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Abstract: Heterogeneous cellular networks (HCNs) have emerged as the primary solution for
explosive data traffic. However, an increase in the number of base stations (BSs) inevitably leads to
an increase in energy consumption. Energy efficiency (EE) has become a focal point in HCNs. In this
paper, we apply tools from stochastic geometry to investigate and optimize the energy efficiency (EE)
for a two-tier HCN. The average achievable transmission rate and the total power consumption of
all the BSs in a two-tier HCN is derived, and then the EE is formulated. In order to maximize EE,
a one-dimensional optimization algorithm is used to optimize picocell BS density and transmit power.
Based on this, an alternating optimization method aimed at maximizing EE is proposed to jointly
optimize transmit power and density of picocell BSs. Simulation results validate the accuracy of
the theoretical analysis and demonstrate that the proposed joint optimization method can obviously
improve EE.
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1. Introduction

Mobile wireless communications have experienced explosive growth over the past decade,
which has resulted in higher data rate and coverage requirements [1,2]. Heterogeneous cellular
networks (HCNs) were introduced to address the exponential growth of mobile data traffic [3,4].
A typical multi-tier HCN consists of a macrocell for long-range coverage and several tiers of low-power,
small cells for short-range coverage, such as picocells [5]. The deploying of multi-tier base stations
(BSs) can enhance network throughput and mobile quality-of-service (QoS) [6,7]. Energy efficiency
(EE) is one of the major parameters in the design of HCNs [8–12]. It has been revealed that 70%–80% of
the energy consumption in a cellular network is attributed to the operations of the BSs [13]. Therefore,
reducing energy consumption of BSs is critical to improve the EE of HCNs.

Stochastic geometry theory—Poisson point process (PPP) in particular—provides an effective and
tractable method to analyze the performance of HCN [14–17]. Previous authors [18–21] have analyzed
the total power consumption minimization frameworks under different performance constraints. In one
study [22], the authors suggested that the power consumption of cellular networks be minimized by
dynamically switching BSs on or off. In [23], the authors suggested power consumption be reduced via
a joint sleeping strategy and power control. The works in [18–23] consider network power consumption
rather than EE. In [24], the authors analyzed the EE of HCNs, however, no optimal EE scheme was
given. In [25–27], the authors focused on the tradeoff between the spectral efficiency (SE) and the EE of
HCNs, however, the closed-form expression of EE was not obtained. In [28], the authors analyzed the
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impact of BS transmit power on EE of HCNs and proposed an algorithm to find the optimal picocell
BS transmit power in order to maximize EE. In [29], the EE was given in a tractable, closed-form
formulation. Moreover, it has been mathematically proven that the EE is a unimodal and strictly
pseudo-concave function in the transmit power given the density of the base stations, and likewise in
the density of the base stations given the transmit power. In [30], the influence of parameters such
as BSs’ transmit powers and inter-site distances on EE was analyzed. In [31], the optimization of
BS density to enhance EE through traffic-aware sleeping strategies in both one- and two-tier cellular
networks was researched. In [32–36], area spectral efficiency (ASE) and EE of ultra-dense cellular
networks were analyzed or optimized.

In this paper, we prefer to analyze and maximize the EE of a two-tier HCN. In previous works,
EE has usually been defined as the ratio of sum rate to total power consumption [24,37–40]. In [24],
the rate was computed based on the signal-to-interference ratio (SIR) threshold; the rate thus obtained
should be the lower bound of the actual rate. The rate in [37–40] was based on either real-time signal
to interference plus noise ratio (SINR) or SIR, which is equivalent to channel capacity. Unlike the
previous works, in this paper, EE is defined as the ratio of average achievable transmission rate to BS
power consumption. Considering that the service providers are interested in knowing the average
rate they can provide to the users that are within coverage, the rate in this paper is computed on the
condition that the user equipment (MU) is within coverage. In HCNs, the deployment of BSs has a
notable impact on the EE [12,35]. In this paper, we intend to maximize the EE by jointly optimizing the
deployment density and transmit power of picocell BSs.

The main contributions of this paper are as follows. First, we analyze and obtain the average
achievable transmission rate of a two-tier HCN. Next, we investigate the total power consumption
of all BSs in the per unit area of a two-tier HCN. Based on this, we derive the formulation of EE for
a two-tier HCN with respect to MU density, BS densities, target signal-to-interference ratio (SIR),
and power consumption of BSs. Then, we use a one-dimensional search algorithm to find the optimal
density and transmit power, respectively. Finally, we propose a joint optimization strategy for picocell
BS density and transmit power that can maximize EE.

The remainder of this paper is organized as follows. Section 2 introduces the system model.
Section 3 analyzes the EE. The proposed EE optimization scheme is presented in Section 4. Simulation
results are discussed in Section 5. Section 6 concludes the paper.

2. System Model

A downlink two-tier HCN comprising macrocells and picocells is considered. Macro BSs (MBSs)
and pico-BSs (PBSs) are characterized by the corresponding density, transmit power, and target SIR.
BSs in the k-th tier are modeled as a PPP φk (k = 1, 2) in the two-dimensional Euclidean plane, whose
density, transmit power, and target SIR are denoted as λk, PTk, and γk, respectively. Mobile user
equipment (MUE) is modeled by another independent PPP with density λu. As shown in Figure 1,
different cells in different tiers could be separate, overlapping, or included.

Given the stationary nature of the network model, network performance can be characterized by
considering the throughput of a typical MUE located at the represented origin [11]. The typical MUE is
called tagged MUE, and its serving BS is called a tagged BS. The distance between the tagged MUE and
the tagged BS located at x ∈ φk(k = 1, 2) is denoted as dx. The propagation channel is characterized
by both path loss and small-scale fading. The received power at the tagged MUE attributed to the
transmission from its serving BS is PTkhxd−αx , where α > 2 is the path-loss exponent and hx~exp(1) is a
random variable modeling Rayleigh fading. All channel coefficients are assumed to be independent
identically distributed (i.i.d). Thus, SINR of the tagged MUE is

SINR(x) =
PTkhxd−αx

Ix + σ2 =
PTkhxd−αx

2∑
k=1

∑
x′∈φk\{x}

PTkhx′d−αx′ + σ2

, x ∈ φk (1)
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where Ix is the cumulative interference from all of the tiers when the tagged MUE is served by the
tagged BS located at x, while σ2 is the noise power. Typical HCNs are interference-limited; the noise
power can be neglected in interference-limited cellular networks [14]. Therefore, in the following
analysis, we use SIR instead of SINR. SIR of the tagged MUE can be written as

SIR(x) =
PTkhxd−αx

Ix
=

PTkhxd−αx
2∑

k=1

∑
x′∈φk\{x}

PTkhx′d−αx′

, x ∈ φk (2)
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Figure 1. A two-tier, heterogeneous cellular network. 

3. Energy Efficiency Analysis 

Definition 1. In this paper, the energy efficiency is defined as the ratio of the average achievable rate to BS 
power consumption in the HCN. The EE indicates the total downlink rate that an HCN can achieve with 
certain power consumption. 
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EE
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R
P
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Figure 1. A two-tier, heterogeneous cellular network.

3. Energy Efficiency Analysis

Definition 1. In this paper, the energy efficiency is defined as the ratio of the average achievable rate to BS power
consumption in the HCN. The EE indicates the total downlink rate that an HCN can achieve with certain power
consumption.

ηEE =
Rtotal
Ptotal

(3)

where Rtotal is the total average achievable transmission rate and Ptotal is the total power consumption of BSs.
Firstly, we characterize the average achievable transmission rate. Then, we obtain the total power consumption
of BSs and formulate the network EE.

3.1. The Average Achievable Transmission Rate of A Two-Tier HCN

We assume am open access strategy, where a typical MU can connect to a BS in any tier without
any restriction (i.e., each MUE is served by the BS providing the highest received SIR).

Definition 2. The coverage probability of the target MUE served by the k-th tier BS is defined as

Pcov(γk) = P
(
∪

x∈φk
SIR(x) > γk

)
= E

[
1
(
∪

x∈φk
SIR(x) > γk

)]
, k = 1, 2 (4)



Future Internet 2019, 11, 208 4 of 11

This definition represents the probability that the tagged MUE can achieve a target SIR γk when it
is served by a BS in the k-th tier. Assuming γk > 1 (0 dB), at most one BS in the entire network can
provide SIR greater than the required threshold, γk [14]. This assumption is easy to satisfy, except for
with the users at the edge of the cell; the simulated and analytical results match reasonably well for a
distinct minority (cell edge users). Under this assumption, Equation (4) can be written as [14]

Pcov(γk) = T(α)
λkPTk

2/αγk
−2/α∑2

k=1 λkPTk
2/α

,γk > 1 (5)

where T(α) = sin(2π/α)
2π/α . Under unit bandwidth, the average achievable rate R achieved by a randomly

located MUE when it is within coverage can be expressed as [14]

R = E
[

log
(
1 + max

x∈φk,(k=1,2)
SIR(x)

)∣∣∣∣∣∣ ∪
x∈φk,(k=1,2)

SIR(x) > γk

]
= log(1 + γmin) +

∑2
k=1

∫
∞

γmin

max(γk ,t)−2/α

1+t dtPTk
2/αλk∑2

k=1 PTk
2/αγ−2/α

k λk

(6)

where γmin = min
k

{
γk

}
. We observe that the average rate expression involves only a single integral,

which can be easily evaluated numerically. For the sake of tractability, we assume that each BS equally
allocates the frequency resource among its serviced MUEs, and the bandwidth of the single frequency
band is B. The average achievable rate of a randomly chosen MUE when it is within coverage of BSs in
the k-th tier can be expressed as

Rk =
B

Uk
ρkR (7)

where Uk is the average number of MUEs served by the tagged BS in the k-th tier, and ρk is the average
fraction of MUEs to be served by the k-th tier BSs. In other words, ρk represents the proportion of the
MUE coverage contributed by the BS in the k-th tier. As MUEs have different bandwidths when they
access BSs in different tier, we need to distinguish which tier of BSs covers the MUEs. So, we use ρk in
Equation (7). Based on corollary 2 in [14], in open access mode, the average fraction of MUEs served
by k-th tier BSs is

ρk =
λkP2/α

Tk γ
−2/α
k∑2

k=1 λkP2/α
Tk γ

−2/α
k

(8)

According to Lemma 1 in [39] and Equation (9) in [24], Uk can be expressed as

Uk = 1 + 1.28ρkλu/λk (9)

According to the above analyses, the total average achievable rate can be readily defined.

Definition 3. The total average achievable rate of a two-tier HCN is defined as

Rtotal = AλuR1 + AλuR2 (10)

where A is the area of HCNs and λu is the density of MUE. R1 and R2 represent the average achievable rate of
a randomly chosen MUE when it is under coverage of BSs in the 1-th tier or the 2-th tier, respectively. Thus,
we can get the total average achievable rate of a two-tier HCN.

3.2. Total Power Consumption of Two-Tier HCN

When referring to BS power consumption, it is generally agreed that BSs have two types of power
consumption: circuit power consumption and transmit power consumption [38,40]. The circuit power
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consumption is caused by signal processing, site cooling, and battery backup. In this paper, we use the
linear approximation model given by [41]:

Pk = NTRk·PCk + θkPTk (11)

where NTRk is the number of transceivers of a BS in the k-th tier; each transceiver serves one transmit
antenna element. Here, PCk is the static power expenditure and θk is the slope of load-dependent
power consumption. Thus, the total power consumption of all BSs in a two-tier HCN can be written as

Psum = Aλ1(NTR1·PC1 + θ1PT1) + Aλ2(NTR2·PC2 + θ2PT2) (12)

3.3. Energy Efficiency of Two-Tier HCN

Substituting Equations (10) and (12) into Equation (3), the energy efficiency of a two-tier HCN can
be expressed as

ηEE = AλuR1+AλuR2
Aλ1(NTR1·PC1+θ1PT1)+Aλ2(NTR2·PC2+θ2PT2)

=
BλuR

(
2∑

k=1

ρkλk
λk+1.28ρkλu

)
λ1(NTR1·PC1+θ1PT1)+λ2(NTR2·PC2+θ2PT2)

(13)

where ηEE represents network EE. Actually, γk, NTRk, θk, and PCk can be regarded as constants.
From Equation (13), we can see that the network EE is only determined by the density of MU,
the densities of BSs, and the transmit powers of BSs.

4. Energy Efficiency Optimization

Generally speaking, macrocell BSs are used to provide basic coverage, so their transmit power and
density settings must ensure basic coverage. At the same time, due to the mobility and randomness of
MUEs, their density cannot be controlled. Hence, we intend to improve the energy efficiency by jointly
optimizing the transmit power and density of picocell BSs. Based on the above considerations, in this
section, the density and the transmit powers of macrocell BSs and the density of MUE (i.e., λ1, PT1,
and λu) are assumed to be given. It is difficult to directly optimize the density and transmit power of
picocell BSs jointly, so we first discuss the optimization based on density and power separately.

4.1. Density Optimization Given the Transmit Power of Picocell BSs

In this section, we analyze the optimal density of picocell BSs in order to maximize the EE
formulated in Equation (13). The optimization problem can be expressed as

max
λ2

ηEE

s.t. λ2 ≥ λmin,λ2 ≤ λmax
(14)

In Equation (14), ηEE is the objective function of the optimization problem, and density is the
optimal variable. Here, λmin > 0 and λmax > 0 are the minimum and maximum density of the BSs,
respectively. We assume, without loss of generality, λmin → λ1 and λmax → λu . Through symbolic
computation and simulation, we find that the objective function is a convex function and has the global
optimum. According to the properties of convex functions, any extreme point of a convex function
within a convex set is also its best point. Therefore, we use the one-dimensional optimization algorithm
to find the optimal point of the objective function in the effective interval. In this paper, the golden
section method is adopted to find the optimal solution of the optimization problem in Equation (14),
and the solution is given by

λ̃
opt
2 = max

{
λmin, min

{
λ∗2,λmax

}}
(15)

where λ∗2 is the only stationary point of the objective function.
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4.2. Transmit Power Optimization Given the Density of Picocell BSs

In this section, we analyze the optimal transmit power of picocell BSs. The optimization problem
can be expressed as

max
PT2

ηEE

s.t. PT2 ≥ Pmin, PT2 ≤ Pmax
(16)

In Equation (14), ηEE is the objective function of the optimization problem, and transmit power is
the optimal variable. Here, Pmin > 0 and Pmax > 0 are the minimum and maximum transmit power of
the BSs, respectively. We assume, without loss of generality, that Pmin → 0 and Pmax → PT1 . Through
symbolic computation and simulation, we find that the objective function is also a convex function and
has the global optimum. Similar to the solution to the optimization problem given in Equation (14),
the golden section method is adopted to find the optimal solution to the optimization problem, and the
solution is given by

P̃opt
T2 = max

{
Pmin, min

{
P∗T2, Pmax

}}
(17)

where P∗T2 is the only stationary point of the objective function.

4.3. Joint Optimization of Density and Transmit Power

In Sections 4.1 and 4.2, we have solved the optimization problem formulated in Equation (14)
with respect to λ2 for a given PT2 and the optimization problem formulated in Equation (16) with
respect to PT2 for a given λ2, respectively. In this section, we tend to find the optimal pair

(
Popt

T2 ,λopt
2

)
that jointly maximizes the EE in Equation (13). The joint optimization problem can be formulated as

max
λ2,PT2

ηEE

s.t. Pmin ≤ PT2 ≤ Pmax,λmin ≤ λ2 ≤ λmax
(18)

By using these results obtained in Sections 4.1 and 4.2, we propose an alternating optimization
method to solve the joint optimization problem given in Equation (18). This method iteratively
optimizes λ2 for a given PT2 and PT2 for a given λ2 until convergence of the EE within a desired level
of accuracy. The algorithm that solves Equation (18) based on the alternating optimization method is
given in Algorithm 1.

Algorithm 1. Alternating Optimization of Density and Transmit Power

Step 1: Let PT2 ∈ [Pmin, Pmax], λ2 ∈ [λmin,λmax]

Step 2: Set λ̃opt
2 ∈ [λmin,λmax](initial); E = 0; ε = 10−5;

Step 3: Set E0 = E;

Step 4: Solving Equation (16) with given λ2 = λ̃
opt
2 , denote optimal solution as P∗T2, get

P̃opt
T2 = max

{
Pmin, min

{
P∗T2, Pmax

}}
, solving Equation (14) with given PT2 = P̃opt

T2 , denote optimal

solution as λ∗2, get λ̃opt
2 = max

{
λmin, min

{
λ∗2,λmax

}}
;

Step 5: E = ηEE(λ̃
opt
2 , P̃opt

T2 );

Step 6: If |E− E0|/E > ε, jump to step 3;

Step 7: Return λopt
2 = λ̃

opt
2 , Popt

T2 = P̃opt
T2 .

First, the optimization range of variables is given as PT2 ∈ [Pmin, Pmax], λ2 ∈ [λmin,λmax]. Second,

the initial iteration value of density is given as λ̃opt
2 ∈ [λmin,λmax], the initial iteration value of EE is

given as E = 0, and the desired level of accuracy is given as ε = 10−5. Third, we iteratively optimize
λ2 for a given PT2 and PT2 for a given λ2 until convergence of the EE within a desired level of accuracy.
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Last, the optimal solution pair and optimal pair
(
Popt

T2 ,λopt
2

)
meeting the desired accuracy requirement

is obtained.

5. Simulation Results

In this section, a series of numerical simulations are carried out to verify the accuracy of our derived
EE equation and the effectiveness of our proposed optimization algorithm. Simulation parameters are
listed in Table 1. For the power consumption model, we refer to the statistics in [41].

Table 1. Simulation parameters.

Parameters Name Values

Bandwidth 107 Hz
HetNet area 10 × 10 km2

Density of MUEs, λu 0.025 m−2

Density of macrocell BS, λ1 10−5 m−2

Path-loss exponent, α α = 4
Circuit power consumption of MBS, PC1 130 W

Transmit power of MBS, PT1 20 W
Number of transceivers of MBS, NTR1 6
Slope of MBS power consumption, θ1 4.7

Circuit power consumption of PBS, PC2 6.8 W
Transmit power of PBS, PT2 0.13 W

Number of transceivers of PBS, NTR2 2
Slope of PBS power consumption, θ2 4.0

Figure 2 shows the impact of picocell BS density on EE. It can be seen that the simulation results
are in line with the theoretical results, which validates the correctness of EE expression in Equation
(13). We can see that if the MUE density, the macrocell BS density, and the power consumption of BS
are given, there must exist an optimal picocell BS density that can maximize EE. It can be seen that the
EE increases first and then decreases with the increase of the density of the picocell BS. The reason
for the increase is that with the increase of the density of the picocell BS, since the distance from the
picocell BS to the MUE is obviously smaller than that from the macrocell BS to MUE, more users will
access the picocell BS. Additionally, the power consumption of the picocell BS is small, so EE will be
improved at this time. However, when the density of the picocell BS is greater than a given value,
the number of access users will be saturated, while a continuous increase of the density of the picocell
BS will lead to an increase of power consumption, meaning the EE will gradually decrease.
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In addition, both biased mode and unbiased mode are compared in this simulation. Unbiased
mode means that the SIR threshold of a microcell BS is the same as that of a picocell BS, while biased
mode means that the SIR threshold of a microcell BS is higher than that of a picocell BS. The target SIR
for the picocell BSs is set to 10 dB, while the target SIRs for picocell BSs are set to 10 dB in unbiased
mode and 5 dB in biased mode, respectively. It can be seen that when λ2 is not very low, bias technology
helps to improve EE. This is because, in both unbiased mode and biased mode, more MUEs choose to
access macrocell BSs when the distribution of picocell BSs is sparse, since macrocell BSs can provide
higher SIR compared to picocell BSs. In this case, the EEs of the two modes are close to each other.
With the increase of the picocell BSs density, in biased mode, increasingly more MUEs choose to access
picocell BSs. Because the power consumption of a picocell BS is much lower than that of a macrocell
BS, the EE of the biased mode is much higher.

Figure 3 gives the average EE against the transmit power of picocell BSs. Figure 3 shows the
impact of picocell BS transmit power on EE. The target SIR for the macrocell BSs and picocell BSs are
set to 10 dB and 5 dB, respectively. It can be seen that the EE increases first and then decreases with
the increase of the transmission power of the picocell BS. The reason for the increase is that with the
increase of the transmission power of the picocell BS, since the SIR threshold of the micro-base station is
low, increasingly more users will access the micro-base-station, while because the power of the picocell
BS is small, EE will be improved at this time. However, when the transmission power of the picocell BS
is greater than a given value, the number of access users will be saturated, and the continuous increase
of the transmission power of the picocell BS will not lead to the increase of network throughput, so the
EE will gradually decrease. It can also be seen that the simulation results are in line with the theoretical
results. In addition, we can conclude that if λu, λ1, λ2, and PT1 are given, we can find an optimal PT2

that maximize EE.Future Internet 2019, 11, x FOR PEER REVIEW 9 of 12 
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In Figure 4, we evaluate the network EE with various target SIR thresholds to analyze the
impact of different optimization schemes on EE. We use MATLAB (R2015b) to realize the golden
section optimization algorithm. The CPU of our computer is 3.8 G, and the execution times to solve
optimization Equations (14) and (16) are 0.0161 and 0.0159 s, respectively. The final optimal pair
is obtained after 16 iterations of alternate optimization, and the execution time of our proposed
optimization method is about 0.57 s.
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signal-to-interference ratio.

From Figure 4 we can see that with the increase of target SIR, the network EE curve rises first and
then drops. This is because the achievable data rate of the tagged MUE increases as γ1 grows, while the
coverage probability decreases as target SIR increases. According to the optimization method given
in Section 4.1, we calculate that λopt

2 = 4.4× 10−3 m−2. It can be seen that the optimal solution λopt
2 is

in agreement with the simulation results shown in Figure 2. According to the optimization method
given in Section 4.2, which is also the optimization method proposed in [28], it can be calculated that
Popt

T2 = 1.9× 10−2 W. According to the proposed joint optimization algorithm, it can be calculated that

the optimal pair is
(
Popt

T2 = 2.9× 10−2W,λopt
2 = 3.8× 10−3m−2

)
. We also compare the proposed joint

optimization scheme with the optimization algorithms proposed in [31], as well as the schemes for
fixed power and density. The proposed joint optimization scheme can obviously improve network
EE. Therefore, in HCNs, BS density and transmit power should be carefully designed. Otherwise,
arbitrarily designed density or transmit power will decrease the network EE.

6. Conclusions

In this paper, we use stochastic geometry approach to determine the energy efficiency of picocell
BS density and transmit power for a two-tier HCN. We formulate and derive the expression of the
network EE in terms of the MUE density, BS density, target SIR, and the transmit powers of BSs.
We propose an alternating optimization scheme to achieve joint power and density optimization.
The scheme can achieve optimal pairing of transmit power and density. Simulation results validated
the analysis and proved the effectiveness of the EE joint optimization scheme. We found that compared
with unilateral optimization of density or transmit power, joint optimization can improve system
EE more effectively. This work can offer theoretical references for the design and deployment of
dense HCNs.
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