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Abstract: The main aim of this work was to provide heat transfer calculations of flow boiling
in mini-channels with an application for the Trefftz functions. The test section comprised five
parallel mini-channels with a depth of 1 mm, with a common heated wall. For the estimation of
the temperature uncertainty, during the experiment the temperature measurement was performed
with the use of K-type thermoelements and an infrared camera in two mini-channels simultaneously.
According to the Guide to the Expression of Uncertainty in Measurement, the Monte Carlo method is
a practical alternative to the GUM uncertainty framework. Since the uncertainty components are
not approximately the same magnitude, the Monte Carlo method was indicated to estimate the
uncertainty of the surface temperature measurement. The results obtained from this simulation
method were compared with the results of the computation related to the uncertainty propagation
method. The results of both methods of temperature measurement were found to be consistent. The
results of the statistical analysis were used to describe heat transfer calculations. The heat transfer
investigations concerning the subcooled boiling region were performed during the other experiment.
The local heat transfer coefficients on the contact surface between the working fluid and the heated
wall were calculated from the Robin boundary condition. The mathematical model described by the
heat equation in the mini-channel wall and by the Fourier-Kirchhoff equation in a flowing fluid leads
to an inverse heat transfer problem. This problem was solved using the FEM with the Trefftz-type
basis functions. The estimation of temperature uncertainty measurements due to the Monte Carlo
method was included in the final results of the heat transfer coefficient.

Keywords: mini-channel; flow boiling; heat transfer coefficient; Trefftz functions; temperature
measurement uncertainty; Monte Carlo method

1. Introduction

Fluid flow mini- and micro-channels are widely used in many engineering applications,
especially in compact heat exchangers. Different physical mechanisms occurred in heat and
mass transport on the comparison of those processed at the macroscale with those in the
microscale flow system. Heat transfer with change of phase, such as boiling during flow in
channels, is of great interest in evaporator applications. Knowledge of the characteristics of
heat transfer during boiling in small passages is needed to overcome the practical barriers
associated with flow in such microscale channels. Flow boiling is being investigated
considering heat removal from high-temperature-flux compact electronic devices and their
components.

This article presents the results of investigations on boiling heat transfer during refrig-
erant flow in a set of five parallel mini-channels of 1 mm depth, asymmetrically heated
by a common wall. The main purpose of the authors was to perform heat transfer cal-
culations, including the estimation of temperature uncertainty measurements and other
measurements related to the recording of the experiment data. The local heat transfer
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coefficients on the contact surface between the working fluid and the heated wall were
calculated using the 2D mathematical method from the Robin boundary condition. Fur-
thermore, the uncertainty of surface temperature measurement was estimated using the
Monte Carlo method. Temperature distributions on the heated surface of the examined
wall surface were performed simultaneously using infrared thermography and K-type
thermoelements during additional experiments. The temperature results were chosen for
a comparative analysis. The solution of the heat transfer problem was performed due to
mathematical methods based on Trefftz-type functions. In the heat transfer results, an
estimate of uncertainties was included in the presentation of the final results.

In view of the fact that rapid technological growth and the demand for miniature
devices require the intensification of the heat transfer process, a brief state-of-the-art review
is presented below.

Various processes are tested for the manufacture of enhanced mini-channel heat
exchangers, such as three-dimensional printing [1]. The application of a modified heater
surface is widely studied as a method to increase the intensity of the boiling heat transfer
process [2–4]. It should also be noted that it is not the only method that is seen to be a good
way to increase heat exchange during flow. Heat transfer during refrigerant condensation
in mini-channels is also investigated, as in [5–7]. Recently, the use of environmentally
friendly refrigerants in industry has attracted particular attention [7].

The results of the experimental study carried out to investigate the heat transfer
and fluid flow patterns during the boiling of propylene (R-1270) are presented in [1].
A small circular tube with a diameter of 1.0 mm was the essential element of the test
section. The influence of heat flux, mass flux, vapor quality, and flow pattern on the heat
transfer coefficient was analysed. It was noted that the heat transfer coefficient is highly
dependent on heat and mass fluxes, and also on the vapor quality. The authors stated that
the heat transfer coefficient increases with increasing vapor quality, mainly in the low vapor
quality region (as the subcooled boiling region). The authors conducted a comparison of
experimental results with some known empirical correlations, obtaining better or worse
compliances for most data within the 35% error band.

The main aim of [2] was to investigate the impact of selected parameters on flow
boiling heat transfer during the FC-72 flow in a set of mini-channels 1 mm deep. The mini-
channels had a heated wall with a modified surface in contact with the fluid. Numerous
types of enhanced surfaces were experienced, such as texturing by electro-machining and
laser treatment, porous coatings with soldered iron powder, and formed by using emery
papers. The authors noticed that the porous heated surface caused the highest temperature
of the heated wall and, consequently, the lowest heat transfer coefficient. The application
of electro-machining textured surfaces influences the reaching of the highest heat transfer
coefficient, while the lowest coefficients were observed for the laser-textured heated wall.
As a final result of the study, it was stated that specific microstructured surfaces with
well-defined roughness, thermal flow parameters, and specific spatial orientation in the
mini-channel heat exchanger could help to achieve heat transfer enhancement.

The authors of [7] investigated the feasibility of using metal three-dimensional printing
as a manufacturing method to fabricate enhanced mini-channel heat exchangers. The single-
phase thermal characteristics of an enhanced mini-channel heat exchanger equipped with
longitudinal vortex generators were analysed both experimentally and numerically. Four
different test sections, including a smooth channel as a benchmark, were printed via direct
metal laser sintering technology for comparison. A test section was developed to test the
prototypes under laminar flow conditions using distilled water as the working fluid. The
experimental conditions were used as inputs for the numerical simulation using COMSOL
software. One of the findings was that at the Reynolds number of about 1400 for one of the
tested prototypes, the convective heat transfer resulted to be almost three times that of the
smooth channel. The authors stated that additive manufacturing is a promising solution
for the development of future enhanced mini-channel heat exchangers.
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The results of experiments using a mini-gap test section were compared with a test
section with a group of 50 parallel mini-channels and are discussed in [8]. Furthermore,
the authors focused on investigating the modification of the mini-gap wall and found its
influence on heat transfer intensification. The efficiency of heat transport and pressure drop
depending on the system operating parameters was also analysed. Visualisations of flow
patterns were provided and discussed.

Experimental and numerical heat transfer investigations in flow boiling of water
through an asymmetrically heated, rectangular and horizontal mini-channel, with transpar-
ent side walls, were described in [9]. The recorded images of two-phase flow structures
were analysed to calculate the void fraction. The laminar flows were investigated. In the
mathematical model, the steady-state heat transfer process was assumed in the test section.
Furthermore, two defined inverse heat transfer problems were solved with the help of
the Trefftz method. One of the findings was that the heat transfer coefficient increased as
the thickness of the mini-gap decreased. The heat transfer coefficient is also higher for a
mini-channel multiport than for a mini-gap of the same cross-section area.

Experimental investigations of the effects of mass flux, heat flux and spatial orientation
of the test section on the flow boiling of water and the critical heat flux characteristics
were revealed by experiments described in [10]. The results showed that in mini-channel
flow boiling, mass flux and heat flux had effects on the behaviour of vapour bubbles and
consequently influenced the heat transfer coefficient. The spatial orientation of the test
section has less effect on the heat transfer coefficient values. Furthermore, this factor affects
the rate of forming and growing vapour bubbles.

The results of an experimental investigation into the water boiling heat transfer in
a mini-channel flow are described in [11]. The test section was a circular mini-channel
with a diameter of 2.12 mm, vertically oriented with the upward flow. The characteristics
of heat transfer and fluid flow were studied. It was observed that the highest mass flux
yielded the highest convective heat transfer coefficient. After analysing the vapour quality
in contests of other parameters, it was noticed that, for the low vapour quality at a low flow
rate, thin liquid film thermal evaporation becomes dominant, suggesting that thin liquid
film thermal evaporation occurs at a lower heat flux.

Temperature measurement is a key issue for the technical diagnostics of device work,
especially for an apparatus that generates large heat flux, including microelectronics with
elements of a very high scale of integration. It is important to test the work of the compact
heat exchangers considering the uncertainty of temperature measurement. Temperature
measurements are usually complicated and costly. The use of advanced temperature mea-
surement methods requires a large system to collect and process data. In addition, there is
often the need to perform additional calibration procedures for temperature measurement.
An example of such a technique for measuring the temperature of the solid surface is liquid
crystal thermography, which requires colour calibration with respect to the corresponding
temperature as a result of a calibration experiment [12,13]. Another method of contactless
temperature measurement is infrared thermography. It allows temperature measurements
to be made at a certain distance from the object. It is widely used because it is convenient
for temperature measurement and is repeatable. There are numerous applications for
infrared thermography, such as energy applications, construction, machine diagnostics,
and medical diagnostics. It should be emphasized that the temperature measurement by
an infrared camera is influenced by various factors such as the temperature of the ambient
air and humidity, the distance from the object of which the temperature is measured, the
lighting of the tested surface, and the correctly adjusted value of emissivity. Thermoelectric
elements are broadly used because of their convenience and relatively low cost, which
allows many sensors to contact the temperature measurement of the object/medium. Cur-
rently, thermoelements are applied in many industrial brands because of their wide range
of temperatures and low costs. K-type thermoelements are characterised by commonly
accepted measurement uncertainties. Moreover, to guarantee the higher accuracy of the
measurements with thermoelements, additional calibration is needed. The authors of this
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work have applied various methods of temperature measurement in flow boiling heat trans-
fer research up to now. Recently, K-type thermoelements or infrared thermography [14]
have been used to measure the temperature of the heated surface [15].

Among the many papers that have recently focused on heat transfer that are available
in the literature, the results are based only on numerical simulations, for example, using the
Laplace transform (as in [16]) or the Galerkin method (as in [17]). It should be emphasized
that in this work, as well as in articles by other authors, such as [8,18–20], the results of the
numerical calculations were based on their own experimental research.

The authors of this work continue their experimental and theoretical investigations,
testing the application of analytical [2], semi-analytical-numerical methods with the applica-
tion of the Trefftz functions [21–24] and several commercial numerical programs: Simcenter
STAR-CCM+ [14], ADINA [25,26] and ANSYS CFX [27] programs to perform heat transfer
calculations during fluid flow in mini-channels.

2. The Experimental Rig
2.1. Loops and Systems

Figure 1 illustrates the main elements of the main loops and systems, while the
experimental devices were indicated as block schemes. The loops and systems are as
follows: the flow loop with working fluid (FC-770), the data acquisition system and the
power supply and control system. The basic devices of the flow loop are: a test section (1),
a heat exchanger (2), a compensating tank (3), a filter (4), a gear pump (5), and a Proline
Promass A 100 Endress-Hauser Coriolis mass flowmeter, (6). The PMP71 Cerabar S Endress-
Hauser pressure meters, complement the system. An A655SC FLIR infrared camera, (7)
recorded thermograms related to the measurement of the temperature distribution on
the heater surface. A high-speed SP-5000M-CXP2 JAI video camera, helped to observe
the flow structure during fluid flow (8). The supply and control system consists of an
ammeter, a voltmeter (9), and an inverter welder heat source (10). The data acquisition
system comprises data acquisition stations and a PC with the appropriate software (11).
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Figure 1. Block diagram of the main loops and systems realized on the experimental rig: (1) test
section with mini-channels, (2) heat exchanger, (3) compensating tank, (4) filter, (5) circulating pump,
(6) mass flow meter, (7) infrared camera, (8) high speed camera, (9) ammeter and voltmeter, (10)
power supply, (11) data acquisition stations and PC computer.

2.2. Test Section

The test section is the essential element of the experimental rig. Diagrams of the test
section are shown in Figure 2. A top view of the test section is shown in Figure 2a, while its
longitudinal section is illustrated in Figure 2b. The working fluid was Fluorinert FC-770.
The test section was vertically placed with upward flow. The front cover, Figure 2b, (1) and
the body (2) were made of aluminium. In the Teflon spacer (4), five mini-channels were
formed, each 1 mm deep and 6.8 mm wide. The length of each mini-channel corresponding
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to the recorded temperature field was 32 mm. The heater for the working fluid (FC-
770) flowing in the mini-channels was a Haynes-230 alloy foil (2), 0.04 inch thick. The
temperature of the outer surface of the foil (in contact with ambient air) was measured
using an infrared camera. The foil surface was covered with black paint with a known
emission coefficient (0.98). The glass plate (5) allowed for observation of the flow structures.
Pressure meters and K-type thermoelements were installed in the inlet and outlet chambers
of the test section.
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Figure 2. The test section with mini-channels: (a) view on the side of the front cover, (b) cross section
along the mini-channels, (1) front cover, (2) heated foil, (3) body, (4) spacer with mini-channels, (5)
glass plate, T-thermocouple, p–pressure measurement.

2.3. Temperature Measurement Apparatus

The following temperature measurement instruments were used in the experiments:

• The FLIR A655SC infrared camera used with FLIR ResearchIR Max software (v.4.4) to
measure the temperature distribution on the surface.

Main specifications of the FLIR A655SC infrared camera:

◦ a spectral range of 7.5–14.0 µm,
◦ a resolution of 640 × 480 pixels,
◦ an accuracy of temperature measurement of 2% in the range of 0–120 ◦C or 2 ◦C.

Furthermore, FLIR ResearchIR Max software allows for indicating the temperature at
the points of thermograms.

• The thermoelements manufactured by Czaki Thermo-Product, Raszyn-Rybie, Poland,
helped measure the temperature at selected points on the heated surface.

Main specifications of the thermoelements:

◦ NiCr-NiAl thermoelement: a K-type sheathed thermoelement sensor with an
outer diameter of 0.5 mm, model TP-221,

◦ a nominal range of temperature measurement from −40 ◦C to 600 ◦C,
◦ a temperature sensor with a galvanically isolated weld (type b),
◦ a wire length of 100 mm,
◦ a temperature measurement accuracy of 1.5 ◦C according to international

standards.
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3. Experimental Procedures and Parameters
3.1. The Experiment for Estimation of Temperature Uncertainty Measurements

After deaeration, the temperature and flow parameters stabilized. The current of
known intensity was supplied from the heat source (an inverter welder) to the heated wall
of the mini-channels. It resulted in heat flux supplied to the heated foil. The temperature of
the outer surface of the foil was measured as a result of the use of an infrared camera and
thermoelements. Due to infrared thermography, temperature distributions on the entire
heater surface temperature were obtained. Due to K-type thermoelements, the temperature
was recorded at nine points spaced every 5 mm on the foil along the mini-channel axis.
Measurements were taken with a time interval of 1/25 s. In the full experimental series,
400 readings were recorded over 16 s.

3.2. The Heat Transfer Experiment

The experimental procedure was similar to that described in Section 3.1; however,
two stages of the procedure differ. After deaeration and stabilisation of the parameters,
the heat flux supplied to the heater was increased. During the full experimental series,
convective heat transfer was transferred to flow boiling. Measurements were taken with
a 1 s time interval. Infrared thermography was chosen as the technique for temperature
measurement on the heated foil’s outer surface. The experiments were carried out under
time-dependent conditions, while measurements were recorded with a time interval of 1
s. In the full experimental series, observation of the flow structures helped to control this
process. The main parameters of the experimental series are listed in Table 1.

Table 1. The main experimental parameters for the heat transfer experiment.

Parameter Value/Range

Heat Flux (entire experiment), q (kW/m2) 4.9–63.7
Heat Flux (selected part of the experiment), q (kW/m2) 36.7–49.8

Mass Flow Rate, (kg/s) 0.004
Inlet Pressure, (kPa) 118–167

4. Method of Estimation of Temperature Uncertainty Measurements

To estimate the uncertainty of the temperature measurement, the probability distribu-
tion of the output quantity was determined on the basis of the probability distributions
assigned to the input quantities. The central mini-channel of the test section was considered
as a model channel in future considerations.

The output quantity T considered using thermoelements for temperature measurement
was determined according to Equation (1), and for infrared thermography according to
Equation (2), as follows:

TTK = TTK + δTK + δDaqLab (1)

TIR = TIR + δIR (2)

where: Ti—the estimate of the temperature measurement obtained as the average value of
the series of measurement results, I = TK, IR; δTK—the accuracy of K-type thermoelement
given by the manufacturer, δTK =±1.5 ◦C, δIR—the accuracy of the infrared camera given by
the manufacturer, δIR = ±2 ◦C, δDaqLab—the accuracy of the DaqLab 2005 data acquisition
station including the thermocouple card, δDaqLab = ±0.5 ◦C.

The estimation of the uncertainty of temperature measurements using the Monte Carlo
method was performed according to the recommendations formulated in [28].

The variance u2(δi), i = TK, IR was determined by assuming a normal probability
distribution of δTK and δIR, according to the following equation:

u2(δi) =

(
δi
2

)2
, i = TK, IR (3)
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The variance u2(δDaqLab), was designed as follows:

u2
(

δDaqLab

)
=

(
δDaqLab√

3

)2

(4)

assuming a rectangular probability distribution of δDaqLab.
The normal probability distribution of TTK and TIR was assumed. Next, the variance

u2(Ti), i = TK, IR was determined from the formula:

u2(Ti
)
=

1
n(n− 1)

n

∑
j=1

(
T j

i − Ti

)2
, i = TK, IR (5)

where n—number of measurements.
The probability density functions (PDF) of the output quantities Ti, i = TK, IR were

calculated using the probability distributions based on Equations (1) and (2).
To determine the empirical cumulative distribution functions (eCDF) Fi, i = TK, IR

of the output quantities, the values of the output quantities Ti,r, i = TK, IR, r = 1, . . . , M
obtained in the MC simulation were sorted.

The cumulative probability was then assigned to the sorting values of the output
quantities in the following form:

pi,r =
r− 1

2
M

, i = TK, IR, r = 1, . . . , M (6)

For each of the distributions defined by the empirical distribution of the output
quantity TTK, TIR, quantiles of the order of 0.025 and 0.975 were determined, respectively.
The values of these quantiles equal to Fi

−1(0.025), Fi
−1(0.975), i = TK, IR are the extremes

of the confidence intervals for the output quantities at the confidence level of 0.95 [28].

5. Determination of the Heat Transfer Coefficient

Local heat transfer coefficients α are calculated from the formula [13]:

α(x, t) =
−λF

∂TF(x,δF ,t)
∂y

TF(x, δF, t)− Tf ,bulk(x, t)
(7)

where the foil (TF) and fluid (Tf ) temperature distributions were obtained as the results
of the solutions of the inverse heat transfer problem described by the set of following
differential equations [13]:

κF ∇2TF −
∂TF
∂t

= − q(t)
δH ·λH

for (x, y) ∈ ΩF, t > 0 (8)

κ f ∇2Tf − vx(y, t)
∂Tf

∂x
−

∂Tf

∂t
= 0 for (x, y) ∈ ΩM, t > 0 (9)

and the boundary conditions given in Figure 3.
The nomenclature referring to Equations (7)–(9) and the boundary conditions illus-

trated in Figure 3, are as follows:
x—coordinate consistent with the direction along the flow;
y—coordinate consistent with the mini-channel depth;
Tf ,bulk—temperature in the flow core;
κF—thermal diffusivity coefficient of the heated foil, κF = λF

ρF cp,F
,

where
λF—thermal conductivity of the heated foil;
ρF¯ density of the heated foil;
cp,F —specific heat of the heated foil;
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κ f —thermal diffusivity coefficient of the working fluid, κ f =
λ f

ρF cp,F
,

where
λ f —thermal conductivity of the working fluid;
ρ f —density of the working fluid;
cp, f —specific heat of the working fluid;

q—heat flux (density); q(t) = I(t)∆U(t)
A ,

where
A—cross-sectional area of the heated foil;
I—the current supplied to the heated foil;
∆U—the voltage drop across the heated foil;
vx(y, t)—component of the fluid velocity vector;
TIR—the temperature of the heated foil measured on its outer surface using an infrared
camera;
Tf ,in, Tf ,out—the fluid temperature measured by K-type thermoelements at the inlet and
outlet of the mini-channel.
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Figure 3. Boundary conditions.

Domains ΩH and ΩH are defined as follows:

ΩF =
{
(x, y) ∈ R2 : 0 ≤ x ≤ L, 0 ≤ y ≤ δF

}
;

ΩM =
{
(x, y) ∈ R2 : 0 ≤ x ≤ L, δF ≤ x ≤ δF + δM

}
where
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L—length of the mini-channel,
δF —thickness of the heated foil,
δM —depth of the mini-channel.
The initial conditions have the following forms:

TF(x, y, 0) = TIR(xi, 0) (10)

Tf (x, y, 0) = Tf ,in(0) (11)

6. Presentation and Discussion of the Results
6.1. Estimation of Temperature Uncertainty Measurements
6.1.1. Experimental Outline

The experimental data recorded by an infrared camera and K-type thermoelements
simultaneously were considered to estimate the temperature uncertainty measurements
of the mini-channel heated wall surface. Example results obtained with the use of both
measurement techniques are shown and discussed. A methodology of determining the
uncertainty of surface temperature measurement with the use of the Monte Carlo method is
proposed. A comparative analysis of the results obtained from the Monte Carlo simulation
and the uncertainty propagation method is also performed, and their results are reported.

Temperature measurements, performed simultaneously in two mini-channels during
the experiment, were taken into account in the analysis. The data were collected at the
same selected distance from the inlet in two mini-channels on the central axis of the foil.
The top view of the test section showing the mini-channels selected for statistical analysis
of temperature measurement is illustrated in Figure 4. The points on the heated foil surface,
regarding the place taken into consideration, are indicated. These points correspond to the
axial position of two thermoelements: Nos. T5 and T8.
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6.1.2. Experimental Data

Figure 5 shows the experimental results of the temperature measurements performed
by the selected K-type thermoelements and the infrared camera, considering the same
distance from the inlet. Data resulting from the analysis correspond to the positions of the
thermoelements numbered 5 (Figure 5a) and 8 (Figure 5b). It should be emphasized that
the measurements were performed simultaneously.
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Figure 5. Temperature measurements performed by the thermoelements and the infrared camera, at
the same distance from the inlet, corresponding to the thermoelement positions: Nos. 5 (a) and 8 (b).

6.1.3. Estimation of Temperature Measurement Uncertainty

The Monte Carlo method was used to estimate the uncertainty of temperature mea-
surements recorded simultaneously with K-type thermoelements and due to infrared
thermography. A value of M, the number of Monte Carlo trials, that is, the number of
model evaluations to be made, was 106. The values of the input quantities and statistical
parameters are listed in Table 2. Input quantities cover the average values of temperature
measurements and the assumed accuracy of the K-type thermoelement, the infrared camera,
and the data acquisition station.
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Table 2. Values of input quantities and statistical parameters.

Input Quantity
Estimate of Input

Quantity
[◦C]

Estimate of Input
Quantity Variance

[◦C2]

Estimate of Input Quantity
Standard Variation

[◦C]

TTK_5 88.75 0.00261 0.05108
TTK,8 90.92 0.00237 0.04872
TIR_5 88.73 0.00109 0.03307
TIR,8 91.13 0.00081 0.02850
δTK 0 0.5625 0.75
δIR 0 1 1

δDaqLab 0 0.00083 0.02887

Based on the assumed probability distributions and variances described in
Equations (3)–(5) and the values of the input parameters given in Table 2, the distributions
of the output quantities Ti, i = TK, IR were calculated according to Equations (1) and
(2). Estimates of the output quantities as mean values of the results obtained in the MC
simulations are shown in Table 3.

Table 3. Estimates of output quantities and expanded uncertainties of temperature measurements.

Expanded Uncertainty

Output Quantity
Estimate of Output

Quantity
[◦C]

MC Simulation [28], UMC
[◦C]

Uncertainty Propagation
Method [29] UPM, k = 2

[◦C]

TTK,5 88.75 1.47 1.50
TTK,8 90.92 1.48 1.50
TIR,5 88.73 1.97 2
TIR,8 91.13 1.96 2

The confidence intervals (at a confidence level of 0.95) for the output quantities were
symmetrical with respect to the mean of the simulation results. Therefore, only the quantile
of 0.975 order (the right ends of the confidence intervals for the output) was considered.
Expanded uncertainties obtained from the MC simulation according to the following
formula

UMC = F−1
(

1 + p
2

)
− Tj (12)

were compared with the expanded uncertainties determined by the uncertainty propagation
method [29]:

UPM = k
√

∑
i

ui
2 (13)

where p—confidence level, p = 0.95, Tj—estimates of output quantities, ui—uncertainty of
an input quantity, Equations (3)–(5) and k—coverage factor.

Both methods of calculating the expanded uncertainty, that is, the MC simulation and
the uncertainty propagation method, yielded similar results (see Table 3).

6.2. Heat Transfer Investigation
6.2.1. Main Characteristics

The central mini-channel of the set of five channels in the test section was considered
in heat transfer calculations as a model mini-channel. The main aim is to determine local
heat transfer coefficients between the heated foil and the working fluid that flows along
the channel. The heat transfer coefficient is calculated according to the 2D mathematical
method, assuming two directions of heat transfer: one consistent with the depth of the
channel and the second consistent with the flow direction. The inverse heat transfer problem
in two adjacent domains given by Equations (8)–(11) and the boundary condition presented
in Figure 3 was solved by the FEM with Trefftz-type basis functions. The calculation
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procedure is described in detail in [22,23]. The results are also illustrated as boiling curves.
The error analysis of the results is provided.

6.2.2. The Temperature Measurements and Boiling Curves

Figure 6 shows the temperature of the heated foil measured by an infrared camera as
a function of distance from the mini-channel inlet and time. The dependence of heat flux
as a function of time for the entire experiment is shown in Figure 7. Data referring to the
subcooled boiling region are marked in grey.
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Figure 6. The temperature of the heated foil measured by an infrared camera as a function of distance
from the mini-channel inlet and time; the experimental parameters are shown in Table 1.

It should be underlined that the heat flux dependence presented in Figure 7 and the
boiling curves shown in Figure 8 were based on data from the entire experimental series.
However, Figures 6 and 9–11 refer only to the subcooled boiling region (assumed to be
between 72 s and 222 s).
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between the heated wall and the bulk fluid temperature, for four distances from the mini-channels
inlet; the experimental parameters shown in Table 1.
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Figure 9. The heat transfer coefficient as a function of distance from the mini-channel inlet and time;
the experimental parameters shown in Table 1.
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the subcooled boiling region; and the experimental parameters, as shown in Table 1.
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According to the data shown in Figure 7, it can be seen that the gradual increase in
heat flux corresponded to the stepped heat flux distribution. Marked data, which refer to
the subcooled boiling region, were collected for three increasing values of heat flux. This
stepped increase in heat flux is particularly recognizable for the approximated time ranges
of 128–132 s and 182–192 s.

Figure 8 illustrates the dependences of heat flux as a function of the temperature
difference between the heated foil (measured by infrared thermography) and the bulk fluid
temperature for the selected points on the mini-channel axis line (known as boiling curves).
These points correspond to selected distances from the mini-channel inlet. Four distances
were chosen: 0.01 m, 0.02 m, 0.03 m, and 0.04 m.

When analysing the boiling curves shown in Figure 8, it can be seen that all have a
typical course characteristic for refrigerants. At the beginning of increasing heat flux, heat
transfer between the heated foil and the fluid proceeds by single-phase forced convection.
It is visible as an increasing function. The increase in activation of the vapour nuclei on
the heated wall and their spontaneous nucleation then cause a temperature drop on the
surface as a result of their acting as internal heat sinks. This temperature drop is evidence
that ‘nucleation hysteresis’ occurred. A further increase in the heat flux leads to developed
nucleate boiling, visible again as an increasing function. The highest temperature drop
occurred for the distance x = 0.01 m. Furthermore, it can be concluded that, in general,
with increasing distance from the inlet, the temperature drop accompanying ‘nucleation
hysteresis’ decreases.
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6.2.3. The Heat Transfer Coefficient Results

The Trefftz function-based thermal solution of the inverse problem in an unsteady
state flow boiling heat transfer in a mini-channel is realized. The method of determining
the heat transfer coefficient is described in detail in Section 5. Finally, the local heat transfer
coefficients are determined from Equation (7).

The heat transfer coefficient as a function of distance from the inlet and time for the
subcooled boiling region is presented in Figure 9.

It should be explained that in the heat transfer calculations, only data from the ex-
periment concerning the subcooled boiling region were considered. The time interval
corresponding to this region was found to range between 72 and 222 s. The results shown
in Figures 10 and 11 correspond to this time interval.

The local heat transfer coefficients versus time, for four distances from the mini-
channel inlet, are presented in Figure 10. Furthermore, the heat transfer coefficient as a
function of distance from the inlet obtained for three selected times (120 s, 160 s and 200 s)
with marked error bars of the heat transfer coefficient is shown in Figure 11. Additionally,
the enlarged part of the graph illustrates the data in a narrower time interval.

Generally, the highest heat transfer coefficients were observed near the outlet and
for the last time moments corresponding to the highest heat flux, as shown in Figure 9.
However, it should be underlined that for the heat transfer analysis, selected representative
dependences of the heat transfer coefficients were chosen: versus time for selected distances
from the inlet and versus distance for the selected times of the experiment. The chosen
time interval corresponds to three sets of increased heat flux (shown in Figure 7) within the
subcooled boiling region (these data are marked in grey).

According to the results presented in Figures 9 and 11, it was noticed that local heat
transfer coefficients in the subcooled boiling region increased with distance from the mini-
channel inlet in general. Although near the inlet, lower values of the coefficient are gained,
and the relationship is a decreasing function of the distance from the inlet up to 0.0086
m. The increasing function is then observed with the maximum values of the local heat
transfer coefficients for time t = 200 s (corresponding to the highest heat flux of the three
selected values). Furthermore, for the lowest heat flux, corresponding to time t = 120 s, the
course of the dependence differs from the others for distances greater than 0.0086 m from
the inlet.

When analysing the relationships shown in Figure 10, it is clear that the increase in
time, i.e., heat flux during the experiment, caused an increase in the heat transfer coefficient
(see Figure 7). Furthermore, when an increase in the heat flux was provided, there was
large scatter in the coefficient values. It is seen for time moments in the range of 128–132 s.
Slightly lower scatter can be noticed at a time interval of 182–192 s.

6.2.4. The Heat Transfer Coefficient Uncertainty

The mean relative error of the heat transfer coefficient was calculated by the following
equation:

εα =

( ∂α
∂λ ∆λ

)2
+
(

∂α
∂TF

∆TF

)2
+
(

∂α
∂Tf

∆Tf

)2
+

(
∂α

∂
(

∂TF
∂y

)∆
(

∂TF
∂y

))2


α(x, y)

1
2

(14)

where:

∆TF = ∆TIR +

((
∂TF
∂x ∆x

)2
+
(

∂TF
∂t ∆t

)2
) 1

2
—the accuracy of the foil temperature approxi-

mation;

∆Tf = ∆TTK +

((
∂Tf
∂x ∆x

)2
+
(

∂Tf
∂t ∆t

)2
) 1

2
—the accuracy of the fluid temperature determi-

nation;
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(
∂TF
∂y

)
=

((
∂2TF
∂y∂x ∆x

)2
+
(

∂2TF
∂y∂t ∆t

)2
) 1

2
— the accuracy of the derivative of the foil tempera-

ture with respect to y;
∆TIR = 1.97 K—uncertainty of temperature measurement by the infrared camera, assumed
as the expanded uncertainty according to the MC simulation UMC (see Table 3);
∆TTK = 1.48 K—uncertainty of temperature measurement by thermoelements, it was
assumed as the expanded uncertainty according to MC simulation UMC (see Table 3);
∆x = 0.000099 m—uncertainty of infrared thermography temperature measurement loca-
tion;
∆t = 0.01 s — time measurement uncertainty of temperature reading;
∆λ = 0.1 W/(m·K)—uncertainty of the thermal conductivity of the heated foil material,
based on the known temperature and data specified by its manufacturer.

The mean relative error of the heat transfer coefficient εα as a function of time is
illustrated in Figure 12. The results refer to the time interval corresponding to the subcooled
boiling region (time interval between 72 and 222 s).
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When the mean relative error dependence obtained for the subcooled boiling region
is analysed, it can be found that with an increase in time, the mean relative differences
increase. It should be added that the data presented in Figure 12 refer to three increases in
the heat supplied to the heated foil. Furthermore, the highest relative differences occurred
for the time interval corresponding to the first increase in heat flux in the subcooled boiling
region. The relative errors of the heat transfer coefficient obtained for the subcooled boiling
region were found to be rather low, that is, of the order of a few percent, similarly to [30].

7. Conclusions

This paper focused on heat transfer calculations of flow boiling in mini-channels
and estimated the uncertainty of temperature measurement. The investigations involved
heat transfer during fluid flow in five parallel mini-channels that constitute a test section
with a common heated wall. The heat transfer coefficient was determined from the Robin
condition. The foil and fluid temperature distributions were found to be solutions to the
inverse heat transfer problem with the aid of the FEM with the Trefftz-type basis functions.

For estimation of temperature measurement uncertainty, the temperature on the heated
wall of the mini-channels was measured according to two techniques: the contact method
and the contactless method. During the experiment, temperature measurements of the
heated wall surface were performed simultaneously with the use of K-type thermoelements
(a contact method) and an infrared camera (a contactless method). Statistical analyses were
based on the collected temperature data collected. The estimation of the uncertainty of
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surface temperature measurement was performed using the Monte Carlo method. The
results obtained from this simulation method were compared with the results of the
computation related to the uncertainty propagation method. The results of applying both
methods were found to be consistent.

Considering heat transfer investigation, it was found that for all data based on the
entire experimental set, the highest heat transfer coefficients were achieved near the outlet
and for the last time moments corresponding to the highest heat flux. Taking into account
the data from the subcooled boiling region, it was observed that, generally, local heat
transfer coefficients increased with distance from the mini-channel inlet. Moreover, the
increase in time, i.e., the heat flux during the experiment, caused an increase in the heat
transfer coefficient. When the mean relative error dependence obtained for the subcooled
boiling region was analysed, it was found that with an increase in time, the mean relative
errors increased.
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the increase in time, i.e., the heat flux during the experiment, caused an increase in the 

heat transfer coefficient. When the mean relative error dependence obtained for the 

subcooled boiling region was analysed, it was found that with an increase in time, the 

mean relative errors increased.  
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