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Abstract: In navigation, the Twice the Distance Root Mean Square (2DRMS) is commonly used
as a position accuracy measure. Its determination, based on statistical methods, assumes that the
position errors are normally distributed and are often not reflected in actual measurements. As a
result of the widespread adoption of this measure, the positioning accuracy of navigation systems is
overestimated by 10–15%. In this paper, a new method is presented for determining the navigation
system positioning accuracy based on a reliability model where the system’s operation and failure
statistics are referred to as life and failure times. Based on real measurements, the method proposed
in this article will be compared with the classical method (based on the 2DRMS measure). Real
(empirical) measurements made by the principal modern navigation positioning systems were used
in the analyses: Global Positioning System (GPS) (168’286 fixes), Differential Global Positioning
System (DGPS) (900’000 fixes) and European Geostationary Navigation Overlay Service (EGNOS)
(900’000 fixes). Research performed on real data, many of which can be considered representative,
have shown that the reliability method provides a better (compared to the 2DRMS measure) estimate
of navigation system positioning accuracy. Thanks to its application, it is possible to determine the
position error distribution of the navigation system more precisely when compared to the classical
method, as well as to indicate those applications that can be used by this system, ensuring the safety
of the navigation process.

Keywords: navigation positioning system; positioning accuracy; reliability method; Global Po-
sitioning System (GPS); Differential Global Positioning System (DGPS); European Geostationary
Navigation Overlay Service (EGNOS)

1. Introduction

The main goal behind positioning systems is to provide air [1–5], land [6–10] and
marine navigation [11–15] applications with such accuracy that the process is carried out
safely. Such applications may include the following: a ship entering a port, driving a car
along a route, landing an aircraft at an airport, stopping a tram on a platform, etc. The
decision to qualify a positioning system as safe for a given navigation application is made
based on a comparison of the position error characterizing the system with the minimum
navigation requirements for a specific application specified in normative documents, such
as radio navigation plans [16–19] and other recommendations or regulations [20–24]. These
requirements most often include the following: positioning accuracy, availability, continuity,
fix rate, integrity, operation range, reliability [25].

There is no doubt that, for decades of navigation development, it is the positioning
accuracy that has been, and still is, the decisive factor for the use of a system for a specific
navigation task, while the availability level of a specific position error is related to the
threat that a positioning failure may pose to the safety of an object. Hence, air navigation
requires top positioning availability. Figure 1 presents a synthesis of the requirements for
different navigation applications in terms of the maximum permissible position error and
its availability. The requirements found in various normative documents were used for
the analysis.
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Figure 1. Requirements for navigation positioning systems. Own study based on [16–24,26].

Figure 1 shows that each of the navigation applications should use a system with
adequate positioning accuracy. This means, among other things, that a system with a
positioning accuracy of 100 m cannot be used in hydrography as it requires a system with
a positioning accuracy of less than 20 m for order 2, 5 m for orders 1a/1b, 2 m for special
order and 1 m for exclusive order.

The navigation system positioning accuracy refers to the overlap between the statistics
of the measured position coordinates and their real values or values assumed to be real
(most often the average value from latitude (ϕ) and longitude (λ) measurements) [19].
A position accuracy measure is its error, which can be evaluated with reference to any
dimension: plane (2D) or space (3D). In navigation, a position error is defined as the radius
of the circle or sphere within which a certain proportion of position determinations should
statistically fall. It is commonly accepted in navigation that position error statistics refer to
95% of the population, as the safety of the navigation process depends largely on the naviga-
tion system positioning accuracy. The Twice the Distance Root Mean Square (2DRMS(2D))
is used as a position accuracy measure. Its determination starts with the calculation of the
DRMS(2D), which is the square root from the sum of the squares of the standard deviations
of the position coordinates relative to ϕ and λ, as per the following relationship:

DRMS(2D) =

√(
sϕ

)2
+ (sλ)

2, (1)

where: sϕ—standard deviation of the geodetic (geographic) latitude; sλ—standard devia-
tion of the geodetic (geographic) longitude.

The probability of the DRMS(2D) lies in the 63.2–68.3% range and depends on the
relationship between the standard deviations. For sϕ = sλ, p = 0.63, while for the relation
sϕ = 10 ·sλ, p = 0.68.
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To provide greater statistical reliability of the DRMS(2D) in navigation, the 2DRMS(2D)
measure is commonly used, taking the following form:

2DRMS(2D) = 2
√(

sϕ

)2
+ (sλ)

2. (2)

In navigation literature, the 2DRMS corresponds to a probability lying in the range
95.4–98.2% and is related to the relationship between the standard deviations determined
with the two coordinates. Figure 2 shows the geometric interpretation of the position error.
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Figure 2. Geometric interpretation of the concept of navigation system position error in 2D plane
using DRMS and 2DRMS values.

Taking the 2DRMS value as the primary position accuracy measure by a navigation
system is based on the assumption that ϕ and λ errors are normally distributed [27,28].
However, this belief has been questioned in several publications. The most important
standard describing Global Positioning System (GPS) accuracy characteristics [28] states
that the difference between the empirical value (64 m) and the theoretical value (83 m), as
determined by the 2DRMS measure, was as much as 19 m. Similar conclusions concerning
the inconsistency of the statistical distributions of Differential Global Positioning System
(DGPS) and GPS position errors were raised by Frank van Diggelen, but with much smaller
discrepancies [29].

The author’s research, conducted on various navigation positioning systems, has
repeatedly confirmed the existence of such discrepancies. They related to systems such
as DGPS and the European Geostationary Navigation Overlay Service (EGNOS) [30],
the Global Navigation Satellite System (GNSS) and geodetic networks and multi-GNSS
solutions [31–33].

Questioning normal distribution as a model for navigation positioning system errors
has prompted the search for other methods to determine the value of the position error
with 95% probability, as commonly used in navigation [27,28]. One of the methods based
on reliability theory has already been proposed in [25]. This method allows the navigation
system positioning availability to be determined for a specific (given) value of the position
error based on life and failure times, and not based on measurement errors. The positioning
system is fit when the position error does not exceed the allowable error. The failure period
is defined as the logical negation of the fit period. A comparison of both methods (classical
and reliability) is presented in Figure 3.
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Figure 3. Comparison of the classical and reliability methods for assessing the positioning system’s ability to meet the
accuracy requirements for a navigation application.

In the classical approach, for a fixed probability (usually amounting to 95%), the
position error (value of the 2DRMS) is calculated, whereas in the reliability method an
acceptable error value is determined first, and only then is its probability is calculated. In
the first method, the position error is a random variable and in the second method the
random variable is the life or failure time. In the first method, 1D errors are assumed to be
normally distributed and 2D errors are assumed to follow a chi-square distribution, while
in the second method, exponential distributions of life and failure times are assumed.

The characteristics of the classical (based on the normal distribution) approach are
as follows:

• The calculations are based on simple Root Mean Square (RMS) determination relationships;
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• Gross errors and outliers significantly affect RMS (ϕ) and RMS (λ), causing a change
in the 2DRMS measure;

• Errors are analysed, not as a function of time, but as a function of the subsequent
measurement error. The navigation process runs as a function of time. The problem of
missing synchronisation with time will emerge in the case of erroneous measurements
(recording errors, which have to be removed from the dataset).

The reliability approach has the following characteristics:

• The calculations are quite complex;
• Gross errors and outliers affect the life and failure times in the same way as the

other measurements;
• The analysis is carried out as a function of time, similar to the navigation process.

This paper aims to compare both methods and to evaluate the positioning system in
terms of its fitness for a specific navigation application, based on real measurement data
from the positioning system (long sessions). Therefore, the scientific purpose of this article
are as follows:

1. To propose a new (reliability-based) method to calculate position error values for a
navigation system with a probability of 95%;

2. To verify which method (classical or reliability) produces results closer to empiri-
cal data;

3. To check, based on empirical data, the actual measurements of GPS, DGPS and
EGNOS systems, whether the distributions of life and failure times for position errors
are, in fact, exponential. The other distributions most commonly used in statistics will
be tested: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal,
normal, Pareto, Rayleigh, Student’s and Weibull.

To assess which of the methods allows for more precise determination of the statistical
value of the position errors, the measured position errors were sorted from the smallest to
the largest, and based on this the value of the error that is greater exactly than 95% of the
error population will be determined. In the navigation literature [34], this value is referred
to as the R95 measure.

This is the third article in a series of monothematic publications “Research on empirical
(actual) statistical distributions of navigation system position errors” [35–37]. The main
scientific aim of this series is to answer the question of what statistical distributions follow
the position errors of navigation systems such as GPS, Global Navigation Satellite System
(GLONASS), BeiDou Navigation Satellite System (BDS), Galileo, DGPS, EGNOS and
others. It must be emphasised that the purpose of both this paper and the whole series
of publications is not to analyse the causes of Position Random Walk (PRW), such as
ionospheric and tropospheric effects, multipath, noise, etc. This article rather analyses the
statistical distributions of 1D and 2D position errors resulting from PRW. The causes might
be very complex and probably deserve a separate series of publications.

2. Materials and Methods
2.1. Classical Method for Determining the Positioning Accuracy of a Navigation System with
95% Probability

The classical method for determining the positioning accuracy of a navigation system
is based on a statistical approach. The works of Gerolamo Cardano [38], Pierre de Fermat
and Blaise Pascal [39] on gambling, as well as the works of Christiaan Huygens [40]
constitute the foundation of modern statistics. In 1812, Pierre-Simon Laplace formulated
the classic definition of probability [41], which was mathematically formalised in 1933
by Andrey Kolmogorov [42], who gave the basic formulas of probability calculus and
its axioms. Although modern statistics is an extremely young branch of mathematics, it
is widely used in many fields, ranging from engineering [43] and economics [44] to the
scientific aspects of computer science [45]. In navigation, similar to other sciences, it is
assumed that the position errors of navigation systems are normally distributed. Major



Remote Sens. 2021, 13, 4424 6 of 18

arguments justifying the use of normal distribution in research on positioning in navigation
include [46]: intuition and tradition, simplicity of the distribution [47], consistency with
the central limit theorem, as well as use as an approximation [48].

Position accuracy in navigation can be defined as a degree of conformance between
the estimated or measured position and its true position. Position accuracy can be deter-
mined as different types of statistic. These can be calculated related to the true values of
coordinates (predictable accuracy), or, if the actual position is not known, the mean position
(repeatable accuracy) is often used as an approximation to the actual position. Both position
solutions must be based on the same geodetic datum, e.g., the World Geodetic System
1984 (WGS-84) [19]. The most commonly used position accuracy measures in navigation
and transport are as follows: CEP (Circular Error Probable, 2D, p = 0.5), SEP (Spherical
Error Probable, 3D, p = 0.5), RMS (1D, p = 0.632–0.683), DRMS (2D or 3D, p = 0.632–0.683),
2DRMS (2D or 3D, p = 0.954–0.982) or 3DRMS (Triple Distance Root Mean Square, 2D or 3D,
p = 0.997). The description of individual measures is presented in detail in [34]. However,
the most common accuracy measure for assessing the positioning accuracy of navigation
systems is 2DRMS.

2.2. Reliability Method for Determining the Positioning Accuracy of a Navigation System with
95% Probability

To assess the possibility of using a positioning system in a specific navigation applica-
tion, a mathematical model based on the general theory of reliability has been proposed.
Navigation has long used elements of reliability theory in studies related to the assessment
of availability, continuity, integrity and reliability, but so far they have not been applied to
assess whether a positioning system meets a certain level of accuracy and to determine the
navigation system positioning accuracy [49].

Let us consider a positioning system that determines position as a function of time with
an error defined as δn. Let us choose a specific type (s) of navigation applications for which
we intend to check whether the positioning system meets the application requirements in
terms of accuracy and availability. These requirements are presented in [16–24,26]. Let us
run a measurement session of the positioning system of a representative length [37] and
calculate position errors as a function of time.

Figure 4 (top graph) shows the curve presenting the position error value as a function
of time for any positioning system, which should be evaluated in terms of its usability in
three exemplary navigation applications. Such applications include: road transport for
vehicle identification, with the maximum allowable position error being 1 m with 95%
availability, hydrography for orders 1a/1b, with the maximum allowable position error
being 5 m with 95% availability and harbour entrance and approach phase for large ships,
with the maximum allowable position error being 20 m with 99.7% availability.

Please note that in the presented graph (Figure 4a) the position error value varies as a
function of time. Because, near the starting point in this plot, the position error exceeds
20 m, it does not provide the accuracy required for the harbour entrance and approach
phase for large ships. This also means that a system with such an error cannot ensure the
safe positioning of this process. As a result of exceeding the maximum permissible position
error, the system’s fitness changes into an unfitness status, as reflected by the “0” values in
Figure 4d. After some time, the position error (Figure 4a) decreases to less than 1 m, which
means that, for some of the time, the system can be used in all applications. As a result
of the reduction in the position error value, for all its applications, the working state of
the system changes into a fitness status (Figure 4b–d). The graph (Figure 4a) presents the
maximum permissible error values for all three navigation applications (1 m, 5 m and 20 m).
If the position error exceeds any of these values, the working state changes. If the position
error is smaller than this set value, the system enters the fitness status, and if it is larger,
the system is in the unfitness status. Thus, the position coordinate determination can be
treated as a two-status stationary renewal process, in which the life and failure times will
become random variables, and not the position error as before (a classical approach) [50].
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Figure 4. The position error as a function of time (a) and three diagrams corresponding to the
operational status for: (b) vehicle identification; (c) orders 1a/1b; (d) large ships.

To be able to determine whether the system was fit or not, a U variable was introduced
which corresponds to the maximum allowable value of the position error. Let us write it
for the three applications under consideration as:

U =


1 m (p = 0.95) for road transport – vehicle identification

5 m (p = 0.95) for hydrography – orders 1a/1b

20 m (p = 0.997) for harbour entrance and approach phase – large ships

(3)

Assuming that the positioning process varies with time, it can be assigned two states.
The first is the life time for which the position error is less than the maximum permissible
position error corresponding to the given navigation application (δn ≤ U for number of
measurements (n) = 1, 2, . . . ). When the inverse relationship occurs (δn > U), the system is
in a failure time.

Let us assume that X1, X2, . . . correspond to the durations of life times and Y1,
Y2, . . . denote the durations of failure times, which are independent and have the same
distributions. Changing the durations of life and failure times results in the change of
the operational status of a positioning system (α(t)). Hence, Z′n = X1 + Y1 + X2 + Y2 +
. . . +Yn−1+Xn become the moments of failure, while Z′′n = Z′n+Yn are the moments of life
(Figure 5) [26,51].
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For the reliability method, it is necessary to introduce a number of additional as-
sumptions and designations [50]. It should be assumed that the Cumulative Distribution
Functions (CDF) of life (F(x)) and failure (G(y)) times are right-continuous:

P(Xi ≤ x) = F(x) , (4)

P(Yi ≤ y) = G(y) for i = 1, 2, . . . , (5)

and that the expected values and variances will take the form:

E(Xi) = E(x) , (6)

E(Yi) = E(y) , (7)

V(Xi) = σ2
1 , (8)

V(Yi) = σ2
2 for i = 1, 2, . . . , (9)

where: E(Xi)—expected value of the life time; E(Yi)—expected value of the failure time;
V(Xi)—variance of the life time; V(Yi)—variance of the failure time.

Moreover, it should be noted that:

σ2
1 + σ2

2 > 0. (10)

Based on the above assumptions, it is possible to determine the relationship between
the δn and U parameters. Thanks to this, the operational status of a positioning system can
be assigned as [26,51]:

U =

{
1 for Z”

n ≤ t < Z′n+1

0 for Z′n+1 ≤ t < Z”
n+1

for n = 0, 1, . . . . (11)

Let us define the navigation system positioning availability (A(t)) as the probability
that at any moment of t, δn will not be greater than the value of U [51]:

A(t) = P[δ(t) ≤ U], (12)

A(t) = 1− F(t) +
t∫

0

[1− F(t− x)]dHΦ(x), (13)

where:

HΦ(x) =
∞

∑
n=1

Φn(x) (14)

is a function of the renewal stream made up of the renewal moments of the navigation
system complying with a specific operation type, while Φn(t) is a distribution function of
the random variable Z”

n.
For the purposes of navigation applications, the distributions of life and failure times

are exponential. Therefore, their CDFs and Probability Density Functions (PDF) can be
calculated using the following formulas [50]:

f (t) =

{
λ · e−λ·t for t > 0

0 for t ≤ 0
, (15)

g(t) =

{
µ · e−µ·t for t > 0

0 for t ≤ 0
, (16)

F(t) =

{
1− e−λ·t for t > 0

0 for t ≤ 0
, (17)
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G(t) =

{
1− e−µ·t for t > 0

0 for t ≤ 0
, (18)

where: f(t)—PDF of the life time; g(t)—PDF of the failure time; λ—failure rate; µ—renewal rate.
When these assumptions are adopted, the final form of the availability can be noted

as [51]:

Aexp(t) =
µ

λ + µ
+

λ

λ + µ
· e−(λ+µ)·t, (19)

as for the limit value:

lim
t→∞

[
Aexp(t)

]
= Aexp =

1
λ

1
λ + 1

µ

=
µ

µ + λ
. (20)

2.3. Description of GPS, DGPS and EGNOS Measurement Campaigns

Three different navigation positioning systems, commonly used in world navigation,
were used to study the reliability method. They include GPS (measurements from 2013),
DGPS (measurements from 2014) and EGNOS (measurements from 2014).

GPS is a space-based radionavigation system owned by the United States Government
(USG) and operated by the United States Space Force (USSF). The GPS provides two
services, or levels of accuracy: the Precise Positioning Service (PPS) and the Standard
Positioning Service (SPS). The PPS is available to authorized users and the SPS is available
to all users. SPS is the standard specified level of positioning, velocity, and timing accuracy
that is available, without restrictions, to any user on a continuous worldwide basis. It
provides a global average predictable positioning accuracy of 8 m (p = 0.95) horizontally
and 13 m (p = 0.95) vertically and time transfer accuracy within 30 ns (p = 0.95) of Universal
Time Coordinated (UTC) (Figure 6a) [52].

DGPS is an enhancement of the GPS, carried out through the use of differential
corrections to the basic satellite measurements performed within the user’s receiver. The
DGPS is based on accurate knowledge of the geographic location of a reference station,
which is used to compute corrections to GPS parameters and the resultant position solution.
These differential corrections are then transmitted to DGPS users, who apply the corrections
to their received GPS signals or computed position. For a civil user of SPS, differential
corrections can improve navigation accuracy to better than 5 m (p = 0.95) (Figure 6b) [53,54].

EGNOS is Europe’s regional Satellite-Based Augmentation System (SBAS), which
is used to improve the performance of GNSS systems, such as GPS and Galileo. It has
been deployed to provide the safety of life navigation services to aviation, maritime and
land-based users over most of Europe. According to [55], the positioning accuracy of the
Open Service (OS) should be smaller than 3 m (p = 0.95) horizontally and 4 m (p = 0.95)
vertically (Figure 6c).
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The following empirical data were used for the numerical analyses:

• The GPS measurements were carried out at a point with coordinates:
ϕ = 54◦32.585029′ N and λ = 18◦32.741505′ E (Poland). In March 2013, 168′286 fixes
were recorded with a recording frequency of 1 Hz. A typical 12-channel GPS code
receiver was used in the study;

• The DGPS measurements were carried out at a point with coordinates:
ϕ = 54◦31.756087′ N, λ = 18◦33.574138′ E and h = 68.070 m (Poland). In April 2014,
951′698 fixes were recorded with a recording frequency of 1 Hz. 900′000 fixes were
used for the analyses, which were the same as for EGNOS. A typical marine DGPS
code receiver was used in the study;

• The EGNOS measurements were carried out at a point with coordinates:
ϕ = 54◦31.756087′ N, λ = 18◦33.574138′ E and h = 68.070 m (Poland). In April 2014,
927′553 fixes were recorded with a recording frequency of 1 Hz. 900′000 fixes were
used for the analyses, which were the same as for DGPS. A typical land EGNOS code
receiver was used in the study.

3. Results

The research aims were formulated in the form of questions:

1. Do the empirical (actual) distributions of life and failure times for position errors
follow an exponential distribution?

2. Are there distributions other than exponential with a better fit?
3. Depending on the value of the error determining the fitness status (maximum permis-

sible position error for a navigation application), will the statistical distribution of life
times change or not?

Research on distributions of life times began with the analysis of GPS position error
results. A recording session of 168′286 fixes was studied. This can be considered statistically
representative, according to the analyses conducted in [37]. Figure 7 presents the graph of
the position error as a function of time. The figure also shows two accuracy values (1 m
and 2 m), which correspond to the requirements of road transport for vehicle identification
and hydrography for special order.
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To automate the process of determining life and failure times, the position error values
needed to be assigned to one of the operational statuses: 1 (life status, when the temporary
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position error is below a pre-set limit value) or 0 (failure status, in the opposite case) at any
point in time. For this purpose, a calculation sheet was prepared in Mathcad 15 (Figure 8).
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In the sheet shown in Figure 8, the calculations began with importing measurement
data consisting of position errors. The position error limit was then determined arbitrarily.
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and
failure (vector_10) times.

Both vectors were saved as text files and then uploaded to the EasyFit software, where
they were analysed for fit to typical statistical distributions. These distributions included:
beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, normal, Pareto,
Rayleigh, Student’s and Weibull.

For GPS position errors, calculations were carried out for two variants, 1 m and
2 m, corresponding to example navigation applications such as from road transport for
vehicle identification (1 m) and hydrography for special order (2 m). In P-P plots, the
empirical probability distribution function is plotted against the theoretical distribution.
The observations are first sorted in descending order. The i-th observation is then plotted
on one axis as i

n (i.e., the value of the observed cumulative distribution) and the other
axis as F(xi), where F(xi) is the value of the theoretical probability distribution function for
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respective observation xi. If the theoretical cumulative distribution is a good approximation
of the empirical distribution, then the points on the diagram should be close to the diagonal.

The research began with an analysis of GPS failure times. The results of P-P plot
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the
best (top) and worst fit can be seen next to each of the graphs.

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m).

GPS

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 1 m

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 2 m

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

Remote Sens. 2021, 13, x FOR PEER REVIEW 12 of 19 
 

 

In the sheet shown in Figure 8, the calculations began with importing measurement 
data consisting of position errors. The position error limit was then determined arbitrarily. 
In the worksheet, it is 1m. Next, two vectors were created consisting of life (vector_11) and 
failure (vector_10) times. 

Both vectors were saved as text files and then uploaded to the EasyFit software, 
where they were analysed for fit to typical statistical distributions. These distributions 
included: beta, Cauchy, chi-square, exponential, gamma, Laplace, logistic, lognormal, 
normal, Pareto, Rayleigh, Student’s and Weibull. 

For GPS position errors, calculations were carried out for two variants, 1 m and 2 m, 
corresponding to example navigation applications such as from road transport for vehicle 
identification (1 m) and hydrography for special order (2 m). In P-P plots, the empirical 
probability distribution function is plotted against the theoretical distribution. The 
observations are first sorted in descending order. The i-th observation is then plotted on 

one axis as i
n

 (i.e., the value of the observed cumulative distribution) and the other axis 

as F(xi), where F(xi) is the value of the theoretical probability distribution function for 
respective observation xi. If the theoretical cumulative distribution is a good 
approximation of the empirical distribution, then the points on the diagram should be 
close to the diagonal. 

The research began with an analysis of GPS failure times. The results of P-P plot 
analyses are presented in Table 1. Moreover, the list of theoretical distributions with the 
best (top) and worst fit can be seen next to each of the graphs. 

Table 1. P-P plots of life and failure times for empirical GPS position errors (1 m and 2 m). 

GPS 

P-P Plot: Life Time for the Position Error Amounted to 1 m P-P Plot: Failure Time for the Position Error Amounted to 
1 m 

    

P-P Plot: Life Time for the Position Error Amounted to 2 m P-P Plot: Failure Time for the Position Error Amounted to 
2 m 

    

The analyses show that the assumption (very common in technology) that the life and
failure times follow exponential distribution is questionable. It is clear that, for distribution
function, values below 0.9 (both empirical and theoretical) are poorly fitted. On the contrary,
above this value the fit is very good, which may suggest that the failure (λ) and renewal
(µ) rates can be calculated very reliably on its basis. It has also been stressed that it is
not an exponential distribution but a lognormal distribution that provides a very good
approximation of the life and failure time statistics. Furthermore, analyses performed on
two different decision thresholds (1 m and 2 m) produced similar conclusions regarding the
mismatch between the empirical and theoretical (exponential) distributions for distribution
function values below 0.9.

Therefore, it is reasonable to conduct identical analyses for other navigation position-
ing systems such as DGPS and EGNOS. These analyses have been performed for a very
large sample of 900′000 fixes. Table 2 presents the PDFs of life and failure times, together
with the best-fit distributions for the DGPS system. Moreover, Table 2 shows the P-P plots
for DGPS and EGNOS systems.

The distribution of DGPS system life and failure times is similar to that of GPS,
although empirical data fit theoretical exponential distribution much better. On the contrary,
for EGNOS it is clear that the empirical distributions of life and failure times deviate
significantly from the theoretical distributions. However, as in the case of GPS and DGPS
systems, for values above 0.9, the fit is very good.
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Table 2. Statistical analysis of life and failure times for empirical DGPS and EGNOS position errors (1 m).

DGPS

PDF: Life Time for the Position Error Amounted to 1 m PDF: Failure Time for the Position Error Amounted to 1 m
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The distribution of DGPS system life and failure times is similar to that of GPS, 
although empirical data fit theoretical exponential distribution much better. On the 
contrary, for EGNOS it is clear that the empirical distributions of life and failure times 
deviate significantly from the theoretical distributions. However, as in the case of GPS and 
DGPS systems, for values above 0.9, the fit is very good. 

The following conclusions can be drawn from the empirical studies and theoretical 
analyses carried out: 
• The analysis of GPS data indicates that the lognormal distribution reflects the course 

of the PDF of life and failure times determined for navigation system position errors 
significantly better than the exponential distribution; 

• For values above 0.9, the fit between theoretical and empirical distributions 
(exponential distribution) is very good in all the analysed cases; 

• The results obtained from the GPS system also prove that increasing the decision 
threshold from 1 m to 2 m causes a previously predictable change in the distributions 
of life and failure times, which does not explicitly prove that this will affect the final 
results of positioning accuracy calculations; 

• Similarly, as in the case of GPS and DGPS systems, EGNOS exhibits similar properties 
when it comes to fit between the normal distribution and the empirical data. 
The next research stage was to determine the failure and renewal rates of the renewal 

process. Both of these values made it possible to determine the course of the availability 
function calculated for an arbitrary position error. 

Finally, to present the position error distribution functions of the GPS, DGPS and 
EGNOS systems, repeated calculations of the probability value corresponding to a given 
position error value ware performed. It has been assumed that to determine the 
distribution function, the position error value was increased from 0, every 0.1 m, up to 4 
m. The course of distribution functions calculated based on the reliability model is 
presented in Figure 9. 
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position error value ware performed. It has been assumed that to determine the distribution
function, the position error value was increased from 0, every 0.1 m, up to 4 m. The course
of distribution functions calculated based on the reliability model is presented in Figure 9.
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Please note that the DGPS and EGNOS systems achieved positioning accuracies below
1 m (p = 0.95) on a very large and probably representative sample. Therefore, it is concluded
that both systems can be successfully used in navigation applications requiring positioning
accuracies of 1 m (p = 0.95), even though the official system characteristics given in [57] are
3 m (p = 0.95) horizontally and 4 m (p = 0.95) vertically.

It needs to be particularly emphasised here that it is not the purpose of this article
to establish the actual value of the position error of the studied systems, including the
EGNOS system. This paper aims to propose a new reliability model which will allow, as an
alternative to the classical method using the 2DRMS value, one to determine the navigation
system positioning accuracy and the corresponding probability.

4. Discussion

The presented reliability model requires an assessment of its accuracy. This can only
be carried out in relation to calculations performed directly on empirical (real) values.
The most reliable method of determining the position error value larger than 95% of the
population of the remaining errors is to calculate it by sorting the errors from the smallest
to the largest. This method of error determination is used in several publications [30,32,33].
There is no doubt that with a very large number of measurements this method produces
the most reliable results because it does not assume any statistical distribution of empirical
position errors. Therefore, to assess which of the two models (classical or reliability) is
closer to the true value, the R95 value obtained by the method of sorting the position errors
was used.

There are two curves presented in Figure 10. The first curve is the empirical distribu-
tion function of the sorted position errors (red) from the GPS system, which takes the value
of 2.039 m (p = 0.95). This is an R95 value that can be considered close to true due to a large
number of measurements (168′286 fixes). The distribution function calculated from the
proposed reliability model (green) reaches a value of 2.044 m (p = 0.95). In contrast, the
2DRMS value calculated in the classical way (blue) takes the value of 2.240 m (p = 0.95).



Remote Sens. 2021, 13, 4424 15 of 18

Remote Sens. 2021, 13, x FOR PEER REVIEW 15 of 18 
 

 

most reliable method of determining the position error value larger than 95% of the 

population of the remaining errors is to calculate it by sorting the errors from the smallest 

to the largest. This method of error determination is used in several publications 

[30,32,33]. There is no doubt that with a very large number of measurements this method 

produces the most reliable results because it does not assume any statistical distribution 

of empirical position errors. Therefore, to assess which of the two models (classical or 

reliability) is closer to the true value, the R95 value obtained by the method of sorting the 

position errors was used. 

There are two curves presented in Figure 10. The first curve is the empirical distribution 

function of the sorted position errors (red) from the GPS system, which takes the value of 2.039 

m (p = 0.95). This is an R95 value that can be considered close to true due to a large number of 

measurements (168′286 fixes). The distribution function calculated from the proposed 

reliability model (green) reaches a value of 2.044 m (p = 0.95). In contrast, the 2DRMS value 

calculated in the classical way (blue) takes the value of 2.240 m (p = 0.95). 

 

Figure 10. Comparison of three methods for calculating position error values larger than 95% of the 

population of remaining errors. Analysis of results for the GPS system. 

From Figure 10, it follows that a much better approximation of the R95 value was 

obtained by applying the reliability model than by using the 2DRMS measure. 

To verify the accuracy of the reliability method on systems other than GPS, an 

identical analysis was performed for DGPS and EGNOS systems. It needs to be 

emphasised that, because the calculations used a very large sample of 900′000 fixes, the 

results can be considered reliable and representative (Figure 11). 

Figure 10. Comparison of three methods for calculating position error values larger than 95% of the
population of remaining errors. Analysis of results for the GPS system.

From Figure 10, it follows that a much better approximation of the R95 value was
obtained by applying the reliability model than by using the 2DRMS measure.

To verify the accuracy of the reliability method on systems other than GPS, an identical
analysis was performed for DGPS and EGNOS systems. It needs to be emphasised that,
because the calculations used a very large sample of 900′000 fixes, the results can be
considered reliable and representative (Figure 11).
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Empirical distribution function graphs (obtained by position error sorting) and those
obtained based on the reliability model, for DGPS and EGNOS systems, prove that the
reliability model provided a better approximation of the true value than the commonly
used 2DRMS measure. For the DGPS system, the value considered to be the true R95
was 0.748 m. Calculation using the reliability model yielded 0.756 m (p = 0.95), while
the 2DRMS measure was 0.885 m. The same is true for the EGNOS system. The value
of the R95 was 0.854 m and the value calculated using the reliability model was 0.856 m,
whereas the value of the 2DRMS was 0.901 m. Please note that many authors [29] have
already noted the overestimation of the actual values by the 2DRMS measure, which is
confirmed by the results presented in Figures 10 and 11. Therefore, it may be concluded
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that the proposed reliability model calculates the R95 value much more accurately than the
classical model.

5. Conclusions

This paper proposes a new method, an alternative to the classical solution based on
the 2DRMS measure, for determining navigation system positioning accuracy, which, in its
essence, is based on the reliability model. The random variables are life and failure times
in the positioning process, and not, as was the case in the classical model, the position
errors. This method can be successfully used in assessing the suitability of a positioning
system for a specific navigation application. It allows for the calculation of the system’s
position error with a probability of 95% more accurately than using the classical approach.
The method was applied to determine the positioning accuracy of modern navigation
systems: GPS (168′286 fixes), DGPS (900′000 fixes) and EGNOS (900′000 fixes). Although
empirical distributions of life and failure times differ from the theoretical exponential
distribution (for distribution functions with a probability below 0.9), the method provides
high accuracy of the final results. An additional advantage of this method lies in the rather
simple calculation algorithm.

What was a surprising result of this research was that the lognormal distribution
presented a very good fit to the empirical data on life and failure times of all three systems
(GPS, DGPS and EGNOS). This requires additional analysis in future research.

Tests conducted on very large measurement samples have proven that the proposed
method provides a much more precise determination of positioning accuracy in navigation
systems compared to the 2DRMS measure. Thanks to its application, it is possible to
determine the position error distribution of the navigation system more precisely, as well
as to indicate applications that can be used by this system, ensuring the safety of the
navigation process.

It should be noted that the proposed method is not limited only to navigation position-
ing systems. With minor modifications, it can be successfully applied to the applications
listed in Figure 1, which all differ in positioning accuracy and availability. The R95 mea-
sure, which was used to compare two models (classical or reliability), is a narrow scope
of application. It is intended to determine the position error value for a strictly defined
confidence level of 95%.
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