
remote sensing  

Article

An Automatic Sparse Pruning Endmember Extraction
Algorithm with a Combined Minimum Volume and
Deviation Constraint

Huali Li 1, Jun Liu 2 ID and Haicong Yu 3,*
1 College of Electrical and Information Engineering, Hunan University, Changsha 410082, Hunan, China;

lihuali@hnu.edu.cn
2 Shenzhen Institutes of Advanced Technology, Chinese Academy of Sciences,

Shenzhen 518055, Guangdong, China; jun.liu@siat.ac.cn
3 Center for Assessment and Development of Real Estate, Shenzhen 518040, Guangdong, China
* Correspondence: haicong_yu@163.com; Tel.: +86-755-2393-0580

Received: 24 January 2018; Accepted: 21 March 2018; Published: 23 March 2018
����������
�������

Abstract: In this paper, an automatic sparse pruning endmember extraction algorithm with a
combined minimum volume and deviation constraint (SPEEVD) is proposed. The proposed algorithm
can adaptively determine the number of endmembers through a sparse pruning method and, at the
same time, can weaken the noise interference by a minimum volume and deviation constraint.
A non-negative matrix factorization solution based on the projection gradient is mathematically
applied to solve the combined constrained optimization problem, which makes sure that the
convergence is steady and robust. Experiments were carried out on both simulated data sets
and real AVIRIS data sets. The experimental results indicate that the proposed method does not
require a predetermined endmember number, but it still manifests an improvement in both the
root-mean-square error (RMSE) and the endmember spectra, compared to the other state-of-the-art
methods, most of which need an accurate pre-estimation of endmember number.

Keywords: automatic endmember extraction; sparse pruning; volume deviation constraint

1. Introduction

Much research has been under taken on remotely sensed hyperspectral data processing in recent
years, covering topics such as dimensionality reduction [1–3], classification [4,5], target detection [6–8],
data compression [9,10], and spectral unmixing [11–19]. Most of this research assumes that each pixel
vector comprises the response of a single underlying material in the scene. However, if the spatial
resolution of the sensor is low, different materials may jointly occupy a single pixel [14]. The resulting
spectral measurement will be a mixed pixel, composed of the individual pure spectra (i.e., endmembers)
and their corresponding fractional abundances [13,14].

According to the assumption as to whether pure pixels exist in the image, endmember
extraction methods can be classified into two groups: endmember identification [20] and endmember
generation [14]. Endmember identification is based on the assumption that the input data set
contains at least one pure pixel for each distinct material present in the scene. Many methods
with this assumption have achieved promising performance [21–28]. They search for the purest
pixel for a given endmember if the pixel performs as a vertex in the simplex. A typical method,
such as the pixel purity index [21], aims at finding the most spectrally pure signatures in the
imaging scene by a large number of projections. Other typical endmember identification methods
include the N-finder algorithm (N-FINDR) [24], vertex component analysis (VCA) [25], the simplex
growing algorithm (SGA) [26] and its extension [27], and the automatic morphological endmember
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extraction (AMEE) [28]. However, the assumption behind these algorithms may not be true
in practice, since when the spatial resolution is too low, no pure pixels may exist in the scene.
Therefore, endmember generation algorithms have been proposed, under the assumption that no
pure signatures exist in the input data. The endmember generation methods can be further split
into three groups, according to the different models they employ. The first group is based on convex
models, and a transform or matrix factorization is also usually introduced. Such algorithms include
convex cone analysis [29], minimum volume transform [30], minimum volume simplex analysis
(MVSA) [31,32], constrained non-negative matrix factorization (C-NMF) [33–35], minimum volume
constrained non-negative matrix factorization (MVC-NMF) [36], and simplex identification via split
augmented Lagrangian [37]. The second group is based on statistical models, such as iterative error
analysis [38,39], iterated constrained endmembers (ICE) [40], and some extensions of ICE, such as
sparsity promoting iterated constrained endmembers (SPICE) [41]. The third group is based on
sparsely constrained non-negative matrix factorization, such as S-measure constrained non-negative
matrix factorization [42], and graph-regularized L1/2-NMF [43].

Most of the current automatic endmember extraction algorithms require a predetermination of the
endmember number. Once the endmember number is given, it is fixed in the process, so that accurate
estimation of the endmember number is very important. Some endmember number estimation
methods have been developed, for instance, virtual dimensionality (VD) [44], second moment
linear dimensionality (SML) [45], HFC with likelihood methods [46], hyperspectral signal subspace
identification by minimum error (HySime) [47,48], and maximum orthogonal complement analysis
(MMOCA) [49]. However, the accurate estimation of the endmember number that can correctly
represent the real data’s distribution feature remains a challenge [50]. The endmember number is
related to the subspace dimension, which is the first and crucial step in many hyperspectral processing
algorithms in applications such as target detection, change detection, classification, and spectral
unmixing [47]. Therefore, if the subspace dimension is overestimated, the noise power term may
be dominant. If the subspace dimension is underestimated, the projection error power term will be
dominant [48]. Neither of the two cases can obtain ideal results for spectral unmixing.

Since the accurate predetermination of endmember numbers is very difficult, an adaptive
adjusting method, SPICE [41], has been proposed as an alternative solution for endmember extraction.
SPICE, an extension algorithm of ICE, introduces an endmember pruning trick combined with a
sparse promoting prior, in which the endmember number can adaptively approach the true one.
However, the method still needs an initial value for the number of endmembers [41]. In this paper,
we aim at undertaking further research than SPICE, with no initial endmember number needed.

As we know, given a triangle with square area S, and an edge AB, the third point C is not unique.
As in Figure 1, C’, C” and C can all meet this condition, because C’, C” and C are on the parallel line
to AB. Actually, any point on this parallel line is feasible. Similarly, given a triangular pyramid of
volume V, as shown in Figure 2, with the surface ABC fixed, the point P is not fixed. Any P’ on the
parallel surface to ABC can be a suitable point P.

Figure 1. An example of solution uncertainty.
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Figure 2. An example of solution uncertainty (with convex description).

Meanwhile, inspired by non-negative matrix factorization, we introduce a proper constraint into
the convex model and residual sum of squares (RSS) model. Non-negative matrix factorization has
proved to be an effective method for automatically extracting endmembers and is able to find the most
suitable pixel when no pure pixel exists [36]. However, the conventional solution of non-negative
matrix factorization is not unique [33,34,51–53]. To alleviate this problem, a minimum volume
constraint for the endmembers is introduced into the conventional NMF, which assumes that the
endmembers are the vertices of the simplex in the feature space, as illustrated in Figures 1 and 2.
Given the same area of a triangle ABC and the two points, the third point is not unique. To make the
solution unique, we can further impose a deviation constraint on the endmembers. It is a constraint
based on the volume and the endmembers, which is computed by the endmembers and hyperspectral
image. In summary, considering both volume and deviation, we can introduce a combination of the
volume and deviation constraint into the NMF-based solution to endmember extraction.

In this paper, to adaptively determine the number of endmembers and automatically extract
the endmembers’ spectra, a novel automatic sparse pruning endmember extraction method with a
combined minimum volume and deviation constraint (SPEEVD) is proposed. Compared to the ICE
and SPICE methods, the main advantages of SPEEVD for endmember extraction are as follows:

(1) The added term of the combination of the volume and deviation constraint by cross product
in SPEEVD considers both the volume of the simplex and its deviation by cross product between
endmember vectors. The cross product of endmembers in the hyperspectral dimension can not only
clearly present the orthogonal direction between endmembers, but can also consider the volume of the
simplex which is spanned by the endmembers. The cross product between vectors can eliminate some
abnormal points and weaken the noise interference. Furthermore, the added term not only ensures the
simplex’s minimum volume but also makes the simplex more compact.

(2) A sparse pruning method is proposed, which makes the proposed algorithm free from the
limitation that the number of endmembers should be given. This roughly estimates the number of
endmembers from the data itself, rather than a given initial value, whereas ICE needs an exact initial
value and SPICE should use a large value. Our proposed method adaptively adjusts the endmember
number to the real one, which makes it more practicable.

(3) The solution of matrix factorization is proposed to find an endmember and its corresponding
abundance, which is actually a simplified solution of non-negative matrix factorization (NMF) [33,51,52],
rather than the classical solution in ICE. This guarantees that the abundances of the endmembers are
non-negative, with less computation cost.
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The remainder of this paper is organized as follows. Section 2 reviews the ICE algorithm.
Section 3 discusses the volume deviation using the cross product, and the sparse pruning terms
in SPEEVD, and then presents the complete SPEEVD algorithm. Section 4 describes the experimental
results with the simulated and real images. Section 5 provides the conclusions.

2. Review of the ICE Algorithm

The convex geometry model assumes that every pixel in an image is a linear combination of the
endmembers of the scene. The convex geometry model can therefore be written as:

Xi =
M

∑
k=1

pikEk + εi (1)

where i = 1, . . . , N. N is the number of pixels in the image, and M is the number of endmembers. εi is
an additive perturbation (e.g., noise and modeling errors), Ek is the kth endmember spectrum vector.
pik is the endmember k’s corresponding abundance in the pixel i.

The abundances satisfy the constraints:

M

∑
k=1

pik = 1 and pik ≥ 0 (2)

By minimizing the RSS, which is subject to the constraints in (2), the error between the real pixel
spectra and the pixel constructed by the endmembers and the corresponding proportions from the ICE
algorithm is minimized, i.e.,

RSS =
N

∑
i=1

(Xi −
M

∑
k=1

pikEk)
T(Xi −

M

∑
k=1

pikEk) (3)

The solution to the minimization problem for RSS is not unique. Therefore, a volume constraint is
introduced, which is calculated by the sum of squared distances, i.e.,

J(E) =
M−1

∑
k=1

M

∑
l=k+1

(Ek − El)
T(Ek − El) (4)

As described in [40], ICE contains the RSS, and a volume constraint, so the objective function in
ICE is:

O f =
(1− µ)

N
‖X− PE‖2

F + µJ(E) (5)

where ‖ ∗ ‖2
F is the Frobenius norm, N is the number of pixels, and µ is the regularity parameter which

balances the RSS error constraint and the volume constraint.
Combining (3) and (4), the objective function in ICE becomes:

O f =
(1− µ)

N

N

∑
i=1

[(Xi −
M

∑
k=1

pikEk)
T(Xi −

M

∑
k=1

pikEk) + µ
M−1

∑
k=1

M

∑
l=k+1

(Ek − El)
T(Ek − El) (6)

With the objective function, each pixel in the image is processed iteratively to obtain the
endmember E and the abundance P.

3. The SPEEVD Algorithm

This section describes the proposed sparse pruning endmember extraction algorithm with a
combined minimum volume and deviation constraint (SPEEVD).
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3.1. Volume and Deviation Constraint By Cross Product Between Vectors

The cross product in the hyperspectral dimension can not only clearly present the orthogonal
direction between endmembers, but can also present the volume of the simplex which is spanned by
the endmembers. We can therefore use the cross product to represent both the direction and volume
scales, instead of the classical volume definition using only a scale determinant. In [54], a cross product
c between the 3-dimensional vectors a and b is defined as:

c = a× b =

∣∣∣∣∣∣∣
i j k
a1 a2 a3

b1 b2 b3

∣∣∣∣∣∣∣ = c1
→
i + c2

→
j + c3

→
k (7)

where
→
i ,
→
j and

→
k are the unit vectors of the 3-dimensions.

Since the cross product in 3-dimensional space can be defined as in (7), the cross product
generalizes into the (M + 1) dimension space, where d is given by:

d = e1 × e2 × · · · × eM =

∣∣∣∣∣∣∣∣∣∣
i1 · · · · · · iM+1

e11 · · · · · · e1M+1
... · · · · · ·

...
eM,1 · · · · · · eM,M+1

∣∣∣∣∣∣∣∣∣∣
(8)

while i1, . . . , iM+1 are the unit vectors of the (M + 1) dimension, e1 = (e11, e12, · · · , e1M+1) and
ei = (ei1, ei2, · · · , eiM+1).

The direction of d is orthogonal to the hyperplane, which is spanned by e1, e2, · · · , eM, and the
length of d is equal to the volume of parallelograms composed by the M vertices. The volume of the
simplex V, composed of e1, e2, · · · , eM, is then defined as:

V(e1, e2, · · · , eM) =
1

(M− 1)!
‖d‖ (9)

Therefore, according to (9), it can be inferred that:

‖d‖ = (M− 1)! ∗V(e1, e2, · · · , eM−1) = (M− 1)!V (10)

while V is the volume of the simplex composed of e1, e2, · · · , eM.
We assume that e1, e2, · · · , eM are all of the desired endmembers from the image data, and that

they span the space M = [e1, e2, · · · , eM], while the undesired items such as noise or abnormal points
are in the orthogonal subspace. As previously mentioned, the direction of d is orthogonal to the
spanned hyperplane, so d is the normal of the hyperplane. The data is then projected to the direction
d, which is similar to the direction of the orthogonal subspace of M. Therefore, the projected data is
undesirable information, which should be minimized.

The deviation D, which can project data into the direction of d that is similar to the orthogonal
subspace spanned by the endmembers, should also be minimized. It is defined as:

D =
dT∑ d

‖d‖2 (11)

while ∑ is the data covariance matrix, and ‖d‖ is the Frobenius norm of vector d.
Considering the combined constraint, the constraint is given as:

J′(E) = V ∗ D = V ∗ dT∑ d

‖d‖2 (12)
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In (4), the volume constraint in ICE is calculated by the sum of squared distances, so (12) is
inferred as:

J′(E) = V ∗ D =
M−1

∑
k=1

M

∑
L=k+1

(Ek − El)
T(Ek − El) ∗

dT∑ d

‖d‖2 (13)

The minimum volume constraint on the simplex spanned by the endmembers makes sure that
the enclosing simplex is as small as possible, while the deviation constraint makes the vertices of the
simplex more compact. Therefore, the combined constraint J′(E) takes advantage of the strengths of
both individual constraints. Furthermore, the cross product between vectors is used to eliminate some
abnormal points and reduce noise interference.

3.2. Sparse Pruning

A sparse estimate of p in [55,56] is defined as one in which irrelevant or redundant components
are exactly zero, which is estimated by:

S(P) = ‖P‖1 =
N

∑
i=1

Pik (14)

Therefore, the sparse constraint solution searches for the sparsest solution and ensures that the
solution P has the smallest non-zero vector.

Considering the difference of the weights, the sparse constraint is given by:

SPC = G(P) =
M

∑
k=1

vk

N

∑
i=1

pik (15)

where vi is the parameter which controls the sparsity. There are several ways of choosing vi. One
possible way is to use a zero-mean Laplacian (rather than Gaussian) prior. According to [41,55,57],
vi is given by:

vk =
NT

(1− µ)
N
∑

i=1
pik

(16)

Therefore, the sparse constraint (15) can be written as:

SPC = G(P) =
M

∑
k=1

NT

(1− µ)
N
∑

i=1
pik

N

∑
i=1

pik (17)

where T is the parameter which controls the sparse constraint. If the sum of a particular endmember’s
proportion value is small, then the weight vk for that endmember becomes large. Therefore, this weight
accelerates the minimization of these proportion values.

To apply the sparse constraint to abundances of unmixing, a sparse pruning without initial
endmember number value is introduced. The initial number of endmembers is not required, in
contrast with the other sparse promoting methods. We use singular value decomposition (SVD)
to roughly estimate the number of endmembers from the data itself, then adaptively adjust the
number of endmembers by the sparse pruning method. Since the initial roughly estimated number of
endmembers M is larger than the true number of endmembers, the rank of the E matrix will not be
full, and the corresponding abundance P matrix will be relatively sparse. A pruning method is then
introduced to help the endmember E matrix adaptively prune until it cannot prune any more.

For each endmember signature, the maximum of the corresponding abundances of each pixel is
computed, and it is judged whether they are under a threshold:

MaxPk = maxi{Pik} (18)
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We can then prune the corresponding endmembers from the endmember set if their maximum
abundance is under the defined threshold Tp.

Ẽ = ER /∈k i f MaxPk < Tp (19)

Thus, our proposed method can self-adaptively adjust the endmembers by a sparse pruning in
the unmixing procedure. With the sparse constraint on the abundances, which drives the abundance
vectors of the corresponding endmembers that are unnecessary or non-existent in the image to
be sparser, we get a relatively sparser abundance matrix. We then prune the endmembers from
the endmember sets whose corresponding abundance vectors are under the threshold. Finally, we
adaptively adjust the appropriate endmembers to represent the image.

3.3. SPEEVD

Based on the above analysis, an automatic sparse pruning endmember extraction with a combined
minimum volume and deviation constraint (SPEEVD) algorithm is proposed. Like ICE, SPEEVD
is also based on a convex model, with the common assumption about the errors in models and the
appropriate statistical procedures. A simplex volume can contain most of the data point set while
excluding the abnormal pixels out of the minimum simplex. The other added term is sparse pruning,
which can automatically prune those endmembers that are under the threshold.

3.3.1. Problem Formulation

Based on the RSS model and the convex model, and consisting of a combination of the constraint
on deviation of volume (13) and the sparse constraint on abundance (17), the objective function is
defined as: {

Minimize O f =
(1−µ)

N ‖X− PE‖2
F + µJ′(E) + λG(P)

Subject to P ≥ 0 E ≥ 0
(20)

where X is the image data, N is the number of pixels, E and P are the endmember matrix and
corresponding abundance, ‖‖2

F is the Frobenius norm, and µ and λ are the two regularization
parameters which balance the RSS error, volume of endmembers and the sparse constraint on
the abundances.

The first part in (20) is the RSS term, which is the same as in ICE. The second and third parts are
what we introduced in the previous section. Substituting (3) and (17) into (20) we get:

O f =
(1− µ)

N

N

∑
i=1

[(Xi −
M

∑
k=1

pikEk)
T(Xi −

M

∑
k=1

pikEk) +
M

∑
k=1

NT

(1− µ)
N
∑

i=1
pik

pik]+µJ′(E) (21)

where pik is the proportion of endmember k in pixel i, Ek is the k endmember spectral set, and T is the
parameter used to control the sparse pruning process.

The added term about volume and deviation J’(E) in (13) can be combined with (10), and (13) can
be calculated as:

J′(E) = V ∗ D = V ∗ dT∑ d

‖d‖2 (22)

The endmember volume V is affected by the sum of the squared distances, which can also be
calculated as:

V = J(E) =
M−1

∑
k=1

M

∑
L=k+1

(Ek − El)
T(Ek − El) =

N

∑
i=1

ei(MIM − 1 ∗ 1T)ei (23)
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Therefore, considering (23), (22) can be expressed as:

J′(E) =
N

∑
i=1

ei(MIM − 1 ∗ 1T)ei ∗ D =
N

∑
i=1

ei(MIM − 1 ∗ 1T)ei ∗
dT∑ d

‖d‖2 (24)

Since in (21), the objective function about P is convex, convex optimal algorithms can be used
to solve P. However, considering the added E constraint, J’(E), the objective function about E is not
convex, so we cannot use a convex optimal method to solve E. To simplify the solution, V is estimated
by k iterations, while D in (22) is calculated by endmembers in the previous k − 1 iterations, so the J’(E)
about E is convex.

The added term G(P) in (21) imposes the sparse constraint on the abundance; meanwhile,
the sparse pruning endmember method is also included in the processing. The sparse pruning
endmember method first adds the sparse constraint, which drives the abundance vectors of the
corresponding endmembers that are unnecessary or non-existent in the image to be sparser. It then
prunes endmembers from the endmember sets whose corresponding abundance vectors are under the
threshold. Thus, it can adaptively adjust the number of endmembers.

3.3.2. Pre-Processing and Initialization

Like many other endmember generation methods, our method also first needs a dimensionality
reduction procedure. In our method, a minimum noise fraction (MNF) transform is employed to
reduce the data.

In this paper, the initialization of the number of endmembers is roughly estimated from the data
itself, as shown in Figure 3, rather than a subjectively given value. SPEEVD estimates the number of
endmembers from the data itself, so that it decreases the need for one parameter, while the number of
endmembers in SPICE should be strictly defined as a number larger than the true endmember number.
This may be difficult for the user without enough knowledge. The initial M in SPICE is given by the
user, whereas in the proposed SPEEVD method the initial M value is not given by the user but is
determined by calculating what number of SVD eigenvalue can meet the condition that the eigenvalue
is above the empirical threshold, as in the method described in [40]. This is the primary difference
between the proposed SPEEVD and SPICE.

Figure 3. Obtaining the initial value of M with the SPEEVD method.

The following flowchart in Figure 3 demonstrates how to determine the initial M in SPEEVD.
The SVD of the data is first executed, and the eigenvalues above the threshold are kept. Here the
threshold is 1.0, for the eigenvalues above 1.0 contain the signal information [40]. The number of the
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remaining eigenvalues is then recorded as M. The M chosen bands of the MNF bands are used as
observation data for the following process, and the initial number of endmembers is set as M.

Initialize the endmember matrix E, abundance P. Set the maximum iteration number Tm,
the tolerance of the objective function Te, and the regularization parameters µ, λ and T.

3.3.3. Optimization Algorithm Description

To minimize the objective function O f in (21) with respect to both P and E is actually a
combinatorial optimization problem. This technique treats the original optimization problems as
two sub-problems, with the following iterative update rule:

Pk+1 = argmin
P

O f (P, Ek) ≤ O f (Pk, Ek)

Ek+1 = argmin
E

O f (Pk+1, E) ≤ O f (Pk+1, Ek)
(25)

To solve P and E in (25), a simplified alternative projected gradient descent method is used.
To solve P, the projected gradient learning method with non-negative constraint can be used as:

Pk+1 = max{0, Pk − αk∇PO f } (26)

where the parameters αk are the small learning step sizes selected based on the Armijo rule [36].
Equation (26) can ensure that the abundance is physically significant (e.g., P ≥ 0), and that the
abundance is non-negative in the iterative procedure.

Similarly, E can be determined through the gradient descent method, as in (26). Taking the
solution of E as (26), the solution of P and E can be regarded as a kind of alternative non-negative
solution, which is a little time consuming. However, the E matrix can be solved explicitly in (26) with a
given P. As previously mentioned, J’(E) is calculated by D and V in (24). To save computation cost,
the scale of D can be calculated by the k − 1 iteration of endmember E, while V is estimated by the k
iterations with the endmember matrix. Therefore, in the k iteration, the objective function about E is
still convex. Therefore, a quadratic program can be used to solve E.

Taking the partial derivative of (21) with respect to E, we get:

∂O f

∂E
=

n

∑
i=1
{2(1− u)

N
PT(X− PE)+2µD(MIM − 1× 1T)E} (27)

We then minimize the objective function in (21) with the previously obtained P matrix, so the
endmember ej can be solved by:

ej = {PTP +
µND(MIM − 1× 1T)

M(M− 1)(1− µ)
}
−1

PTx (28)

where x is the pixel reflectance in the image, IM is the M ∗M identify matrix, and 1 is the vector of
ones. As previously mentioned, the scale of D is calculated by the previous iteration of E.

In the sparse pruning process, the endmembers are adaptively pruned through the given threshold
of the abundances. Once the abundance of one endmember is under the threshold, it deletes the
corresponding endmember from the endmember matrix so that it can adaptively prune to the
true number.

3.3.4. Stopping Criterions

In SPEEVD, the iteration procedure stops when the ratio of successive values of the objective
function is less than the tolerance, or when the number of iterations reaches the prescribed maximum
number. To avoid being trapped in local minima, some increasing steps of the objective function are



Remote Sens. 2018, 10, 509 10 of 32

allowed in the search procedure. If the successive increasing steps are over a predefined value, it will
break the loop.

The proposed SPEEVD algorithm (Algorithm 1) is summarized as follows:

Algorithm 1: The procedure of the SPEEVD framework.

Input: hyperspectral image data X ∈ RN×L

(1) Pre-processing: Use the first M bands data after MNF transformation as observation data, where the value
of M is obtained according to Figure 3.
(2) Initialization: k = 0. Choose the regularization parameter µ, parameter T, threshold Tr, endmember matrix E.
(3) Compute D using the formulation (11), and combine with E, using a quadratic program to solve P.
Update Pk+1 = max{0, Pk − αk∇PO f }, while k←k + 1
(4) Then, with the latest P, renew ej in the E set by the formulation (28). Prune the endmember vector ej from
the E matrix whose corresponding abundance is below the threshold Tp, as Equation (19):

ej = {PTP +
µND(MIM−1×1T)

M(M−1)(1−µ)
}
−1

PTx,

where D is a scale, using the latest iteration results of E to compute by D = dT ∑ d
‖d‖2 , ensuring that E is

non-negative, which is physically significant.

Update d(k+1) =

∣∣∣∣∣∣∣∣∣∣
i1 · · · · · · in
e11 · · · · · · e1N
... · · · · · ·

...
eN−1,1 · · · · · · eN−1,N

∣∣∣∣∣∣∣∣∣∣

(k)

While k←k + 1

(5) Repeat this cycle (3)–(4) until the stopping criterion is satisfied.
(6) Execute inverse MNF transform to E, obtain Ê.
Output: endmember matrix Ê and abundance matrix P.

4. Experiments and Analysis

In this section, the proposed SPEEVD algorithm is applied to a series of simulated images and
the well-known Cuprite AVIRIS data in a MATLAB environment. A simulated image is used since
all its endmembers are known in advance, so it is easy to manipulate the parameters and undertake
a quantitative analysis. SPEEVD is compared to VCA [25], N-FINDR [24], SGA [26], C-NMF [34],
MVC-NMF [36], ICE [40], and SPICE [41], which are all based on the convex model.

VCA is an endmember extraction algorithm, which repeatedly performs orthogonal subspace
projections resulting from a sequence of gradual growing simplexes vertex by vertex to find new
vertices. The N-FINDR is an automated approach that looks for the set of pixels which define the
simplex with the maximum volume, potentially inscribed within the dataset. Simplex growing
algorithm (SGA), is a sequential algorithm to find endmember, which sequentially finds a simplex
with the maximum volume every time a new vertex is added. C-NMF extract endmember based on
nonnegative matrix factorization with piecewise smooth and sparse constraint. MVC-NMF extract
endmember based on nonnegative matrix factorization with the minimum volume constraint.
ICE combines the convex geometry model with suitable assumptions about errors in the model
and appropriate statistical procedure to extract endmember. SPICE is an extension of ICE, which
combines the convex geometry model with sparse promoting priors.

4.1. Experiment with Simulated Images

Simulated images of 100 × 100 pixels and 224 spectral bands are synthesized with five signatures
randomly selected from the USGS library, and their corresponding fraction abundances, which are
non-negative and generated by Dirichlet distribution, and are submitted to a sum-to-one constraint.
The five chosen spectra are resampled to correspond to the AVIRIS data. The five signatures
from the USGS library are Carnallite_HS430.3B, Chlorite_HS179.3B, Clinochlore_NMNH83369,
Clintonite_NMNH126553, and Corundum_HS283.3B.
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The experiments are classified into four groups. In the first group, we investigate the performance
of SPEEVD compared to the other previously mentioned methods. In the second group, we study the
robustness regarding noise interference. The third experiment aims at comparing the performances for
data without pure pixels, with various degrees of mixing. The mixing degree is denoted by purity,
which equals the highest abundance value of the whole abundance matrix. The fourth experiment
tests different initial parameters.

4.1.1. Experiment 1

In this experiment, the image size is fixed at 100 × 100, the purity is fixed at 0.7, and the
signal-to-noise ratio (SNR) is fixed at 45. The experiment is intended to test the robustness of SPEEVD
compared to the other state-of-the-art methods.

The spectra generated by the five endmember extraction methods are shown in Figure 4,
where the spectra in the small red rectangle is enlarged separately for each figure. The correlation
coefficient metric and spectral angle distance are used to compare the similarity between each extracted
endmember spectra and the corresponding library reference spectra.

To quantitatively assess the performance of the different endmember extraction methods, we use
the correlation coefficients, the cosine of the SAD metric, and the SID-SAD metric.

The classical correlation coefficient metric between pixel a and b is defined by:

cc(xa, xb) =
cov(xa, xb)√

D(xa) ·
√

D(xb)
(29)

where cov(xa, xb) is the covariance matrix between xa and xb, and D(xa) and D(xb) are the deviations
of xa and xb, respectively. The well-known SAD metric between pixel a and b is given by:

SAD(xa, xb) = cos−1
(

xa.xb
‖xa‖.‖xb‖

)
(30)

where ‖xa‖ and ‖xb‖ are the norms of xa and xb, respectively. The SID-SAD metric in [35] between
pixel a and b is given by:

SID− SAD(xa, xb) = ∑
i=1

 xia
L
∑

i=1
xia

− xib
L
∑

i=1
xib

 ln

 xib.xia
L
∑

i=1
xib ·

L
∑

i=1
xia

× tan(SAD(xa, xb)) (31)

The correlation coefficients, cosine of the SAD metric, and the SID-SAD metric are used to compare
the similarity between each extracted endmember spectra and the reference spectra. The correlation
coefficients between the reference spectra and the extracted spectra with VCA, N-FINDR, SGA, C-NMF,
MVC-NMF, ICE, SPICE, and SPEEVD are shown in Table 1. The more the similarity, the larger the
correlation is. With the cosine of SAD in Table 2, a larger cosine of SAD suggests a larger similarity.
Finally, in Table 3, the more the similarity is, the less SID-SAD (*10 − 5) is.
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Figure 4. Spectra of five minerals with the different methods: (a) Carnallite, (b) Chlorite, (c) Clinochlore,
(d) Clintonite, (e) Corundum.

The correlation coefficients in Table 1, the cosine of SAD values in Table 2, and the SAD-SID
metric values in Table 3 all show that the five endmembers’ spectra by SPEEVD are more similar to the
library spectra, compared to VCA, N-FINDR, SGA, ICE, and SPICE. Once given an accurate initial
number and proper parameters, C-NMF and MVC-NMF obtain a promising result; however, SPEEVD
obtains satisfactory results even without initial values of numbers. Since there are no pure pixels in the
simulated image, VCA, N-FINDR, and SGA, which are endmember search algorithms, obtain worse
results than the other endmember generation algorithms. SPEEVD considers the volume by cross
product and its deviation, rather than the volume, which ensures that the simplex is the minimum
volume, and makes the points of the vertices closer in the scattered feature space.
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Table 1. The correlation coefficients between the extracted endmembers and the USGS library spectra.

Correlation
VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

Coefficient

Carnallite 0.9987 0.9982 0.9972 0.9989 0.9989 0.9986 0.9988 0.9991
Chlorite 0.9979 0.9980 0.9980 0.9987 0.9983 0.9978 0.9992 0.9993

Clinochlore 0.9964 0.9889 0.9785 0.9970 0.9972 0.9970 0.9972 0.9974
Clintonite 0.9035 0.9045 0.9088 0.9840 0.9986 0.9269 0.9846 0.9981

Corundum 0.9971 0.9961 0.9689 0.9980 0.9978 0.9961 0.9970 0.9978

Table 2. The cosine of SAD values between the extracted endmembers and the USGS library.

Cos(SAD) VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

Carnallite 0.9984 0.9983 0.9980 0.9991 0.9991 0.9984 0.9987 0.9993
Chlorite 0.9988 0.9981 0.9981 0.9993 0.9989 0.9984 0.9982 0.9994

Clinochlore 0.9998 0.9989 0.9894 0.9999 0.9999 0.9998 0.9998 0.9999
Clintonite 0.9962 0.9937 0.9656 0.9992 0.9999 0.9963 0.9965 0.9989

Corundum 0.9997 0.9989 0.9979 0.9998 0.9998 0.9996 0.9998 0.9999

Table 3. SID-SAD metric values between the extracted endmembers and the USGS library.

SID-SAD VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

Carnallite 24.5356 24.5356 49.1908 22.0654 20.1549 46.6332 24.4198 22.8277
Chlorite 8.4406 8.6724 8.6744 5.6652 8.3581 8.3730 8.2069 5.4573

Clinochlore 0.1819 0.1994 1.3178 0.1540 0.1605 0.1701 0.1816 0.1514
Clintonite 26.0397 27.9036 19.5728 15.8640 14.7124 17.6472 16.2487 15.7286

Corundum 0.9892 2.3918 3.1188 0.5895 0.5878 0.5961 0.9701 0.5254

Figure 5 shows the RMSEs after reconstructing the simulated image using the endmembers
extracted by the different methods. The RMSEs in Figure 5 show that SPEEVD gives better results than
the other methods, because it can shrink to the proper endmember number, and keeps the accuracy of
the extracted endmembers. The RMSEs of VCA, N-FINDR, and SGA are higher than the other methods,
which verifies that the basic assumption of these methods fails in the simulated image. With proper
parameters, MVC-NMF obtains better results than ICE and SPICE. However, SPEEVD is free from the
initial value of endmember number restriction, whereas SPICE still needs a large, rough initial number.

Figure 5. The average RMSEs of unmixing.



Remote Sens. 2018, 10, 509 14 of 32

4.1.2. Experiment 2

In this experiment, SNR is varied from 45 dB to 105 dB. The image size is 100 × 100 and the
purity is fixed at 0.85. The experiment is intended to test the robustness of SPEEVD regarding
noise interference.

As the SNR increases, the performances of the methods in Figure 6 are measured through
the correlation coefficients between the methods and the library reference spectra. The higher
the correlation coefficients value is, the more similar the extracted spectra and library spectra are.
The experimental results show that their performance becomes better as SNR increases especially
in Figure 6a,b. Overall, SPEEVD shows better results than the other methods. Four of the five
endmembers with SPEEVD method present the largest values in Figure 6. However, even with lower
SNR, MVC-NMF, ICE, SPICE, and SPEEVD still give reliable results.

Figure 6. Cont.
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Figure 6. Correlation coefficients with different SNR levels. (a) Carnallite (b) Chlorite (c) Clinochlore
(d) Clintonite (e) Corundum.

4.1.3. Experiment 3

In this experiment, the degree of mixing is denoted by purity, which equals the highest abundance
value in the whole abundance matrix. The purity is varied from 0.5 to 1.0 in this experiment. The image
size is 100 × 100 and the SNR level is fixed at 105 dB. The third experiment aims to compare the
performance for data without pure pixels, with various degrees of mixing. To show clearly the
differences between methods, the purity values from 0.8 to 1.0 are enlarged, as shown in the red
rectangle of each figure.

As the purity increases, the performance of the methods is measured through the correlation
coefficients between the methods and the library spectra, as presented in Figure 7. At lower purity,
all the methods obtain poor results. However, as the purity increases, the performances improve;
in particular, VCA increases relatively quickly. As the purity reaches 0.85, the performances reach
convergence. However, at a purity of 0.65 in Figure 7d, each of the methods presents bad results. It is
possible that the maximum purity of the whole image dataset is 0.65, while the maximum purity of
Clintonite may be far below 0.65. If the maximum purity of Clintonite is far below 0.65, it suggests that
the spectral contribution of the Clintonite endmember to the mixed pixel is concealed by the other
four endmembers.

Figure 7. Cont.
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Figure 7. Correlation coefficients with different purities: (a) Carnallite, (b) Chlorite, (c) Clinochlore,
(d) Clintonite, (e) Corundum.

4.1.4. Experiment 4

In this experiment, the effect of the initial number of endmembers is investigated. VCA, N-FINDR,
SGA, C-NMF, MVC-NMF, ICE, SPICE, and SPEEVD are compared. VCA, N-FINDR, SGA, C-NMF,
MVC-NMF, and ICE need predetermined VD, the initial numbers of which are set to five, the real
dimensionality. The initial number is not needed in SPEEVD, while it is required in SPICE. The initial
values for SPICE are set to 10, 8 and 6 (in Figure 8 the result of 6 is black, 8 is red, 10 is green),
respectively. With proper parameters, both the SPICE and SPEEVD results can prune to the true
number of five.
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Figure 8. The RMSE of unmixing.

Figure 8 shows that with a larger estimated number, SPICE and SPEEVD obtain a lower RMSE of
unmixing. However, C-NMF, ICE, MVC-NMF, SPICE, and SPEEVD show better results than VCA,
N-FINDR, and SGA.

Experiment 5: In this experiment, the effect of the parameters on the initial endmember number
M in SPEEVD is investigated.

As µ and T are regularized parameters in the objective function (21), several pairs of parameters
are used to execute the experiment, and the following representative results are shown in Table 4.

Table 4. The results of estimated endmember number with different parameters.

Three Group of Parameters

µ 0.00005 0.0001 0.0002
T 0.0001 0.0001 0.0001

Estimated number 5 5 5

With all the above different parameters, the estimated number of endmembers is still five,
which reveals that SPEEVD can prune to the true number with different parameters.

4.2. Experiments with Cuprite Image AVIRIS Data

A 190× 250 sub-image of Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) hyperspectral
image data covering Cuprite, Nevada (Figure 9a), is tested with VCA, N-FINDR, SGA, C-NMF,
MVC-NMF, ICE, SPICE, and the SPEEVD algorithm. The spatial and spectral resolutions of the images
are 20 m and 10 nm, respectively, with 224 spectral bands between 0.4 and 2.4 µm. After water vapor
absorption bands near 1.4 and 1.9 µm, and low-SNR bands are removed, 182 bands of the sub-image
are used for the experiments.

In this part, we carry out the first experiment to study the performance of SPEEVD, compared to
VCA, N-FINDR, SGA, C-NMF, MVC-NMF, ICE, and SPICE. VCA, N-FINDR, SGA, C-NMF, MVC-NMF,
and ICE need an accurate estimated VD, while SPICE just needs an initial value, which does not need
to be exact. The VD is estimated to be approximately 10 using the HySime test and NWHFC test with
Pf = 10 − 5 and the reference map [58]. We infer that there are 10 minerals included in the sub-image;
therefore, the initial number of endmembers for VCA, N-FINDR, SGA, C-NMF, MVC-NMF, and ICE is
set to 10. For SPICE, the initial number of endmembers is set to 15. In the second experiment, the key
parameter µ in SPEEVD is investigated.
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Figure 9. Sub-image of AVIRIS data. (a) Sub-image of AVIRIS data (R 2.10 µm, G 2.20µm, B 2.34 µm);
(b) USGS 1995 Nevada Cuprite reference map.

According to published papers, and the reference map [58], this well-known AVIRIS image
contains minerals including calcite, alunite, sphene, kaolinite, montmorillonite, buddingtonite,
chalcedony, muscovite, jarosite, and desert varnish. In [58], kaolinite, alunite, chalcedony, and desert
vanish prevail in the sub-image. Since there are unknown true endmember spectra, the USGS library
spectra are used as reference, as in many other published papers [24,25,59]. The extracted spectra of
alunite, kaolinite, and montmorillonite, by the previously mentioned methods, are similar to the USGS
library spectra. The extracted spectra of jarosite is, however, a little different from the USGS library
spectra. The according abundance of jarosite is very low and is mixed with alunite, which may be one
of the reasons for this phenomenon.

Given the proper parameters, SPICE and SPEEVD can adaptively obtain ten endmembers.
Therefore, the results with ten endmembers are compared to the other previously mentioned methods.
By a side-by-side visual comparison of the extracted endmember spectra with the various methods
in Figure 10, where the endmember spectra in the small red rectangle is enlarged separately for each
figure, we observe that they generally identify similar minerals. However, VCA and ICE show a
difference in Figure 10g. As there are no pure pixels in the image of Figure 9, the assumption of VCA
may not be satisfied; thus, the results with VCA are the worst. ICE does not consider the sparsity of
abundances, so that the extracted chalcedony’s spectra by ICE is a little different from that of the others.

Figure 10. Cont.
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Figure 10. Endmember spectra with the different methods. (a) alunite (b) sphene (c) calcite (d) muscovite
(e) montmorillonite (f) desert vanish (g) buddingtonite (h) chalcedony (i) kaolinite KGA (j) jarosite.
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To quantitatively investigate the performances of the endmember extraction algorithms,
the correlation coefficients, the cosine of the SAD metric, and the SID-SAD metric are used.
The experimental results are listed in Table 5 (correlation coefficients), Table 6 (cosine of SAD),
and Table 7 (SID-SAD), respectively.

Table 5. The average correlation coefficient between the extracted endmember and USGS library spectra.

Method VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

Correlation
0.8023 0.8157 0.7863 0.9682 0.9789 0.9436 0.9793 0.9813

Coefficient

Table 6. The cosine of SAD values between the extracted endmember and the USGS library spectra.

Method VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

Cos(SAD) 0.9073 0.8961 0.8174 0.9523 0.9915 0.9668 0.9877 0.9937

Table 7. The average SID-SAD between the extracted endmember and the USGS library spectra.

Method VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

SID-SAD 12.9073 14.8157 20.7863 10.9682 10.9519 10.9668 10.9707 10.9376

In the above tables, SPEEVD shows better results than VCA, N-FINDR, and SGA. As no pure
pixels exist in the sub-image, the basic assumption of VCA and SGA is not satisfied, so VCA and SGA
get worse results. The SPEEVD algorithm is free from the constraint that pure pixels should exist in
the sub-image, and it generates an endmember matrix instead of searching for endmembers within
the sub-image. SPEEVD therefore gives better results than VCA. In Table 5, the average correlation
coefficient for SPICE is better than for MVC-NMF, whereas in Table 6 the cosine of the average spectral
angle distance for MVC-NMF is better than for SPICE. In Table 7, the SID-SAD metric values for
C-NMF, MVC-NMF, ICE, SPICE, and SPEEVD are better than for VCA, N-FINDR, and SGA, with the
SPEEVD results being the best among all the methods. The constraint of SPEEVD considers both
the volume and its deviation, rather than only the volume of the simplex composed of endmembers.
This ensures that the simplex is compact and makes the points of the vertices closer in the scattered
space, eliminating some abnormal points.

Even if the pixels are highly mixed, the SPEEVD algorithm can obtain reliable results, which is
demonstrated not only by the similarity of the spectra, but also in the similarity of the abundance
images with the real ground objects’ distribution. The abundance images are shown in Figures 11–20.
The abundances show good similarities, except for the slight decline in sphene and buddingtonite.
All the methods show satisfactory results on kaolinite and alunite, because they are both the
prevalent classes in the sub-image. Therefore, the data distribution of the sub-image is prone to
these endmembers, which allows each method to distinguish these endmembers much more easily
than for the other endmembers which are not prevalent in the sub-image. For the unmixing results,
the abundance images in Figure 18 are different: some algorithms extracted chalcedony, while the
others did not. The chalcedony, which prevails in the sub-image, is easily visible in ICE, SPICE, and
SPEEVD. However, it is missed with the VCA and MVC-NMF methods. This is because VCA is
an endmember identification algorithm which searches for pure pixels in the image, whereas the
endmember generation methods based on ICE employ an error model with matrix factorization, which
can extract endmembers without pure pixels. MVC-NMF performs well in identifying less-prevalent
endmembers, but it misses the prevailing endmember, which leads to its relatively large unmixing error.
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Figure 11. Alunite: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g) SPICE,
(h) SPEEVD.

Figure 12. Sphene: (a) VCA, (b) N-FINDR, (c)SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g) SPICE,
(h) SPEEVD.
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Figure 13. Calcite: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g) SPICE,
(h) SPEEVD.

Figure 14. Muscovite: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g) SPICE,
(h) SPEEVD.
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Figure 15. Montmorillonite: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g)
SPICE, (h) SPEEVD.

Figure 16. Desert varnish: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g)
SPICE, (h) SPEEVD.
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Figure 17. Buddingtonite: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g)
SPICE, (h) SPEEVD.

Figure 18. Chalcedony: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g) SPICE,
(h) SPEEVD.
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Figure 19. Kaolinite KGA: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE,
(g) SPICE, (h) SPEEVD.

Figure 20. Jarosite + alunite 4: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE,
(g) SPICE, (h) SPEEVD.

The RMSE images are shown in Figure 21. If there are some large residuals, especially if they are
spatially clustered, this may be an indication that the model does not fit the data adequately. There are
two probable causes for this poor fitting. Firstly, the value of µ may not be optimal. Secondly, only
MNF transform data is used as the observation data.
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Figure 21. RMSE images: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE, (g) SPICE,
(h) SPEEVD.

The RMSEs of the unmixing images are shown in Figure 22. Among the different methods,
SPEEVD shows the minimum unmixing error, while VCA shows the maximum. The basic assumption
of VCA is not satisfied, which leads to its maximum error. The disadvantages of ICE are that it may not
find materials that are poorly represented in the scene’s statistics (i.e., outliers that should be identified
beforehand), and its error of unmixing is also relatively large. In SPEEVD, although the shortcomings
of ICE cannot be eliminated completely, they are suppressed by the volume and deviation constraint.
Compared to ICE, which contains only the minimum volume constraint, SPEEVD considers both the
volume and deviation constraint. This ensures that the vertices in the MNF transformed space are
much closer and more compact and eliminates and excludes the outliers which are not so compact.
Moreover, the sparsity constraint on abundances suppresses the distinct outliers which are far from
the vertices, which should be considered as noise or abnormals in the MNF transformed space.

Figure 22. The RMSEs of the unmixing results.
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The RMSEs of unmixing rely on the fact that the larger the number of endmembers, the smaller
the RMSE. However, a large endmember number may lead to a high correlation between the extracted
endmembers. The proposed SPEEVD seems to balance the unmixing error and the endmembers’
redundancy, which can be seen in the previous experimental results. If the parameters are suitable,
it shows its robustness and minimum error; otherwise, the SPEEVD results may terminate at a number
which is larger or smaller than the true endmember number.

Since the parameters µ and T, which balance the volume constraint and the error model, play an
important role in the experiments, we conduct several experiments to obtain the optimal parameter
range. The parameter T is set as 0.0001, while the parameter µ is varied from 0.0001 to 0.5. Then, the
number of the eventual pruned number is analyzed with the SPEEVD method. The relation between
the parameter µ and the eventual number of endmembers is shown in Figure 23.

From the curve in Figure 23, as the parameter µ decreases, the number of the eventual pruned
number increases. However, 1/µ = 20, that is µ = 0.05, is an important point, below which the number
is stable at ten. Although the parameters µ and T are both related to the number of endmembers,
the optimal T has to be decided by the experimental results and is set as 0.0001 in this experiment.

Figure 23. The parameter µ and the number of endmembers.

4.3. Experiments with AVIRIS Lunar Crater Volcanic Field Data

The second AVIRIS data set used in this experiment, shown in Figure 24, is from the Lunar Crater
volcanic field in Northern Nye County, Nevada, with 120 × 160 pixels and 190 bands after low-SNR
and water-absorption bands were removed. The spatial resolution is about 20 m, which means that
many pixels are mixed ones. According to prior information in a published paper [49], there are six
classes: cinders, playa, rhyolite, shade, dry vegetation, and an anomaly. The Lunar Crater volcanic
field local sub-image is also tested with the previously mentioned algorithms.

Since there are no reference spectra in the sub-image, the RMSEs of unmixing in Figures 25 and 26
are used for the assessment metric.

Figure 24. The sub-image of rotated LCVF (R 1453.49 nm, G 990.25 nm, B 547.20 nm).
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Figure 25. The unmixing RMSEs: (a) VCA, (b) N-FINDR, (c) SGA, (d) C-NMF, (e) MVC-NMF, (f) ICE,
(g) SPICE, (h) SPEEVD.

Figure 26. The RMSEs of unmixing with the various methods.

The RMSEs of unmixing in Figure 26 show that SPEEVD performs better than the other methods.
Meanwhile, we have tested the time cost of all methods on simulation and real images under Matlab
2009, with windows 7 system, Intel(R) 7 Series Chipset Family SATA AHCI Controller, CPU i5-3210M at
2.5GHz, and DDR is 8G. The simulation image is 100 × 100 pixels with 224 bands, and the real images
are the cuprite and lunar images in Sections 4.2 and 4.3. The time cost of each method is the average of
10 times experiments on each image. The running time results are listed in the following Tables 8–10.

Since there is a pruning process, SPEEVD costs slightly more time than ICE. However, the
advantage of SPEEVD is that it needs no initial endmember number, while ICE needs an exact
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endmember number, which is usually difficult to obtain. The time cost of SPEEVD is close to SPICE,
due to the quadratic programming, which is a little time consuming. Our future work will focus on
reducing the computational cost of SPEEVD.

Table 8. The average running time of all methods on simulation image.

Time Cost VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

seconds 3.08 112.3 3.45 31.4 45.36 19.3 39.5 47.74

Table 9. The average running time of all methods on Cuprite image.

Time Cost VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

seconds 18.46 712.1 25.2 313.6 458.6 334.2 398.3 506.8

Table 10. The average running time of all methods on Lunar image.

Time Cost VCA N-FINDR SGA C-NMF MVC-NMF ICE SPICE SPEEVD

seconds 4.198 217.3 7.16 161.83 152.6 79.3 113.3 174.26

5. Conclusions

In this paper, an endmember extraction algorithm (SPEEVD) is proposed as an effective
automatic endmember extraction method that does not require a predetermined endmember number.
Compared to the other state-of-the-art methods, some novel constraints are introduced, with promising
experimental results. SPEEVD not only constructs a volume and a deviation constraint by the cross
product between endmember vectors, but it also executes a sparse pruning method to adaptively
determine the endmembers. A simplified interactive projection gradient method is proposed to solve
E, which makes sure that the convergence is steady and saves on computation cost.

Experiments on simulated and real images, which were tested with the VCA, MVC-NMF, ICE,
SPICE, and SPEEVD methods, suggest that SPEEVD is effective for automatic endmember extraction.
The correlation coefficients and the spectral angle distance were used as similarity metrics for the
assessment of the extracted endmember spectra. SPEEVD manifested encouraging results when
compared with the other methods.

Several conclusions can be drawn with regard to SPEEVD: (1) the key feature of SPEEVD is that
it can adaptively determine the endmember number by a sparse pruning method that drives the
endmember number to an appropriate value, without an initial pre-estimated value; (2) the added
combined volume and deviation constraint by the cross product between endmembers can weaken the
noise interference; (3) the other important feature of SPEEVD is that it generates an RSS map, which is
useful for finding outliers and also for estimating the number of endmembers in an image.

Although effective in endmember generation, the optimal parameters of SPEEVD, in this paper,
were set by many experiments. How to determine these parameters automatically will be the subject
of our further work.
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