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Abstract: A constitutive model for marine sediments containing natural gas hydrate is 

essential for the simulation of the geomechanical response to gas extraction from a  

gas-hydrate reservoir. In this study, the triaxial compressive properties of artificial 

methane-hydrate-bearing sediment samples reported in an earlier work were analyzed to 

examine the applicability of a nonlinear elastic constitutive model based on the  

Duncan-Chang model. The presented model considered the dependences of the mechanical 

properties on methane hydrate saturation and effective confining pressure. Some 

parameters were decided depending on the type of sand forming a specimen. The behaviors 

of lateral strain versus axial strain were also formulated as a function of effective confining 

pressure. The constitutive model presented in this study will provide a basis for an elastic 

analysis of the geomechanical behaviors of the gas-hydrate reservoir in the future study, 

although it is currently available to a limited extent. 

Keywords: methane hydrate; triaxial compressive property; stress-strain relationship; 

constitutive model; Duncan–Chang model 
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1. Introduction 

Natural gas hydrates are anticipated to be a promising energy resource [1–4]. The mechanical 

property of a gas hydrate reservoir is considered to be essential for sustainable production, because it 

will affect the stability of a wellbore or other subsea structures, the occurrence of geohazards and gas  

productivity [5–8]. 

A constitutive model for gas-hydrate-bearing sediments is required for the simulation of the 

geomechanical response to gas extraction from a gas-hydrate reservoir. Laboratory studies are useful 

for constructing a constitutive model for gas-hydrate-bearing sediments. However, few constitutive 

model for gas-hydrate-bearing sediments has been published [9], although there have been reports on 

laboratory studies concerning the triaxial compressive properties of natural and artificial  

gas-hydrate-bearing sediment samples [10–19]. 

An elastic constitutive model may be practically useful for the preliminary simulation of the 

mechanical behavior of a reservoir on the condition that we use it with particular attention to the 

applicable range. In this study, the application of the Duncan-Chang model, a nonlinear elastic model, 

to the analysis of the triaxial compressive properties of artificial methane-hydrate-bearing sediment 

samples reported mainly in an earlier work [19] was examined. The dependences of the mechanical 

properties on methane hydrate saturation and effective confining pressure were considered. 

2. Review of Triaxial Compression Test 

The methods and results of triaxial compression test for artificial methane-hydrate-bearing 

sediments were described in our previous studies [12,14,16–19]. In this section, the test methods and 

results are briefly described. 

2.1. Test Methods 

Host specimens were prepared by freezing a cylindrical unsaturated sand specimen. The skeleton of 

each specimen was formed by Toyoura sand (average particle size D50 = 230 × 10−6 m, fine fraction 

content Fc = 0.0%), No. 7 silica sand (D50 = 205 × 10−6 m, Fc = 1.1%) or No. 8 silica sand  

(D50 = 130 × 10−6 m, Fc = 11.5%). These three types of sand contain SiO2 as a major component. The 

relative density of each host specimen was over 96%. The average porosities of the host specimens 

formed by Toyoura sand, No. 7 silica sand and No. 8 silica sand were 37.8%, 38.6% and 41.2%, 

respectively. The relative density of each host specimen was over 96%. Each host specimen was  

50 mm in diameter and 100 mm in length. 

The artificial methane-hydrate-bearing sediment samples, which are hereafter referred to as a 

“hydrate-sand specimen,” were prepared from the frozen host sand by the following procedure. First, a 

cell pressure of 0.5 MPa, 1 MPa, 2 MPa or 3 MPa was applied. Second, the pore air in the specimen 

was replaced by the methane at 268 K or less. Third, the pore gas pressure was increased to 8 MPa at a 

rate of approximately 0.7 MPa/min, whereas the cell pressure was increased to 8.5 MPa, 9 MPa,  

10 MPa or 11 MPa at the same rate. Forth, the temperature inside the triaxial cell was increased to  

278 K. The cell pressure, pore gas pressure and temperature were then kept constant for 24 h during 

the hydrate formation period. The pore gas pressure was controlled by a pressure-reducing valve 
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attached to the methane gas cylinder. Finally, water was injected into the specimen to replace the 

residual gaseous methane in the pores of the specimen. We also prepared “sand specimens,” i.e., 

water-saturated specimens of densely packed sand sediment without hydrate by omitting the methane 

hydrate formation process from the above-described procedure. 

Axial loading was conducted at an axial strain rate of 0.1%/min under a drained condition while 

maintaining the pore pressure at 8 MPa, the cell pressure at 8.5 MPa, 9 MPa, 10 MPa or 11 MPa and 

the temperature at 278 K. The methane hydrate existing in the specimen was dissociated by reducing 

pore pressure after the axial loading. Then, the volume of released methane was measured using a gas 

flow meter. Assuming that all the released gas have been converted to the hydrate during the axial 

loading, the initial volume of the methane hydrate formed in the specimen, and thus the methane 

hydrate saturation Sh, was calculated from the volume of released methane, where Sh is the initial 

volume percentage of methane hydrate in the pores of the specimen. The methane hydrate saturation Sh 

of each hydrate-sand specimen used in this study was below 60%. 

2.2. Test Results 

Figure 1 shows the deviator stress q plotted against the axial strain εa and lateral strain εl for the 

sand specimens (a: Sh = 0%) and hydrate-sand specimens (b: Sh = 27%–34%, c: Sh = 41%–45%) 

formed by Toyoura sand under the effective confining pressures σ3’ of 0.5 MPa, 1 MPa, 2 MPa and  

3 MPa. In Figure 1, as well as in Figures 2–5, solid lines represent the experimental results reported in 

the earlier work [19] and broken lines represent the calculated results with the constitutive model 

which will be described later. Axial/lateral strain was calculated by dividing the axial/lateral 

displacement measured with the LVDTs using the initial height/diameter of the specimen in this paper. 

Note that the lateral displacement was measured at the middle height of the specimen. A positive strain 

denotes compression in this paper. The q increases and the slopes of the q-εa and q-εl curves decrease 

until q reaches a peak, and then q gradually decreases. Under a given σ3’, the larger the Sh, the larger 

the strength (maximum deviator stress) qf and the initial tangent elastic modulus Ei. For a given Sh, the 

specimen has a larger qf and larger Ei and becomes more ductile under a higher σ3’, as in the case of 

other geological materials. 

Figure 2 shows the εl plotted against the εa for the sand specimens (a: Sh = 0%) and hydrate-sand 

specimens (b: Sh = 27%–34%, c: Sh = 41%–45%) formed by Toyoura sand under the σ3’ of 0.5 MPa,  

1 MPa, 2 MPa and 3 MPa. All the εl-εa curves are concave upward in this graph. A specimen of higher 

Sh has a tendency to expand further in the lateral direction. It is also found that εl tends to decrease with 

increasing σ3’ at a given εa. 
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Figure 1. Experimental (solid lines) and calculated (broken lines) deviator stress q versus 

axial strain εa and lateral strain εl for specimens formed by Toyoura sand with methane 

hydrate saturation Sh of (a) 0%; (b) 27%–34% and (c) 41%–45%. Experimental results are 

taken from the reference [19]. 
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Figure 2. Experimental (solid lines) and calculated (broken lines) lateral strain εl versus 

axial strain εa for specimens formed by Toyoura sand with methane hydrate saturation Sh of 

(a) 0%; (b) 27%–34% and (c) 41%–45%. Experimental results are taken from the  

reference [19]. 

 

Figures 3 and 4 show the q-εa and q-εl curves and the εl-εa curves, respectively, for the specimens 

formed by No. 7 silica sand. Figures 5 and 6 show the q-εa and q-εl curves and the εl-εa curves, 

respectively, for the specimens formed by No. 8 silica sand. It is found that the relationships among the 

q, εa and εl for the specimens formed by No. 7 and No. 8 silica sand are qualitatively similar to those 

for the specimens formed by Toyoura sand. 
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Figure 3. Experimental (solid lines) and calculated (broken lines) deviator stress q versus 

axial strain εa and lateral strain εl for specimens formed by No. 7 silica sand with methane 

hydrate saturation Sh of (a) 0%; (b) 23%–28% and (c) 49%. Experimental results are taken 

from the reference [19]. 
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Figure 4. Experimental (solid lines) and calculated (broken lines) lateral strain εl versus 

axial strain εa for specimens formed by No. 7 silica sand with methane hydrate saturation 

Sh of (a) 0%; (b) 23%–28% and (c) 49%. Experimental results are taken from the  

reference [19]. 

 

 -10

-8

-6

-4

-2

0

0 2 4 6 8 10

Axial strain ε a  [%]

L
at

er
al

 s
tr

ai
n 
ε l

 [
%

]

3 MPa

1 MPa

(a) S h : 0%
 3': 0.5 MPa

-10

-8

-6

-4

-2

0

0 2 4 6 8 10

Axial strain ε a  [%]

L
at

er
al

 s
tr

ai
n 
ε l

 [
%

]

3 MPa

1 MPa

(b) S h : 23%-28%  3': 0.5 MPa

 -10

-8

-6

-4

-2

0

0 2 4 6 8 10

Axial strain ε a  [%]

L
at

er
al

 s
tr

ai
n 
ε l

 [
%

]

3 MPa

1 MPa

(c) S h : 49%  3': 0.5 MPa



Energies 2012, 5 4064 

 

 

Figure 5. Experimental (solid lines) and calculated (broken lines) deviator stress q versus 

axial strain εa and lateral strain εl for specimens formed by No. 8 silica sand with methane 

hydrate saturation Sh of (a) 0%; (b) 19%–23% and (c) 44%–50%. Experimental results are 

taken from the reference [19]. 
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Figure 6. Experimental (solid lines) and calculated (broken lines) lateral strain εl versus 

axial strain εa for specimens formed by No. 8 silica sand with methane hydrate saturation 

Sh of (a) 0%; (b) 19%–23% and (c) 44%–50%. Experimental results are taken from the 

reference [19]. 

 

Figure 7 shows the strength qf plotted against the methane hydrate saturation Sh for the specimens 
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sand, No. 7 silica sand and No. 8 silica sand at the same Sh and σ3’. 
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Figure 7. Strength qf versus methane hydrate saturation Sh. Experimental results are taken 

from the reference [19]. 

 

3. Nonlinear Elastic Constitutive Model 

3.1. Duncan-Chang Model 

Miyazaki et al. [20] suggested a possibility of application of Duncan-Chang model to the  

stress-strain relationships of hydrate-sand specimen formed by Toyoura sand. Duncan and Chang [21] 

described the following nonlinear elastic constitutive model: 

a

a

ba
q





  (1) 

where a and b are coefficients related to the initial tangent elastic modulus Ei and the asymptotic value 

of the deviator stress qult, as shown by: 
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Equation (1) can be rewritten as: 

Thus, a and b, and ultimately Ei and qult, can be determined by the linear approximation of the 

experimental (εa/q)-εa data. In this study, the (εa/q)-εa data at the stress level (q/qf) in the range of 70% 
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3.2. Strength 

The four curves shown in Figure 7 represent the calculated strengths for the effective confining 

pressures σ3’ of 0.5 MPa, 1 MPa, 2 MPa and 3 MPa with the following equations as functions of σ3’ 

and Sh: 

0 3

2 cos 2 sin
'

1 sin 1 sinf hq c S   
 

 
   

 
 (5) 

c0 = 0.30 MPa (6) 

φ = 33.8° (7) 

α = 4.64 × 10−3 (8) 

β  = 1.58 (9) 

The form of Equation (5) is determined on the basis of the Mohr-Coulomb failure theory and the 

observation by Masui et al. [14] indicating that the cohesion increases with Sh and the internal friction 

angle φ is almost independent of Sh. The values of the parameters in Equation (5) were determined as 

Equations (6–9) using all of the experimental data shown in Figure 7. 

3.3. Initial Tangent Elastic Modulus 

Figure 8 shows Ei, or the inverse of a, plotted against the methane hydrate saturation Sh. It is found 

that Ei shows an increasing trend with Sh and σ3’, although quite a variation can be seen. Janbu [22] has 

shown that the relationship between Ei and σ3’ may be expressed as: 
n

a
ai p

pKE 









'3
 (10) 

where pa = atmospheric pressure, K = a modulus number and n = the exponent determining the rate of 

variation of Ei with σ3’, indicating that Ei is proportional to the n-th power of σ3’. Thus, in this study, it 

is assumed that Ei can be expressed as a function of Sh and σ3’ as: 

Ei(Sh, σ3’) = ei(Sh) · σ3’
n (11) 

where ei(Sh) = the initial tangent elastic modulus as a function of Sh under σ3’ of 1 MPa, or Ei(Sh, 1). 

When Sh = 0%, the n and ei in Equation (11) for sand specimens formed by Toyoura sand, No. 7 silica 

sand and No. 8 silica sand are respectively estimated by the least-squares regression: 
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(13) 

where ei0 = ei for a sand specimen (Sh = 0%). 
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Figure 8. Initial tangent modulus Ei versus methane hydrate saturation Sh for specimens 

formed by (a) Toyoura sand; (b) No.7 silica sand and (c) No.8 silica sand. The curves are 

calculated using Equation (11). 

 

Figure 9 shows the normalized initial tangent elastic modulus Ei*(Sh), or the initial tangent modulus 

divided by (ei0·σ3’
n), plotted against Sh for the hydrate-sand specimens: 
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Equation (14) is derived from Equation (11) and indicates that the relationship between Ei* and Sh 

is independent of σ3’. Because ei0 is equal to ei for a sand specimen, Ei* should be 1 at Sh = 0%. In this 

study, it is assumed that the increase of Ei* is proportional to Sh to the δ-th power: 

where γ and δ are estimated by the least-squares regression for the Ei*−Sh shown in Figure 9 as: 
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Because a wide variation is seen in Figure 9, there are various possible expressions for the Ei*–Sh 

relationship other than Equation (15). 

Figure 9. Normalized initial tangent elastic modulus Ei* versus methane hydrate saturation 

Sh for hydrate-sand specimens. The curve is calculated using Equation (15). 

 

The parameter a in Equation (1), or the inverse of Ei, is given by Equations (11–17). The initial 

tangent modulus Ei calculated using Equations (11–17) is shown in Figure 8. 
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Figure 10. Failure ratio Rf versus methane hydrate saturation Sh. 

 

Eventually, the Duncan-Chang model (Equation (1)) may be applicable to the determination of the 

q-εa relationship of the hydrate-sand specimens using Equations (2–3, 5–9 and 11–19).  
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corresponding to any point on the q-εa curve is derived in the simple form: 
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where G = υi at 1 atm and F = the rate of change of υi with σ3’. We decided to apply a similar concept 

to Equation (24) to the dependence of υi on σ3’ as follows: 

where υi1 = the initial tangent Poisson’s ratio υi under σ3’ of 1 MPa; and m = the coefficient 

determining the rate of decrease in υi with increasing log(σ3’). The least-square logarithmic regression 

of experimental data gives the values of υi1 and m for the sand and hydrate-sand specimens: 

Figure 12 shows f plotted against υi. Although some variation can be seen in Figure 12, f appears to 

be approximately proportional to υi as: 

where l = the proportional constant corresponding to the slope of the line shown in Figure 12: 

Using Equation (28), Equations (21) and (22) can be rewritten as: 
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specimens (b: Sh = 30%, c: Sh = 43%) under effective confining pressures σ3’ of 0.5 MPa, 1 MPa,  

2 MPa and 3 MPa using Equations (1) and (21) are shown in Figures 1–6. It is found that the 

experimental q-εa, q-εl and εl-εa curves are reasonably reproduced by Equations (1) and (21). 
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m  (27) 

f = l ×υi (28) 

l = 0.186 (29) 

εl (σ3’) = −(l · εa
2 + εa) · υi (σ3’) (30) 

υt (σ3’) = (2 · l · εa + 1)· υi (σ3’) (31) 
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Figure 11. Initial tangent Poisson’s ratio υi versus methane hydrate saturation Sh for 

specimens formed by (a) Toyoura sand; (b) No.7 silica sand and (c) No.8 silica sand. 

 

Figure 12. Coefficient f versus initial tangent Poisson’s ratio υi. The solid line is calculated 

using Equation (28). 
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3.7. Unloading Modulus 

The unloading modulus Eur is often 2 to 3 times larger than the initial tangent modulus Ei for many 

geomaterials [21]. Miyazaki et al. [16] conducted unloading-reloading test on hydrate-sand specimen 

formed by Toyoura sand under 1 MPa effective confining pressure to obtain Eur. Figure 13 shows the 

Eur and Ei under 1 MPa effective confining pressure plotted against methane hydrate saturation Sh. The 

solid line denotes the calculated ei using Equations (13) and (15–17) for Toyoura sand specimen and 

the broken lines denote k-times the calculated ei. It is found that the Eur of hydrate-sand specimen is 

approximately 3 to 3.5 times Ei under 1 MPa effective confining pressure. 

Figure 13. Unloading modulus Eur and initial tangent modulus Ei versus methane hydrate 

saturation Sh for specimens formed by Toyoura sand under 1 MPa effective confining 

pressure. The solid line denotes ei calculated using Equations (13) and (15–17). The broken 

lines are k-times the calculated ei. 

 

4. Conclusions 

In this study, a nonlinear elastic model of the mechanical behavior of artificial methane-hydrate-

bearing sediment samples was developed. The presented model is based on the Duncan-Chang model 

and considered the dependences of the mechanical properties on methane hydrate saturation and 

effective confining pressure on the basis of the experimental results reported in an earlier work [19]. 

Some parameters were decided depending on the type of sand forming a specimen. In addition, the plot 

of lateral strain versus axial strain was also formulated as a function of effective confining pressure. 

Volumetric strain has not been discussed in this paper. It may be possible to associate the volumetric 

strain calculated using the presented model with the volumetric strain measured in the experiments. 

The presented model is very easy to introduce into finite element codes. The applicable range of the 

presented model will be validated by numerical simulations for the laboratory-scale methane hydrate 

dissociation experiments. 
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