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Abstract: Basics of Bayesian statistics in inverse problems using the maximum entropy prin-
ciple are summarized in connection with the restoration of positive, additive images from
various types of data like X-ray digital mammograms. An efficient iterative algorithm for
image restoration from large data sets based on the conjugate gradient method and Lagrange
multipliers in nonlinear optimization of a specific potential function was developed. The
point spread function of the imaging system was determined by numerical simulations of in-
homogeneous breast-like tissue with microcalcification inclusions of various opacities. The
processed digital and digitized mammograms resulted superior in comparison with their raw
counterparts in terms of contrast, resolution, noise, and visibility of details.

Keywords: Bayesian inference; inverse problems; digital image restoration; X-ray mammog-
raphy; maximum entropy methods

1. Introduction

Mammography is currently the best radiological technique for early detection of breast cancer. An ef-
ficient and robust algorithm has been developed to process digitized and/or digital X-ray mammographic
images in order to detect subtle abnormalities, such as different kind of lesions (e.g., microcalcifications,
opacities or stellate patterns of straight lines), which may indicate the presence of malignancies. The
study is intended to improve the diagnosis of mammographic lesions by using computer image analysis
methods to derive quantitative description of their visual characteristics like edge definition, extent, and

texture. Though experienced radiologists may often establish the malignant or benign nature of a lesion
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on the basis of these characteristics, the image perception by human observers is subject to complex
interpretation by the visual system. The consequence is that the perceived image does not always corre-
spond to the actual data contained in the image, which might lead to inaccurate or incorrect conclusions
[1].

Irrespective of their sophistication and diversity, the numerical methods commonly used to convert
experimental data into interpretable images and spectra rely on straightforward transforms, such as the
Fourier transform (FT) or quite elaborated emerging classes of transforms like wavelets [2, 3], wedgelets
[4], ridgelets [5], and so forth. Implemented by its version known as fast Fourier transform (FFT), the
widely spread FT is a an efficient and convenient means of converting time domain data into frequency
domain spectra. Moreover, the FFT is linear, so that the relative intensities of resonances of different
widths, shapes, and frequencies are not distorted, and it is model-free. Yet experimental data are incom-
plete and noisy due to the limiting constraints of digital data recording and the finite acquisition time.
The pitfall of most transforms is that imperfect data are directly transferred into the transform domain
along with the signals of interest. The traditional approach to data processing in the transform domain is
to ignore any imperfections in data, set to zero any unmeasured data points, and then proceed as if data
were perfect. Contrarily, the maximum entropy (ME) principle enforces data processing in space (time)
domain [6]. In data analysis, the ME methods are primarily used to reconstruct positive distributions,
such as images and spectra, from blurred, noisy, and/or corrupted data. The ME methods may be de-
veloped on axiomatic foundations based on the probability calculus that has a special status as the only
internally consistent language of inference [7, 8]. Within its framework, positive distributions ought to
be assigned probabilities derived from their entropy.

Measurements on a complete collection of images, which correspond to all possible intensity distribu-
tions, act as a filter by restricting the focus on the images that satisfy the acquired data with noise. Among
these, a natural choice may be the one that could have arisen in the maximum number of ways, depend-
ing on some counting rule. Such an approach to statistical inference was first suggested by Bayes [9]
and completed by Jaynes [10]. Bayesian statistics provides a unifying and self-consistent framework for
data modeling. Bayesian inference naturally deals with uncertainty in data explained by marginalization
in predictions of other variables. Data overfitting and poor generalization are alleviated by incorporating
the principle of Occam’s razor, which controls model complexity and sets the preference for simpler
models [12]. Bayesian inference satisfies the likelihood principle [13] in the sense that inferences de-
pend only on the probabilities assigned to data that were measured and not on the properties of some
admissible data that were never acquired. As such, out of all images that satisfy the measurements, the
entropic restoration corresponds to selecting the most probable individual one that maximizes a given
measure of entropy. The entropy of an image is considered to be related with its prior probability in the
Bayesian sense. Two features distinguish the Bayesian approach to learning models from data. First,
beliefs derived from background knowledge are used to select a prior probability distribution for model
parameters. Secondly, predictions of future observations are performed by integrating the model’s pre-
dictions with respect to the posterior parameter distribution obtained by updating this prior with new
data. Accordingly, it is possible to associate error bars on image restorations generated by the ME prin-
ciple, which allows assessing quantitatively and objectively the reliability of the extracted features. In
addition, different variants of ME can be assessed and quantitative comparisons are feasible [11].
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2. Methods

There are three fundamental aspects related with scientific investigations of the physical world, namely
apparatus design, measuring techniques, and data processing from which conclusions are drawn. In a
serious experiment, all these items has to be critically considered and carefully controlled. The discus-
sion hereafter is limited to data processing only, which provides the natural framework to introduce the

inverse problem of image restoration.
2.1. Inverse problems

Data processing is getting from data space to map space. The theory of the experiment can be re-
garded as an operator from the map space to data space. The forward problem consists in applying this
operator. It is always possible assuming that the experiment can be analyzed. An inverse problem refers
to determining the causes for a desired or an observed effect or fitting the parameters of a mathematical
model to reproduce observable data. Yet the inverse operator might not exist at all since it usually oper-
ates on a space larger than the data space (Figure 1). Typically, inverse problems are ill-posed, in contrast
to the well-posed problems, which satisfy Hadamard’s postulates of well-posedness: existence of solu-
tion(s) in the strict sense, uniqueness or continuous dependence on data, and stability [14]. An inverse
problem is represented in the context of functional analysis by a mapping between some metric spaces.
Most often, inverse problems are formulated in infinite dimensional spaces, whereas limitations imposed
by a finite number of practical measurements and model parameters entail recasting inverse problems
in a discrete form. Thus, inverse problems turn into ill-posed problems and special numerical methods
(regularization) are introduced to relax the conditions imposed on solution(s) in order to circumvent data
overfitting. When the stability of solution(s) is violated under data perturbations, regularization to cope
with instabilities is needed, too. Several instances of regularized inverse problems may be interpreted in
the sense of Bayesian inference [15].

The basic approach to resolving an inverse problem is to consider all solutions (models) in the map
space that could give rise to measured data. Once the forward problem has been accomplished, solutions
consistent with errors in data measurements and modeling according to some criterion(s) are searched.
If all consistent models are very similar, than it is no need to make an option. However, if several distinct
solutions exist that comply with the imposed criteria, then a rule for selecting the optimal one in some
sense must be introduced in order to solve the inverse problem. In many practical experiments, the
observed data are transforms of the quantities of interest. The linear transforms encompass a large class
of such experiments. An integral form of a general linear relation between the observable data ¢(s) and
the unobserved interesting quantity f(¢) has the expression: [17]

o(s) = / F(t)r(t, $)dt + e(s) (1)

where 7(t, s) is the transfer function or the response of the instrument, alternatively termed blurring
Sfunction or point spread function (PSF) in image processing, which is considered to be perfectly known,
while e(s) stands for the measurement errors or noise. It is nevertheless assumed that the observed noise
e(s) is independent of the function f(¢).
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Figure 1. Flow chart of the inverse and forward problem.
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The correct formulation of problems involving incomplete and noisy data lies in the field of inverse
theory. Previously, inverse problems have frequently been tackled by fitting empirical models, though
this approach often leads to false confidence in the conclusions drawn. The inverse problem may be
stated as to determine a unique and stable solution, say f (t), representing the unknown function f(t¢), by
using the measured values g(s) of the available data. This is a typically ill-posed problem, in the sense
that several solutions f(¢) may exist and produce the same data g(s). Moreover, g(s) in a physical exper-
iment is observed on a finite set of isolated points s,,,, m = 1,2, ..., M in the data space D, alternatively

called the transform space when f(t) and g(s) are not in the same space [17]:

Gm = 9(Sm) = /Df(t)r(t,sm)dt +e(sm) = /Df(t)rm(t)dt +em,m=12, ... M @)

The computations are effectively carried out after discretization of these equations. Further, the state-
ment is correct only if discretization is adequately performed , i.e., each component g,,,, m = 1,2, .... M
of g(s) measures a distinct aspect f,,, n = 1,2,..., N of f(¢) through its own linear response kernel
rm(t), m = 1,2,..., M, and with its own additive measuring error e,,, m = 1,2,..., M . Actually, a
large number N of discrete points ¢,,, n = 1,2, ..., N sufficiently evenly spaced is needed, so that neither
f(t) nor r,,(t) vary significantly between ¢, ; and ¢,.1, n =1,2,...., N — 1. For such a dense set of

points, the integral expression for each g, in eq. (2) can be replaced by a quadrature-like form:

N
Gmn = Rpnfn+emm=12.M 3)
n=1

or, in a more compact matrix form:
g=Rf+te 4)
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where g = {g1, 92, ..., gar } is the data vector, f = { f1, fa, ..., far } is the image vector, e = {ey, €2, ...,ep1}
18 the error vector, and the matrix R of size M x N has the elements:

Rmn - Tm(tn> (tn—l—l - tn+2)/2 (5)

Each g, in the data space may approximate the value of f(¢) at a certain location ¢,, in the image
space, in which case r(t,, S;n) = Ry, should approximately have the form of a narrow instrumental
response termed PSF and centered around ¢ = ¢,,. This is the case of components g,,, m = 1,2,.... M
located in an entirely different function space from f,, n = 1,2,..., N, such as measuring different
Fourier components of f.

Though the measurements have reasonably been reduced to a finite number, the problem remains ill-
posed and the matrix R is likely to be either singular or very ill-conditioned. In order to turn the inverse
problem to well-posed, the goal is relaxed by asking for some reliable estimate only, say f, which, in a
practical sense, may be considered very close” or ’best approximation” to the exact image f, given the
measured sample data g,,,, m = 1,2, ..., M, the known response function r,,,(¢), m = 1,2, ..., M, of the
measuring instrument, and some information about the noise components e,,,, m = 1,2,...; M, such as
their covariance matrix C = {Cj;}; j=1,2...n. In this respect, Gull and Daniell [18] suggested the ME
principle to assign a probability distribution to any image along with a x?-constraint for handling the

errors e,,, m = 1,2, ..., M. The x?-distribution measures how well a model f fits the measured data g:

} M M N . N .
() =23 [gi = Raflt)| O3 | = Rjnf<tn>] ©)
i=1 j=1 n=1 n=1
or, in the form of a matrix product:
X’ (f) = (g - Rf)T c (g - Rf) (7

where C~! is the inverse of the covariance matrix of noise. An approximate equality holds if neglecting
the off-diagonal elements, which is strictly true when the noise is not correlated among pixels:

X2 <f-> ~ i/[: [gm - 27]1\[:1 Rmnf(tn)] i (8)

g
m=1 m

where the noise standard deviation, o, has the components:
O = (Co)? , m = 1,2, ..., M 9)
2.2.  Bayesian image modeling

Bayes’ theorem follows directly from the standard axioms of probability relating the conditional
probabilities of events. Probabilities may have two meanings: (i) to describe frequencies of outcomes
in random experiments, or more generally, (ii) to describe degrees of belief in propositions (hypotheses)
that do not involve random variables and repetitive events. The degrees of belief can be mapped onto
probabilities if they satisfy simple consistency rules known as the Cox axioms [16], so that probabilities
allow describing hypotheses as well. Bayesian methods deal with explicit assumptions and provide rules
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for reasoning consistently given those assumptions. Bayesian inferences are subjective in the sense that
it is not plausible to reason about data without making assumptions based on some theoretical and/or ex-
perimental background. Yet Bayesian inferences are objective since following the same assumptions on
a model, then identical inferences are drawn [12]. The fundamental concept of Bayesian analysis is that
the plausibility of alternative hypotheses is represented by probabilities and inference is performed by
evaluating these probabilities. Since plausibility is itself conditioned by some sort of prior assumptions,

all Bayesian probabilities are regarded as conditional on some collective background information.

Figure 2. N mutually exclusive and exhaustive hypotheses { H;}; (left); an event D in the
hypothesis space (right).

A set of events is termed exhaustive if one or more of them must occur. Suppose that hypotheses
H,, Hs, ..., Hy are mutually exclusive and exhaustive, then the rule of total probability [19] gives for
any event D in the hypothesis space (Figure 2):

N
P(D) =) P(H;) P(D|H) (10)
i=1

Further, assume that the probabilities { P(H;)}; and { P(D|H;)}i, ¢ = 1,2, ..., N are known. Bayes’

rule makes use of these probabilities to determine the conditional probabilities:

_ P(H)P(D|H)
S, PUHL) P(D|H,)

P(H;|D) 1=1,2,..,N (11)

Bayes’ theorem makes no reference to any sample or hypothesis space, nor it determines the nu-
merical value of any probability directly from available information. As a prerequisite to apply Bayes’
theorem, a principle to cast available information into numerical values is needed. It explicitly shows
that the observations giving { P(D|H;)} are not enough to determine the results { P(H;|D)} since priors
{P(H;)} need to be assigned.

In statistical restoration of gray-level digital images, the basic assumption is that a scene is adequately
represented by an orderly array of IV pixels. The task is to infer reliable statistical descriptions of images,
which are gray-scale digitized pictures and stored as an array of integers representing the intensity of
gray level in each pixel. Then the shape of any positive, additive image can be directly identified with a
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probability distribution. The image is conceived as an outcome of a random vector f = {f1, fo, ..., fn }
given in the form of a positive, additive probability density function (pdf). Likewise, the measured data
g =1{91,92, ..., gn } are expressed in the form of a probability distribution. Further assumption refers to
image data as a linear function of physical intensity, and that the noise e is data independent, additive, and
Gaussian with zero mean and known standard deviation o, in each measured pixel m, m = 1,2, ..., M.

A model is conceived as means to make inferences, predictions, and decisions. Any model depends on
some free parameters. There are two levels of inference in any data modeling process. The first concerns
fitting each model to the data, that is, to infer what the free parameters of each model might be given the
data and some background information. The second refers to model comparison that ranks alternative
models on the basis of their plausibility with respect to the data. Bayesian methods deal consistently and
quantitatively with both inductive inference levels in data modeling (Figure 3).

Figure 3. Statistical inference levels in data modeling.

Collect Create
DATA MODELS

v v

Design new .| Fiteach MODEL to the DATA < Design new
MODELS »|  (Firstlevel of inference) MODELS
Choose what Assign preferences to Decide
DATA to collect|e—| alternative MODELS —3| Whether to
next (Second level of inference) cﬁgﬁE”Leé”

!

Choose future actions

Image models are derived on the basis of intuitive ideas and observations of real images, and have to
comply with certain criteria of invariance, that is, operations on images should not affect their likelihood.
Each model comprises a hypothesis H with some free parameters w = {«, (3, ...} that assign a proba-
bility density P(f|w, H) over the entire image space and normalized to integrate to unity. Prior beliefs
about the validity of H before data acquisition are embedded in P(H ). Extreme choices for P(H) only
may exceed the evidence P(f|H ), thus the plausibility P(H|f) of H is given essentially by the evidence
P(f|H) of the image f.

Initially, the free parameters w = {«, 3, ...} are either unknown or they are assigned very wide prior
distributions. The task is to search for the best fit parameter set w,;p, which has the largest likelihood
given the image. Following Bayes’ theorem:

P(flw, H) P(w|H)
P(fH)

Plw|f,H) = (12)

where P(f|w, H) is the likelihood of the image f given w, P(w|H ) is the prior distribution of w, and
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Figure 9. Close-up of malignant abnormalities in mammograms: Case mdb245, MIAS -

microcalcification cluster, fatty tissue (left), case #9, UNC Radiology - breast carcinoma

(middle), Salus Hospital - stellate patterns (right). Digitized X-ray images by optical scan-
ning (top) and digitally restored images (bottom).

4. Conclusion

An intrinsic difficulty in Bayesian image restoration resides in determination of a prior law for images.
The ME principle solves this problem and enforces the restored image to be positive, so that the spurious
negative areas and complementary spurious positive areas are wiped off and the dynamic range of the
restored image is substantially enhanced. Image restoration based on image entropy is effective even in
the presence of significant noise, missing, or corrupted data. This is due to the appropriate regularization
of the inverse problem of image restoration introduced in a coherent way by the ME principle. It satisfies
all consistency requirements when combining the prior knowledge and the information contained in
experimental data.

Bayesian ME approach is a statistical method which directly operates in the spatial domain, thus
eliminating the inherent errors coming out from numerical Fourier direct and inverse transforms and
from the truncation of signals in the transform domains. Theoretically, no artifacts should be introduced
by processing, since the entropy maximization produces the most unbiased and featureless solution that
is consistent with available data and complies with the errors in measurements and modeling.
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In recent years, imaging equipment and techniques have significantly been improved that entailed the
acceptance of mammography if performed with excellent positioning, firm compression of the breast,
and dedicated processing facilities. The challenge today is to disclose early stages of breast cancer in
the 35 to 50 age groups. Manufacturers exhibit an increasingly interest in diagnosing cancer in dense
breast, which has substantial amounts of fibroglanduar tissue. Pattern recognition and classification
methods will further be developed for computer assisted diagnosis ending up with expert systems that

may perform all tasks required by digital biomedical data analysis and interpretation.
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