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Abstract: This paper develops a modified economic dispatch (ED) optimization model
with wind power penetration. Due to the uncertain nature of wind speed, both
overestimation and underestimation of the available wind power are compensated using the
up and down spinning reserves. In order to determine both of these two reserve demands,
the risk-based up and down spinning reserve constraints are presented considering not only
the uncertainty of available wind power, but also the load forecast error and generator
outage rates. The predictor-corrector primal-dual interior point (IP) method is utilized to
solve the proposed ED model. Simulation results of a system with ten conventional
generators and one wind farm demonstrate the effectiveness of the proposed method.
Keywords: wind power; risk; economic dispatch; spinning reserve; interior point method

1. Introduction
With increasing fuel prices and environmental pollution, it has become apparent that wind energy
should be considered a good alternative to thermal energy power generation. However, unlike
conventional generation, the wind power output depends on the wind speed, which is related to
climatological and micrometeorological parameters. Due to the limited predictability and intermittency
of wind speed, wind power is commonly regarded as problematic for power system operation. It will
significantly influence the normal operation of power systems because the actual output of wind power
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usually deviates from the scheduled value [1]. If the actual output is smaller than the scheduled one,
the energy shortage will increase the risk of load shedding in power systems. On the contrary, an
energy surplus will increase the risk of wind energy waste. Therefore, it is necessary to allocate
additional spinning reserve in the ED issue for any possible unexpected generation deficit and surplus.
In [2–4], the authors used some efficient optimization algorithms to investigate the relationships
between operation cost, spinning reserve requirements and wind power penetration level. The
additional spinning reserve due to wind power generation was taken into consideration in the
constraint and the spinning reserve requirement was treated as a simple fraction of the total wind
power generation which was assumed from experimental results. The amount of spinning reserve equal
to wind power capacity is absolutely safe for system operation, but it is a waste because the wind
power output doesn’t operate at the rated value all the time. Moreover, a redundant reserve will also
increase the operational cost, so this kind of deterministic generation scheduling is conservative at
high wind penetration levels. Summing up the above, investigating the relationship between risk, cost,
wind power penetration and reserve level is an urgent issue for the sake of safe and economic
operation.
The uncertainty of wind power has been considered in several ED optimization models. Some are
based on the fuzzy-set theory [5–7], while others are based on the stochastic method [8–14]. In the
proposed ED model of [5] and [6], a fuzzy membership function was defined to describe the
relationship between system security level and wind power penetration/operation cost. The
dispatcher’s attitude toward the risk and cost was involved in the dispatch model of [5]. Reference [6]
formulated a bi-objective ED problem and its optimization was achieved in a compromise between risk
and cost. However, the spinning reserve, which is very indispensable for safe operation, is not
considered in the model. Besides, Hong and Li [7] pointed out that the fuzzy-set theory could be used
to model uncertainties of wind power involving climate for the short-term active power scheduling.
When the ED issue is investigated with stochastic model of wind power, different probability density
functions have been involved. Reference [8] developed a model with wind energy conversion system
generators, in which a Weibull probability density function was used to characterize the stochastic
wind speed [9]. Both risk of overestimation and cost of underestimation of available wind power have
been considered by introducing reserve cost and penalty cost into the objective function. It is worth
noting that reserve requirement constraints were not mentioned in the model. Since the Weibull
distribution indicates the average wind speed in one year, it can be easily found that this ED model is
based on the long-term schedule. However, different from long-term schedule, forecasting techniques
should be utilized when considering the actual short-term conditions. In order to describe the
uncertainty of wind power, a corresponding stochastic model of wind speed/wind power forecast error
should be formulated. Reference [10] considered an optimal power flow wind-thermal coordination
model similar to that reported in [8], but different approaches were utilized to estimate the probability
density function of wind power forecast error. In [11], the wind power is subject to a normal
distribution with available forecasted wind power as its expected value, and then the Monte Carlo
simulation based on the Latin hypercube sampling technique was employed to generate possible wind
power volatility scenarios. Bouffard and Galiana [12] proposed a stochastic security planning methods
which can better cope with the nature of wind generation while maintaining or even improving the
current reliability and economic performance of power systems. Soder [13] proposed a methodology to
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analyze the operation planning with an emphasis on maintaining the reserves, which has considered
wind speed forecast uncertainties, system load forecast uncertainties, ramp rates of thermal units and
spinning reserves, etc. Siahkali and Vakilian [14] described the uncertainties of the wind speed by a
Gaussian distribution and simulated it by a sampling approach. As a reasonable distribution of wind
speed forecast error for short-term ED issue, the normal distribution function is also applied in our
paper. Besides, an effective treatment method is adopted in which the required reserve is determined
by satisfying a given risk threshold [15].
Based on the stochastic distribution of wind speed, a modified ED model including wind power
penetration is presented. The overestimation and underestimation of the wind power generation are
considered in the form of a reserve cost penalty, while satisfying the risk reserve constraints.
According to the proposed model, all the available wind power will be utilized within a given risk
level. The paper is structured as follows: in Section 1, an introduction is given. In Section 2, the
proposed ED model is introduced. In Section 3, stochastic characterizations of wind power and load
demand are described. In order to quantify the effect of random variables on system risk, the normal
distributions of wind speed and load forecast errors are assumed. Section 4 points out the method for
solving the proposed ED model. In Section 5, the results of a ten-generator system containing a wind
farm are analyzed. Finally, conclusions are drawn and discussed.
2. Risk Reserve Constrained Optimization Model
Because of the uncertainty of the wind energy available at any given time, this paper considers the
costs associated with overestimation and underestimation of wind power generation. The shortage and
surplus of wind power can be compensated by the up and down spinning reserves. Furthermore,
indispensable spinning reserves are also used due to the generator outages and load forecast error.
The objective function is expressed as follows:
min

N

Nw

N

N

n 1

n 1

n 1

n 1

 Cn ( Pn )   Cw,n (Wn )   C p,n ( Rd ,n )   Cr ,n ( Ru ,n )

(1)

In the above function, the first term is the total fuel cost of conventional generators. Generally, the
fuel cost will be a second order polynomial function as follows:
Cn ( Pn )  an  Pn2  bn  Pn  cn

(2)

where Pn is the power from n th conventional generator; N is the number of conventional generators;
an , bn , cn are constants of fuel cost function of n th conventional generator.
The second term is the cost for wind-powered generators. In market-oriented liberalized power
systems, the wind power is privately owned by a non-utility, so the incremental costs brought about by
wind power generation cannot be neglected in the ED model. It is based on the special contractual
agreements and can be given by:
Cw, n (Wn )  Wn  d n

(3)

where Wn is the scheduled output of the n th wind-powered generator; N w is the number of wind
turbine generator; d n is the direct cost coefficient for the n th wind-powered generator. In order to
simplify the problem, both the output and direct cost coefficient for each wind turbine generator are
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assumed to be identical in the wind farm. So the total amount of wind power generation in a wind farm
is W  nWn .
The third term indicates the cost of down spinning reserve required. It is a penalty cost for the case
where not all the available wind power is used and load demand forecast is an overestimate of the
active value. The expression is as follows:
C p , n ( Rd , n )  Rd , n  k p

(4)

where Rd , n is the required down spinning reserve of the n th generator; k p is the down reserve cost
coefficient.
The last term in the objective function is the cost of the up spinning reserve required, which denotes
a risk cost caused by the overestimate of available wind power, the underestimate of load demand and
the generator outages:
Cr , n ( Ru , n )  Ru , n  kr

(5)

where Ru , n is the required up spinning reserve of the n th generator; kr is the up reserve cost coefficient.
Compared to the model in [8], there are two modifications in this paper: (1) the required up and
down reserves in the objective function are introduced to substitute the expected surplus wind power
and the expected deficit wind power; (2) the required up and down reserves are determined by the risk
reserve constraints which will be explain in the following sections.
It should be noted that the up and down spinning reserve cost coefficient are identical for all the
conventional generators. That is because the focus of the model in this paper is not on the economic
dispatch of the spinning reserve, but on the relationship among the total reserve and generator outputs,
so only the total required up spinning reserve Ru and down spinning reserve Rd will be calculated in
this model.
Before listing all the constraints, it must be noted that this paper doesn’t consider transmission
losses and transmission constraints in the formulation for the sake of simplicity and to avoid losing the
key message of risk constraints. However, we are aware of the importance of including them and have
started to incorporate them in the next phase of this research.
The system constraints are shown as follows:
(1) Power balance constraint:
N

 P W  P
n 1

n

L

0

(6)

(2) Power operating limit of n th conventional generator:
Pnmin  Pn  Pnmax

(7)

0  W  Pr N w

(8)

(3) Wind power output constraint:

(4) Risk based up and down spinning reserve constraint:
For the sake of safe and reliable operation, system risk should be limited within an acceptable level.
There are two kinds of risk constraints modeled in our paper, including the risk constraint of load
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shedding based on up spinning reserve and the risk constraint of wind energy waste based on down
spinning reserve. The former can be expressed as follows:
risku ( Ru , W , Pn )  

(9)

If the total up spinning reserve supplied by all the conventional generators can be calculated by
SRsu    Pnmax  Pn 
N

n 1

(10)

then the total required up spinning reserve Ru must be not more than SRsu :
0  Ru  SRsu

(11)

For the N-1 condition, the total up spinning reserve supplied by conventional generators can be
calculated as:
SRsum    Pnmax  Pn  m  1, 2 N
N

n 1
nm

(12)

then the total required up spinning reserve must also be not more than SRsum :
0  Ru  SRsum

(13)

Similar to inequality (9), the risk of wind energy waste based on down spinning reserve should be
limited within a risk threshold:
riskd ( Rd , W )  

(14)

If the following formula indicates the total down spinning reserve supplied by all the conventional
generators:
SRsd    Pn  Pnmin 
N

n 1

(15)

then the total required down spinning reserve Rd must be not more than SRsd :
0  Rd  SRsd

(16)

For the N-1 condition, the total down spinning reserve supplied by conventional generators can be
calculated as:
SRsdm    Pn  Pnmin 
N

n 1
nm

(17)

then the total required down spinning reserve must also be not more than SRsdm :
0  Rd  SRsdm

(18)

where PL is the forecast value of load demand; Pnmax and Pnmin are the maximum and minimum power
from n th conventional generator, respectively; Pr N w is the wind power capacity;  and  are the risk
thresholds; SRsu is the total up spinning reserve supplied by all the conventional generators; SRsum is the
total up spinning reserve supplied by all the conventional generators except m th conventional
generator; SRsd is the total down spinning reserve supplied by all the conventional generators; SRsdm is

Energies 2010, 3

1885

the total down spinning reserve supplied by all the conventional generators except m th conventional
generator.
This model refers to two risks in formulae (9) and (14). Both of them consider the random
distributions of available wind power generation, load demand forecast error and the probability of
generation forced outage. The former describes the level of system reliability using the probability of
shedding load. That means the probability of the total amount of required up spinning reserve being
smaller than the power generation shortfall. It is expressed in terms of total probability formula:
N

N

N

n 1

n 1

m 1
m n

risku ( Ru ,W , Pn )   1  prn   P  Ru  PL  (W  Wav )   prn   1  prm   P  Ru  Pn  PL  (W  Wav )
N

N

N

n 1

n 1

m 1
mn

  1  prn   P Wav  PL  W  Ru    prn   1  prm   P Wav  PL  Pn  W  Ru 

(19)

where prn is the probability of n th conventional generator trip; PL is the load forecast error, it is a
random variable.
In the above formula, it is assumed that wind-powered generator does not provide a spinning
reserve and the generation forced outage of wind-powered generator is not considered. The first term
stands for the case of having no conventional generator trip, and the second term indicates the case of
having only one conventional generator trip. The probability of two or more conventional generators
trip is ignored in this model.
Similarly, the latter risk form denotes the probability of the required down spinning reserve being
smaller than surplus power generation. Using the down spinning reserve constraint based on system
risk, the waste of available wind power will be avoided within a given risk threshold:
riskd ( Rd ,W )  P  Rd  PL  (Wav  W )  1  P Wav  PL  Rd  W 

(20)

Seen from formula (19) and (20), Wav  PL exists in both of them. The correlative probability
distributions will be derived in the following section.
3. Stochastic Characterizations of Wind Power and Load Demand
3.1. Probability Functions of Wind Speed and Wind Power
Wind speed and wind power prediction techniques are currently hot topics, which have attracted the
attention by many researchers. In order to describe the uncertainty of wind forecasting, wind speed
forecast error is represented by a density distribution function. The probability density function of the
deviations between predicted and actual wind speed can be illustrated as a Gaussian distribution,
which was also addressed in some previous investigations [13,16–18]. In this paper, the forecast error
of wind speed is assumed to be normally distributed with a mean of zero and a standard deviation of
 v , and its probability density function is given by:
fV (v) 

1
2 v



e

v 2
2 v 2

where v is the wind speed; v is the forecast error of wind speed.

(21)
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For a variable speed wind turbine, the wind power generation can be obtained by the nonlinear
wind speed-to-power output relationships as follows [19]:
0 0  v  vi or v  vo

Pw  a  bv3 vi  v  vr
P v  v  v
r
o
 r

(22)

where vi is the cut-in wind speed; vr is the rated wind speed; v0 is the cut-out wind speed; Pr is the
rated wind power from a wind-powered generator; a 

Pr vi3
P
,b 3 r 3 .
3
3
vi  vr
vr  vi

Then the available wind power output in a wind farm is equal to:
wav  Pw  N w

(23)

where N w is the number of wind turbine generator.
According to formulae (22) and (23), the distribution of wind speed random variable is transformed
to corresponding wind power distribution. V and Wav are used to indicate the random variables of
wind speed and available wind power output respectively. It is easy to verify that Wav is a mixed
random variable. For the discrete portions, the probability at minimum and maximum are given in the
following two formulas.
The probability of Wav  0 can be calculated by the probability of V  vi or V  vo as follows:
v v 
 vo  v 
p0  P Wav  0  FV  vi   1  FV  vo      i
 1  

 v 
 v 

(24)

while the probability of Wav  Pr  N w can be obtained by the probability of vr  V  vo :
v v
pr  P Wav  Pr  N w   F  vo   F  vr     o
 v


 vr  v 
  


 v 

(25)

The random variable Wav is continuous between minimum and maximum. Since the wind speed has
a given distribution, it is necessary to convert that distribution to a wind power distribution. The
transformation can be accomplished according to formulas (22) and (23) as follows:
Wav  g V    a  bV 3   N w

(26)

Because both the monotonic and derivative function g V  and the probability density function of
random variable V are given, the probability density function of Wav  g V  can be obtained according
to the theory of Probability and Statistics. The calculation expression is as follows:

fWav  wav   fV  g 1  wav   

dg 1  wav 
dwav



1
1
3

w  aN w 
1  av



2
3

e

1


  wav  aN w  3

 v 
 

  bN w 



2
2 v

2

(27)

3 2 v b N w 3

3.2. Probability Function of Load Forecast Error
Actual load or load forecasting error can be assumed to be a random variable. Normal distribution
has been frequently used and employed to model actual load in a number of research works [20,21]. In
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this paper the load forecast error is considered as a normally distributed random variable, and its
probability density function is:


1

f PL  pL  

2 L

e

p L 2
2 L 2

(28)

where pL is the load forecast error. It is a realization of PL .
3.3. Total Stochastic Characterization
In this section, a new random variable Z is defined to calculate the probability density function of
the difference between Wav and PL :
Z  Wav  PL

(29)

where PL is a given normally distributed random variable, the probability density function of Wav can
be derived by a transformation from wind speed to wind power generation, and the correlation
between Wav and PL is neglected in the following calculation.
According to the convolution formula, the probability density function of random variable Z can be
obtained using the distributions of random variable Wav and PL :
f Z  z   p0  f PL  z   pr  f PL  z  Pr N w   

Pr N w

0

 v v 
 vo  v
    i
 1  
 v
  v 

fWav  wav   f PL  z  wav  dwav
z2


 v v 
2

 vr  v
1
e 2 L     o
  
 
  2 L
 v
  v 



1
e
  
  2 L

2



Pr N w

0

 wav  a  N w 
1



2
3

1

e

1


  wav  a  N w  3

 v 
 


  bN w

 z  wav 2




2 v 2
2 L 2

 z  Pr N w 2
2 L 2

(30)

dwav

6 v L b 3 N w 3

then the corresponding cumulative distribution function can also be obtained by calculating the
integral of function f Z  z  :
  v v 
 vo  v    z    vo  v 
 vr  v
FZ  z      i
 1  
         
 

 v   L    v 
 v
  v 
2
1




  wav  a  N w  3 
 


  v 
2

  bN w

2
   t  wav 

 P N w  a  N 3 
z
r w 
av
w
2 v 2
2 L 2
e
dwav dt
  

1
1
  0

6 v L b 3 N w 3







   z  Pr N w 
    

  L 

(31)

Both of the above formulas will be solved by numerical integration methods because of the
complexity.
4. Method for Solving the Proposed ED Model
As this paper focuses only on the optimal model of ED issue but not on the optimization method, a
classical optimization technique can be adopted. For this typical nonlinear programming problem,
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the IP method has proven to be a computationally viable alternative. This paper uses the
predictor-corrector primal-dual IP algorithm which is explained in [22,23].
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5. Numerical Simulations
To verify the feasibility and rationality of the proposed ED method, a test system with ten
conventional generators and one wind farm is studied. The forecast value of load demand is set to
2,250 MW, and the standard deviation of load forecast error is assumed to be 45 MW. There are 100
wind turbine generators in the wind farm, and the rated power of each wind turbine generator is 2
MW. Critical wind speed parameters of vi = 4 m/s, vr = 12.5 m/s and vo = 20 m/s are used. It is
assumed that the forecast value of wind speed is 8.5 m/s, which indicates the expectation of normally
distributed wind speed. The corresponding standard deviation is set to 10% of mean value. During the
calculation of minimum generation cost, the risk threshold  is set to 0.03. The risk threshold  is set
to be equal to  . The direct cost of wind energy is 50 USD/MWh. The up and down spinning reserve
cost coefficients are 2.4 USD/MWh and 30 USD/MWh, respectively. The generator constants of fuel
cost function and the active power limits are shown in [24]. From this reference, it can be seen that the
10th conventional generator cannot be optimized because its upper and lower powers are both equal to
55 MW. So there are nine conventional generators left which will be scheduled in the optimization
problem. The probability of conventional generator trip is listed in Table 1.
Table 1. Probability of conventional generator trip.
G
1
2
3
4
5

Pr
0.0008
0.002
0.0003333
0.002
0.002

G
6
7
8
9
10

Pr
0.0005
0.0008
0.002
0.00033
0.002

Table 2. Optimal solution using predictor-corrector IP method.
G
1
2
3
4
5
6

P( MW)
470.0
460.0
340.0
230.5
243.0
160.0

G
7
8
9
W
Ru
Rd

P( MW)
130.0
50.51
20.00
91.01
129.5
62.52

Table 3. Computational performances of two IP algorithms.
Method
IP
PCIP

Cost($)
59433
59432

Iter
21
13

Time(s)
20.71
14.68

5.1. Computational Performance of the Predictor-Corrector IP Method
Table 2 shows the optimal solution under the foregoing condition. It includes the scheduled power
output of conventional generators, the output of wind farm and required up/down spinning reserve.
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The complementarity gap variation process of predictor-corrector IP algorithm is indicated in Figure 1.
Table 3 demonstrates the computational performance comparison of pure IP algorithm and predictorcorrector IP algorithm. From the results, it can be concluded that the predictor-corrector IP algorithm
which is adopted in this paper is more efficient than the pure IP algorithm while guaranteeing
identical accuracy.
Figure 1. The iteration curve of complementarity gap.
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5
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6
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Figure 2. The total generation cost as a function of  .
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Figure 3. The scheduled wind power output as a function of  .
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Figure 4. The required spinning reserve as a function of  .

5.2. Effects of Risk Threshold on the Optimal Outputs
To begin some investigation of the proposed model, it is necessary to illustrate the influence of
various risk threshold  on the solutions of ED problem. As shown in Figure 2, the objective function
decreases when  increases. That means the reduction of system security will bring some economic
benefits. From Figure 3, it can be seen that the scheduled wind power output increases quickly when
 varies from 0.01 to 0.03, after that it increases slowly. Figure 4 shows that the required up spinning
reserve also increases as  rises till a value of 0.03, but then the up spinning reserve needed by power
system can’t further increase. To sum up, when  is small, there is no enough up spinning reserve
available, so the scheduled amount of wind power must be reduced to ensure the safe operation of the
power system and the required up spinning reserve for compensating the uncertain wind energy will
also drop. After  reaches 0.03, the scheduled output of wind-power generators will increase slowly
due to the limitation of up spinning reserve supply. Differing from the variation trend of required up
spinning reserve, the required down spinning reserve always drops as  increases. The reason is that
the increased amount of scheduled wind power generation will possibly lead to more waste of wind
energy when it is larger than the actual output of wind power. Even though the scheduled wind power
output doesn’t increase any more, the increased  will also cause a reduction of required down
spinning reserve.
Figure 5. The total generation cost as a function of up reserve cost coefficient.
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x 10
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3
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Scheduled Wind Power Output(MW)

Figure 6. The scheduled wind power output as a function of up reserve cost coefficient.
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Figure 7. The required spinning reserve as a function of up reserve cost coefficient.
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5.3. Effects of Up Reserve Cost Coefficient on the Optimal Outputs
Further study is to illustrate the influence of various up reserve cost coefficients on the solutions of
ED problem. As shown in Figure 5, the total generation cost gradually increases as up reserve cost
coefficient rises till a value of 4.4 USD/ MWh, after that it almost maintain a constant. This can be
interpreted by Figures 6 and 7. Figure 6 indicates that the amount of scheduled wind power generation
must be reduced to confront the rising up reserve cost coefficient. If the up reserve cost coefficient is
high enough, the scheduled output will be equivalent to zero. On the contrary, the output will not
increase further even when the up reserve cost coefficient is reduced to zero. Looking at Figure 7, the
variation trend of up required spinning reserve by power system is almost consistent with that of
scheduled wind power generation, while the reverse variation trend of down required spinning reserve
can be obtained with the increasing of up reserve cost coefficient. From Figure 6 and Figure 7, it can
be found that the scheduled wind power output and up/down required spinning reserve would keep
constant when up reserve cost coefficient is high enough. Accordingly, the total generation cost also
can’t increase any more.
5.4. Effects of Down Reserve Cost Coefficient on the Optimal Outputs
In this paragraph, the influence of down spinning reserve cost coefficient on the optimal solutions
will be investigated. The proposed ED function is run for different values of k p varying from 27 USD/
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MWh to 32 USD/MWh. When down spinning reserve cost coefficient is smaller than
30.5 USD/MWh, the corresponding total generation cost and wind power output depicted in Figure 8
and Figure 9 increase respectively with the rise of down spinning reserve cost coefficient. Figure 10
demonstrates the impacts of various k p on the required up and down spinning reserves. The variation
trend of the required up spinning reserve in this figure is similar to that of Figure 9. However, the
required down spinning reserve will be decreased due to the increasing penalty cost coefficient. If the
down spinning reserve cost coefficient continues to rise, the required down spinning reserve will reach
zero. That means the term of down spinning reserve cost in the objective function won’t have an effect
on the solution of ED issue. Therefore, the total generation cost, scheduled wind power output and
required up spinning reserve will also remain unchangeable.
Figure 8. The total generation cost as a function of down reserve cost coefficient.
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Figure 9. The scheduled wind power output as a function of down reserve cost coefficient.
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Figure 10. The required up/down spinning reserve as a function of down reserve cost
coefficient.
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6. Conclusions
This paper presents a modified ED model with large-scale wind power penetration. Since stochastic
wind power and other uncertain factors in system operation lead to energy deficiency or surplus, both
the up and down spinning reserve are introduced in the optimization model to confront the problems of
overestimation and underestimation of power generation. In the objective function, the required up and
down spinning reserve costs are included, which stand for the costs caused by the risk of shedding load
and penalty of wasting energy, respectively. At the same time, the corresponding risk reserve
constraints are developed in order to guarantee that all the available wind power generation will be
utilized within a given risk threshold. Optimal allocation of ED issue involving ten conventional
generators and one wind farm power system is determined by the predictor-corrector IP method.
Simulation results demonstrate that the algorithm is efficient and the solution is reasonable. The
following conclusions can also be reached: (1) rising the risk threshold brings economic benefits by
reducing the total generation cost, but it results in power system security being sacrificed, so system
operators can choose an appropriate risk threshold to achieve the compromise between economic and
security requirements. (2) The costs of required up and down spinning reserves vary with the
scheduled wind power output. (3) Up and down reserve cost coefficients reflect the penalty degree of
risk and waste, which are crucial parameters as risk threshold in quantifying the level of wind power
scheduled.
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