) to the higher levels of the excited
stationary (1, (l + 1)) states, belonging to the surface exciton states, which lie near the bottom of the
conduction band in the bandgap of the QD (see Figures 1 and 2 and Table 1), can excite the dipole
moments of the transitions, the values of which are proportional to the a radii of QD and are higher
by an order than the typical values for aluminum oxide single crystal [18,19]. Such a mechanism of
excitation of the dipole moments of transitions causes QD polarization in the field of the light wave
and as a result, the nonlinear increment to the refractive index of the nanosystem. Such increment to
the range of frequencies below the resonance is positive. As a result, with increasing the radiation
intensity the “enlightenment” of the nanosystem was observed [2–4].

It was shown that the electron interband transitions between the levels of the surface exciton
states of QD—between stationary states and quasi-stationary states (See Figures 1 and 2 and Table 1),
leads to the increase of non-equilibrium concentration of the electrons in the conduction band of QD.
The trapping of the electrons on the quasi-stationary states (without changing the total energy) of
the QD with large radii a > a∗c (1, l = 8) = 16.8 nm also increases the concentration of non-equilibrium
electrons in the conduction band of QD. Such an increase in the concentration of the electrons in the
conduction band of QD is the nonlinear increment to the refractive index nanosystems [2–4], which
is negative. The finite number of electronic levels in surface exciton states of QD (see Figure 1) leads
to the increase of the light wave intensity to the saturation of the intensity of radiation observed
experimentally in [2–4]. It was found that the electron transitions in the surface exciton states caused
significant absorption of the radiation in the visible and near-infrared wavelengths and occurred
blurring of the experimentally observed absorption edges [2–4].
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