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Abstract: This paper introduces derivations of soil line inﬂuences on two-band vegetation
indices (VIs) and vegetation isolines in the red and near infra-red reﬂectance space. Soil line
variations are described as changes in the soil line parameters (slope and offset) and the red
reﬂectance of the soil surface. A general form of a VI model equation written as a ratio
of two linear functions (e.g., NDVI and SAVI) was assumed. It was found that relative VI
variations can be approximated by a linear combination of the three soil parameters. The
derived expressions imply the possibility of estimating and correcting for soil-induced bias
errors in VIs and their derived biophysical parameters, caused by the assumption of a general
soil line, through the use of external data sources such as regional soil maps.
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1.

Introduction

Spectral vegetation indices (VIs) are a commonly used technique in satellite-based environmental
monitoring in regional to global scales. Global VI products, whose history are nearly three decades, are
considered one of the key parameters in various ﬁelds of study such as global climate change, drought
monitoring [1], and crop yield prediction [2], and expected to be produced continuously from future
satellite missions [3, 4].
VIs are spectral transformations of multi-band reﬂectances, often involving red and near infra-red
(NIR) bands, into a scalar non-dimensional variable to extract and enhance the signal contribution
from green vegetation. Since an observed reﬂectance is a mixture of signals from various objects,
inﬂuences from non-vegetated surface are not negligible. Especially, the signal contribution from
canopy/soil background is known to be one major source of variations in VI values. Numerous
studies have been conducted to minimize canopy/soil background inﬂuences on VI values [5–11].
A systematic investigation and theoretical formulation on the impact of canopy/soil background has
yet to be investigated and would be a critical and meaningful contribution to operational monitoring
of terrestrial vegetation with satellite VI time series [7, 12–16]. Investigations are still needed to
clarify systematic variations of VI value due to differences in soil optical properties, and that result
in a methodology to adjust VI [17, 18], e.g., about bias error, for site-speciﬁc canopy background
inﬂuences [19].
Red and NIR reﬂectances of soils have been known to form a linear relationship in the reﬂectance
space, called the “soil line” concept [15, 20]. Theoretical basis of the soil line concept have been
investigated and widely accepted by many researchers [7, 12, 13, 18, 20–23]. Meanwhile, due to the
variability of soil line by soil type, Baret et al. [20] rejected the existence of a globally applicable soil
line (a general soil line). At the same time, Baret et al. [20] concluded that the soil line concept was very
robust when the soil types were separated. This fact drew our attention to the possibility of a systematic
investigation of soil noise on VIs using soil line parameters.
The soil line concept has been the basis of various two-band VIs. Those VIs can be divided into two
categories: (1) ratio based VIs (or angular based VIs) such as ratio VI (RVI) [24], normalized difference
VI (NDVI) [25], and (2) orthogonal based VIs (or distance based VIs) such as perpendicular VI
(PVI) [11], difference VI (DVI) [25], and weighted difference VI (WDVI) [26]. For all the VIs,
regardless of their categories, a general soil line that represents zero vegetation pixels within a target
region serves as the baseline values or offsets. Any positive deviations away from the offsets are
considered contributions from green vegetation, which are then used to estimate biophysical parameters.
However, due to variations of soil lines among different soil types, these baseline values also show
variations [12, 27, 28]. As a result, errors are induced in the estimation of vegetation biophysical
parameters. Since the deviation of an individual soil line from a general soil line is inevitable [12, 27, 28],
possible variations in VI values induced by these deviations must be investigated.
Limiting our discussion to the errors induced by soil surfaces, there are two sources of inﬂuence on
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VI. The ﬁrst one is variation of soil brightness (in absolute sense) without changing soil types. In this
case, a soil line remains nearly the same. This variation is induced by soil moisture content or soil
roughness while the soil line parameters are left unchanged. The second inﬂuence is variation of soil
line parameters (slope and intercept) due to differences in soil type. Since these parameters together can
represent soil variation in the red-NIR reﬂectance space, they are suitable for a systematic analysis of
VI’s behavior. Another advantage of using soil line parameters is that we can avoid parameter studies
about variations of soil surface, since some aspects of soil inﬂuence can be reduced into the simple
expression. In this context, an analytical form of a vegetation isoline (a set of reﬂectance spectra from a
constant canopy with different soils [29, 30]) was also assumed to be subject to systematic investigations.
(The details of the vegetation isoline is in subsection 2.3.) Undoubtedly, the scientiﬁc potential of such
techniques has not been exhausted, and such investigations should contribute to a better understanding
of VI properties and behavior.
The objective of this paper is to derive analytical expressions of soil inﬂuences on both VI and
vegetation isoline as a function of the three parameters which characterize the differences in soil type,
namely, (1) soil line slope, (2) NIR-intercept of soil line, and (3) red reﬂectance of soil. For a VI model
equation, a general form of the two-band VI is assumed to cover those deﬁned as a ratio of two linear
combinations of red and NIR reﬂectances, such as NDVI and soil-adjusted VI (SAVI) [8]. In this paper,
we ﬁrst describe our framework of analysis of the soil line and vegetation isoline equations, including the
model assumptions used for the derivation of these equations in Section 2. We then present the derivation
of analytical expressions that describes variations of top-of-canopy reﬂectances induced by variations in
the three soil parameters in Section 3. In Section 4, the derived analytical expressions are translated
into the general VI form, which allows the propagation of soil parameter variations to VI variations.
Section 5 discusses characteristics of soil inﬂuences on VIs that are found from the derived analytical
equations in this study. Our conclusions are presented in Section 6.
2.
2.1.

Soil Line and Vegetation Isoline Equations
Soil Line Equation

A robust relationship between red and NIR reﬂectances from a single soil type is often characterized
by a soil line equation,
RsN = aRsR + b,
(1)
where a and b are soil line parameters, and RsN and RsR are NIR and red reﬂectances of a target soil,
respectively. Although many studies reported general values of a and b, these two parameters depend on
chemical and mineral contents, proportion of organic matter, soil moisture, and hence these are unique
to individual soil type [15, 19, 23, 31, 32]. It is also known that these parameters vary with band position
and band width properties of a multispectral sensor [12, 33–35], indicating the uniqueness of these
parameters to each sensor. Since the soil line parameters depend on soil type and band conﬁguration, it
is important to know possible variations of VI value against changes in the soil line parameters under an
identical vegetation canopy.
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Model Assumptions

In order to add canopy optical properties to the presented soil lines, the vegetation isoline equations
were obtained by assuming a simple canopy model. We ﬁrst assume that a portion of the target area
is covered with a homogeneous vegetation canopy [36]. A parameter called fraction of green cover
is deﬁned as a fraction of the target area covered and shaded by vegetation canopies at a particular
combination of illumination and viewing geometries.
We deﬁne two types of leaf area indices (LAI) in this study, local and total LAI. The local LAI is
deﬁned as an LAI within an area covered by green vegetation, whereas the total LAI is deﬁned as a
multiplication of local LAI and fraction of green cover. The local LAI is simply refereed to as “LAI”
throughout this paper.
We further simpliﬁed the model so that the projection of vegetation canopy is identical to a fraction
of soil obscured and shaded by the canopy. Under this simpliﬁcation, the radiative transfer problem
in both covered and uncovered area can be simulated independently by modeling horizontally inﬁnite
homogeneous canopy and bare soil, respectively. Thus, the reﬂectance from a covered area can be
simulated by a turbid medium canopy model such as the SAIL model [37, 38]. Reﬂectance contributions
from each fractional area are, therefore, obtained by a weighted sum of the two independent simulations.
The fraction of green cover is then used as their weights. The Lambertian surface was assumed as a
background soil layer in this study.
2.3.

Vegetation Isoline Equations

Based on the assumptions made in the previous subsection, reﬂectance at top-of-the-canopy (TOC)
is approximated by a linear combination of the contributions from green-covered area and uncovered
area (bare soil) with β and (1 − β) as their weights, where β is deﬁned as the fraction of an area in
consideration covered by vegetation at a certain illumination and viewing geometry [36]. We represent
the reﬂectance for the green fractional area using the Cooper-Smith-Pitts model [39], also known as the
adding method [40]. The other portion of reﬂectance (1 − β), which reaches to the soil without seeing
the canopy layer, is then reﬂected back to the sensor or absorbed by the soil surface (no interaction with
the canopy layer). Under these approximations, the reﬂectance of this system, ρλ (θ, φ, θ0 ), at the view
angle of (θ, φ) with the sun angle of θ0 at the wavelength of λ is then represented by the following
equation [30],
T 2 (θ, θ0 )Rsλ
+ (1 − β)Rsλ
(2)
ρλ (θ, φ, θ0 ) = βρvλ (θ, φ, θ0 ) + β vλ
1 − Rvλ Rsλ
where Tvλ is the geometric mean of downward T↓vλ (θ0 ) and upward T↑vλ (θ) transmittance of the canopy
layer deﬁned by
√
Tvλ (θ, θ0 ) =

T↓vλ (θ0 )T↑vλ (θ).

(3)

ρvλ (θ, φ, θ0 ) represents the canopy reﬂectance with the perfect absorber as its background (or the free
boundary condition), Rsλ is bi-hemispherical reﬂectance of background, and Rvλ is bi-hemispherical
reﬂectance of vegetation canopy for the photons entering from bottom of the canopy layer and scattering
out from the surface downward.
The leading two terms of right hand side (RHS) are the contributions from the green cover portion.
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The ﬁrst term is the pure canopy reﬂectance representing the photons that never reached the soil surface.
The second term is the contribution of photons which are reﬂected at least once by the soil. The last
term is the contribution from the bare soil. We will omit the functional arguments in ρλ (θ, φ, θ0 ) and
ρvλ (θ, φ, θ0 ) as ρλ and ρvλ for brevity. The subscripts R and N are used for λ to denote red and NIR
bands, respectively.
In order to derive a vegetation isoline equation, we retain only the ﬁrst-order interaction contribution
of the second term of RHS in Equation (2) for each wave band,
2
+ (1 − β)]RsN ,
ρN = βρvN + [βTvN

(4a)

2
+ (1 − β)]RsR .
ρR = βρvR + [βTvR

(4b)

Using the soil line equation, Equation (1), with Equations (4a) and (4b), we can eliminate the soil
reﬂectances (RsR and RsN ) to obtain a vegetation isoline equation
ρN = aγρR + D,

(5)

with the following deﬁnitions,
γ=

2
βTvN
+ (1 − β)
,
2
βTvR + (1 − β)

D = DN − aγDR ,
DN = βρvN +
DR = βρvR .

2
b[βTvN

(6a)
(6b)

+ (1 − β)],

(6c)
(6d)

The details of the derivation and explanation of the variables are provided in our previous work [30].
The denominator and numerator of γ are a weighted sum of the two-way transmittance and unity with
β and (1 − β) as their weights. Those values are strongly related to LAI through the fraction of green
cover and the canopy transmittance. Hence γ can be understood as the ratio of an area-averaged two-way
transmittance of the NIR band to that of the red band. D denotes the NIR-intercept of the isoline which
consists of DN and DR that are functions of only NIR and red band, respectively.
Variations of vegetation indices are caused by the discrepancy between the vegetation isolines and
index isolines [8, 10, 41, 42]. Therefore, we ﬁrst need to investigate the variation pattern of vegetation
isolines caused by the variation of soil line parameters.
3.
3.1.

Soil Line Inﬂuence on Vegetation Isoline
Representation of Soil Line Variation

Variations of TOC reﬂectances induced by the differences of soil line are derived in this subsection.
The soil line parameters (a and b) and the soil reﬂectance of the red band (RsR ) are used to represent
such variations during the derivation. The speciﬁc goal is to write ∆ρN and ∆ρR as a function of ∆a,
∆b and ∆RsR . Note that the NIR reﬂectance of soil is a dependent variable in this derivation (see
Equation (1)).
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We ﬁrst assume that the original soil line (or a general soil line) was shifted (Figure 1a) from
Equation (3) to the following,
0
0
+ b0 ,
(7)
= a0 RsR
RsN
where these variables are deﬁned by the discrepancies between a general soil line and true soil line of
localized soil as
0
= RsR + ∆RsR ,
RsR

(8a)

0
= RsN + ∆RsN ,
RsN

(8b)

a0 = a + ∆a,

(8c)

b0 = b + ∆b.

(8d)

Substituting Equations (7)-(8d) into Equation (3), we have
∆RsN = ∆aRsR + ∆b + (a + ∆a)∆RsR .

(9)

The amount of discrepancies in the soil reﬂectances can be written in a vector form as
[

] [
] [
]
0
1
∆RsR
=
+
∆RsR .
∆aRsR + ∆b
a + ∆a
∆RsN

(10)

−−→
Figure 1a also shows these two vectors in RHS of Equation (10). The vector represented by S1 S20 in
−−→
−−→
Figure 1a is the ﬁrst vector of RHS, and S20 S2 is the second vector. S1 S20 represents the change of NIR
soil reﬂectance to the changes of the isoline parameters while the magnitude of the soil red reﬂectance
−−→
remains the same, ∆RsR = 0. S20 S2 represents the effect of the brightness difference. If ∆a and ∆b
are both zero, the soil reﬂectance point (S1 ) moves along the original soil line. This case corresponds
to a soil brightness change under an assumption of invariant soil line, often used to investigate the soil
brightness effect on VI.
3.2.

Derivation of Soil Line Inﬂuce on Vegetation Isoline

The vegetation isoline changes as a result of the discrepancies in the soil line parameters and the soil
brightness as illustrated in Figure 1b. The red reﬂectance at top-of-the-canopy is then deﬁned by
ρ0R = ρR + ∆ρR .

(11)

From Equation (49b) in the Appendix and Equation (11), we can write the difference in the red
reﬂectance from the original value only by the variations of the soil reﬂectance of the red band:
∆ρR = kR ∆RsR ,

(12)

2
+ (1 − β).
kR = βTvR

(13)

where
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Figure 1: Illustrations of (a) soil line variation and (b) vegetation isoline variation.
(a)

(b)
NIR reflectance

NIR reflectance

red reflectance

red reflectance

The vegetation isoline equation for the new soil line (Figure 1b) is deﬁned by
ρ0N = a0 γρ0R + D0 ,

(14)

ρ0N = ρN + ∆ρN ,

(15a)

D0 = D + ∆D.

(15b)

where

For a constant canopy, D is only a function of the soil line parameters, a and b. Thus, ∆D can be
written in terms of ∆a and ∆b (without ∆RsR ) by
∆D =

∂D
∂D
∆a +
∆b.
∂a
∂b

(16)

From Equations (6b and 6c), Equation (16) becomes
∆D = −γDR ∆a + kN ∆b,

(17)

2
+ (1 − β)
kN = βTvN

(18)

where kN is deﬁned by

Note that γ, DR and kN are all independent of the soil line parameters.
The vegetation isoline after soil line change can be obtained using Equations (8c), (15b) and (17) in
Equation (14) as
(19)
ρ0N = (a + ∆a)γρ0R + D − γDR ∆a + kN ∆b.
The above result, (19), is one of the objectives of this paper. It indicates two facts: (1) The slope
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of the vegetation isoline is linearly correlated to the amount of difference in the soil line slope, ∆a,
(independent of difference in the offset, ∆b); (2) The offset of the vegetation isoline is linear correlated
to both ∆a and ∆b in opposite ways (one negative and the other positive). It implies that the inﬂuence
of soil line change would cancel out under a certain condition about ∆a and ∆b which will be discussed
in Section 5.
3.3.

Variations of Red and NIR Reﬂectances by Soil Line Variation

In order to identify the shifted point of reﬂectance after the perturbation, Equation (14) can be
rewritten by Equations (8c), (11) and (15b) as
ρ0N = (a + ∆a)γ(ρR + ∆ρR ) + D + ∆D.

(20)

After arranging Equation (20) and using Equation (15a), we have
ρN + ∆ρN = aγρR + D + aγ∆ρR + ∆aγρR + ∆aγ∆ρR + ∆D.

(21)

From Equations (5) and (21), we obtain
∆ρN = ∆aγρR + ∆D + (a + ∆a)γ∆ρR ,

(22)

or using Equations (17) and (12),
∆ρN = ∆aγ(ρR − DR ) + kN ∆b + (a + ∆a)γkR ∆RsR .
Then the variation of the red and NIR reﬂectances are written in a vector form as
] [
] [
]
[
0
1
∆ρR
=
+
∆ρR ,
∆ρN
∆aγρR + ∆D
(a + ∆a)γ
or

[

] [
] [
]
0
1
∆ρR
=
+
kR ∆RsR .
∆ρN
∆aγ(ρR − DR ) + kN ∆b
(a + ∆a)γ

(23)

(24)

(25)

−−→
The above vector is illustrated in Figure 1b. The ﬁrst vector in the RHS is represented by P1 P20 ,
−−→
−−→
corresponding to the variation of S1 S20 in Figure 1a. The second vector represented by P20 P2 also
−−→
corresponds to the variation of S20 S2 in Figure 1a.
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Soil Line Inﬂuence on VI

4.1.

Variations of VI Value by Soil Line Variation

The focus of this subsection is the variation pattern of VI by the three parameters, ∆a, ∆b, and ∆RsR .
Our starting point is a general expression of two-band VI,
V =

p 1 ρN + q 1 ρR + r 1
,
p 2 ρN + q 2 ρR + r 2

(26)

where pi , qi , and ri for i = 1, 2 are parameters that characterize a VI model equation. For example,
Equation (26) becomes NDVI when one sets the parameters p1 , p2 , and q2 as unity, q2 as −1, and r1 ,
and r2 as zero. Note that Equation (26) does not cover VIs using nonlinear forms in the numerator and
denominator, such as MSAVI [10] and GEMI [9].
Assume that the reﬂectances change from ρλ to ρ0λ as a result of the changes in the soil line and the
soil brightness as
(27)
ρλ → ρ0λ = ρλ + ∆ρλ .
The VI value after the soil variation is then written by substituting Equation (27) into Equation (26),
V0 =

p1 ρN + q1 ρR + r1 + p1 ∆ρN + q1 ∆ρR
.
p2 ρN + q2 ρR + r2 + p2 ∆ρN + q2 ∆ρR

(28)

Equation (28) can be further modiﬁed into,
V0 =

(p1 ρN + q1 ρR + r1 )(1 + E1 )
1 + E1
,
=V
(p2 ρN + q2 ρR + r2 )(1 + E2 )
1 + E2

(29)

where the new variables are deﬁned by
Ei =

pi ∆ρN + qi ∆ρR
, (i = 1, 2).
p i ρN + q i ρR + r i

(30)

Ei represents a relative difference of the numerator to the denominator of the VI model equation
before and after the soil line changes. This value is a good measure of the VI variation since the variation,
∆V , can be simply written by these functions as
∆V = V 0 − V = V

E1 − E2
.
1 + E2

(31)

Finally the normalized value of ∆V by V is simply a function of Ei ,
∆V
E1 − E2
.
=
V
1 + E2
Equation (32) describes the variations of VI against the soil line variation.

(32)
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∆V /V as a function of ∆a, ∆b and ∆RsR

In this subsection, we rewrite Equation (32) as a function of ∆a and ∆b. Using Equation (24) in
Equation (30), we obtain
Ei =

pi γρR ∆a + (pi aγ + qi )∆ρR + pi γ∆a∆ρR + pi ∆D
.
p i ρN + q i ρR + r i

(33)

Using Equation (17) for ∆D, Equation (33) becomes
Ei =

pi γ(ρR − DR )∆a + (pi aγ + qi )∆ρR + pi γ∆a∆ρR + pi kN ∆b
.
p i ρN + q i ρR + r i

(34)

The denominator of Equation (34) is represented by ui , which is a variable decided by the reﬂectance
spectrum before the perturbation
u i = p i ρN + q i ρR + r i .
(35)
From Equations (34) and (35), the numerator of Equation (32) can be rewritten by
E1 − E2 = {(u2 p1 − u1 p2 )γ(ρR − DR )∆a
+ [(u2 p1 − u1 p2 )aγ + (u2 q1 − u1 q2 )]∆ρR
+ (u2 p1 − u1 p2 )γ∆a∆ρR + (u2 p1 − u1 p2 )kN ∆b}/u1 u2 (36)
We deﬁne two variables additionally that are invariant by the perturbations as
wp = u2 p1 − u1 p2 ,

(37a)

wq = u2 q1 − u1 q2 .

(37b)

Using the above deﬁnitions, Equation (36) becomes
E1 − E2 =

wp
wq
[γ(ρR − DR )∆a + (aγ +
)∆ρR + γ∆a∆ρR + kN ∆b].
u1 u2
wp

(38)

Finally, from Equation (12), we obtain the following expression,
E1 − E2 =

wq
wp
[γ(ρR − DR )∆a + kR (aγ +
)∆RsR + γkR ∆a∆RsR + kN ∆b].
u1 u2
wp

(39)

The major difference between Equations (38) and (39) is the second term within the bracket, which
is a linear contribution of the soil brightness change. Although we used Equation (39) in this study to
show numerical results, Equation (38) is more practical, since the soil brightness is usually unknown.
The contribution of the third term in the bracket of Equation (39) may be relatively smaller than the
others, since it is a multiplication of two small variables, ∆a and ∆RsR . Neglecting the third term,
Equation (39) can be approximated by the linear combination of the three perturbations,
E1 − E2 ≈

wq
wp
[γ(ρR − DR )∆a + kR (aγ +
)∆RsR + kN ∆b].
u1 u2
wp

(40)
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To further understand the behavior of ∆V /V , we analyze the following case. Considering
Equations (32) and (40), if E2 is small enough compared to unity (e.g., a few percents), ∆V /V can
be approximated by a linear function of each perturbation variable. If that is the case, ∆V /V can be
approximated by
wq
wp
∆V
[γ(ρR − DR )∆a + kR (aγ +
)∆RsR + kN ∆b].
≈
V
u1 u2
wp

(41)

wp , u1 , u2 , γ, (ρR −DR ), kN and kR are all positive for any VIs, which implies that ∆V /V increases with
∆a and ∆b almost linearly. For ∆RsR , the factor, (aγ + wq /wp ), could be either positive or negative,
depending on a choice of VI and a value of LAI. If (aγ + wq /wp ) is negative (which is mostly the case),
∆V /V decreases with ∆RsR .
5.
5.1.

Discussion
Condition for Invariance of Vegetation Isoline Parameters

Considering the slope of a vegetation isoline, the difference of the slope before and after the
perturbation is ∆aγ (independent of ∆b) from Equation (20). Thus, the slope of a vegetation isoline
remains unchanged only when the slope of soil line stays the same. This fact also implies that the
magnitude of the difference between these two isolines becomes larger at a higher LAI value, because
γ becomes larger as LAI increases. In other words, the difference which is normalized by the original
value (aγ) is constant (∆a/a) (independent of LAI).
About ∆D (17), it is a linear combination of ∆a and ∆b with opposite sign of coefﬁcients. Since γ,
DR and kN are all positive (from the deﬁnitions by Equations (6a), (6d) and (18)), a and b counteract
on ∆D. Moreover, D remains the same even after a and b are shifted, if ∆a and ∆b satisfy the
following condition,
∆a
kN
.
(42)
=
∆b
γDR
5.2.

Iso-plane of ∆V /V

The relationship among the three perturbations for a constant ∆V /V (iso-plane) can be obtained from
Equation (41). Deﬁning C as a constant value of ∆V /V , and using the deﬁnition of γ given by linebreak
Equation (6a), we have the following relationship after rearranging the terms,
∆b = −

wq
1
(ρR − DR + ∆RsR )∆a − (a +
)∆RsR + C 0 ,
kR
γwp

(43)

where C 0 is a new constant deﬁned by
C0 =

C
.
kN

(44)

When ∆RsR equals zero, the condition which ∆a and ∆b should satisfy (to obtain constant value of
∆V /V ) becomes
1
(45)
∆b = − (ρR − DR )∆a.
kR
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From Equation (47b) in the appendix, Equation (45) becomes rather simpler form,
∆b = −RsR ∆a.

(46)

This relationship can also be obtained from Equation (9) by setting ∆RsN = 0 in addition to
∆RsR = 0, meaning that the soil reﬂectances remain the same. Although it is a trivial relationship
caused by the assumption we made on the initial soil line changes of Equation (9), it veriﬁes a series of
derivations. Those results indicate that if the soil line parameters, a and b, are shifted toward the opposite
directions (one positive and the other negative), the effects of these shifts would cancel out.
6.

Concluding Remarks

This paper introduced a systematic derivation of soil line inﬂuences on two-band VIs. The variations
of VIs were induced by assuming perturbations of soil line parameters and red band reﬂectance of the
soil surface. We ﬁrst derived the degree of those inﬂuences on vegetation isolines and VIs as a function of
discrepancies in soil line slope (∆a), soil line offset (∆b), and red reﬂectance of the soil surface (∆RsR ).
The sources of discrepancies in vegetation isolines induced by the perturbations were identiﬁed and
related to several vectors representing soil line changes. The same approach was taken to derive a
relationship among ∆V /V and the three parameters. It was found that ∆V /V can be approximated as a
linear combination of the three parameters under certain conditions. These results imply the possibility
of estimating and correcting errors in the VIs induced by the general soil line assumption, which in turn
implies more accurate retrievals of biophysical parameters such as green vegetation fraction based on
the VIs. Since all the ﬁndings of this study have been derived analytically from the equations based on
the physics of photon-vegetation interactions (i.e., vegetation isoline equations)[29], our results and their
implications are deterministic under the conditions and assumptions of this study.
For the application of the derived expressions in practice, the thee parameters (∆a, ∆b, and ∆RsR )
should be quantiﬁed prior to the analysis. Among them, the quantiﬁcation of ∆RsR may need
further consideration to overcome difﬁculties in its determination from actual data. Investigations with
numerical canopy models and actual satellite data to demonstrate the validity and efﬁciency of the
derived expressions are currently in progress.
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A Derivation of Vegetation Isoline Equation
First, we separate the ﬁrst order interaction from the second term of Equation (2),
2
2
Tvλ
Rsλ
Rvλ
+ (1 − β)Rsλ
1 − Rvλ Rsλ
T 2 R2 Rvλ
2
+ (1 − β)]Rsλ + β vλ sλ
= βρvλ + [βTvλ
1 − Rvλ Rsλ

2
Rsλ + β
ρλ = βρvλ + βTvλ

(47a)
(47b)
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The last term of Equation (47b) corresponds to the second and higher order contributions. We deﬁne
the new variable for the last term as
T 2 R2 Rvλ
Oλ2 = β vλ sλ
.
(48)
1 − RvλRsλ
We now write Equation (47b) explicitly for red and NIR bands,
2
2
,
+ (1 − β)]RsN + ON
ρN = βρvN + [βTvN

(49a)

2
2
.
+ (1 − β)]RsR + OR
ρR = βρvR + [βTvR

(49b)

In addition to these equations, we have a soil line equation,
RsN = aRsR + b,

(50)

where a and b are the soil line parameters.
Using Equation (50) in the second term of Equation (49a), we have
2
2
2
.
+ (1 − β)]b + ON
+ (1 − β)]aRsR + [βTvN
ρN = βρvN + [βTvN

(51)

We solve Equation (51) for RsR of the second term of RHS to have
RsR =

2
ρR − βρvR − OR
.
2
βTvR
+ (1 − β)

(52)

2
Note that OR
includes RsR . Using Equation (52) in the second term of Equation (51), we have a
vegetation isoline equation with new deﬁnitions:

ρN = aγρR + D + O2 ,

(53)

where
γ=

2
βTvN
+ (1 − β)
,
2
βTvR + (1 − β)

D = DN − aγDR ,

(54a)
(54b)

2
+ (1 − β)],
DN = βρvN + b[βTvN

(54c)

DR = βρvR ,

(54d)

2
2
,
− aγOR
O 2 = ON
2
2
βTvN
RvN RsN
,
1 − RvN RsN
2
2
βTvR
RvR RsR
2
.
OR =
1 − RvR RsR

2
=
ON

(54e)
(54f)
(54g)

The meanings of the newly deﬁned variables are important to understand the characteristics and
properties of vegetation isolines. The denominator and numerator of γ have the same meaning; they
are a weighted sum of square of the average transmittance and unity, with β and (1 − β) as their

RemoteSensing 2009, 1

855

weights. This weighed sum means the average of the two-way transmittance (T 2 for the covered portion
and 1.0 for uncovered portion) over the target area. Thus, this value is strongly related to the total LAI
through the fraction of green cover β and canopy transmittance T . γ can be understood as the ratio
of the area-averaged two-way transmittance of the NIR band to that of the red band. Note that we
see a separation of optical properties of the two layers in the vegetation isoline slope, since the isoline
slope is a multiplication of the soil optical property (a) and the pure vegetation optical property (γ).
D denotes the NIR-intercept of the isoline which consists of DN and DR , functions of only NIR and
red bands, respectively. Also note that both γ and D do not include the soil reﬂectance, meaning that
both are independent of the soil brightness. O2 term represents the contribution of the higher order
interaction term.
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