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Abstract: Underground coal-mining-induced ground subsidence deformation is a common geolog-
ical disaster impacting buildings, transportation and water supplies. Models predicting ground
subsidence dynamically with high precision are important for the prevention of damage derived
from ground subsidence. In this paper, the Hook function is utilized to develop a model describing
the velocity of ground subsidence due to underground coal mining. Based on the subsidence velocity
model, a dynamic subsidence model is established by taking an integral of the velocity model. Coeffi-
cients of the model, which depend on maximum subsidence, maximum subsidence velocity and the
time corresponding to the maximum subsidence velocity, are related to the geological and mining
conditions of the coal seam being investigated. A Levenberg–Marquardt-algorithm-based method is
also proposed to calculate the optimal model coefficients based on subsidence velocity observations.
Four continuously operating Global Navigation Satellite System (GNSS) stations were constructed
above a typical longwall coal mining working face in the Jining mining area, China. These GNSS
stations collected subsidence observations over two years, which were used to validate the developed
prediction model. The results show that the root-mean-square (RMS) of the model-predicted ground
subsidence error is 56.1 mm, and the maximum relative error is 2.5% for all four GNSS stations, when
the ground subsidence is less than 6000 mm.

Keywords: underground coal mining; ground subsidence; subsidence velocity; dynamic prediction
model; GNSS observation

1. Introduction

Coal is a major source of energy in the production of electrical power, currently
providing more than 36% of global electricity, especially in developing countries like China
and India [1]. Due to the limitations of geological conditions, a larger amount of coal comes
from underground mining instead of surface mining at present [2]. Ground subsidence
due to underground coal mining is inevitable. The impacts induced by subsidence are
broad, including those affecting transportation and utilities, water supplies, vegetation and
farming [3,4]. For example, aquifers above coal seams can be cracked by underground coal
mining, which leads to a large amount of groundwater loss during mining, resulting in
groundwater level lowering or even aquifer drying [5,6]; this threatens existing sources
of water for urban and groundwater-dependent ecosystems. The best time to plan for
ground subsidence damage is well before coal mining begins, not after surface effects are
noticed. Because underground coal-mining-induced surface subsidence and the impacts
derived from it develop progressively, the establishment of a model predicting the dynamic
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subsidence of ground surfaces is essential in understanding the mechanisms of subsidence
and in remediating the damage induced by subsidence in advance [7–9].

Leveling measurements comprise a typical method used to obtain information about
ground subsidence over time. Although the method can provide very precise subsidence
observations, the observing intervals, and, thus, the number of observations, are rather
limited at a given ground point for the method because this method is labor-intensive and
economically expensive [10]. Based on limited leveling measurements, many prediction
models for dynamic ground subsidence have been developed. At present, the commonly
used prediction models include the Knothe model, Kowalski model, Sroka–Schober model,
Weibull model and the logistic model [11–14]. These models perform an important role in
the cognition of dynamic subsidence patterns at ground points. However, predicting dy-
namic ground surface subsidence with the models accurately is still a challenging problem;
for example, the Knothe model and Kowalski model cannot describe the whole process
of ground surface subsidence; the parameter values in the Sroka–Schober model, Weibull
model and the logistic model are difficult to determine, resulting in more uncontrollable
factors [15]. In addition, the association between model parameters and geological and
mining parameters is not clear for many existing prediction models; that is, it is difficult to
obtain model parameters using geological and mining parameters (e.g., coal seam depth,
mining speed) directly.

Instead of establishing a relationship between ground subsidence and time, the Hook
function is utilized to develop a model describing the relationship between the derivative
of subsidence (or subsidence velocity) and time in this paper. By taking an integral of the
model in the time domain, a dynamic prediction model for ground subsidence can be easily
obtained. Based on the proposed method, both ground subsidence and subsidence velocity
at the ground point can be well predicted. Coefficients of the model, which are related to
maximum subsidence, maximum subsidence velocity and the time corresponding to the
maximum velocity, are concise and can be easily calculated by using geological and mining
parameters. Thus, the developed model is more applicable in realistic circumstances.

2. Materials
2.1. Study Area

As shown in Figure 1, the study area is located in Jining coal field, southwest of
Shandong Province, China. The coordinates of the study area’s center are about 35◦30′N,
116◦55′E. The area is described as a Quaternary alluvial plain; the ground surface of the
area was very flat and the ground tilt was less than 3‰ before coal mining. The strata of the
study area exposed by the bore holes include Quaternary, Jurassic, Permian, Carboniferous
and Ordovician strata. The thicknesses of the strata are about 125 m, 320 m, 90 m, 455 m and
615 m, respectively. The coal seam of the area mainly exists in the top of the Carboniferous
stratum, and the coal-seam-bearing sub-stratum is also named the Shanxi Formation (Fm)
in China. The average coal seam thickness is about 8.0 m for the whole mining area. The
coal-bearing coefficient in the sub-stratum is 9.52%. The degree of geological structure
complexity in the area is classified as moderately complex; the geological structure is mainly
composed of the wide and gradual fold associated with a certain amount of fault. There
has been no evidence indicating intrusion of the igneous rock into the coal-bearing stratum
until now.

A typical underground longwall working face in the study area was selected to validate
the proposed dynamic subsidence prediction model. The width of the working face is about
350 m; the average mining thickness and depth of the working face are about 8500 mm
and 580 m, respectively. The mining direction of the working face is from northwest to
southeast, as shown in Figure 1. On 10 August 2021, the working face began to be mined.
The distance from the open-off cut to the mining position was about 500 m on 31 December
2021. Mining at the working face terminated on 31 January 2023, and the total mining
length was about 1300 m.
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2.2. Data

The monitoring of ground deformation is crucial for understanding the status of
the strain accumulation of soils and rocks, and, thus, the deformation mechanism of the
ground surface. GNSS has been widely used to observe ground deformation with a high
temporal resolution. The traditional GNSS baseline method can make use of two GNSS
stations located hundreds of kilometers apart to measure the position of one of the stations
accurately [16,17]. The real-time kinematic (RTK) surveying method is another GNSS
measuring method. Different from the static GNSS baseline method, this method makes
one GNSS receiver remain stationary at a known point, while the other (rover receiver)
moves or remains stationary at each point for a few seconds [18]. The main advantage of the
RTK method is that the method can output the coordinates of the rover receiver promptly,
enabling ground deformation monitoring in real time. The precision of the coordinates
derived from single RTK measurements is inferior compared to the static baseline method
in general, which is about 30 mm-50 mm. The RTK measuring precision can be improved
significantly by increasing the measurement duration of the rover receiver [19,20].

Because of the high precision and temporal resolution of the GNSS technique, over
the past several decades, many permanent and continuously operating GNSS networks
have been constructed to monitor crustal deformation on a larger scale, such as the GNSS
Earth Observation Network System (GEONET) operated by the Geospatial Information
Authority of Japan and Plate Boundary Observatory (PBO) network established by the
United States [21]. As for local deformation monitoring on a small scale, continuously
operating the GNSS station could provide more ground deformation data, which makes
the acquisition of a detailed deformation process possible [22].

For monitoring the ground subsidence induced by underground coal mining, four
continuously operating GNSS stations (CRS01, CRS02, CRS03 and CRS04) were established
on 15 July 2021. The positions of these GNSS stations relative to the working face are
also shown in Figure 1. All of the stations were equipped with a ComNav T300SE GNSS
receiver, which can be used to receive and process triple-frequency signals of GPS, BDS,
GLONASS and Galileo systems. Also, the receiver supported RTK measurements. Based
on the GNSS differential data provided by the Continuously Operating Reference Stations
(CORS) of Shandong Province, the plane coordinate and geodetic height at the stations
could be obtained in real time. The measuring interval of the GNSS receiver was configured
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as 600 s. For each station, there exists about 120 geodetic height observations with fixed
RTK solutions in a day; by averaging these height observations, the daily averaged geodetic
height observation was obtained. Further, by making use of the moving average filtering
method with a moving window length of 7 days on the time series of daily averaged
geodetic height observations, the GNSS-based daily geodetic height observations were
finally obtained. The GNSS observations collected from 10 August 2021 to 31 January 2023,
over 731 days, were used to evaluate the proposed dynamic prediction model.

Before underground coal mining, a leveling survey was conducted to obtain the
normal height of the study area. The distribution of the leveling points is also displayed in
Figure 1. The instrument used in the leveling survey was the DSZ1 level, manufactured by
SuzhouFOIF Co., Ltd., Suzhou, China; the measuring accuracy and the maximum sight
distance of the level were 0.7 mm and 110 m, respectively. The leveling survey method
conducted in the experimental campaign followed the specifications of China for third-
and fourth-order leveling, and the elevation error of closure was less than 8 mm for the
leveling measurements. Based on the joint measurements of the GNSS and leveling survey,
the polynomial surface fitting method was used to determine the height anomaly of the
study area [23]. Then, the height anomaly was used to convert the GNSS geodetic height
into the GNSS-based normal height. By making use of the GNSS-based normal height, the
GNSS-based ground subsidence can be calculated by:

W(t) = Hinit − H(t) (1)

where H(t) is the GNSS-measured normal height at the t-th day in units of mm; Hinit is the
initial normal height of the ground point when the ground is subsidence-free. After the
ground subsided due to underground coal mining, thirteen cycles of leveling surveying
for each station were also conducted to verify the accuracy of the GNSS-based ground
subsidence observations. A comparison between the GNSS-based ground subsidence and
the leveling-based one is shown in Figure 2. Taking the leveling-based subsidence as the in
situ one, the mean, STD and RMS of the GNSS-based ground subsidence observation error
can be calculated, which are 0.8 mm, 5.1 mm and 5.1 mm, respectively. Clearly, the results
indicate a good agreement between the GNSS-based ground subsidence observations and
the in situ ones; the GNSS-based observations can be utilized to validate the proposed
model. Based on GNSS ground subsidence observations, the GNSS subsidence velocity
observation can be obtained by:

v(t) =
W(t + 1)− W(t)

1
= H(t)− H(t + 1) (2)

where v(t) is the ground subsidence velocity at the t-th day in units of mm/d.
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3. Methods
3.1. Typical Dynamic Prediction Models for Ground Subsidence

Based on the assumption that the underground coal-mining-induced ground subsi-
dence velocity at a given time is proportional to the difference between the subsidence at
that time and the maximum subsidence of the point, Knothe proposed a model (the Knothe
model) to predict the dynamic ground subsidence induced by underground coal mining,
which is given by [11]:

W(t) = Wmax
(
1 − e−ct) (3)

where W(t) is the subsidence of a ground point at time t; Wmax is the maximum subsidence
at the point; c is the model coefficient, which is related to geological and mining conditions.
Considering the convergence and compaction of porous rock strata, Sroka proposed a
prediction model with two parameters (the Sroka–Schober model), which is given by [13]:

W(t) = Wmax

(
1 +

ξ

f − ξ
e− f t − f

f − ξ
e−ξt

)
(4)

where f is the relative convergence rate of the rock strata; ξ is the time coefficient of the
overlying rock strata. In addition, to calculate the overlying rock subsidence, the model
can also be used to predict the ground subsidence by selecting rational model parameter
values. Both model parameters are in units of a−1. Note that, in reality, it is impossible to
measure these two model parameters directly. Based on the model describing population
growth (i.e., the Gompertz model), Liu developed a ground subsidence prediction model
(i.e., the Hrries model), which can be written as [24]:

W(t) = Wmax

(
1 − 1

1 + Wmaxmtn

)
(5)

where m and n are the model parameters with positive values.
As studied in [25–27], the variation pattern of subsidence induced by underground

coal mining at a given ground point is very similar to a reverse “S” curve. This typical
variation pattern of subsidence cannot be described by the Knothe model, as evidenced
in Figure 3, which shows an example of a subsidence time series calculated using three
typical models when the maximum ground subsidence is 4000 mm. The studies in [28,29]
reveal that, before the ground subsidence velocity reaches its maximum, the acceleration of
subsidence (second-order derivative of the subsidence time series or first-order derivative
of the subsidence velocity time series) increases with respect to time; then, the acceleration
of subsidence reaches its maximum at the time when the subsidence velocity equals 1/2
of the maximum subsidence velocity. Finally, the subsidence acceleration decreases to
zero at the time corresponding to the maximum subsidence velocity. This is not true for
the Sroka–Schober-model-described subsidence velocity time series, which has maximum
subsidence acceleration when subsidence commences, as shown in the lower part of
Figure 3. The Hrries model performs better in terms of the description of the empirical
pattern of subsidence velocity than other two models. The reliability of the Hrries-model-
based predicting result is still questioned in realistic applications, because the association
between the model parameters and the geological and mining parameters is not clear [15].
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3.2. Hook Function

The Hook function is a hyperbolic function similar to the inverse proportional function,
which is given by [30]:

fH(x) = Ax +
B
x

and x ∈ (−∞,+∞) ∩ x ̸= 0 (6)

where A and B are the function coefficients, and the coefficients satisfy:

A · B > 0 (7)

Clearly, the Hook function is an odd function, as shown in Figure 4, which shows
an example of the Hook function in the cases of two different coefficient conditions. It
can be observed from the figure that the varying pattern of the function is very different
before and after the maximum (or minimum) of the function. For example, in the first
case of A = 1.0 and B = 0.1, the function value decreases from +∞ to the minimum sharply
with an increase in x, and then increases to +∞ slowly when the independent variable x is
greater than 0.

Many field measurements show that the underground coal-mining-induced ground
subsidence velocity increases sharply with the increase in time; after the velocity reaches its
maximum, the velocity gradually decreases to zero [28]. In addition, the increasing pattern
of the velocity is much different from the decreasing pattern of the velocity, due to the
mechanism difference between underground rock collapse and compaction; specifically,
the increasing rate of subsidence velocity is greater than the decreasing rate in general [29].

Obviously, the Hook function features two different varying patterns before and
after the function reaches its maximum (or minimum); this can be utilized to describe
the two different variation patterns of subsidence velocity, i.e., the increasing pattern and
the decreasing pattern. Further, the slopes of the function are also different before and
after the Hook function reaches its maximum, which is in accordance with the realistic
variation pattern of subsidence acceleration. In summary, both the variation patterns of
subsidence velocity and subsidence acceleration can be described by the Hook function.
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Thereby, the development of a subsidence velocity model based on the Hook function
should be reasonable.
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3.3. Proposed Dynamic Prediction Model

Before underground coal mining, the pressures or loads of the rocks are carried by
the coal seam. When the coal seam is mined out, the pressures are transferred to the solid
coal sides. As the mine develops with an increasing mined-out area (or goaf), the goaf
progressively becomes too wide to be self-supporting. As a result, the rocks above the
coal seam sag and separate along bedding planes and then fall into the goaf. After the
influence of rock collapse reaches the ground surface, the ground subsidence induced by
underground coal mining commences. Traditionally, for a given ground point, the whole
process of underground coal-mining-induced ground subsidence can be divided into three
stages: the initial stage, the active stage and the stable stage [31]. As indicated in many
previous studies, once the ground point begins to be affected by the underground coal
mining, the subsidence velocity increases sharply to reach its maximum, which can also be
termed as the velocity increasing period (VIP). Then, the velocity decreases gradually to
zero, which may take more than several years in general (or velocity decreasing period,
VDP) [28]. Basically, the variation pattern of subsidence velocity can be very different for
the two periods at a given ground point.

Based on the subsidence velocity variation pattern observed in many field measure-
ments, the Hook function is utilized to describe the subsidence velocity at a ground point,
which is given by:

v(t) = Ce− fH(t) = Ce−(At+ B
t ), and t ∈ [1,+∞] (8)

where v(t) is the subsidence velocity of the ground point in units of mm/d; A, B and C are
the coefficients of the subsidence velocity function, and the coefficients satisfy:

A > 0; B > 0; C > 0 (9)

where t is the time in units of day, and t = 1 indicates the day when the ground point
began to subside with a subsidence velocity of 1.67 mm/d. Because subsidence velocity is
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the derivative of the subsidence function, the subsidence function with an independent
variable of t (or subsidence dynamic prediction model) can be derived from (8) by:

W(t) =
∫ t

1
v(t)dt (10)

where W(t) is the subsidence at a ground point in units of mm.
Figure 5 shows an example of the proposed subsidence velocity model and corre-

sponding subsidence model in the case of three different model coefficient conditions. It can
be seen from the figure that the subsidence velocity increases with the increase in time; after
the velocity reaches its maximum, the velocity decreases. The differences in the subsidence
velocity rates in VIP and VDP can be well described by the proposed model. In addition,
the maximum subsidence velocity and varying rate of velocity in VIP and VDP can also
be changed by adjusting the model coefficients with different values, which indicates the
possibility of describing the realistic subsidence velocity that has occurred under different
geological and mining circumstances. Further, all three subsidence curves calculated by
the model present the typical reverse “S” pattern, as shown in the lower part of Figure 5,
illustrating the exactness of the model in the description of the ground subsidence pattern.
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3.4. Relationship between the Model Coefficients and Geological and Mining Conditions

By making the first derivative (8), one can obtain:

v′(t) =
dv(t)

dt
= −C

(
A − B

t2

)
e−(At+ B

t ) (11)

Making the above equation equal to 0, the time corresponding to the maximum of the
velocity function can be solved as:

t = tmax =

√
B
A

(12)
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and
B = At2

max (13)

It can be easily derived from (11) and (12) that the derivative of the velocity func-
tion is greater than 0 when t is smaller than tmax, indicating that the subsidence velocity
increases with respect to t in this case; when t is larger than tmax, the derivative is less
than 0, indicating that the velocity decreases with an increase in t. Further, the subsidence
velocity at the ground point reaches its maximum at tmax. By substituting (12) into (8),
the tmax-corresponding subsidence velocity (or the maximum subsidence velocity) can be
obtained by:

vmax = Ce−2
√

AB (14)

Substituting (13) into (14), the maximum subsidence velocity can be rewritten as:

vmax = Ce−2Atmax (15)

and
C = vmax · e2Atmax (16)

The maximum subsidence of the ground point can be derived from (10) by:

Wmax =
∫ +∞

1
v(t)dt (17)

Substituting (8) and (13) into (17), the maximum subsidence can be rewritten as:

Wmax = C
∫ +∞

1
e−A(t+ t2max

t )dt (18)

Making a ratio of (18) to (15) yields:

Wmax

vmax
= e2Atmax

∫ +∞

1
e−A(t+ t2max

t )dt (19)

By using the method of variable substitution and with some manipulations, (19) can
be re-simplified as:

e2Atmax · K1(2Atmax) =
Wmax

2tmaxvmax
(20)

where K1(x) is the modified Bessel function.
It can be seen from (20) that the model coefficient A is related to tmax, vmax and Wmax;

if the latter three parameters are known in advance, the coefficient A can be obtained
by solving the implicit function with numerical methods, as detailed in [32]. Once A
is obtained, the coefficients of B and C can be calculated by substituting A, tmax and
vmax into (13) and (16), respectively. Clearly, the maximum subsidence Wmax, maximum
subsidence velocity vmax and the velocity-corresponding time tmax are the three parameters
directly affecting the value of the model coefficients. Because all three parameters depend
on geological and mining conditions, e.g., the mining velocity, depth of the coal seam
and geological properties of the overlying rock, the model coefficients are also related to
geological and mining conditions, as illustrated in Figure 6. Note that, due to the complexity
of the underground coal-mining-induced ground subsidence mechanism, it is difficult to
derive explicit physical meaning for a given parameter directly. However, this research
theoretically derives the mathematic formula between the model parameters and the
geological and mining parameters, proving the solid association between these two types
of parameters; this is also a significant improvement compared with the existing models.
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3.5. Retrieval of the Model Coefficients Using Subsidence Velocity Observations

One gives a set of subsidence velocity observations at a fixed ground point, and an
equation set with three unknown model coefficients (A, B and C) can be written as:

ṽ1 = Ce
−(At̃1+

B
t̃1
)

ṽ2 = Ce
−(At̃2+

B
t̃2
)

. . .

ṽi = Ce
−(At̃i+

B
t̃i
)

. . .

ṽn = Ce−(At̃n+
B
t̃n
)

(21)

where ṽi is the i-th subsidence velocity observation measured on t̃i days after ground
subsidence, and n is the number of observations. The goal of the measurement of these
ground subsidence velocities is to determine the optimal model coefficients that minimize
the error function: x = arg min

n
∑

i=1
[ṽi − vi(x)]

2 = arg min
n
∑

i=1
f 2
i (x) = arg minS

x =
[

A B C
]T

(22)

Note that vi(x) denotes the model-calculated i-th ground subsidence velocity. Ob-
viously, this optimization problem can be treated as a non-linear least squares problem.
As studied in [33], the Levenberg–Marquardt algorithm (LMA) is an effective method for
solving non-linear least squares problems. Thus, the algorithm is used to determine the
optimal model coefficients in the paper.

The key of LMA-based model coefficient estimation is to construct the cost function,
which is given by:

∆ =
(

JTJ + λI
)−1

JTf(x) (23)

where λ is the damping coefficient with a nonnegative value, which can be configured as
0.1 in the case of a better initial value of A, B and C; I is the identity matrix. J is the Jacobian
matrix f(x) and is given by:

J =

JA1 JA2 · · · JAi · · · JAn
JB1 JB2 · · · JBi · · · JBn
JC1 JC2 · · · JCi · · · JCn

T

(24)
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and
JAi =

∂vi
∂A

; JBi =
∂vi
∂B

; JCi =
∂vi
∂C

(25)

The matrix f(x) is given by:

f(x) =
[

f1(x) f2(x) · · · fi(x) · · · fn(x)
]T (26)

In addition, the initial value of the model coefficient is important for improving the
efficiency and optimization performance of the LMA. In reality, the maximum subsidence of
a given ground point (i.e., Wmax) can be estimated by using the static prediction model (e.g.,
the probability integration model) based on the actual mining and geological parameters.
The maximum subsidence velocity (vmax) can be related to the mining parameters by using
the empirical formula [34]:

vmax ≈ KWmaxV
H0

(27)

where K is the subsidence-velocity-related coefficient, which is in the range of 0.5 to 3.0;
V is the average mining velocity of the working face; and H0 is the average coal seam
depth. The time corresponding to the maximum subsidence velocity (tmax) depends on
the advancing and lagging influence distance of the coal seam, which can be calculated
approximately by:

tmax ≈ dA + dL
V

(28)

where dA and dL are the advancing and lagging influence distance of the coal seam, respec-
tively. Once the approximations of the model coefficients are determined by the mining
and geological conditions of the working face, the initial values of the model coefficients
can be calculated through (13), (16) and (20), respectively.

Based on the optimization formula of (23) and the initial value of the model coeffi-
cients, the LMA-based optimal model coefficient inversion algorithm can be developed.
A flowchart of the algorithm is shown in Figure 7. The algorithm process is described
as follows:

(a) Input the observation series of ground subsidence velocity, initial values of the model
coefficients, damping coefficient and limit error Smin.

(b) Calculate the residual sum of the squares between the observed and predicted results
S0 using the observation series and initial model coefficients based on (22).

(c) Construct the Jacobian matrix J and residual matrix f(x) using (24) and (26), respectively.
(d) Calculate the cost function matrix ∆ using (23).
(e) Update the optimal prediction model coefficients by:

x1 = x0 − ∆ (29)

(f) Calculate the residual sum of the squares between the observed and predicted results
S1 with the updated model coefficients x1.

(g) If S1 is less than the limit error Smin, output the updated model coefficients and the
residual sum of the squares.

(h) If S1 > Smin and S1 < S0, increase λ twofold; otherwise, decrease λ threefold.
(i) Assign the updated prediction model coefficients and the damping coefficient to the

corresponding initial coefficient and return to step (b).
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4. Results

The GNSS subsidence velocity observations collected in the active stage of ground
subsidence were used to validate the proposed subsidence velocity model, i.e., Equation (8).
One-third of the velocity observations were taken as the modeling datasheet to calculate
the optimal model coefficients with the method detailed in Section 3.5, and the other
observations were taken as the validating datasheet to evaluate the precision of the model.
A comparison between the subsidence velocity time series of the modeling datasheet
and that of the model-fitted datasheet for four GNSS stations is shown in the upper
part of Figure 8; a scatterplot of the modeling datasheet versus the model-fitted one is
shown in the upper part of Figure 9. A comparison between the subsidence velocity time
series of the validating datasheet and that of the model-fitted one for these stations is
shown in the lower part of Figure 8; a scatterplot of the validating datasheet versus the
model-fitted one is shown in the lower part of Figure 9. The RMSs of the model-fitted
subsidence velocity error for the modeling datasheet and validating datasheet are shown
in Tables 1 and 2, respectively. By fitting the subsidence velocity observations in VIP with
a linear function, the subsidence velocity increasing rate (SVIR) could be approximately
obtained. Similarly, the subsidence velocity decreasing rate (SVDR) could also be obtained
by fitting the subsidence velocity observations in VDP with a linear function. The SVIR
and SVDR for these four GNSS stations are shown in Table 3.

Table 1. Mean, STD and RMS of model-fitted subsidence velocity error for modeling datasheet.

Station Mean (mm/d) STD (mm/d) RMSE (mm/d) vmax (mm/d)

CRS01 0.03 0.98 0.98 12.57
CRS02 0.13 2.11 2.12 29.64
CRS03 0.79 5.12 5.23 78.30
CRS04 0.31 5.37 5.38 82.70

All 0.34 4.23 4.24 82.70
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Table 2. Mean, STD and RMS of model-fitted subsidence velocity error for validating datasheet.

Station Mean (mm/d) STD (mm/d) RMSE (mm/d) vmax (mm/d)

CRS01 0.02 0.95 0.95 12.51
CRS02 0.16 2.10 2.11 30.17
CRS03 0.76 5.17 5.23 78.30
CRS04 0.31 5.22 5.23 83.04

All 0.34 4.17 4.18 83.04
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Table 3. SVIR and SVDR for four GNSS stations.

Station SVIR (mm/d2) SVDR (mm/d2) Mining Velocity (m/d)

CRS01 2.72 −0.80 3.5
CRS02 2.79 −0.83 3.2
CRS03 5.76 −1.11 4.3
CRS04 2.73 −0.80 1.4

By substituting the modeling-datasheet-calculated model coefficients into (10), the
ground subsidence at each time point could be obtained. A comparison of the time series
between the GNSS-observed ground subsidence and the model-predicted one for the four
stations during the experimental campaign is shown in Figure 10. A scatterplot of the
GNSS-observed ground subsidence and the model-predicted subsidence for these four
stations is shown in Figure 11. Taking the GNSS-observed ground subsidence as the in situ
data, the mean, STD and RMS of the model-predicted ground subsidence error could be
calculated and are shown in Table 4.
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Table 4. Mean, STD and RMS of model-predicted subsidence error for four GNSS stations.

Station Mean (mm) STD (mm) RMSE (mm) Wmax (mm) MRE (%)

CRS01 −36.0 21.2 41.8 808.0 8.3
CRS02 −60.5 47.9 77.2 1678.1 7.6
CRS03 −11.3 54.4 55.6 3911.0 3.7
CRS04 −9.0 39.4 40.4 5820.7 2.5

All −29.8 47.5 56.1 5820.7 2.5
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5. Discussion
5.1. Ground Subsidence Velocity

It can be seen from Figure 8 and Table 3 that the ground subsidence velocity increased
sharply with an SVIR greater than 2 mm/d2, once the ground began to be affected by the
underground coal mining. The velocity decreased to zero with a comparatively gradual
pattern after the velocity reached its maximum; the SVDR was greater than −1.5 mm/d2

for all four stations. Basically, the SVIR was proportional to the maximum subsidence
velocity vmax; with the increase in the maximum velocity, the SVIR increases. For example,
the maximum subsidence velocity was 12.51 mm/d, 30.17 mm/d and 78.30 mm/d for
the CRS01, CRS02 and CRS03 stations, respectively, as shown in Table 2, while the corre-
sponding increasing rates were 2.72 mm/d2, 2.79 mm/d2 and 5.76 mm/d2, as shown in
Table 3. Similarly, the absolute value of the SVDR was also proportional to the maximum
subsidence velocity, and the magnitude of SVDR was much smaller than that of the SVIR
for each GNSS station; e.g., the SVIR and absolute value of the SVDR were 5.76 mm/d2 and
1.11 mm/d2, respectively, for the CRS03 station. This also indicates that the ground surface
would take more time to resume a stable status, i.e., the subsidence velocity decreases
to 0 mm/d.

It is important to note that the SVIR and absolute value of SVDR at the CRS04 sta-
tion were significantly less than that at the CRS03 station, although the difference in the
maximum subsidence velocities was marginal for these two stations. The main reason
should be attributed to the difference in mining velocities. As studied in [35], the faster
loss of subsurface volume is the main factor inducing the increased ground subsidence;
therefore, the intensity of the ground deformation is proportional to the underground coal
mining velocity in general. With the increase in the mining velocity, the ground deforma-
tion becomes more drastic; therefore, the increment in the subsidence velocity (SVIR and
SVDR) increases significantly. The in situ mining velocity of the working face was about
4.3 m/d around the CRS03 station, as shown in Table 3, while the mining velocity was
about 1.4 m/d around the CRS04 station, which is much smaller than that at the CRS03
station. Because of the lower mining velocity, the subsidence of the ground surface around
the CRS04 station was comparatively gradual; therefore, the SVIR and absolute value of
SVDR at CRS04 were less than those at CRS03. This observation is useful because we can
intentionally control the mining velocity to decrease the intensity of the ground subsidence
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and, therefore, damage to the ground surface buildings. In addition, it can be observed
from (8) that the ground subsidence velocity is proportional to the parameter A and is
inversely proportional to the exponential of parameters B and C. Thus, one can easily infer
that the influence of parameter A on the subsidence-predicting results is less than that of
B and C.

In general, there exists good accordance between the GNSS-observed subsidence
velocity and the model-fitted one, as shown in Figures 8 and 9. The minimum and max-
imum correlation coefficients between the observed velocity and the model-fitted one
are 0.965 and 0.984 for the modeling results and are 0.969 and 0.983 for the validating
results, which indicates a very strong correlation between the GNSS-observed and the
model-fitted subsidence velocity. For the entire modeling datasheet, the mean, STD and
RMS of the model-fitted velocity error are 0.34 mm/d, 4.23 mm/d and 4.24 mm/d, re-
spectively; the model has similar estimating precision for the validating datasheet, as
shown in Tables 1 and 2. By making a ratio of the absolute error of the model-calculated
subsidence velocity to the observed maximum subsidence velocity, the relative error of the
model-calculated subsidence velocity estimation can be obtained. The maximum relative
errors of the model-calculated subsidence velocity are 21.9% and 23.1% for the modeling
datasheet and the validating datasheet, respectively. To some extent, the error between the
model-calculated subsidence velocity and the GNSS-observed one is slightly larger. Despite
this, it can be seen from Tables 1 and 2 that the error is mainly composed of the random
error (or STD); for example, the STD and RMS of the model-calculated subsidence velocity
estimating error are 4.17 mm/d and 4.18 mm/d for the validating datasheet. Because
subsidence is the integral of subsidence velocity with respect to time and the integral
operation can significantly decrease the influence of the random error, as analyzed in [36],
the proposed model would still have strong performance for subsidence prediction, as
proved in the next section.

5.2. Dynamic Ground Subsidence

Underground coal-mining-induced subsidence at the surface develops progressively.
For a given observation point on the ground surface, a slight downward movement on
the point becomes detectable when the working face is behind the point with a distance
of about 100 to 300 m. As the coal mining working face passes beneath the point, the
subsidence increases rapidly. When the working face is ahead of the point with a distance
of about 50 to 150 m, the subsidence velocity of the point reaches its maximum and then
decreases obviously with the termination of the re-adjustment of the underlying strata.
As a result, the subsidence on the point increases continuously and gradually approaches
the maximum magnitude; the subsidence process may last for several years or decades.
Basically, the subsidence curve at a ground point with respect to time is very close to an
inverse S-shaped curve, as revealed in many previous studies [25,26]. It can be seen from
Figure 10 that the GNSS-observed and the model-predicted subsidence curves have good
accordance with these previous studies for all four stations; i.e., the time series of the
subsidence presents as an inverse S-shaped curve in general.

Further, it can also be observed from Figure 10 that the maximum subsidence can
be significantly different for different stations. This was mainly caused by a difference in
GNSS station locations relative to the working face. In reality, underground coal-mining-
induced ground subsidence is a complex temporal and spatial process. In the spatial
dimension, underground coal mining can induce a bowl-shaped subsidence basin on the
ground surface, and the area of the basin is much greater than the mined area. For a given
ground point on the subsidence basin, the magnitude of subsidence of the point is inversely
proportional to the horizontal distance from the point to the center of the goaf. The distance
is about 645 m, 480 m, 203 m and 89 m for CRS01, CRS02, CRS03 and CRS04, respectively.
Apparently, the maximum subsidence on these stations can increase in sequence. This can
also be seen clearly from Table 4; e.g., the GNSS-observed maximum subsidence on these
four stations is 808.0 mm, 1678.1 mm, 3911.0 mm and 5820.7 mm, respectively.
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The model-predicted subsidence time series is very close to that observed by the GNSS
station, indicating a good accordance between the two results. The linear correlation coeffi-
cient between the model-predicted and GNSS-observed subsidence is greater than 0.99 for
all four GNSS stations, as shown in Figure 11, which also proves the good performance
of the developed model. The RMS of the model-predicted subsidence error is 41.8 mm,
77.2 mm, 55.6 mm and 40.4 mm for CRS01, CRS02, CRS03 and CRS04, respectively; the
RMSE is 56.1 mm for all GNSS observations, as shown in Table 4. By making a ratio of the
absolute error of the model-predicted subsidence to the GNSS-observed maximum subsi-
dence, the relative error of the model-predicted ground subsidence can be obtained. The
maximum relative errors (MREs) are 8.3%, 7.6%, 3.7% and 2.5% for CRS01, CRS02, CRS03
and CRS04, respectively. It can also be observed from Table 4 that the MRE is inversely pro-
portional to the maximum subsidence; i.e., with the increase in the maximum subsidence,
the MRE decreases significantly. This is because the difference in the model-predicted
absolute error (i.e., numerator of the MRE) is slight in the cases of different subsidence
magnitudes, while with the increase in the maximum subsidence (i.e., denominator of
the MRE), the MRE decreases. Basically, for ground subsidence dynamic predictions, a
relative error less than 15% is enough for many realistic engineering applications, such
as the evaluation of building damage degree or the design of remediation plans for the
subsidence basin [37]. Clearly, the accuracy of the proposed model-predicted dynamic
subsidence can satisfy the criterion, especially when the maximum subsidence is greater
than 3000 mm.

5.3. Gap between the Proposed Method and the Existing Methods

At present, the prediction of ground subsidence induced by underground coal mining
is a popular research direction. This prediction can be divided into two types: static subsi-
dence prediction and dynamic subsidence prediction. The former mainly includes influence
function methods, full-scale subsidence fitting methods and simulation methods [38], and
the prediction has been well studied in the last eighty years. However, research related
to the dynamic subsidence method has been limited until now due to the lack of field
measurements with high temporal resolution. Basically, the existing dynamic subsidence
method can be divided into three types: a time function method, numerical method, and
machine learning method, as shown in Table 5. The typical time function methods include
the Knothe model, Kowalski model, Sroka–Schober model and Hrries model. The method
can make use of fewer field measurements to develop an explicit subsidence prediction
function with moderate accuracy. However, as mentioned in the previous section, the asso-
ciation between the function parameters and geological and mining parameters is not clear
for many existing prediction models; in addition, the time function methods are incapable
of describing the mechanical mechanism of ground subsidence. The numerical methods
include the FLAC3D and 3DEC simulating method; the mechanical mechanism of ground
subsidence can be well described by the method, although the subsidence prediction accu-
racy is usually inferior in reality due to the difficulty of measuring the in situ mechanical
parameters of rocks and soils [39–41]. In recent years, machine learning methods, such
as the neural network model, support vector machine model and random forest model,
have also been used to develop the dynamic subsidence prediction model [42–45]. The
method-based subsidence prediction accuracy is rather high in general. However, machine
learning methods need a large number of field measurements to adjust the models, which is
the key factor restricting research into the method. In addition, similar to the time function
methods, the machine learning methods are also incapable of describing the mechanical
mechanism of ground subsidence. According to the classification shown in Table 5, the pro-
posed method is a time function method and possesses the advantages and disadvantages
associated with time function methods in general. In addition, different from the existing
time function methods, the coefficients of the developed model can be easily associated
with the geological and mining parameters, which is a significant improvement compared
with the existing time function models. Also, due to the development of the model based
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on the subsidence velocity, the dynamic variations in both the ground subsidence and
subsidence velocity can be well described using the proposed method.

Table 5. Comparison of advantages and disadvantages between the proposed method and the
existing methods.

Type Time Function Method Numerical Method Machine Learning Method

Typical method

Knothe model
Kowalski model

Sroka–Schober model
Hrries model

FLAC3D simulation
3DEC simulation

Neural network model
Support vector machine model

Random forest model

Advantages
Fewer modeling data

Explicit function expression
Moderate prediction accuracy

Describes the mechanical
mechanism of ground

subsidence well
High prediction accuracy

Disadvantages

Weak association between model
parameters and geological and

mining parameters
Incapable of describing the
mechanical mechanism of

ground subsidence

Inferior prediction accuracy

Large volume of modeling data
Inexplicit function expression

Incapable of describing the
mechanical mechanism of

ground subsidence

It is important to note that all existing subsidence prediction methods were developed
based on the premise that the ground subsidence induced by underground coal mining
varies continuously. These models predict that ground subsidence could produce an
obvious deviation in the case of the discontinuous subsidence of the ground surface
(e.g., ground cracks due to the stretching deformation of the ground surface). This is also
true for the proposed method; that is, the proposed method might be invalid when the
surface’s discontinuous deformation is serious.

6. Conclusions

In this paper, a new model was developed to predict the dynamic ground subsidence
induced by underground coal mining. Different from the previous modeling methods,
which develop a mathematic formula describing the relationship between subsidence and
time directly, the proposed method develops a formula describing the relationship between
the derivative of subsidence (or subsidence velocity) and time using the Hook function;
the integral of the formula is treated as the ground subsidence dynamic prediction model.
Thereby, both ground subsidence and subsidence velocity characteristics can be well de-
scribed by the developed model. In addition, the model coefficients are concise and related
to geological and mining conditions, which makes the model more applicable in reality.
Based on the Levenberg–Marquardt algorithm, an inversion method was also proposed
to calculate the optimal model coefficients with the subsidence velocity observations. The
developed model was validated and analyzed comprehensively with GNSS observations
collected in an experimental campaign conducted in a typical longwall coal mining working
face of the Jining mining area, China, over two years. The main conclusions of this paper
are summarized as follows:

(a) The acceleration of ground subsidence (or a derivative of subsidence velocity) is related
to the maximum subsidence velocity at the ground point and the mining velocity; the
acceleration is proportional to the two velocities. Thus, decreasing the mining velocity
artificially is an effective way to control the intensity of ground perturbations induced
by underground coal mining.

(b) The developed model can be used to predict the subsidence velocity well. When the
maximum subsidence velocity is less than 80 mm/d, the RMS of the model-predicted
subsidence velocity error is 4.18 mm/d; the maximum relative error for the model-
predicted subsidence velocity is 23.1%.
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(c) In addition to subsidence velocity, the model can also predict ground subsidence
accurately. When the maximum ground subsidence is less than 6000 mm, the RMS of
the model-predicted subsidence error is 56.1 mm; the maximum relative error for the
model-predicted subsidence is 2.5%.

Future research will focus on a combination of the proposed model and the existing
models (e.g., the probability integration model) to predict dynamic subsidence over the
whole subsidence basin. In addition, dynamic subsidence prediction with high accuracy is
of great importance for the dynamic reclamation of subsidence land caused by underground
coal mining; a comprehensive evaluation of the proposed method and the existing methods
using field measurements collected in different areas is another future research focus.
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