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Abstract: Based on two substitute products, we study the inventory and contract coordination strategy
of a three-echelon supply chain, which consists of two suppliers, a manufacturer and a retailer, under
supply disruption and stochastic demand. We investigate the channel gross profit model of the
centralized supply chain and obtain a unique optimal order quantity. Under a decentralized decision,
we find that the commonly-used wholesale price contracts cannot coordinate the system. Then, we
propose a buy-back contract and prove that this contract can more efficiently coordinate the system
than the former. At last, we show that the integrated performance of the decentralized system can
be maximized through choosing the buy-back parameter by the manufacturer and reveal that the
effects of supply uncertainty and the substitution behavior of customers on the optimal decision by
numerical examples.
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1. Introduction

As the globalization of the economy accelerated, today’s supply chains span the globe with the
unexpected changes in market demands and uncertainties of supply. These changes and uncertainties
not only increase risks, but also reduce visibility that, in turn, makes supply chain operations more
vulnerable to unforeseen disruptions. A supply chain might suffer from major supply disruptions
caused by web server internal errors, storms, strikes, workforce reduction, natural disasters, etc.
A supply disruption not only directly affects the supplier, but also results in significant loss to the
downstream members of the supply chain (Li et al. [1]). For example, the earthquake in Japan in
2011 caused Japan’s new vehicle sales in April to be halved, sinking to the lowest monthly tally on
record. Sales of cars fell 51 percent from the year before, and market leader Toyota put in the worst
performance with a 69 percent drop. That is because domestic auto manufacturers felt the full brunt of
the 11 March earthquake, which caused unprecedented disruption to car production. Those natural
disasters had exerted some serious effects on supply chain management.

Reflecting growing concerns over supply chain disruptions, supply chain risk management has
become an emerging research topic (Kihyun et al. [2]). Generally, a coordinated decentralized supply
chain usually performs better than an uncoordinated one (Chen et al. [3]). Supply chain contracts could
provide its coordination; it can also be called coordination in a decentralized supply chain if and only
if the total channel profit of the decentralized supply chain of that contract is equal to the centralized
supply chain system. The study of the contract strategy has a significant and practical meaning for the
supply chain system; recently, scholars have obtained a series of impressive and practical results in
related research fields. Interested readers may refer to Liu and Li [4], Shin and Benton [5], Zhou [6] and
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Arcelus et al. [7]. In our paper, we specially consider two kinds of supply chain contracts, wholesale
price contracts and buy-back contracts, and implement the two contracts for a three-echelon supply
chain in terms of both supply disruption and stochastic demand.

The above observations provide us the motivation for the current work. In this paper, we focus
on three areas of research: research on supply disruption, research on the inventory model with
substitution and research on the contract in a supply chain with stochastic demand. Integrating supply
disruption, the inventory model with substitution and contract coordination into one system is the
innovation of the article. This paper intends to answer the following questions:

(1) How does the supply disruption impact the integrated performance?
(2) How does the dual replacement influence the profit of each member and the total profit of

the system?
(3) How do the wholesale price contract and buy-back contract coordinate the supply chain system

of substitute products?
(4) Which contract strategy could make the channel gross profit recovered?
(5) How does one decide the buy-back price in order to make the channel gross profit recovered?

To answer these questions, we build a three-echelon supply chain setting in which two suppliers
provide the components for a manufacturer; then the manufacturer assembles the products; after
having been assembled, the manufacturer provides the products for the retailer, who sells the final
products to consumers. When the supplier S1 encounters a supply disruption risk, the manufacturer
sends out the order to the spot market immediately and then provides the retailer with substitute
products. In this paper, we aim to study the coordinated role of the contract decision on the
three-echelon supply chain based on substitute products and how to decide the buy-back price to make
the performance under a decentralized decision return to the level of the centralized supply chain.

The contribution of this paper contains four parts. First, we obtain a unique optimal order quantity
of the centralized supply chain by analyzing the channel gross profit function. Second, under the
decentralized decision, we find that the commonly-used wholesale price contracts cannot coordinate
the system, and then, we propose a buy-back contract, which can more efficiently coordinate the system
than the former. Third, we explore the effects of supply uncertainty and the substitution behavior
of customers on the optimal decision of each member through numerical analysis. Fourth, we also
illustrate that the integrated performance of the decentralized system can be maximized through
choosing the buy-back parameter by the manufacturer.

The remainder of this paper is organized as follows: In Section 2, we review the relevant literature.
Section 3 gives us the model description, assumptions and symbols used in the paper. Section 4
presents the model under centralized decision-making. In Sections 5 and 6, we examine the maximal
profit of each member under the decentralized decision in the case of the wholesale price contract and
the buy-back contract, respectively, and analyze the impact of contract parameter on the total profit of
the decentralized supply chain. Section 7 demonstrates that the manufacturer makes the supply chain
more coordinated through controlling the parameter by using numerical examples. The last section
summarizes our research findings and future directions.

2. Literature Review

This paper is closely related to disruption management and supply chain coordination
management. We review the literature that is representative and particularly relevant to our study.

A great number of articles on supply chain systems always assumed that supply is reliable,
namely the quantity of supply equals the quantity of ordering. However, in real commercial activities,
the supply disruption of supply chain upstream enterprises is always inevitable because of the influence
from various indefinite factors and risks, such as equipment failures, natural disasters, unexpected
social events, etc. Serel [8] explored an extension of the single-period (newsboy) inventory problem
when supply is uncertain. Qi et al. [9] investigated a continuous-review inventory problem for a retailer
who faces random disruptions both internally and externally (from its supplier). Hou et al. [10]
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studied a buy-back contract between a buyer and a backup supplier when the buyer’s main supplier
experiences disruptions. Sargnt and Qi [11] studied a continuous-review inventory problem of
a two-echelon supply chain with random supply and retailer disruption. There are three approaches
to characterize supply uncertainty (He et al. [12]). In our model, the supplier’s status shows the
following two situations: one is the stochastic supply problem, which manifests the random function
of ordering quantity; the other is the supply disruption, which means that supply quantity equals
zero (Lou et al. [13]). We can group supply disruption into two general categories: one is that the
supplier cannot provide components or products to the manufacturer; the other is that the supply of
components or products is disrupted in the course of delivery from supplier to manufacturer (Zhang
and Xie [14]). The two kinds of disruptions are contained in this paper. More relevant literature can be
found in He and Zhao [15] and Shao [16].

Similar to the current literature on supply chain management, this paper assumes that the demand
of goods is random. Market demand of some goods is generally unknown in practice. Although
retailer make the decision on the market demand of goods according to the year’s experience of sales
and the market database, this still lacks accuracy. Arcelus et al. [17] studied how a single manufacturer
and retailer coordinate through a buy-back contract when market demand is uncertain. Hu et al. [18]
studied a flexible ordering policy among a manufacturer and a supplier with random yield and
demand uncertainty. The assumption of random demand is more realistic.

There are some more specialized phenomena in the practical commodity transaction market,
i.e., a number of products have a certain substitutability. The degree of substitution depends on the
cost performance of the alternatives and the preference of consumers. Bassok et al. [19] studied
a single period multi-product inventory problem with substitution and proportional costs and
revenues. Balakrishnan and Geunes [20] described a dynamic-programming solution method to
find the production and substitution quantities that satisfy given multi-period downstream demands
at minimum total setup, production, conversion and holding cost. We only consider the unidirectional
substitutability between the two goods unless otherwise stated in this paper.

In addition, the management and optimization of the supply chain are the focuses of the industry
at present and, hence, are used as a tool to reduce negative environmental influence [21]; furthermore,
they are the most popular research fields, as well. In fact, the essence lies in how to coordinate the profit
of each member of the supply chain with the total profit of the whole chain. Pasternack [22] originally
proposed the concept of supply chain contracts. Tsay [23] pointed out that the wholesale price contract
is simple and easy to manage, but coordination between supplier and retailer cannot be realized in
general. More research also proved the view above, such as Lariviere [24], Lariviere and Porteus [25]
and He and Zhao [15]. Padmanabhan [26] showed that the buy-back contract could lead to the retailer
making an irrational order quantity under fixed market demand. For example, in the clothing industry,
the manufacturer buys back part of the unsold products to encourage the retailer to order a large
quantity. Yao [27] discussed the influence of information symmetry and information asymmetry on the
profit of the manufacturer and retailer under the buy-back contract. Yu et al. [28] discussed how the
supply chain deals with emergencies under whole price contracts and buy-back contracts, respectively.
Our work is most related to Yang et al. [29]. They considered the component-purchasing problem
for a supply chain consisting of one retailer and two complementary suppliers with different lead
times and showed that the supply chain can be coordinated if both suppliers offer a returns policy
and Supplier S1 charges an order cancellation penalty to the retailer. Our work differs from Yang’s, as
we do not consider lead time and order cancellation penalty. Instead, we consider the inventory and
contract coordination strategy in a three-echelon supply chain in terms of both supply disruption and
stochastic demand based on two substitute products.

This paper is different from the existing research. The above papers on the supply chain only
examined the order and coordination policy of a two-echelon supply chain involving a single supplier
and a single retailer, and there are few papers on supply chain considering the three-echelon supply
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chain, which consists of multiple suppliers, a single manufacturer, a single retailer in terms of both
supply disruption and stochastic demand; this paper closely relates to these points.

3. Model Description, Assumptions and Symbols

We model an assemble-to-order system involving two component suppliers, a single manufacturer
and a single retailer under a single period. Before the beginning of the sales cycle (the primary inventory
of the system is zero), the retailer works out Q units of ordering quantity according to the forecast of
the market demands and places an order with the manufacturer in advance. After ordering, the retailer
cannot change the quantity. The manufacturer makes its corresponding decision based on the order
from the retailer and respectively orders Q units of necessary component ai (i = 1, 2), which is
offered by the supplier Si (i = 1, 2). The final product A is assembled out of components a1 and a2.
Each supplier only provides one kind of component, and the assembly ratio of component a1 to a2

is 1 : 1. Supplier Si decides the wholesale price wi of component ai (i = 1, 2). Once the necessary
components are delivered, the manufacturer starts to assemble product A immediately. After this is
accomplished, it will be sent to the retailer at once. Suppose that the market demand of product A
a X, and denote the CDF and PDF of X by F(x) and f (x), respectively. This form of assumption has
been used in Christos and George [30], Anastasios et al. [31] and He and Zhao [15]. The above supply
chain can be modeled as in Figure 1.
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Figure 1. Model structures to be studied without the supply disruption.

When the supply of component a1 is suddenly disrupted with probability p before the start of
the production period, the contingency plan replacing a1 with the other component a3 is urgently
activated by the manufacturer. The manufacturer sends out Q units of the order of component a3 to
the spot market at once (the supply capacity is unlimited). The spot market decides the whole price
ws of component a3. After the upgrade product Au is assembled, it will be delivered to the retailer.
The manufacturer decides the wholesale price wm of product A or product Au.

After the sales cycle begins, on account of the shortage of product A, customers can choose
whether to purchase its upgrade product Au according to their needs or preferences. That is,
product A can be replaced by its upgrade product Au. We describe the substitution behavior of
customers with probability β in this paper. Obviously, the market demands of product Au will be βX.
Relevant notations are shown in Table 1.

We make the following assumptions to eliminate unrealistic cases.
Assumption 1. The system is risk-neutral; market information is symmetrical; and the decision-maker

is entirely rational.
Assumption 2. The price su of Au is not less than the price s of A, namely su ≥ s.
Assumption 3. s > wm > cm + w1 + w2 > cm + c1 + c2.
Assumption 4. su > wm > cm + ws + w2 > cm + cs + c2.
Assumption 5. ws > cs, w1 > c1, w2 > c2, cs > c2 > c1.
The assumptions above guarantee that the retailer, the manufacturer and the suppliers are willing

to participate in the market. Similar forms of those assumptions have been widely used by many
authors (e.g., He et al. [12], He and Zhao [15]), which are realistic.
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Table 1. Notes for the symbols.

Decision variables

Q Quantity of product A or Au ordered by the retailer

Parameters

h The unit holding cost
c The unit shortage cost
w The unit lost cost of supplier S1

s The unit retail price of product A
su The unit retail price of product Au

wm The unit wholesale price of A and Au determined by the manufacturer
wi The unit wholesale price of component ai offered by supplier Si

cm The unit manufacturing cost of manufacturer
b the buy-back price for each unit of unsold products
ci The unit product cost of supplier Si

ws The unit wholesale price of component a3 offered by the spot market
cs The unit running cost of spot market
p The probability of supply disruption of component a1

β The probability of substituting Au for A
X The random market demands of product A
µX The mean demand

4. The Performance of the Supply Chain under the Centralized Decision

In this section, we first obtain the expected profit function model of a three-echelon supply chain
in terms of supply disruption and stochastic demand under centralized decision-making and then
analyze the retailer’s optimal decision on the order quantity.

Based on the assumptions above, when the supply of supplier S1 is normal, the channel gross
profit is:

ΠN
c = s min(X, Q)− cmQ− c1Q− c2Q− h(Q− X)+ − c(X−Q)+

where the first term is the total sales revenue for product A, the second term is the manufacturing cost
of the manufacturer and the third and fourth terms are the cost of supplier Si producing component
ai (i = 1, 2). The last two terms are holding cost and shortage cost.

When the supply of component a1 is suddenly disrupted with probability p, the channel gross
profit is:

ΠD
c = su min(βX, Q)− cmQ− csQ− c2Q− wQ− h(Q− βX)+ − c(βX−Q)+

where the first term is the total sales revenue for product Au, the second term is the manufacturing
cost of the manufacturer, the third term is the running cost of buying component a3 of the spot market
and the fourth term is the cost of supplier S2 producing component a2. The fifth term is the lost cost of
supplier S1 because of disruption. The last two terms are holding cost and shortage cost.

Hence, the gross profit function of the supply chain under centralized decision-making is given
by the following expression:

Πc = (1− p)ΠN
c + pΠD

c

= (1− p)[s min(X, Q)− cmQ− c1Q− c2Q− h(Q− X)+ − c(X−Q)+]

+p[su min(βX, Q)− cmQ− csQ− c2Q− wQ− h(Q− βX)+ − c(βX−Q)+]

or, equivalently,
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Πc =



p[(suβX− (cm + cs + c2 + w)Q− h(Q− βX)]

+(1− p)[(sX− (cm + c1 + c2)Q− h(Q− X)], 0 ≤ X < Q
p[(suβX− (cm + cs + c2 + w)Q− h(Q− βX)]

+(1− p)[(sQ− (cm + c1 + c2)Q− c(X−Q)], Q ≤ X < Q
β

p[(suQ− (cm + cs + c2 + w)Q− c(βX−Q)]

+(1− p)[(sQ− (cm + c1 + c2)Q− c(X−Q)], Q
β ≤ X

Consequently, the expected profit function of the integrated supply chain can be expressed as:

E[Πc] = E[pΠD
c + (1− p)ΠN

c ]

= p{
∫ Q

β

0
[(suβx− (cm + cs + c2 + w)Q− h(Q− βx)] f (x)dx

+
∫ +∞

Q
β

[(suQ− (cm + cs + c2 + w)Q− c(βx−Q)] f (x)dx}

+(1− p){
∫ Q

0
[(sx− (cm + c1 + c2)Q− h(Q− x)] f (x)dx (1)

+
∫ +∞

Q
[(sQ− (cm + c1 + c2)Q− c(x−Q)] f (x)dx}

= p(su + h + c)
∫ Q

β

0
(βx−Q) f (x)dx + (1− p)(s + h + c)

∫ Q

0
(x−Q) f (x)dx

+p(su + c1 − s− cs − w)Q− (cm + c1 + c2 − s− c)Q− cµX (βp + 1− p)

Thus,

dE[Πc]

dQ
= −p(su + h + c)

∫ Q
β

0
f (x)dx− (1− p)(s + h + c)

∫ Q

0
f (x)dx

+p(su + c1 − s− cs − w)− (cm + c1 + c2 − s− c)

Note that:

d2E[Πc]

dQ2 = −p(su + h + c) f (
Q
β
)

1
β
− (1− p)(s + h + c) f (Q) ≤ 0

from the first order conditions of profit maximization, we obtain:

p(su + h + c)F(
Q
β
) + (1− p)(s + h + c)F(Q) = p(su − s + c1 − cs − w) + (s + c− cm − c1 − c2) (2)

Denote the optimal order quantity of the supply chain under centralized decision-making by Qc,
and then, we have the following proposition.

Proposition 1. The expected profit function E[Πc] is concave in Q, and hence, there exists a unique Qc

to maximize the integrated performance of the centralized supply chain, which satisfies Equation (2).

Substituting Equation (2) into Equation (1), we obtain the maximal expected profit of the
centralized supply chain as:

E[Π∗c ] = p(su + h + c)
∫ Qc

β

0
βx f (x)dx + (1− p)(s + h + c)

∫ Qc

0
x f (x)dx− cµX (βp + 1− p) (3)
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Proposition 1 indicates that the maximal profit function under centralized decision-making and
the unique optimal order quantity exist. Hence, the main objective of the contract coordination in the
decentralized supply chain is to make the order quantity of the retailer equal to Qc.

5. Analysis on the Decentralized Supply Chain Based on Wholesale Price Contracts

This section considers each member’s profit in the decentralized supply chain under wholesale
price contracts. We first develop the expected profit function model of the retailer and then use
backward induction to obtain the maximal expected profit of each member. Lastly, we obtain that
wholesale price contracts cannot coordinate the decentralized supply chain in terms of both supply
disruption and stochastic demand.

5.1. The Retailer’s Expected Profit and Decision-Making

Based on the assumptions above, given the wholesale price set by the supplier Si(i = 1, 2) and
the manufacturer, respectively, the order quantity of the retailer and the profit function of the retailer
are as follows.

When disruption occurs, the profit of the retailer is:

ΠD
R = su min(βX, Q)− wmQ− h(Q− βX)+ − c(βX−Q)+

where the first term is the total sales revenue for product Au, the second term is the purchase cost of Au,
i.e., the revenue of manufacturer, the third term is holding cost and the fourth term is the shortage cost.

When supply works normally, the profit of the retailer is:

ΠN
R = s min(X, Q)− wmQ− h(Q− X)+ − c(X−Q)+

where the first term is the total sales revenue for product A, the second term is the purchase cost of
product A. The last two terms are the holding cost and shortage cost.

Hence, the expected profit function of the retailer can be expressed as:

E[Πw
R ] = E[pΠD

R + (1− p)ΠN
R ]

= p{
∫ Q

β

0
[suβx− wmQ− h(Q− βx)] f (x)dx +

∫ +∞

Q
β

[Q(su − wm + c)− cβx] f (x)dx} (4)

+(1− p){
∫ Q

0
[sx− wmQ− h(Q− x)] f (x)dx +

∫ +∞

Q
[Q(s− wm + c)− cx] f (x)dx}

Denote the optimal order quantity in the decentralized supply chain under wholesale price
contracts by Qw.

Proposition 2. The expected profit function E[Πw
R ] is concave in Q, and the maximum, Qw, is uniquely

solved by:

p(su + h + c)F(
Q
β
) + (1− p)(s + h + c)F(Q) = p(su − s) + (c + s− wm) (5)

The proof of Proposition 2, as well as the proofs of other propositions are given in the Appendix.
Substituting Equation (5) into Equation (A1), we obtain the maximal expected profit of the retailer as:

E[Πw∗
R ] = p(su + h + c)

∫ Qw
β

0
βx f (x)dx + (1− p)(s + h + c)

∫ Qw

0
x f (x)dx− cµX (βp + 1− p)
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5.2. The Expected Profit of the Supplier and Spot Market

Based on the assumptions and propositions above, we easily obtain that the maximal expected
profit function of supplier S1 is:

E[Πw∗
S1
] = E[(1− p)(w1Qw − c1Qw)− pwQw] = (1− p)(w1 − c1)Qw − pwQw

The maximal expected profit of supplier S2 is:

E[Πw∗
S2
] = E[w2Qw − c2Qw] = (w2 − c2)Qw

and the maximal expected profit of spot market is:

E[Πw∗
SM] = E[p(wsQw − csQw)] = p(ws − cs)Qw

5.3. The Expected Profit of Manufacturer

When the supply of supplier S1 is normal, the profit of the manufacturer is:

ΠN
M = wmQ− cmQ− w1Q− w2Q

where the first term is the total revenue of the manufacturer, the second term is the manufacturing cost
of the manufacturer and the third and fourth terms are the purchase cost of component ai (i = 1, 2).

When the supply of component a1 from supplier S1 is disrupted with probability p, the profit of
the manufacturer is:

ΠD
M = wmQ− cmQ− wsQ− w2Q

where the first term is the total revenue of the manufacturer, the second term is the manufacturing cost
of the manufacturer, the third term is the cost of buying component a3 from the spot market and the
fourth term is the cost of supplier S2 producing component a2.

Consequently, the expected profit function of the manufacturer can be expressed as:

E[Πw
M] = E[(1− p)ΠN

M + pΠD
M]

= E[(1− p)(wmQ− cmQ− w1Q− w2Q) + p(wmQ− cmQ− wsQ− w2Q)]

Set Q = Qw; we then obtain the maximal expected profit of the manufacturer as:

E[Πw∗
M ] = (1− p)(wm − cm − w1 − w2)Qw + p(wm − cm − ws − w2)Qw

Proposition 3. Under wholesale price contracts, the optimal order quantity in the decentralized supply
chain, Qw, is less than that of the supply chain based on centralized decision-making, Qc, namely
Qw ≤ Qc. Therefore, the wholesale price contracts cannot coordinate the decentralized supply chain.

Proposition 3 is similar to He and Zhao [15], so we thus omit the proof.

6. Analysis on Decentralized Supply Chain Based on Buy-Back Contracts

In this section, we mainly pay attention to the decentralized supply chain under buy-back
contracts. It can be seen from the above analysis that wholesale price contracts cannot coordinate
the decentralized supply chain. Thus, we consider the other contract, buy-back contracts, in order to
coordinate the supply chain.

Buy-back contracts, also called the return policy, mean that when the order quantity of the retailer
is greater than the current demands at the end of the sales cycle, the manufacturer buys back unsold
products from the retailer to encourage the retailer to order a larger quantity at the beginning of the
next selling season.
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6.1. The Retailer’s Expected Profit and Decision-Making

When supplier S1 supplies normally, the profit of the retailer is:

ΠN
R = s min(X, Q)− wmQ + b(Q− X)+ − c(X−Q)+

where (x− y)+ ≡ max{x− y, 0}; the first term is the total sales revenue for product A; the second
term is the purchase cost of product A; the third term is the return values from the manufacturer; and
the fourth term is the shortage cost.

When supply disruption occurs, the profit of the retailer is:

ΠD
R = su min(βX, Q)− wmQ + b(Q− βX)+ − c(βX−Q)+

where the first term is the total sales revenue for product Au; the second term is the purchase cost of
Au, i.e., the revenue of manufacturer, the third term is the return values from the manufacturer and
the fourth term is the shortage cost.

Therefore, the expected profit function of the retailer can be expressed as:

E[Πb
R] = E[pΠD

R + (1− p)ΠN
R ]

= p{
∫ Q

β

0
[suβx− wmQ + b(Q− βx)] f (x)dx +

∫ +∞

Q
β

[suQ− wmQ− c(βx−Q)] f (x)dx}

+(1− p){
∫ Q

0
[sx− wmQ + b(Q− x)] f (x)dx +

∫ +∞

Q
[sQ− wmQ− c(x−Q)] f (x)dx} (6)

= p(b− c− su)
∫ Q

β

0
(Q− βx) f (x)dx + (1− p)(b− c− s)

∫ Q

0
(Q− x) f (x)dx

+p(su − s)Q + (s + c− wm)Q− cµX (βp + 1− p)

Thus,

dE[Πb
R]

dQ
= p(b− c− su)

∫ Q
β

0
f (x)dx + (1− p)(b− c− s)

∫ Q

0
f (x)dx

+p(su − s) + (s + c− wm)

Note that:

d2E[Πb
R]

dQ2 = p(b− c− su) f (
Q
β
)

1
β
+ (1− p)(b− c− s) f (Q) ≤ 0

from the first order conditions of profit maximization, we obtain:

p(su + c− b)F(
Q
β
) + (1− p)(s + c− b)F(Q) = p(su − s) + (s + c− wm) (7)

Denote the optimal order quantity in the decentralized supply chain under buy-back contracts by
Qb; we then have the following proposition.

Proposition 4. The expected profit function E[Πb
R] is concave in Q, and the optimal order quantity Qb

is uniquely derived through solving Equation (7).

Substituting Equation (7) into Equation (6), we obtain the maximal expected profit of the retailer as:

E[Πb∗
R ] = p(su + c− b)

∫ Qb
β

0
βx f (x)dx + (1− p)(s + c− b)

∫ Qb

0
x f (x)dx− cµX (βp + 1− p)
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6.2. The Supplier’s and Spot Market’s Expected Profit

Apparently, the maximal expected profit function of supplier S1 is:

E[Πb∗
S1
] = E[(1− p)(w1Qb − c1Qb)− pwQb] = (1− p)(w1 − c1)Qb − pwQb

The maximal expected profit of supplier S2 is:

E[Πb∗
S2
] = E[w2Qb − c2Qb] = (w2 − c2)Qb

and the maximal expected profit of the spot market is:

E[Πb∗
SM] = E[p(wsQb − csQb)] = p(ws − cs)Qb

6.3. The Manufacturer’s Expected Profit

When the supply of supplier S1 is normal, the profit of the manufacturer is:

ΠN
M = wmQ− cmQ− w1Q− w2Q− b(Q− X)+ − h(Q− X)+

where the first term is the total revenue of the manufacturer, the second term is the manufacturing
cost of the manufacturer, the third and fourth terms are the purchase cost of component ai (i = 1, 2),
the fifth term is the buy-back cost and the last term is the holding cost.

When the supply of component a1 is disrupted with probability p, the profit of the manufacturer is:

ΠD
M = wmQ− cmQ− wsQ− w2Q− b(Q− βX)+ − h(Q− βX)+

where the first term is the total revenue of the manufacturer, the second term is the manufacturing cost
of the manufacturer, the third term is the cost of buying component a3 from the spot market, the fourth
term is the cost of supplier S2 producing component a2, the fifth term is the buy-back cost and the last
term is the holding cost.

Consequently, the expected profit function of the manufacturer is given by:

E[Πb
M] = E[(1− p)ΠN

M + pΠD
M]

= E[(1− p)(wmQ− cmQ− w1Q− w2Q− b(Q− x)+ − h(Q− x)+)

+p(wmQ− cmQ− wsQ− w2Q− b(Q− βx)+ − h(Q− βx)+)]

= (1− p)(wm − cm − w1 − w2)Q− (1− p)(b + h)
∫ Q

0
(Q− x) f (x)dx

+p(wm − cm − ws − w2)Q− p(b + h)
∫ Q

β

0
(Q− βx) f (x)dx

Set Q = Qb; we then obtain the maximal expected profit of the manufacturer as:

E[Πb∗
M ] = (1− p)(wm − cm − w1 − w2)Qb − (1− p)(b + h)

∫ Qb

0
(Qb − x) f (x)dx

+p(wm − cm − ws − w2)Qb − p(b + h)
∫ Qb

β

0
(Qb − βx) f (x)dx

To make each member maximize their own profit while coordinating the supply chain, we can
encourage the retailer to order the same amount as the centralized decision-making, namely, Qb = Qc.
Combining Equations (2) and (7), we have:
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
p(su + c− b)F(Qb

β ) + (1− p)(s + c− b)F(Qb) = p(su − s) + (s + c− wm)

p(su + c + h)F(Qc

β ) + (1− p)(s + c + h)F(Qc) = p(su − s + c1 − cs − w) + (s + c− cm − c1 − c2)

Qb = Qc

or, equivalently,
p(su + c− b)F(Qb

β ) + (1− p)(s + c− b)F(Qb)− p(su − s)− (s + c− wm) =

p(su + c + h)F(Qc

β ) + (1− p)(s + c + h)F(Qc)− p(su − s + c1 − cs − w)− (s + c− cm − c1 − c2)

Qb = Qc

(8)

From Equation (8), we obtain:

b∗ =
p(c1 − cs − w) + (wm − cm − c1 − c2)

pF(Qc

β ) + (1− p)F(Qc)
− h (9)

we then have the following proposition.

Proposition 5. The decentralized supply chain can be coordinated by buy-back contracts, only if the
buy-back parameter b satisfies Equation (9).

Proposition 5 presents a method to coordinate the decentralized supply chain channel through
choosing a suitable buy-back parameter.

7. Numerical Examples

In this section, we present some numerical examples to gain further insights. We assume that the
final demand faced by the retailer for the products A and Au is uniformly distributed over the interval
(50, 150). In our numerical study, the basic parameter values are given as: s = 16, su = 19, wm = 13,
h = 2, w = 1, c = 0.5, cm = 2, w1 = 3.4, w2 = 4, ws = 5, c1 = 2, c2 = 3, cs = 3.5, p ∈ {0.2, 0.3, 0.5},
β ∈ {0.60, 0.70, 0.85}. Demand has a mean of µX = 100.

For the model under the centralized decision-making, the optimal order quantity of the retailer,
Qc, and the optimal integrated performance, E[π∗c ], are given in Table 2. Table 2 reveals that an increase
in the probability of the supply disruption damages the performance of the supply chain under
centralized decision-making. As expected, the higher the market share, β, is, the more integrated the
performance, E[π∗c ], is.

Table 2. Total profit of the centralized system.

p β Qc E[π∗
c ]

0.2 0.70 91.44 605.92
0.85 96.43 644.13

0.3 0.70 87.3 580.79
0.85 93.97 628.64

0.5 0.70 80.26 540.37
0.85 89.56 602.09

Table 3 shows the optimal order quantity, Qw, each member’s maximal profit and the total profits,
E[π∗w], of the supply chain based on wholesale price contracts under decentralized decision-making.
As the probability of disruption increases, both the order quantity of the retailer and the total profit of
the supply chain will decrease. As expected, a higher p reduces the expected profit of the manufacturer
and supplier Si (i = 1, 2), while positively influencing the retailer’s and spot-market’s profit.

Table 4 represents the optimal buy-back parameter, b∗, the optimal order quantity, Qb, the maximal
profit of each member and the maximal channel profits, E[π∗b ], of the supply chain based on buy-back
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contracts under decentralized decision-making. As shown above, the higher the probability of
disruption is, the less buy-back parameter b∗ and the total profit of the supply chain are.

Table 3. Maximal profit of supply chain members with wholesale price contracts.

p β Qw E[πw∗
R ] E[πw∗

M ] E[πw∗
S1

] E[πw∗
S2

] E[πw∗
SM ] E[π∗

w]

0.2 0.70 65.18 175.24 234.65 59.87 65.18 19.55 554.59
0.85 68.73 189.86 247.43 63.23 68.73 20.62 589.87

0.3 0.70 63.61 184.6 216.27 43.25 63.61 28.62 536.35
0.85 68.65 205.81 233.41 46.68 68.65 30.89 585.44

0.5 0.70 60.96 205.03 182.88 12.19 60.96 45.72 506.78
0.85 68.5 237.64 205.5 13.7 68.5 51.37 576.72

Table 4. Maximal profit of supply chain members with buy-back contracts.

p β b∗ Qb E[πb∗
R ] E[πb∗

M ] E[πb∗
S1
] E[πb∗

S2
] E[πb∗

SM ] E[π∗
b ]

0.2 0.70 9.16 91.44 230.44 172.49 84.12 91.44 27.43 605.92
0.85 9.04 96.43 246.63 183.42 88.72 96.43 28.93 644.13

0.3 0.70 8.82 87.3 238.59 156.26 59.36 87.3 39.28 580.79
0.85 8.73 93.97 258.17 170.41 63.8 93.97 42.29 628.64

0.5 0.70 8 80.26 255.52 128.34 16.05 80.26 60.2 540.37
0.85 8 89.56 281.15 146.3 17.91 89.56 67.17 602.09

From Tables 2–4, we find that the total profit of the supply chain under buy-back contracts can
reach the integrated performance of the centralized decision-making through choosing a suitable
buy-back parameter, b∗. Namely, buy-back contracts can efficiently coordinate the decentralized
supply chain.

Denote the retailer’s maximal profit, the manufacturer’s, the spot market’s, and the maximal
profit of the supplier Si (i = 1, 2) by R, M, SM and Si, respectively. Figures 2–4 compare the maximal
profit of each member under wholesale price contracts with that under buy-back contracts in the
decentralized supply chain when p = 0.2, p = 0.3, p = 0.5, respectively. We find that coordination can
enhance each member’s profit, except the manufacturer’s. As the probability of substituting product
Au for product A increases, the maximal profit of each member increases in the sense of both wholesale
price contracts and buy-back contracts.
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Figure 2. Comparison of the profits in two cases: (a) wholesale price; and (b) buy-back contract (p = 0.2).
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Figure 3. Comparison of the profits in two cases: (a) wholesale price; and (b) buy-back contract (p = 0.3).
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Figure 4. Comparison of the profits in two cases: (a) wholesale price; and (b) buy-back contract (p = 0.5).

Denote the maximal total channel profits of the centralized supply chain, that of the decentralized
system under wholesale price contracts and that of the decentralized system under buy-back contracts
by CSC, WPC and BBC, respectively. Figure 5 shows that the buy-back contracts can coordinate the
decentralized supply chain more effectively than the wholesale price contracts when the supply of
component a1 is disrupted, and the total channel profits under the decentralized decision can recover
to the level of the centralized decision under the buy-back contracts.
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Figure 5. Comparison of the channel profit in three case of the centralized supply chain (CSC),
the wholesale price contract (WPC) and the buy-back contract (BBC) when β = 0.6.
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8. Conclusions

This paper investigates the inventory decision of a retailer and the optimal contract in
a multi-echelon supply chain in terms of both supply disruption and stochastic demand based on
substitute products. We first obtained the optimal quantity of the supply chain under centralized
decision-making. Then, we analyzed the corresponding profit function model under the decentralized
decision in the case of wholesale price contracts and buy-back contracts, we found that the
decentralized supply chain can be coordinated by buy-back contracts rather than by wholesale price
contracts and then drew the conclusion that a properly-designed buy-back policy is able to efficiently
coordinate the decentralized supply chain by comparing with the channel total profit under the
centralized decision. In fact, we present a more effective method to make the channel total profit under
the decentralized decision return to the level of that under centralized decision-making.

Our study is constrained by some assumptions and conditions, such as a single period, a single
retailer, a single manufacturer, no stochastic supply, etc. Future research can be extended by relaxing
or changing some assumptions and conditions made in this paper. For example,

(1) considering the optimal order quantity of the retailer under both stochastic demand and supply;
(2) giving a more detailed description and quantitative analysis for the influence of substitute

products on the performance of the supply chain;
(3) considering a multi-period supply chain model based on both stochastic demand and supply.

All of the questions above may be worthwhile to derive theoretical results.

Acknowledgments: The authors are indebted to the anonymous referees for insightful comments and suggestions,
which have greatly improved the presentation of this manuscript and for bringing our attention to recent
publications in the relevant literature. This article was supported by National Natural Science Foundation of
China (71471148) and the Natural Science Foundation of Gansu, China (1104GKCA030).

Author Contributions: All three authors contributed to the scientific study and writing. Rongfang Yan is the
principal investigator of this work. He conceived the idea of this paper and wrote the manuscript; Bin Lu and
Jianjun Wu contributed to mathematical modeling work and language editing in the manuscript . All authors
have read and approved the final manuscript.

Conflicts of Interest: The author declares no conflict of interest.

Appendix

Proof of Proposition 2. We can rewrite Equation (4) as:

E[Πw
R ] = p(su + h + c)

∫ Q
β

0
(βx−Q) f (x)dx + (1− p)(s + h + c)

∫ Q

0
(x−Q) f (x)dx

+p(su − s)Q + (s + c− wm)Q− cµX (βp + 1− p) (A1)

Thus,

dE[Πw
R ]

dQ
= −p(su + h + c)

∫ Q
β

0
f (x)dx− (1− p)(s + h + c)

∫ Q

0
f (x)dx + p(su − s) + (s + c− wm)

Note that:

d2E[Πw
R ]

dQ2 = −p(su + h + c) f (
Q
β
)

1
β
− (1− p)(s + h + c) f (Q) ≤ 0

Consequently, E[Πw
R ] is concave in Q. The unique optimum should satisfy the first order

conditions and, hence, complete the proof.
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Proof of Proposition 5. Under buy-back contracts, the channel total profit of the decentralized supply
chain is given by:

E[Π∗b ] = E[Πb∗
R ] + E[Πb∗

M ] + E[Πb∗
S1
] + E[Πb∗

S2
] + E[Πb∗

SM]

Now, set Qb = Qc; we have:

E[Π∗b ] = {p(su + c− b)
∫ Qc

β

0
βx f (x)dx + (1− p)(s + c− b)

∫ Qc

0
x f (x)dx− cµX (βp + 1− p)}

+{(1− p)(wm − cm − w1 − w2)Qc − (1− p)(b + h)
∫ Qc

0
(Qc − x) f (x)dx

+p(wm − cm − ws − w2)Qc − p(b + h)
∫ Qc

β

0
(Qc − βx) f (x)dx}

+{(1− p)(w1 − c1)Qc − pwQc}+ {(w2 − c2)Qc}+ {p(ws − cs)Qc} (A2)

= p{((su + c + h)
∫ Qc

β

0
βx f (x)dx− (b + h)

∫ Qc
β

0
Qc f (x)dx

+(c1 − cs − w)Qc}+ (1− p){(s + c + h)
∫ Qc

0
x f (x)dx

−(b + h)
∫ Qc

0
Qc f (x)dx}+ (wm − cm − c1 − c2)Qc − cµX (βp + 1− p)

Note that:

b∗ =
p(c1 − cs − w) + (wm − cm − c1 − c2)

pF(Qc

β ) + (1− p)F(Qc)
− h

or equivalently,

p(b + h)
∫ Qc

β

0
f (x)dx + (1− p)(b + h)

∫ Qc

0
f (x)dx = p(c1 − cs − w) + (wm − cm − c1 − c2) (A3)

Substituting Equation (A3) into Equation (A2), we have:

E[Π∗c ] = p(su + h + c)
∫ Qc

β

0
βx f (x)dx + (1− p)(s + h + c)

∫ Qc

0
x f (x)dx− cµX (βp + 1− p) (A4)

Comparing Equations (A4) and (3), we find that: E[Π∗b ] = E[Π∗c ]. This shows that the buy-back
contracts can coordinate the decentralized supply chain, if b = b∗, and, hence, complete the proof.
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