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Abstract: When evaluating residential energy systems like co-generation systems, hot 

water and electricity demand profiles are critical. In this paper, the authors aim to extract 

basic time-series demand patterns from two kinds of measured demand (electricity and 

domestic hot water), and also aim to reveal effective demand patterns for primary  

energy saving. Time-series demand data are categorized with a hierarchical clustering  

method using a statistical pseudo-distance, which is represented by the generalized  

Kullback-Leibler divergence of two Gaussian mixture distributions. The classified demand 

patterns are built using hierarchical clustering and then a comparison is made between the 

optimal operation of a polymer electrolyte membrane fuel cell co-generation system and 

the operation of a reference system (a conventional combination of a condensing gas boiler 

and electricity purchased from the grid) using the appropriately built demand profiles. Our 

results show that basic demand patterns are extracted by the proposed method, and the 

heat-to-power ratio of demand, the amount of daily demand, and demand patterns affect 

the primary energy saving of the co-generation system. 

Keywords: co-generation; demand pattern; Gaussian mixture model; hierarchical 

clustering; KL-divergence; optimal operation 
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Nomenclature: 

ܿ specific heat of water 

 conversion factor ܥ

ࣞ distance measure 

ऎ distance matrix 

݁,  electricity ܧ

݂, ݂ᇱ a probability density function 
ሚ݂, ݂ᇱ෩  Gaussian probability density 

function 

݃,  gas consumption ܩ

 heating value ܪ

 ,primary energy consumption ܬ

MJ/day 

݇ discretized index 

 number of discrete value ܭ

,݌ ,෤݌ ,ᇱ݌ ᇱ෩݌  Gaussian mixture distribution 

 amount of heat ݍ

Q DHW demand 

ܴ heat-to-power ratio 

 discretized time index ݐ

ܶ number of time index 

 vector of continuous variables ࢞

ܸ tank capacity 

 vector of binary variables ࢠ

Greek Symbols 

 slope ߙ

 intercept ߚ

 % ,contribution ratio ߛ

 sampling period, hour ݐߜ

 % ,efficiency ߟ

 temperature, °C ߠ

 unknown parameters ࣅ

 mean vector ࣆ

 mixing coefficient ߨ

 water density ߩ

 covariance matrix ࢳ

φ primary energy reduction ratio, % 

Subscripts and Superscripts 

a,b component index of the 

Gaussian mixture distribution 

AUXS auxiliary 

B boiler 

buy buying 

C controller 

day daytime 

dem demand 

ELE non-HVAC electricity demand 

e electricity 
ሚ݂, ݂ᇱ෩ , ,݌  ᇱ a probability density function݌

P1,P2,P3 pump 

FC fuel cell 

g Gaussian distribution 

gas gas 

gen generalized 

gm Gaussian mixture distribution 

H electric heater 

HW hot water demand 

HWT thermal storage tank 

݅ start-up term 

in inlet 

KL KL divergence 

night nighttime 

out outlet 

q thermal 

rate1, rate2 piecewise-linear term 

R radiator fan 

RS reference system 

symm symmetrized 

up start-up 

W water 

X each device 
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1. Introduction 

A variety of water heaters are commercially available in Japan. Condensing gas boilers and heat 

pump water heaters, which operate with CO2 as a working fluid, and co-generation systems (CGS), 

which have polymer electrolyte fuel cells, are available. Residential energy consumption has been 

increasing slowly but surely in Japan [1], and accounted for 63.3% of all residential energy 

consumption from domestic hot water (DHW) and electricity (excluding heating, ventilation and air 

conditioning (HVAC)) demands in 2001 [2]. Energy consumption in Japan for cooling accounts for 

only 2.4% of annual demand per household [2]. On the other hand, energy consumption for heating 

accounts for 29.3% of annual demand [2]. Residential energy demand varies widely in terms of  

time-series behaviors, amounts consumed between households, and even within one household. 

Residential energy demand profiles have a high degree of uncertainty in their essentials because of the 

occupant-driven load. When evaluating residential energy systems, demand profiles are critical. In 

order to reduce the primary energy consumption when introducing an energy supply system, we need 

rational energy system selection guidelines and rational operation strategies that consider a variety of 

demand profiles. Hence, it is important to clarify the matches between the characteristics of energy 

systems and the characteristics of demand profiles. 

Co-generation systems with energy buffers have a lot of operational flexibility, therefore, it is 

difficult to judge the best operation for the energy saving. Mathematical programming is useful to 

know their optimal operation strategies for the energy saving. The optimal operational planning for a 

gas engine co-generation system with thermal storage was proposed by many researchers, such as 

Yokoyama et al. [3] using a Mixed Integer Linear Programming (MILP) method. Wakui et al. [4] 

compared optimal operations of heat-led and power-led using this method for a solid oxide fuel cell 

co-generation system. Basically, this study adapts those frameworks for leading optimal operations of 

a co-generation system. Hashimoto et al. [5] carried out a comparative evaluation on both a CO2  

heat-pump system and two kinds of polymer electrolyte membrane fuel cell co-generation systems 

(PEFC-CGS). At that time, because there were no commercial PEFC-CGSs, they estimated the model 

parameters with assumptions based on an ideal physics model, and these systems operated on the basis 

of twelve demand patterns of monthly representative days, unlike our study using the data of an 

available CGS. A number of researchers have addressed the problems, which are represented with 

mathematical models of co-generation systems using a lot of measured demand data; for example, an 

early study developed simulation models of residential-scale co-generation from prototypes, and 

revealed their energy saving potential in Annex 42 of the International Energy Agency [6]. In another 

early study, the above methodology framework was applied to an evaluation of condensing gas boiler 

and heat pump technologies with various loads [7]. 

In our previous study [8], the daily optimal operations of the PEFC-CGS and the CO2 heat-pump 

system were analyzed using data from systems in operation and from measured demand. It showed that 

primary energy consumption is reduced when an energy system is introduced with characteristics 

matching the characteristics of the demand profiles. Thus, one of the selection criteria when 

introducing an energy system is the amount and the heat-to-power ratio of daily demand. The primary 

energy consumption of the PEFC-CGS shows large differences in spite of the similarity in the amount 

of daily demand and the similarity of the heat-to-power ratio of non-HVAC electricity and DHW 
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demand. We guess that other factors affect the primary energy consumption of each system. Here we 

hypothesize that demand patterns have an effect on the primary energy consumption. We can not find 

the study, which reveal the effect of time-series demand patterns for the operation of the CGSs, 

therefore, make an analysis of the demand patterns. In this paper, main objectives are: 

1. To extract basic time-series demand patterns from the data of a system in operation and 

26307 days of data for two kinds of demand (non-HVAC electricity and DHW), and 

2. To reveal effective demand patterns for the primary energy reduction of the PEFC-CGS.  

Figure 1 shows the analysis framework of this paper.  

Figure 1. Analysis framework. 

 

Demand time-series data are categorized by means of a kind of "unsupervised" learning [9], which 

is a hierarchical clustering method using a statistical pseudo-distance. The statistical pseudo-distance is 

represented by the generalized Kullback-Leibler (KL) divergence [10] of two Gaussian Mixture 

Distributions (GMDs) fitted to the time-series demand data. The unsupervised learning method for 

electricity consumption was proposed by Shen et al. [11]; This paper extend the scope of its 

application not only for electricity but also for a combination of electricity and DHW demand in order 

to evaluate the co-generation system. A previous report [12] did clustering analysis directly using the 

energy consumption data, unlike our approach using model-based clustering. Clustering analysis, 

which is listed in detail, has been reported by Liao [13]. Our classified clusters are evaluated by the 

optimal operation of the PEFC-CGS. The main consideration is the relationship between the clustered 

time-series demand data and the primary energy consumption of one PEFC-CGS. The PEFC-CGS is 

compared to a reference system (R-S): a combination of a condensing gas boiler and electricity 
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purchased from the grid, because the PEFC-CGS competes with the R-S when installing appliances for 

a new house. 

This paper evaluates the energy saving potential of the PEFC-CGS, by using model of a state-of-art, 

available performance data, and the relationship with demand patterns using clustering techniques on a 

combination of electricity and DHW demand. 

2. Hot Water and Non-HVAC Electricity Demand 

Figure 2 shows demand maps measured in 40 households in detached houses and 32 households in 

residential apartment buildings. The energy consumption data is for a total of 26,307 days, which 

include days of leap years, and were measured by Tsuji et al. [14] in Kinki region around Osaka with a 

sampling interval of 30 minutes. The data was decomposed to specified usages. The usages represent 

electricity and gas consumption, for space cooling, space heating, cooking, hot water, and other, 

respectively [14]. Those were multiplied the equipment efficiencies by applications, and were 

reclassified to five different kinds of demand: space cooling, space heating, cooking, DHW, and  

non-HVAC electricity. The numbers of occupants are between three and six. The Kinki region is 

located near the left-of-center of the main island in Japan, therefore, it seems to represent average 

houses in Japan. As shown in Figure 2a, the annual non-HVAC electricity demand is 15.49 GJ/year 

(about 11.79 kWh/day), and the annual DHW demand is 13.05 GJ/year (about 9.93 kWh/day), on 

average, for the 72 households.  

Figure 2. Measured demand. (a) annual; (b) daily. 

 

As shown in Figure 2(b), the modal value of the daily non-HVAC electricity demand, ܧ, is around  

8 kWh/day, and the modal value of daily DHW demand, ܳ, is around 4 kWh/day. Daily demand varies 

widely with DHW demand reaching over 60 kWh/day in some cases, which is 15 times the modal 

value. The PEFC-CGS, which is discussed later in Section 4, has a thermal storage tank, which has 

about 10 kWh capacity. Thermal-load leveling by the thermal storage tank seems to have the effect for 

only few days at the most, because daily averaged DHW demand is the same level of the capacity of 

the thermal storage tank. Since the operational strategy might be implemented in co-generation 

systems on a daily time scale, time-series data should be analyzed on the same scale. In order to reveal 
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the energy saving potential of the solely PEFC-CGS, this paper targets non-HVAC electricity and 

DHW demand, and uses only time-series demand data of all 72 households for the extraction of 

demand patterns. Demographic data is not used so that it could be focus on the effect of demand 

patterns. When revealing the energy saving potential in each household, this paper represents a method 

to evaluate the collection of one-day demand patterns as the characteristics of a household. 

As shown in Figure 2(b), measured demand data are separated from the daily heat-to-power 

ratio,  ܴ , and DHW demand,  ܳ , by red lines. For descriptive purposes as shown in Table 1, the 

26,307 days are divided into six sets of groups, defined by each zone of heat-to-power ratio, ܴ. The 

measured demand data are separated based on information obtained from our earlier study [8]: the fuel 

cell unit is inefficient when underused; the PEFC-CGS increases primary energy consumption 

compared with the R-S in the zone under ܳ = 6 kWh/day. We do a clustering analysis for each group. 

Table 1. Demand groups. 

Group name Number of elements, days DHW demand ࡽ, kWh/day Heat-to-power ratio ࡾ 

A 9807 ܳ ൏ 6.0 --- 
B 971 6.0 ൑ ܳ ܴ ൏ 0.5 
C 6958 6.0 ൑ ܳ 0.5 ൑ ܴ ൏ 1.0 
D 4920 6.0 ൑ ܳ 1.0 ൑ ܴ ൏ 1.5 
E 1926 6.0 ൑ ܳ 1.5 ൑ ܴ ൏ 2.0 
F 1725 6.0 ൑ ܳ 2.0 ൑ ܴ ൏ ∞ 

3. Clustering Model 

Time-series demand data are categorized by a hierarchical clustering method using a statistical 

pseudo-distance. A statistical pseudo-distance is the distance between two points in a pseudo-metric, 

which is defined by the identity of indiscernibles, symmetry and triangle inequality. The statistical 

pseudo-distance is calculated from the generalized KL divergence with the GMD fitted to the  

time-series demand data. Actually, this process fits the GMD to some peaks of the daily non-HVAC 

electricity and DHW demands. The GMD is represented by three parameters: the mean, the 

covariance, and the coefficient in the linear combination. 48-dimensional vectors, which are 48 terms 

accumulated every 30 minutes through a day, are translated to vectors with up to 12 dimensions. The 

time-series demand data are categorized by the hierarchical clustering method using the distance, 

which is calculated with information per day represented by vectors with up to 12 dimensions. The KL 

divergence, which represents the dissimilarity measure between two distributions, is often used for 

cluster analyses. The Bregman divergence [15] is a pseudo-distance for measuring the discrepancy 

between two functions. The generalized KL divergence is extended by the framework of the Bregman 

divergence, and can handle distributions and others. In this paper, the generalized KL divergence 

between two biased distributions, which represents the dissimilarity measure of the histogram of daily 

time-series demand data, is used as the pseudo-distance of the clustering. Readers are referred to  

Shen et al. [11] for details. 
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3.1. Gaussian Mixture Model 

For a ܶ -dimensional vector ࢞ ൌ ሺݔଵ, … , ሻୃ்ݔ  of continuous variables, the Gaussian distribution 

(GD) is defined by 

ࣨሺࣆ|࢞, ሻࢳ ൌ
1

ሺ2ߨሻ
்
ଶ

1

|ࢳ|
ଵ
ଶ

exp ሼെ
1
2

ሺ࢞ െ ࢞ଵሺିࢳሻୃࣆ െ  ሻሽࣆ
(1)  

where ࣆ is a ܶ-dimensional mean vector, and ࢳ is a ܶ ൈ ܶ covariance matrix. A superposition of ܭ 

Gaussian densities of the form: 

ሻࣅ|࢞ሺ݌ ൌ Σ௞ୀଵ
௄ ,௞ࣆ|࢞௞ࣨሺߨ   ௞ሻ (2)ࢳ

is called a mixture of Gaussians. The ߨ parameters are called mixing coefficients. If we integrate both 

sides of Equation (2) with respect to ࢞ , and note that both ݌ሺ࢞ሻ  and the individual Gaussian 

components are normalized, we obtain: 

Σ௞ୀଵ
௄ ௞ߨ ൌ 1 (3)  

The form of the GMD is governed by the parameters ࣊ ؠ ሼߨଵ, … , ,௄ሽߨ ࣆ ؠ ሼࣆଵ, … , ,௄ሽࣆ ࢳ ؠ
ሼࢳଵ, … ,   :are defined by ࣅ ௄ሽ. Here, the unknown parametersࢳ

ࣅ ൌ ሼߨ௞, ,௞ࣆ ௞ሽ௞ୀଵࢳ
௄  (4)  

The unknown parameters ࣅ in the GMD are determined by maximizing the likelihood function. The 

maximum likelihood solution for the parameters does not have a closed-form analytical solution. 

Using the Expectation-Maximization (EM) algorithm [16], to estimate the parameters of the Gaussian 

mixture model. The EM algorithm is a method of approximating inference.  

We utilized the Mclust function [17] with mclust packages in R language, which is an open source 

programming language and software environment for statistical computing. The numbers of the 

Gaussian mixture elements are chosen by the Bayesian Information Criterion (BIC) [18] from one to 

four. In other words, the GMD fits the demand patterns, which might have up to four peaks in a day, at 

morning, noon, evening and midnight. In this process, 48-dimensional daily demand vectors are 

represented by a maximum of 3 ൈ 4 ൌ 12-dimensional vectors of the GMD, because the GMD is 

represented the three parameters, namely the mean, the covariance, and the coefficient in the  

linear combination.  

Figure 3 shows a sample fitting of the Gaussian mixture model for time-series demand data. In 

Figure 3(a), the bar charts represent the hot water demand of a sample day, and the solid curves 

represent the Gaussian mixture density. There are three major peaks and one minor peak, 

corresponding to the four GDs. Similarly, as shown in Figure 3(b), the non-HVAC electricity demand 

of this sample day has four peaks. 
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Figure 3. A sample fitting of the Gaussian mixture model. (a) Hot water demand;  

(b) electricity demand. 

 

3.2. Kullback-Leibler Divergence 

Statistical pseudo-distances between all days are represented by the KL divergence, which is known 

as the “relative entropy”. The KL divergence between two probability density functions, ݂ሺݔሻ and 

݂ᇱሺݔሻ, is given by: 

ࣞKLሺ݂, ݂Ԣሻ ൌ න ݂ሺݔሻln
݂ሺݔሻ
݂Ԣሺݔሻ

  (5) ݔ݀

The KL divergence between T-dimensional GDs ሚ݂ሺݔሻ and ݂ᇱ෩ ሺݔሻ is given by: 

ࣞ୥൫ ሚ݂, ݂Ԣ෩ ൯ ൌ
1
2

቎log
ቚߑ௙ᇲ෪ቚ

หߑ௙ሚห
൅ Tr ቂߑ௙ᇲ෪

ିଵߑ௙ሚቃ െ ܶ ൅ ቀߤ௙ሚ െ ௙ᇲ෪ቁߤ
ୃ

 ௙ᇲ෪ߑ
ିଵሺߤ௙ሚ െ   ௙ᇲ෪ሻ቏ (6)ߤ

The KL divergence between two mixtures of Gaussian ݌ሺࣅ|࢞ሻ and ݌Ԣሺࣅ|࢞ෘሻ is approximated by: 

ࣞ୥୫ሺ݌, Ԣሻ݌ ൌ Σ௔ୀଵ
௄ೌ ௔logߨ

Σ௔ුୀଵ
௄෕ೌ ௔ුexpߨ ቀെࣞ୥ሺ݌௔, ௔ුሻቁ݌

Σ௕ୀଵ
௄್ ௕expߨ ቀെࣞ୥ሺ݌௔, Ԣ௕ሻቁ݌

 (7)  

where Gaussian, ݌௔ሺ࢞ሻ, is the ܽ୲୦  component of the GMD ݌ሺࣅ|࢞ሻ. Specifically, in this context, ࢞ 

represents the measured demand of a day, ݌ሺࣅ|࢞ሻ represents the characteristics of one day of the 

waveform regarding time-series demand data as a histogram, and ݌௔ሺ࢞ሻ represents the characteristics 

of a peak fitted to the GD. ݌Ԣሺ࢞ሻ represents the characteristic of the wave form of the other day. Up to 

this point, we have considered the KL divergence as the difference between the shapes of the 

histograms of the daily time-series demand data. In this paper, it is important to consider both the daily 

total demand and the time-series behaviors, because the balance of electricity and heat demand is 

critical for CGS performance. Here, we consider a biased GMD, ݌෤ሺ࢞ሻ for one day and ݌Ԣ෩ ሺ࢞ሻ for the 
other day, which are multiplied by the daily total non-HVAC electricity demand, ܧ௣,ܧ௣ᇱ kWh/day. The 

KL divergence of non-HVAC electricity demand is explained in the following context: 
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ሻ࢞෤ሺ݌ ൌ
௣ܧ
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 ሻ (8)࢞ሺ݌

Ԣ෩݌ ሺ࢞ሻ ൌ
௣ᇱܧ

1000
  ሻ (9)࢞Ԣሺ݌

For calculating the KL divergence from the biased GMD, (8), the generalized KL divergence, ࣞ୥ୣ୬, 

which is extended by the framework of the Bregman divergence, is given by:  

ࣞ୥ୣ୬ሺ݌෤, Ԣ෩ሻ݌ ൌ න ቆ݌෤ሺ࢞ሻ log
ሻ࢞෤ሺ݌

Ԣ෩݌ ሺ࢞ሻ
െ ሻ࢞෤ሺ݌ ൅ Ԣ෩݌ ሺ࢞ሻቇ ݔ݀

௫
   

ൌ
௣ܧ

1000
ࣞ୥୫ሺ݌, ᇱሻ݌ ൅

௣ܧ

1000
log

௣ܧ

௣ᇲܧ
െ

௣ܧ

1000
൅

௣ᇲܧ

1000
 

(10) 

The KL divergence is not a symmetrical quantity, that is to say ࣞ୥ୣ୬൫݌෤, Ԣ෩݌ ൯ ് ࣞ୥ୣ୬൫݌Ԣ෩ ,  ෤൯. In order݌

to use the KL divergence for a distance measure in cluster analysis, we adopt the symmetrized KL 
divergence, ࣞୱ୷୫୫

ELE , given by: 

ࣞୱ୷୫୫
ELE ൫݌෤, Ԣ෩݌ ൯ ൌ

ࣞ୥ୣ୬൫݌෤, Ԣ෩݌ ൯ ൅ ࣞ୥ୣ୬൫݌Ԣ෩ , ෤൯݌

2
 (11) 

The distance matrix, ऎୱ୷୫୫
ELE , for the clustering is composed of the symmetrized KL divergences. 

The symmetrized KL divergence for DHW demand ࣞୱ୷୫୫
HW , and the distance matrix ऎୱ୷୫୫

HW  are also 

calculated in the same manner. 

3.3. Hierarchical Clustering 

The hierarchical clustering analysis uses a distance matrix, ऎ, with the KL divergence of both  

non-HVAC electricity and DHW demands as the distance measure between clusters from Ward’s 
method [19]. Because both distance matrices, ऎୱ୷୫୫

ELE  and ऎୱ୷୫୫
HW , are calculated independently to this 

point, they are normalized by dividing by the median of each ऎୱ୷୫୫
ELE  and ऎୱ୷୫୫

HW  in order to compute 

the sum of the two distance matrices. The distance matrix, ऎ , which sums the two kinds of 

symmetrized KL divergence, is given by:  

ऎ ൌ
ऎୱ୷୫୫

ELE

Medianሺऎୱ୷୫୫
ELE ሻ

൅
ऎୱ୷୫୫

HW

Medianሺऎୱ୷୫୫
HW ሻ

 (12) 

where “Median” represents the median of the matrix. Demand is classified into 16 clusters for each 

group using the hierarchical clustering method. The reason for 16 clusters is because we assume DHW 

demand patterns vary widely while non-HVAC electricity demand patterns do not. In other words,  

24 = 16 clusters represent the combination of the four existing or non-existing DHW demand peaks, 

which are morning, noon, evening and midnight. 
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4. Polymer Electrolyte Membrane Fuel Cell Co-Generation System Model 

The clusters, which are classified in the previous section, are evaluated relative to the optimal 

operation of the PEFC-CGS. Again, the main consideration is the relationship between the clustered 

time-series demand data and the primary energy consumption of the PEFC-CGS. The PEFC-CGS is 

compared to the R-S. Schematic diagrams with the specifications [8] of the PEFC-CGS, and the R-S 

are shown below. The parameters in the model are taken from public information [20]. This problem is 

formulated as a MILP problem. The models were coded by the algebraic modeling language AMPL 

version 12.1 [21] as the conventional MILP, and were solved by the general optimization solver 

CPLEX version 12.1 [22]. 

4.1. Objective Function 

The objective function to be minimized is the daily primary energy consumption calculated from 

the summation of purchased electricity, ࢋୠ୳୷, and gas consumption, ࢍୠ୳୷, multiplied by each primary 

energy conversion factor. In particular, the primary energy consumption of purchased gas is converted 
using the higher heating value of ܥ୥ୟୱ, 45 MJ/m3 [23]. The primary energy conversion factors of 

electricity mean all of the conversion efficiencies from power plants to end users. In other words, they 

include transmission losses, the efficiency of power plants and so on. The primary energy conversion 
factor of purchased electricity in the daytime is ୢܥୟ୷

ୣ , 9.97 MJ/kWh [24], and the primary energy 

conversion factor of purchased electricity in the nighttime is ܥ୬୧୥୦୲
ୣ , 9.28 MJ/kWh [24]. The objective 

function ܬ, which is the daily operating cost from the viewpoint of the primary energy consumption, is 

given by: 

ܬ ൌ Σ௧ୀଵ
் ൬ୢܥୟ୷

ୣ ݁ୢୟ୷
ୠ୳୷ሺݐሻ ൅ ୬୧୥୦୲ܥ

ୣ ݁୬୧୥୦୲
ୠ୳୷ ሺݐሻ ൅  ሻ൰ (13)ݐ୥ୟୱ݃ୠ୳୷ሺܥ

where ݐ ൌ 1, … , ܶ represents the time index. ܶ is the number of time periods. The sampling period, ݐߜ, 

is 0.5 hours. One day is discretized to ܶ ൌ 48 terms. We stack the optimal solutions and operations for 

each day to evaluate the characteristics of the PEFC-CGS.  

4.2. Constraints 

The X kinds of ܶ -dimensional continuous non-negative decision variables vectors, electricity 

consumption ࢋX ൌ ሺ݁X ሺ1ሻ, … , ݁X ሺܶሻሻ , gas consumption ࢍX ൌ ቀ݃X ሺ1ሻ, … , ݃X ሺܶሻቁ , and amount of 

heat ࢗX ൌ ቀݍX ሺ1ሻ, … , Xݍ ሺܶሻቁ  represent the energy flows; the X kinds of ܶ -dimensional vectors 

Xࢠ ൌ ሺݖX ሺ1ሻ, … , Xݖ ሺܶሻሻ of binary 0–1 decision variables represent the on-off status of each device in 

each term. The superscript X represents the index of each component in the PEFC-CGS. This MILP 

problem frames 1728 variables (28 kinds of linear variables × 48 terms + 8 kinds binary variables × 48 

terms) and 2021 constraints. In order to check inner states and energy flows, we add some variables for 

the problem, which is composed the requisite minimum number of variables, therefore the problem has 

some redundant variables. As shown in Figure 4, the PEFC-CGS consists of four main parts: the 

polymer electrolyte membrane fuel cell (PEFC) unit, the thermal storage tank with a capacity ܸHWT of 

200 liters, in which perfect mixing hot water inside, the auxiliary boiler with an 83% conversion 



Energies 2013, 6 384 

 

 

efficiency ߟB  (based on lower heating value of the fuel: LHV), and the electric heater (H) with a 95% 

conversion efficiency ߟH  to hot water. Electricity demand is supplied from the grid and the PEFC unit. 

Because reverse flow of electricity from a CGS to the grid is not allowed in Japan, the surplus 

electricity produced by the CGS is supplied to the electric heater to prevent this. The rated hot water 

output of the PEFC unit is 1.0 kW (100% load). The DHW demand is supplied from the auxiliary 

boiler, in case the PEFC unit and the thermal storage tank cannot meet demand.  

Figure 4. PEFC-CGS. 

 

The relationship between the output of the PEFC unit and gas consumption is identified as a 

piecewise-linear function based on the measured data, as shown in Figure 5. Table 2 shows the partial 

load efficiency of the PEFC unit; the rated efficiency is the catalog value [20]. The rated electricity 

output is 0.7 kW. At the rated load, the total system efficiency is 50.0 + 35.0 = 85.0%, and the  

heat-to-power ratio at the rated output is 50.0/35.0 = 1.43. The minimum electricity output is 0.25 kW 

(35.7% load), and the heat-to-power ratio of the output is 30.0/30.0 = 1.0.  

Table 2. Partial load performance of PEFC unit. 

Load factor % 35.7 71.4 100 

Electricity power output kW 0.25 0.50 0.70 
Electricity power efficiency (LHV) % 30.0 34.0 35.0 

Thermal efficiency (LHV) % 30.0 45.0 50.0 

Figure 5. Partial load characteristics of PEFC unit. 
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Table 3 shows the specifications of devices except the PEFC unit. The gas consumption of the 

PEFC unit ࢍFC has the following constraints: 

୰ୟ୲ୣଵܩ
FC ୰ୟ୲ୣଵݖ

FC ሺݐሻ ൑ ݃୰ୟ୲ୣଵ
FC ሺݐሻ ൑ ୰ୟ୲ୣଵܩ

FC
୰ୟ୲ୣଵݖ

FC ሺݐሻ (14) 

୰ୟ୲ୣଶܩ
FC ୰ୟ୲ୣଶݖ

FC ሺݐሻ ൑ ݃୰ୟ୲ୣଶ
FC ሺݐሻ ൑ ୰ୟ୲ୣଶܩ

FC
୰ୟ୲ୣଶݖ

FC ሺݐሻ (15) 

݃FCሺݐሻ ൌ ݃୰ୟ୲ୣଵ
FC ሺݐሻ ൅ ݃୰ୟ୲ୣଶ

FC ሺݐሻ 
(16) 

ሻݐFCሺݖ ൌ ୰ୟ୲ୣଵݖ
FC ሺݐሻ ൅ ୰ୟ୲ୣଶݖ

FC ሺݐሻ 
(17) 

ܼ୰ୟ୲ୣଵ
FC ሺݐሻ ൌ ቄ1: electricity output of the PEFC unit is between 0.25 and 0.50 kW in ݐ term

0: otherwise
 

(18) 

ܼ୰ୟ୲ୣଶ
FC ሺݐሻ ൌ ቄ1: electricity output of the PEFC unit is between 0.50 and 0.70 kW in ݐ term

0: otherwise
 

(19) 

where ࢠFC  represents start-up status of the PEFC-CGS, ܩFC and ܩ
FC

 represent the lower and upper 

limit of the gas consumption in each rate. Therefore, electricity output ࢋFC and hot water output ࢗFC 

are given by: 

݁FCሺݐሻ ൌ ୰ୟ୲ୣଵߙ
ୣ ݃୰ୟ୲ୣଵ

FC ሺݐሻ ൅ ୰ୟ୲ୣଵߚ
ୣ ୰ୟ୲ୣଵݖ

FC ሺݐሻ൅ߙ୰ୟ୲ୣଶ
ୣ ݃୰ୟ୲ୣଶ

FC ሺݐሻ ൅ ୰ୟ୲ୣଶߚ
ୣ ୰ୟ୲ୣଶݖ

FC ሺݐሻ (20) 

ሻݐFCሺݍ ൌ ୰ୟ୲ୣଵߙ
୯ ݃୰ୟ୲ୣଵ

FC ሺݐሻ ൅ ୰ୟ୲ୣଵߚ
୯ ୰ୟ୲ୣଵݖ

FC ሺݐሻ൅ߙ୰ୟ୲ୣଶ
୯ ݃୰ୟ୲ୣଶ

FC ሺݐሻ ൅ ୰ୟ୲ୣଶߚ
୯ ୰ୟ୲ୣଶݖ

FC ሺݐሻ 
(21) 

where ୣߙ ୣߚ , ୯ߙ ,  , and ߚ୯  represent the slope and intercept of electricity and hot water output in each 

rate, respectively.  

Table 3. PEFC-CGS specifications. 

Specification  Value 

Auxiliary boiler efficiency % ߟB  83.0 

Controller electricity consumption W ܧC 10.0 

Coefficient of thermal loss %/h ߟHWT 1.3 

Electric heater efficiency % ߟH 95.0 

Electricity consumption of pump for cyclic water W ܧPଵ 10.0 

Electricity consumption of pump for heat circulation W ܧPଶ 50.0 

Electricity consumption of pump for hot water W ܧPଷ 70.0 

Electricity consumption of radiator fan W ܧR 15.0 

Electricity consumption of start-up in first term Wh/30min ܧ୳୮,ଵ
FC  300.0 

Electricity consumption of start-up in second term Wh/30min ܧ୳୮,ଶ
FC  200.0 

Gas consumption of start-up in first term Nm3/30min ܩ୳୮,ଵ
FC  0.016 

Gas consumption of start-up in second term Nm3/30min ܩ୳୮,ଶ
FC  0.024 

Hot water outlet temperature from the PEFC unit °C ߠFC 60.0 

Minimum ratio of thermal storage tank %  10.0 

Thermal storage tank capacity L ܸHWT 200.0 
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Hot water is stored by the thermal storage tank: 

ە
ۖ
۔

ۖ
ۓ HWTሺ1ሻݍ ൌ ቆ1 െ

HWTߟ

100
ቇݐߜ HWTሺܶሻݍ ൅ ୧୬ݍ

HWTሺܶሻ െ ୭୳୲ݍ
HWTሺܶሻ

ሻݐHWTሺݍ ൌ ቆ1 െ
HWTߟ

100
ቇݐߜ ݐHWTሺݍ െ 1ሻ ൅ ୧୬ݍ

HWTሺݐ െ 1ሻ െ ୭୳୲ݍ
HWTሺݐ െ 1ሻ 

 
for ݐ ൌ 1

 
for otherwise

 (22) 

where ࢗHWT represents the amount of heat in the thermal storage tank, ࢗ୭୳୲
HWT represents the amount of 

heat supplied for demand from the thermal storage tank, ࢗ୧୬
HWT represents the amount of heat supplied 

for the thermal storage. The maximum amount of heat of the thermal storage tank is given by: 

ሻݐHWTሺݍ ൑ FCߠHWTܿሼܸߩ െ  ሻሽ (23)ݐWሺߠ

where ߩ represents water density, ܿ represents specific heat of water, ߠFC represents hot water outlet 

temperature from the PEFC unit. ࣂW represents feed-water temperature, and is measured data in each 

term. In case of oversupplying hot water, the radiator fan promote heat loss ࢗோ . The status of the 

radiator fan, ࢠR, has the following constraints: 

ሻݐRሺݍ
ܯ

൑ ሻݐRሺݖ ൑
ሻݐHWTሺݍ

FCߠHWTܿሼܸߩ െ ሻሽݐWሺߠ
 (24) 

where ܯ represents a large number, which is so-called “Big-M”. Therefore, energy balance around the 

thermal storage tank is given by: 

ሻݐFCሺݍ ൅ ሻݐHሺݍ ൌ ୧୬ݍ
HWTሺݐሻ ൅  ሻ (25)ݐRሺݍ

Hݍ ሺݐሻ ൌ
Hߟ

100
݁Hሺݐሻ (26) 

where ࢗH  and ࢋH  represent the amount of heat and electricity consumption of the electric heater, 

respectively. The amount of heat ࢗB , which is supplied from the auxiliary boiler to demand, is given by: 

Bݍ ሺݐሻ ൌ
Bߟ

100
B݃ܪ ሺݐሻ (27) 

where ܪ represents the LHV of the fuel, and ࢍB  represents the gas consumption of the auxiliary boiler. 

Therefore, hot water demand ܳୢୣ୫ in each term is satisfied with following equation: 

ܳୢୣ୫ሺݐሻ ൌ ୭୳୲ݍ
HWTሺݐሻ ൅ Bݍ ሺݐሻ (28) 

When starting up, the PEFC-CGS has the following three warming-up requirements: 60 minutes,  

0.5 kWh of electricity, and 0.04 Nm3 of gas consumption. The start-up formulations are shown below: 

ሻݐFCሺݖ െ ݐFCሺݖ െ 1ሻ ൑ ୳୮,ଶݖ
FC ሺݐ െ 1ሻ (29) 

୳୮,ଵݖ
FC ሺݐ െ 1ሻ ൌ ୳୮,ଶݖ

FC ሺݐሻ
(30) 

where ࢠ୳୮,ଵ
FC  is the first start-up term, and ࢠ୳୮,ଶ

FC  is the second start-up term. Gas consumption for  

start-up, ࢍ୳୮
FC, and electricity consumption for start-up, ࢋ୳୮

FC, are defined by:  
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݃୳୮
FCሺݐሻ ൌ ୳୮,௜ܩ

FC ୳୮,௜ݖ
FC ሺݐሻ (31) 

݁୳୮
FCሺݐሻ ൌ ୳୮,௜ܧ

FC ୳୮,௜ݖ
FC ሺݐሻ

(32) 

where ݅ ൌ ሼ1,2ሽ represents the start-up term. 

The electricity demand ୣୢܧ୫ for each term as well as gas consumption balance are satisfied with 

following equation: 

݁ୠ୳୷ሺݐሻ ൅ ቀ݁FCሺݐሻ െ ݁Hሺݐሻቁ ൌ ሻݐ୫ሺୣୢܧ ൅ ݁୳୮
FCሺݐሻ ൅ ݁AUXSሺݐሻ (33) 

݃ୠ୳୷ሺݐሻ ൌ ݃FCሺݐሻ ൅ ݃B ሺݐሻ ൅ ݃୳୮
FCሺݐሻ 

(34) 

where ࢋAUXS represents the electricity consumption of the auxiliary machines, in particular:  

݁AUXSሺݐሻ ൌ ቀܧC ൅ ሻݐFCሺݖPଵܧ ൅ ሻݐBሺݖPଶܧ ൅ ሻݐHWሺݖPଷܧ ൅ ሻቁݐRሺݖRܧ  (35) ݐߜ

ሻݐBሺݍ
ܯ

൑  B (36)ݖ

ሻݐHWሺݖ ൌ ቄ1: there is DHW demand in ݐ term
0: otherwise

 
(37) 

where ࢠB represents the on-off status of the auxiliary boiler. 

4.3. Reference System (R-S) 

Figure 6 shows the reference system: a condensing gas boiler, which has a 92% conversion 

efficiency (LHV), with electricity from the grid. DHW demand is supplied from the boiler on a  

just-in-time basis. Electricity demand is supplied from the grid only. Electricity consumption for the 

controller is 5 W, and for pump, 70 W. The best operation can be easily identified because the R-S has 

no energy buffers. 

Figure 6. R-S. 

 

5. Numerical Results 

5.1. Optimal Operation 

An index, ߮, representing the primary energy reduction ratio is introduced: 

߮ ൌ
RSܬ െ FCܬ

RSܬ
ൈ 100 (38) 
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where ܬRS represents the primary energy consumption of the R-S. Figure 7 shows the distribution of 

the daily primary energy reduction ratio. The average of all 26307 days of the primary energy 

reduction ratio is 5.64%, and the annual primary energy reduction ratios of each household, which are 

shown in Figure 7(a), are between −0.33% and 12.08%. It was found that an increase in annual 

demand is associated with a reduction in annual primary energy use. 

Figure 7. Distribution of primary energy reduction ratio in optimal operation. (a) annual; 

(b) daily; (c) DHW demand vs. daily primary reduction ratio with contribution ratio;  

(d) frequency of primary energy reduction ratio. 

 

The daily primary energy reduction ratios, which are shown in Figure 7(b), are between −11.71% 

and 20.34%. Reddish points, which indicate good performance with the PEFC-CGS, are scattered 

around an electricity demand of 15 kWh/day and a DHW demand of 20 kWh/day. It is found that, 

from the viewpoint of daily demand, the PEFC-CGS performs well around the rated output through a 

day; the electricity output is 16.8 kWh/day ( ൌ 0.7 kW ൈ 24 hour ), and the thermal output is  

24 kWh/day (ൌ 1.0 kW ൈ 24 hour). From Figure 7(c), it can be seen that there is a peak in the primary 

energy reduction ratio around a DHW demand of 20 kWh/day. One of the dominant factors, the 

negative primary energy reduction ratio, is the case of hot water supplied by the auxiliary boiler on the 

PEFC-CGS. This is because the efficiency of the auxiliary boiler of the PEFC-CGS is inferior to that 
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of the condensing gas boiler of the R-S. There are two possible cases: the PEFC-CGS operation is 

inefficient because of too low DHW demand in the case of under the lower part load capacity of the 

PEFC-CGS, or too high DHW demand when shortage of heat supply was covered by the auxiliary boiler. 

Here we introduce the contribution ratio, γ, of the PEFC unit: 

γ ൌ Σ௧ୀଵ
் ቆ

ሻݐFCሺݍ

ሻݐFCሺݍ ൅ ሻݐBሺݍ ൅ ሻݐHሺݍ
ቇ ൈ 100 (39) 

Whenever the PEFC unit is not used throughout a day, the contribution ratio is 0%, which is shown 

with purple points in Figure 7c. In these cases, the characteristics of the PEFC-CGS don’t match the 

demand, because of lower DHW demand for the operations of the PEFC-CGS over an entire day. 

When using the PEFC unit at a low level of daily DHW demand, the primary energy reduction ratios 

are distributed throughout the negative values in Figures 7(c,d). 

Due to space limitations, when comparing the differences among houses, we pick two houses, both 

of whom have the same level of annual demand. Table 4 shows the details of the household’s 

characteristics. Figure 8 shows the scattered points of daily demand with the primary reduction ratios. 

Figure 8. Daily primary energy reduction ratio. (a) House A; (b) House B. 

 

The distribution of daily demand varies even though the families have the same level of annual 

demand. The DHW demand of House B is normally around 2 kWh/day; on the other hand, the 

maximum DHW demand is up to around 50 kWh/day. 

Table 4. Characteristics of the two houses. 

 (a) House A (b) House B 

Annual electricity demand GJ/year 18.83 19.06 
Annual DHW demand GJ/year 21.20 21.06 

Residential type Detached house Apartment 
Age of householder 40’s 50’s 

Number of occupants 4 4 
Annual primary energy reduction ratio % 10.32 7.73 

Range of daily primary energy reduction ratio % −4.50~16.03 −4.35~19.60 
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Furthermore, it shows a difference in the primary energy reduction ratio even when daily demand is 

the same, House B has more reddish points than House A around an electricity demand of 15 kWh/day 

and DHW demand of 20 kWh/day. It seems effected by demand patterns. 

5.2. Extraction of Demand Patterns 

Six sets of groups of demand were defined by the heat-to-power ratio and the daily DHW demand. 

Group-A does not show a significant difference because this proposed method, fitted GMDs for 

demand patterns, is difficult to adapt to low demand situations, including 0 kWh/day. This is a 

disadvantage of this method; in short, it is necessary to exclude days which have a low level of 

demand, including 0 kWh/day, before the data are used for statistical processing. Hence Figures 9  

to 13 show the demand patterns clustered in 16 groups for Groups B to F. The green bar charts 

represent the average electricity demand of each term in each cluster; the red cityscapes represent the 

average DHW demand, the black and red dotted lines represent the electricity and DHW  

demand ± standard deviation on average of each term. The rightmost pictures in Figures 9 to 13 are 

dendrograms which represent hierarchical structures. If trying to decrease the number of clusters, 

concatenate the adjacent clusters. It is confirmed that the basic demand patterns are extracted by the 

hierarchical clustering with the generalized KL divergence, and reveal the demand pattern’s structures. 

Figure 14 shows cluster histograms labeled with a monthly perspective; the vertical axis label shows 

“Group name—Cluster number”. For example, in Figure 14(a) the bar labeled “C-5” is the modal 

class, “C-5” means this bar belongs to Cluster 5 in Group C. Summer days, which are shown with 

bluish bars, are mostly in Group C. In House B, the spring days are found many in Group A.  

In House B, the day marked 19.60% of the highest primary energy reduction ratio is grouped in  

“D-11”, the day marked 18.78% of the second highest primary energy reduction ratio is grouped in 

“D-1”, and the next is grouped in “D-5”. It is confirmed that there are clusters which are distributed 

among the higher primary energy reduction ratios in Figure 11, “D-11”, “D-1”, and “D-5”. We 

compare these clusters to “D-2”, which is the modal class of House A in Group D, “D-2” has no peak 

in the morning. Comparing all clusters in Figure 11 from the same viewpoint, the primary energy 

reduction ratios of “D-3”, “D-9”, “D-10”, “D-13”, and “D-14” are distributed over a wide range, and 

these patterns do not have large peaks in the morning. Similarly, demand patterns having several gentle 

slopes perform well with the PEFC-CGS, as, for example, “E-1”, “E-11”, “E-12”, “E-15”, and “E-16” 

in Figure 12. Hence, it is found that demand patterns having several gentle slopes shows better primary 

energy reduction ratios. 
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Figure 9. Clusters in Group B. (a) primary energy reduction ratio; (b) demand patterns;  

(c) dendrogram. 
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Figure 10. Clusters in Group C. (a) primary energy reduction ratio; (b) demand patterns; 

(c) dendrogram. 
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Figure 11. Clusters in Group D. (a) primary energy reduction ratio; (b) demand patterns; 

(c) dendrogram. 

 



Energies 2013, 6 394 

 

 

Figure 12. Clusters in Group E. (a) primary energy reduction ratio; (b) demand patterns; 

(c) dendrogram. 
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Figure 13. Clusters in Group F. (a) primary energy reduction ratio; (b) demand patterns; 

(c) dendrogram. 
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Figure 14. Cluster histograms labeled from a monthly perspective. (a) House A; (b) House B. 
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In Figure 14, House A has many similar demand patterns, which do not have a large peak in the 

morning, without little effect of the seasons, for example “C-1”, “C-3”, “C-5”, “C-6”, “D-2”, and  

“D-3”. On the other hand, demand patterns of House B are scattered on many clusters, which mean 

having many life patterns. Thus, it is found that the demand characteristics for each house have 

different features; one house shows a weak association between DHW demand and seasons, and the 

other shows a strong association between them. 

The result of this paper revealed that the level of demand and the heat-to-power ratio were the most 

important for screening the matching between the demand profiles and the energy saving potential of 

the PEFC-CGS, while demand patterns took second place. In the future, householders will estimate 

their demand characteristics with access to an increasing number of residential demand patterns 

measured using the Home Energy Management System and such. Such demand patterns are capable of 

denoting a relationship to demographic data, such as the number of people in the household, their life 

patterns, age composition and so on. In that case, they will get to be able to select an energy supply 

system which matches the characteristics of the system and the characteristics of their demands. 

6. Conclusions 

Time-series demand data are categorized by means of a hierarchical clustering method using a 

statistical pseudo-distance. The statistical pseudo-distance is represented by the generalized KL 

divergence of two GMDs fitted to the time-series demand data of non-HVAC electricity and DHW 

demand from 26,307 days of data, measured in Japan. We formulated an analytical framework of the 

characteristics of the energy systems, and of the characteristics of the demand profiles. The following 

main results were obtained: 

1. Basic demand patterns are extracted from 72 households 26,307 days of data by the  

proposed method. 

2. The factors which are at least associated with the primary energy reduction ratio of the  

PEFC-CGS, are heat-to-power ratio, the amount of daily demand, and the demand patterns. 

3. By installing the PEFC-CGS, the annual primary energy reduction ratio is about 12% maximum, 

and an increase in annual demand is associated with a reduction in annual primary energy use. 

4. By installing the PEFC-CGS, daily primary energy reduction ratio is about 20% maximum near 

a DHW demand of 20 kWh/day, which is operated with the rated power output throughout  

a day. 

5. Daily reduction ratios are different between one day and another even if the amount of daily 

demand is the same. 

6. Demand patterns having several gentle slopes show better primary energy reduction ratios. 

7. Demand characteristics in different houses have different features. One house shows a weak 

association between DHW demand and seasons; another shows a strong association  

between them. 
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