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Abstract: Concerning the structural applications of steel fiber reinforced expanded-shales lightweight
concrete (SFRELC), the present study focuses on the flexural fatigue performance of SFRELC
superposed beams with initial static-load cracks. Nine SFRELC superposed beams were fabricated
with the SFRELC depth varying from 50% to 70% of the whole sectional depth, and the volume
fraction of steel fiber ranged from 0.8% to 1.6%. The fatigue load exerted on the beams was a constant
amplitude sinusoid with a frequency of 10 Hz and a fatigue characteristic value of 0.10; the upper
limit was taken as the load corresponded to the maximum crack width of 0.20 mm at the barycenter
of the longitudinal rebars. The results showed that with the increase of SFRELC depth and the
volume fraction of steel fiber, the fatigue life of the test beams was prolonged with three altered
failure modes due to the crush of conventional concrete in the compression zone and/or the fracture
of the tensile rebar; the failure pattern could be more ductile by the prevention of fatigue fracture by
the longitudinal tensile rebar when the volume fraction of steel fiber was 1.6% and the reduction of
crack growth and concrete strain in the compression zone; the fatigue life of test beams was sensitive
to the upper-limit of the fatigue load, a short fatigue life appeared from the higher stress level and
larger stress amplitude of the longitudinal rebar due to the higher upper-limit of the fatigue load. The
methods for predicting the stress level, the stress amplitude of the longitudinal tensile rebar, and the
degenerated flexural stiffness of SFRELC superposed beams with fatigue life are proposed. With the
optimal composites of the SFRELC depth ratio and the volume fraction of steel fiber, the controllable
failure of reinforced SFRELC superposed beams could be a good prospect with the trend curves of
fatigue flexural stiffness.

Keywords: superposed beam; steel fiber reinforced expanded-shales lightweight concrete (SFRELC);
flexural fatigue; stress level; crack width; flexural stiffness; fatigue life

1. Introduction

With the development of high-rise buildings and the increasing span and space of concrete
structures, the disadvantage of conventional concrete with great self-weight becomes more acute
compared to the imposed loads. This promotes the research and development of structural lightweight
concrete with different kinds of lightweight aggregates categorized as natural lightweight aggregates
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and artificial lightweight aggregates [1–4]. Except for the savings in dead load for structure and on
foundation due to the self-lightweight, structural lightweight concrete presents many advantages,
including the rising of strength/weight ratio, the reduced risk of earthquake damage to a structure,
superior thermal and sound insulation, and better durability [3–5]. However, some problems, including
greater brittleness than conventional concrete for the same compressive strength, prevent the wide
application of structural lightweight concrete [6,7]. One way to resolve these problems is the use of
steel fibers. Based on previous research, steel fiber reinforced expanded-shales lightweight concrete
(SFRELC), with market-supply sintered expanded-shales for the fine and coarse aggregates, has excellent
mechanical properties, especially those related to tensile performances [8–13]. Due to lower shrinkage
and reliable bond behavior with the rebar, the SFRELC can be applied to concrete structures [14–17].
To highlight the peculiarities of the tensile performance of SFRELC and the compressive property
of conventional concrete, the SFRELC superposed beams and slabs were innovatively developed.
The sectional characterization of this kind of superposed flexural member is composite with tensile
SFRELC and compressive conventional concrete [18,19], while the fabrication is the bottom-layer of
SFRELC successively followed by up-layer conventional concrete [20–22]. Based on the experimental
studies and numerical analyses, the design methods for the flexural performances, including cracking
resistance, crack width, flexural stiffness, and bearing capacity, of the reinforced SFRELC superposed
beams under static loading were built up [23–26].

Civil engineering concrete structures are always subject to the actions of repeated loads. For
example, industry plant structures suffer from the vibration from machines, bridges bear the vibration
of rolling vehicles, and ocean structures are subject to repeated waves. This raises an important
topic of research on the normal serviceability and reliability of engineering concrete structures under
fatigue actions. Normally, the key points are concerned with the fatigue behaviors of structural
materials, including the fatigue compressive performance of concrete and the fatigue fracture of tensile
rebars [27–31]. At the level of structural members under fatigue load, geometric shapes, sectional
composites of concrete and reinforcement, and the sectional stress distribution with different fatigue
characteristics are also main factors [32–40]. For the reinforced SFRELC superposed beams, the shear
fatigue behaviors were confirmed [34]. Results show that the maximum fatigue load controls the initial
diagonal crack width and initial stress amplitude of stirrups, which has a great influence on the fatigue
life; with an increase of maximum fatigue load, the diagonal crack width grows quickly and the fatigue
failure of the test beams takes place with a large possibility of the fracture of stirrups; overload during
fatigue is one of the main reasons for fatigue failure, which results in the sudden increase of diagonal
crack width and stirrup’ stress amplitude. Except for shear fatigue performance, a study of the flexural
fatigue performance is also essential for the engineering application of reinforced SFRELC superposed
beams subjected to fatigue loads. As per the previous studies on the flexural fatigue behavior of steel
fiber reinforced concrete (SFRC) beams [35–40], the presence of steel fibers could promote fatigue
resistance to crack growth, decrease the deflection and increase the energy dissipation at failure, and
prolong the fatigue life of reinforced SFRC beams. This is due to the beneficial effect of SFRC at the
tensile zone in reducing the stress level of tensile rebars. Therefore, with the integrity of the horizontal
interface between SFRELC and conventional concrete, good flexural fatigue behavior of the SFRELC
superposed beams could be a good prospect.

Due to a lack of investigation on the flexural fatigue of SFRELC superposed beams, the experimental
study was carried out in this paper. Nine beam specimens with rectangular sections were fabricated
and tested by a four-point flexural test under a constant amplitude sinusoid at a frequency of 10 Hz
with a fatigue characteristic value ρf = 0.10. The main influence factors were the SFRELC depth change
as 0.5, 0.6, and 0.7 times of the whole sectional depth, and the volume fraction of the steel fiber varied
as 0.8%, 1.2%, and 1.6%. The upper limit of the fatigue load was taken as the load corresponding to
the maximum crack width of 0.20 mm at the barycenter of the longitudinal rebar. This crack width
is the limit for reinforced concrete structure cracks within the life of normal serviceability in normal
environmental conditions [41]. Based on the experimental results, the crack distribution, crack width,
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mid-span deflection, failure patterns, and compressive strain of conventional concrete are discussed.
Methods for prediction of the stress level, stress amplitude of the longitudinal tensile rebar, and flexural
stiffness degeneration with fatigue life are proposed.

2. Experimental Work

2.1. Raw Materials and Basic Properties of Concrete

Common Portland cement with a strength grade of P.O. 52.5 and class-II degree fly ash were used
as binders. Their properties met the requirements of the China codes GB 175 and GB/T1596 [42,43]. The
content of fly ash was 20% of the total mass of the binders. The compressive and tensile strengths of the
cement were 51.7 MPa and 9.2 MPa at 28 days. The water demand of the fly ash was 95% with a fineness
modulus of 3.9. Sintering expanded shale, ceramisite sand, and steel fiber were used for SFRELC. Based
on the maximum density principle, sintering expanded shale was sieved in continuous grading with a
maximum particle size of 20 mm. Bulk and particle densities were 827 kg/m3 and 1262 kg/m3, cylinder
compressive strength was 7.4 MPa, and 1 h water absorption was 9.1%. The ceramisite sand was made
from the byproduct of sintering expanded shale with a fineness modulus of 3.56 in continuous grading
with a particle size of 1.6–5 mm. Bulk and particle densities were 850 kg/m3 and 1350 kg/m3, and 1 h
water absorption was 9.0%. The steel fiber was of a milling type with length lf = 36 mm, equivalent
diameter df = 1.35 mm, and the aspect ratio lf/df = 26.7. Crushed limestone with continuous grading
of a 5–20 mm particle size and river sand with a 2.84 fineness modulus were used for conventional
concrete. Other raw materials were the high-performance water reducer with 20% water reduction and
tap-water. The mix proportions of SFRELC and conventional concrete were designed initially based on
the absolute volume method at a saturated surface-drying status of raw materials [44,45] and adjusted
according to previous studies [16,22,27]. The water/binder ratios of SFRELC and conventional concrete
were 0.384 and 0.389.

As listed in Table 1, the slump of the concrete mixture was measured by the slump cone method
in accordance with China code GB50080 [46]. The workability for all fresh mixtures was good for
casting. The basic mechanical properties, including the cubic compressive strength f fcu (f cu), axial
compressive strength f fc (f c), splitting tensile strength f ft (f t), and modulus of elasticity Ec of SFRELC
and conventional concrete were measured by using standard cubes with a dimension of 150 mm and
prisms with a dimension of 150 mm × 150 mm × 300 mm. These standard specimens were cast and
cured in the same conditions accompanied by the test beams in accordance with the China codes
GB50081 and GB50152 [47,48].

Table 1. Basic properties of steel fiber reinforced expanded-shales lightweight concrete (SFRFLC) and
conventional concrete.

Concrete vf (%) Slump (mm) f fcu (MPa) f fc (MPa) f ft (MPa) Ec (GPa)

FRFLC
0.8 165 44.9 41.9 3.25 22.8
1.2 145 43.4 37.1 3.35 22.0
1.6 140 44.2 41.8 3.73 23.7

Conventional concrete 160 69.1 64.7 2.71 37.0

2.2. Preparation of Test Beams

Nine test beams with rectangular sections were designed with the prospect of flexural failure [23,41].
The dimensions were, width b = 150 mm, depth h = 300 mm, length L = 3.0 m, and span l0 = 2.7 m.
As presented in Figure 1, each beam had 2 Φ18 mm hot-rolled deformed HRB400 longitudinal tensile
rebars, 2 Φ8 mm hot-rolled plain HPB300 longitudinal construction rebars, and Φ6 mm hot-rolled
plain HPB300 stirrups with spacing of 120 mm. The yield strength and ultimate strength of the
Φ18 mm rebars were 451 MPa and 564 MPa. The thickness of the concrete cover for the longitudinal
tensile rebars was c = 25 mm. The sectional depth (h1) of SFRELC changed from 150 mm to 210 mm,
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corresponding to the ratio of the whole sectional depth αh = 0.5, 0.6, and 0.7, respectively. The volume
fraction of the steel fiber of SFRELC was vf = 0.8%, 1.2%, and 1.6%. The details of the tested beams are
presented in Table 2.
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Figure 1. 3D view of reinforced SFRELC superposed beam (unit: mm).

Table 2. Characteristics of test beams.

Beam No. b (mm) h (mm) vf (%) αh

BF0.8-0.5a 147 403 0.8 0.5
BF0.8-0.6a 160 403 0.8 0.6
BF0.8-0.6b 156 406 0.8 0.6
BF0.8-0.7a 162 409 0.8 0.7
BF0.8-0.7b 158 406 0.8 0.7
BF1.2-0.6a 153 403 1.2 0.6
BF1.2-0.6b 157 404 1.2 0.6
BF1.6-0.6a 156 402 1.6 0.6
BF1.6-0.6b 154 404 1.6 0.6

The procedure for the fabrication of the test beams was the same as previous studies [23–27].
The steel reinforcement framework was made of steel bars with designed dimensions and geometric
shapes, and the formwork was assembled from formed steel plates. The mixture of concrete was mixed
by a 500 L horizontal-shaft forced mixer cast into the formwork and compacted by the vibrators that
hung on the outside surface of the formwork. After that, the top surface of the SFRELC was covered
by a plastic film for 48 h. Then, the formwork was demolded, and the test beams were cured for 7 d by
spraying water.

2.3. Test Method

The four-point bending tests were carried out on the test beams by an MTS fatigue testing machine.
The concentrated loads were measured and controlled by the MTS loading system on the top surface
of the beam, as exhibited in Figure 2. Test beams were firstly loaded under static load to make the
initial cracks. To accelerate the test procedure and get failure under fatigue load, the upper limit of the
fatigue load, Pmax, on each beam was taken as the load corresponding to the maximum crack width of
0.20 mm at the side surface barycenter of the longitudinal tensile rebars. In accordance with China
code GB50152 [48], the fatigue load was taken as a constant amplitude sinusoid at a frequency of 10 Hz
with the fatigue characteristic value ρf = 0.10. The test procedure was as follows: (1) pre-load within
20% Pmax was exerted for 2–3 times to ensure the loading and data collection system worked well;
(2) the static repeat load tests within Pmax were conducted twice, and the fatigue test was started at the
initial load of 0.1Pmax; (3) test data were read while the fatigue number N reached 5000, 10,000, 50,000,
100,000, 200,000, and 500,000; after that, data were collected at fatigue numbers with an increment of
500,000; (4) the test was conducted until the beam was damaged.
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As displayed in Figure 2, the concrete strains at the mid-span section of the test beam were
measured by the six strain gauges bonded on the side surface, and the strain gauges were continuously
bonded on the top and bottom surfaces. The deflection of the test beam was measured by the electrical
displacement meters installed on the supports and mid-span section. Crack width at the side surface
barycenter of the longitudinal tensile rebars was read by using a crack visualizer with a precision
of 0.02 mm. To simplify the discussion on the general variation of the compressive concrete strain,
the concrete strains at the top surface of the test beams are computed as an average for each group.
The width of the main cracks and the mid-span deflection of the test beams in each group are also
computed as an average in this study.

3. Results

3.1. Crack Distribution and Growth

Figure 3 presents the crack distribution of test beams before fatigue failure. The main cracks at
pure bending sections almost appeared during the procedure of static loading before fatigue. Combined
with the changes of the maximum and average crack width presented in Figure 4, the cracks elongated
and opened rapidly under the fatigue within 5000 numbers. After that, the development of cracks
became steady with some root cracks at the bottom of the test beams.

With the increase of the SFRELC depth ratio αh, more cracks appeared on the test beams while the
maximum and average main crack width decreased. In the steady development period, the maximum
crack width decreased by about 11% when αh increased from 0.5 to 0.6, and continuously decreased
by about 15% when αh increased from 0.6 to 0.7. This is due to the increasing sectional depth of
SFRELC which provided a restraining effect on the crack growth and strengthened the bearing capacity
of SFRELC in the tension zone [24,25]. Meanwhile, the tensile stress of the longitudinal rebars was
reduced as presented in relative studies on reinforced SFRC beams [38–40].

With the volume fraction of steel fiber vf increasing from 0.8% to 1.6%, the elongation of cracks
reduced and the crack width became uniform. In the steady development period, the maximum crack
width decreased by about 8% when vf increased from 0.8% to 1.2% and continuously decreased by about
4% when vf increased from 1.2% to 1.6%. This exhibits that the presence of steel fibers in the tension
zone of the test beams improved the internal condition of the mid-span section in flexure [35–40,49,50].
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3.2. Failure Pattern

As exhibited in Figure 5 showing the interesting graphical locations of the fatigue failure patterns
of the test beams, when the fatigue was close to test-beam failure, one of the main cracks grew upward
quickly accompanied by the pull-out of steel fibers. In the case of the same vf = 0.8%, sudden failure
took place on test beam BF0.8-0.5a with αh = 0.5 along the main crack with a sudden fracture of the
rebar. While in the case of the test beams BF0.8-0.6a/b and BF0.8-0.7a/b with αh = 0.6 and 0.7, the
conventional concrete crushed in the compression zone almost with the simultaneous fracture of the
rebar. This indicates the beneficial effect of the higher SFRELC depth on the improvement of failure
brittleness. Meanwhile, the stagger deformation on two sides of the failure section led to a greater
splitting force on the horizontal interface between SFRELC and superposed conventional concrete,
which resulted in peeling along the horizontal interface on test beams BF0.8-0.7a/b with αh = 0.7.

Materials 2019, 12, x FOR PEER REVIEW 7 of 17 

 

0 50,000 100,000 150,000 200,000

0.05

0.10

0.15

0.20

0.25

0.30

0.35

Average:  BF0.8-0.5  BF0.8-0.6 BF0.8-0.7

Max:   BF0.8-0.5   BF0.8-0.6  BF0.8-0.7

C
ra

ck
 w

id
th

 /
m

m

N /times  

0 50,000 100,000 150,000 200,000

0.05

0.10

0.15

0.20

0.25

0.30

Max:   BF0.8-0.6  

           BF1.2-0.6   BF1.6-0.6 

Average:    BF0.8-0.6  

                   BF1.2-0.6   BF1.6-0.6  C
ra

ck
 w

id
th

 /
m

m

N /times  

(a) (b) 

Figure 4. Changes of crack width affected by: (a) αh; and (b) vf. 

3.2. Failure Pattern 

As exhibited in Figure 5 showing the interesting graphical locations of the fatigue failure 

patterns of the test beams, when the fatigue was close to test-beam failure, one of the main cracks 

grew upward quickly accompanied by the pull-out of steel fibers. In the case of the same vf = 0.8%, 

sudden failure took place on test beam BF0.8-0.5a with αh = 0.5 along the main crack with a sudden 

fracture of the rebar. While in the case of the test beams BF0.8-0.6a/b and BF0.8-0.7a/b with αh = 0.6 

and 0.7, the conventional concrete crushed in the compression zone almost with the simultaneous 

fracture of the rebar. This indicates the beneficial effect of the higher SFRELC depth on the 

improvement of failure brittleness. Meanwhile, the stagger deformation on two sides of the failure 

section led to a greater splitting force on the horizontal interface between SFRELC and superposed 

conventional concrete, which resulted in peeling along the horizontal interface on test beams BF0.8-

0.7a/b with αh = 0.7.  

   
BF0.8-0.5a                     BF0.8-0.6a             BF0.8-0.6b  

  
BF0.8-0.7a                                BF0.8-0.7b  

  
BF1.2-0.6a                               BF1.2-0.6b 

  
BF1.6-0.6a                              BF1.6-0.6b 

Figure 5. Interesting graphical locations of the fatigue failure patterns of test beams. 

In case of the same SFRELC depth ratio αh = 0.6, the crush of conventional concrete almost with 

the simultaneous fracture of the rebar occurred on test beams BF0.8-0.6a/b with vf = 0.8% and BF1.2-

Figure 5. Interesting graphical locations of the fatigue failure patterns of test beams.

In case of the same SFRELC depth ratio αh = 0.6, the crush of conventional concrete almost
with the simultaneous fracture of the rebar occurred on test beams BF0.8-0.6a/b with vf = 0.8% and
BF1.2-0.6a/b with vf = 1.2%, while the crush of conventional concrete only took place on test beams
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BF1.6-0.6a/b with vf = 1.6%. This confirms that the presence of steel fibers in the tension zone of the
test beams would not only improve the toughness of failure but also change the failure pattern [16,22].
An obvious phenomenon of more main cracks with shorter extension was observed in BF1.6-0.6b. This
is beneficial to the redistribution of tensile force along the span into several main crack sections and
the assistance of steel fibers bearing tensile force at the cross-section, and finally contributes to the
increase of fatigue lift due to the reduction of tensile stress of the longitudinal tensile rebars.

Table 3 summarizes the fatigue lift and the characteristics of the failure pattern of the test beams.
To get the same maximum crack width under the initial static-load, the actual upper-limit of the fatigue
load Pmax was different on the two beams of each group due to the variance of the appearance and
growth of cracks. The shorter fatigue life of a test beam existed with a higher Pmax, although the same
failure pattern appeared in the test beams of a group. This displays that the fatigue life was sensitively
affected by the upper-limit of fatigue load.

Table 3. Fatigue life and failure mode of test beams.

Beam No. Pmax (kN) N (number) Failure Pattern

BF0.8-0.5a 95 183,654 Abrupt along a section of the main crack with sudden fracture of a rebar.

BF0.8-0.6a 95 196,891 Crush of concrete in the compression zone and fracture of a rebar.
BF0.8-0.6b 90 274,562

BF0.8-0.7a 90 325,302 Crush of concrete in the compression zone and fracture of a rebar,
peeling along the horizontal interface.BF0.8-0.7b 100 178,997

BF1.2-0.6a 95 208,963 Crush of concrete in the compression zone and fracture of a rebar.
BF1.2-0.6b 95 213,255

BF1.6-0.6a 100 245,968 Crush of concrete in the compression zone.
BF1.6-0.6b 95 301,256

3.3. Compressive Concrete Strain

Under the fatigue load, the total strain of the material increases with the fatigue life in three stages:
the first stage is about 5%–10% fatigue life, the strain grows rapidly due to the inherent flaw initiation,
such as the presence of air voids and weak regions between aggregates and binder paste; the second
stage is about 80% fatigue life, the strain increases slowly and steadily due to the steady development
of internal damage; the third stage is about 5%–10% fatigue life, the strain increases fast due to the
unstable development of internal damage over a critical limit [37,40,49,50]. In this study, as presented
in Figure 6, the increase of concrete strain in the top surface of the compressive zone of the test beams
had similar trends as mentioned above in the first two stages with cyclic numbers, while the third
stage was not measured due to the defect of measures. During these states, the strain development in
the compression zone of the superposed beam did not change with the presence of steel fibers in the
tension zone.Materials 2019, 12, x FOR PEER REVIEW 9 of 17 
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In the case of the same vf = 0.8%, the initial compressive strain at the top surface of the test
beams was approximately equal due to the almost average value of Pmax. However, at the same cyclic
numbers of fatigue load, the maximum strain gradually reduced with the increase of αh. This is due to
the gradual fracture of steel fibers in the tensile zone with the increase of cyclic numbers of fatigue load.
As a result, the neutral axis moved up. The superposed beam with larger αh had more steel fibers
in the tensile zone subjected to the tensile force to restrain the upward movement of the neutral axis,
which gives a relative larger compression zone with a slowly increased strain compared to the beams
with smaller αh.

In the case of the same αh = 0.6, the maximum strain increased with the increase of vf. This is due
to the increased upper-load exerted on the beams. The root is in the higher restraining of the steel fibers
on cracks rather than the improvement on the ultimate bearing capacity of the reinforced SFRELC
superposed beams [23–26]. As a result, the steel fibers subjected to higher tensile stress lost the loading
function rapidly and the neutral axis moved up quickly, and the compressive strain increased quickly
with the reduced compression zone.

3.4. Changes of Mid-Span Deflection

The mid-span deflection is a macro index reflecting the sectional deformation of test beams.
Similar to the changes in the compressive strain of concrete, as presented in Figure 7, the mid-span
deflection of test beams passed through the same stages under the fatigue load. Due to the decrease of
the flexural stiffness of the test beams with the increase of αh [24,25], the mid-span deflection of the
test beams increased with αh in the case of the same vf. Meanwhile, in the case of the same αh, the
confinement of steel fibers to cracks enhanced the integrality of the test beam and benefited the flexural
stiffness. This led to a reduction in the mid-span deflection of the test beams with the increasing
volume fraction of steel fiber vf.
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4. Discussion

The flexural fatigue performance of the reinforced SFRELC superposed beam has the same
basic fatigue mechanisms in flexure as the reinforced SFRC beams and the reinforced conventional
concrete flexural members [37–40,49,50]. This should be the compound response of the fatigue
compressive strength of conventional concrete, the flexural fatigue behavior of SFRELC, and the fatigue
property of the tensile steel bars based on the sectional composition. On the design premise of the
tested reinforced SFRELC superposed beams that failed with certain flexural ductility under static
loading [23,41], the typical fatigue response with three stages divided into the fast first and rapid third
stages accompanied with a second steady stage for the compressive strain of conventional concrete
provides the foundation for the flexural fatigue performance of the reinforced SFRELC superposed
beams [30,41]. In fact, a similar fatigue response with three stages are presented for the SFRC and steel
fiber reinforced lightweight concrete in compression [27–29], the SFRC in flexure [35,36], and the steel
bars in tension [31]. Therefore, the good properties of materials are the basis for good performances of
structural members. On this premise, how to give a full display of the advantages of the materials
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needs to be given attention, as it is an important issue for the optimization of the composite section
within different materials.

For the reinforced SFRELC superposed beams under fatigue loads, the design object should be the
utilization of the compression capacity of conventional concrete and the tensile peculiarity of SFRELC
to a maximum degree. This has a broader guiding significance for the implication of these kinds of
superposed flexural members in civil engineering structures. Meanwhile, the additional phenomena
of fatigue failure of the reinforced SFRELC superposed beams may be presented due to the laniation
of the horizontal interface between SFRELC and conventional concrete. This can be controlled by
the optimization of the SFRELC depth and the volume fraction of steel fibers. If larger shear-tensile
stress exists along the horizontal interface due to the higher SFRELC depth, a direct method is to insert
vertical reinforcement for the horizontal interface to enhance the entirety of the composite sections [51].

5. Prediction of Fatigue Life

5.1. Stress Level of Superposed Beam

As the upper-load was determined by the 0.2 mm maximum crack width at the barycenter of the
longitudinal rebar, the concrete, steel fiber, and longitudinal rebar were under high stress levels during
the fatigue load. The ultimate bending capacity of the reinforced SFRELC superposed beam can be
computed with equations as follows [24,41],

α1 fcbx = fyAs + ktαtλf ftbxt, (1)

Mu = fyAs(h0 − x/2) + ktαtλf ftbxt(h− x/2− xt/2), (2)

xt = h− x/k1β1, (3)

where, α1 is the coefficient of the simplified stress figure for compressive concrete, f c is the axial
compressive strength of conventional concrete, b is the sectional width, x is the equivalent depth of the
compressive zone, f y is the yield strength of the longitudinal tensile rebar, As is the sectional area of the
longitudinal tensile rebar, kt is the adjustive coefficient for the equivalent force of tensile stress, here, kt

= 1.25; αt is the strengthening coefficient of steel fiber to SFRELC, in this study αt = 0.31; λf is the steel
fiber factor, here, λf = 26.7vf; f t is the tensile strength of concrete with the same grade of SFRELC, xt is
the equivalent depth of the tensile zone, k1 is the adjustive coefficient for the equivalent depth of the
tensile zone, here k1 = 0.85; β1 is the coefficient of the simplified stress figure for compressive concrete,
here β1 = 0.8.

Table 4 presents the computed stress level of fatigue S = Pmax/Pu. The values are quite high from
0.735 to 0.867. This led to a short fatigue life of test beams due to the unrecoverable plasticity of
concrete [49,50].

Table 4. Stress level of test beams and stress amplitude of longitudinal tensile rebars.

Test Beam αh
Pmax
(kN) ρf

N
(number)

Pu
(kN) S Average

S
σf

s,max
(MPa)

σf
s,min

(MPa)
∆σf

s
(MPa)

BF0.8-0.5a 0.5 95 0.1 183,654 113.3 0.838 0.838 262.6 26.3 236.4

BF0.8-0.6a 0.6 95 0.1 196,891
114.5

0.830
0.808

262.8 26.3 236.5
BF0.8-0.6b 0.6 90 0.1 274,562 0.786 248.9 24.8 224.1

BF0.8-0.7a 0.7 90 0.1 325,302
115.4

0.780
0.823

248.4 24.8 223.5
BF0.8-0.7b 0.7 100 0.1 178,997 0.867 275.9 27.6 248.4

BF1.2-0.6a 0.6 95 0.1 208,963
120.6

0.788
0.788

269.4 26.9 242.4
BF1.2-0.6b 0.6 95 0.1 213,255 0.788 269.4 26.9 242.5

BF1.6-0.6a 0.6 100 0.1 245,968
129.3

0.773
0.754

269.3 26.9 242.3
BF1.6-0.6b 0.6 95 0.1 301,256 0.735 255.8 25.6 230.2
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Normally, the relationship of stress level and fatigue life is represented by the S-N curve as
follows [28],

S = a + b log N, (4)

where a and b are the coefficients dependent on test data.
Based on test data of this study, a = 2.304, b = −0.278. The comparison between test data and the

computed results is exhibited in Figure 8. A good fit can be given with Pearson’s R = 0.826, between
the line and test data.
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5.2. Stress Amplitude of Longitudinal Rebar

According to the China code [41], the stress amplitude of the longitudinal rebar can be computed
as follows,

∆σ f
s = σ

f
s,max − σ

f
s,min, (5)

σ
f
s,max = α

f
EM f

max(h0 − x0)/I0, (6)

σ
f
s,min = α

f
EM f

min(h0 − x0)/I0, (7)

where, M f
max and M f

min are the maximum and minimum moment under the upper and lower-limit of

fatigue loads, σ f
s,max and σ f

s,min are the maximum and minimum stress of the longitudinal rebar, α f
E is

the ratio of the modulus of elasticity of the rebar to the modulus of fatigue deformation of conventional
concrete, I0 is the inertia moment of the transformed section, x0 is the depth of the compression zone of
the transformed section, h0 is the effective depth of the transformed section.

The sectional characteristic parameters of the transformed section in the condition of unchanged
initial centroid can be computed as follows [24],

W0 = I0/(h− y0), (8)

y0 =

b(h− h1)
2

2
+ αEcbh1(h−

h1

2
) + (αEc − 1)As(h− as)

/(b(h− h1) + αEcbh1 + (αEc − 1)As), (9)

when y0 ≥ h− h1,

I0 =
b(h− h1)

3

12
+ b(h− h1)(y0 −

h− h1
2

)
2
+
αEcb

(
(y0 − h + h1)

3 + (h− y0)
3
)

3
+ (αEs − 1)As(h− as − y0)

2, (10)

when y0 < h− h1,

I0 =
b(h− h1 − y0)

3

3
+

by3
0

3
+ αEcbh1(h− y0 −

h1

2
)

2
+
αEcbh1

3

12
+ (αEs − 1)As(h− as − y0)

2, (11)
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where, αEc is the ratio of the modulus of elasticity between SFRELC and conventional concrete, y0 is
the distance of the centroid to the compressive edge of the transformed section.

The computation results are presented in Table 4. As per China code GB50010 [41], when ρf = 0.1,
∆σ f

s = 162 MPa for the HRB400 rebar. This means that the test stress amplitude was over 38.3%–53.1%
of the limit. Therefore, fracture of the longitudinal tensile rebar was commonly inevitable. However,
with the assistant of steel fiber in the tension zone, the tensile stress of the rebar should decrease with
an increasing volume fraction of the steel fiber. The test beams with vf = 1.6% failed without fracture of
the longitudinal rebar.

5.3. Flexural Stiffness of Normal Section

Flexural stiffness is an important index reflecting the safety of reinforced concrete beams. Based
on the principle of minimum flexural stiffness for the computation of the deflection of reinforced
flexural members, the flexural stiffness of test beams can be calculated as follows [16,41],

Bs = 0.1065Ml20/af (12)

where, M is the mid-span moment, l0 is the span, af is the mid-span deflection.
Based on a previous study, the flexural stiffness Bs can be computed as follows [16,26],

Bs =
0.85EcI0

1 + (1.16−Mcr/M)/(6αEsρ)
, (13)

Mcr = γ fftW0, (14)

γ = 1.55(0.73 + 60/h), (15)

where, Ec is the modulus of elasticity of conventional concrete, W0 is the elastic resistance moment
of the transformed section to tensile edge, f ft is the tensile strength of SFRELC, αEs is the ratio of the
modulus of elasticity between the rebar and SFRELC, ρ is the reinforcement ratio of longitudinal tensile
rebars, Mcr is the cracking moment of the mid-span section.

Under the upper-load, the tested and calculated values of initial flexural stiffness are presented
in Table 5. A good agreement between them is indicated by the average ratio of tested to calculated
values of 1.10 with a variation coefficient of 0.056. Meanwhile, the initial flexural stiffness reduced
with increasing αh, but increased 6.1% and 17.4% in beams with vf = 1.2% and 1.6% compared to those
with vf = 0.8%.

Table 5. The measured stiffness of beams under static load and calculated stiffness contrast.

Test Beam af (mm) Bs (×1012) Tested/Calculated
Tested Calculated

BF0.8-0.5a 8.9 3.532 3.302 1.070
BF0.8-0.6a 9.4 3.530 3.274 1.078
BF0.8-0.6b 9.2 3.417 3.301 1.035
BF0.8-0.7a 9.4 3.345 3.276 1.021
BF0.8-0.7b 9.6 3.639 3.225 1.128
BF1.2-0.6a 9.0 3.687 3.233 1.140
BF1.2-0.6b 9.0 3.687 3.233 1.140
BF1.6-0.6a 8.5 4.110 3.382 1.215
BF1.6-0.6b 8.2 4.047 3.412 1.186

With the increasing cyclic numbers of fatigue load, the compressive strain of conventional concrete
and the tensile strains of SFRELC and longitudinal rebar increased. The depth of the compression zone
was minimized with the gradual upward extension of cracks. This causes the reduction of the inertia
moment of the transformed section and the reduction of the flexural stiffness. Therefore, a revised
coefficient ζ should be multiplied as follows to compute the flexural stiffness of fatigue B f

s ,



Materials 2019, 12, 3261 13 of 17

B f
s = ζBs, (16)

ζ = 1− 0.04lgN. (17)

Table 6 presents the tested and computed values of the flexural stiffness of test beams. The ratios
are compared in Figure 9. It gives 1.056 average, with a variation coefficient of 0.099.

Table 6. Comparison between measured and calculated values of fatigue stiffness.

Test Beam Item
Cyclic Numbers of Fatigue Load

Initial 5000 10,000 50,000 100,000 200,000

BF0.8-0.5
tested 3.532 2.886 2.861 2.789 2.743 ——

calculated 3.302 2.790 2.750 2.656 2.615 ——

BF0.8-0.6
tested 3.474 2.738 2.693 2.649 2.638 2.564

calculated 3.287 2.800 2.760 2.666 2.625 2.584

BF0.8-0.7
tested 3.492 2.620 2.515 2.447 2.437 2.382

calculated 3.251 2.788 2.747 2.654 2.613 2.572

BF1.2-0.6
tested 3.687 3.096 2.975 2.874 2.826 2.758

calculated 3.233 2.740 2.700 2.609 2.569 2.528

BF1.6-0.6
tested 4.078 3.643 3.548 3.372 3.244 3.041

calculated 3.397 2.890 2.848 2.751 2.708 2.666Materials 2019, 12, x FOR PEER REVIEW 14 of 17 
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The curves display three shapes due to the different failure patterns of the test beams. For the test
beams in groups BF0.8-0.6, BF0.8-0.7, and BF1.2-0.6, the curves composited by three stages with the first
rapidly, the second steady, and the third rapidly. This is similar to that of reinforced concrete flexural
members which failed as compressive concrete accompanied by a fracture of the tensile rebars [40,49,50].
For the test beam BF0.8-0.5, the first two stages of the curve are normal, the third drops linearly which
represents the sectional fracture without obvious omen. For the test beams in group BF1.6-0.6, the
declines in the three stages of the curve are continuous. This exhibits a sustained degeneration of
flexural stiffness due to the accumulation of defects in SFRELC and conventional concrete as well as
rebars. In this case, the plasticity of the longitudinal tensile rebar has the opportunity to function.
Therefore, the controllable failure of the reinforced SFRELC superposed beams can be prospected by
the optimal composites of αh and vf.

6. Conclusions

Based on the experimental study, the main conclusion can be drawn as follows:
(1) In the case of the same volume fraction of steel fiber, three failure patterns of test beams under

fatigue load took place with the increase of SFRELC depth ratio from 0.5 to 0.7. The first is abrupt
along a section of the main crack with the sudden fracture of a tensile rebar, the second is the crush of
conventional concrete in the compression zone accompanied with the fracture of the tensile rebar, and
the third is only the crush of conventional concrete in the compression zone. It should be noted that
the horizontal interface between SFRELC and conventional concrete was laniated during the failure of
test beams with an SFRELC depth ratio of 0.7. In this case, the entirety of the composite section should
be enhanced.

(2) In the case of the same SFRELC depth ratio, two failure patterns of test beams under fatigue
load took place with the increasing volume fraction of steel fiber ranging from 0.8% to 1.6%. Test
beams with the steel fiber volume fractions of 0.8% and 1.2% failed with the crush of conventional
concrete in the compression zone accompanied with the fracture of the tensile rebar, while the test
beams with the steel fiber volume fraction of 1.6% failed with the crush of conventional concrete in
the compression zone. This indicated the presence of steel fiber with a larger volume fraction could
improve the failure pattern to be more ductile for reinforced SFRELC superposed beams.

(3) The fatigue life was sensitive to the upper limit of the fatigue load. The higher upper limit
of the fatigue load led to the higher stress level and larger stress amplitude of the longitudinal rebar.
This shortened the fatigue life of the test beams in this study. Formulas are proposed to evaluate the
stress level of test beams, the stress amplitude of the longitudinal tensile rebar, and the degenerated
flexural stiffness.

(4) The trend curves of fatigue flexural stiffness exhibit the different mechanisms of fatigue failure
of test beams. This provides the prospect of controllable failure of reinforced SFRELC superposed
beams by the optimal composites of the SFRELC depth ratio and the volume fraction of steel fiber.
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