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Abstract: The study deals with experiments and predictions on turbulent flow and heat exchange
in a fully developed slurry flow in a vertical upward pipe. Four slurries were considered: two with
glass spheres particles with diameters of 0.125 mm and 0.240 mm, respectively, and two with sand
spheres particles with diameters of 0.470 mm and 0.780 mm, respectively. The volume concentration
of the particles was changed in the range of 10% to 40%. This study has indirectly demonstrated the
existence of turbulence suppression to a degree dependent on the diameter of the solid particles. A
mathematical model for heat transfer between slurry and pipe was developed using the two-equation
turbulence model and a specially designed wall function, including particle diameter and solid
concentration. The model assumed a constant wall temperature and heat flux. The study’s objective
was to determine the influence of the diameter of the solid particles on the heat exchange. The Nusselt
number was found to change sinusoidal, reaching a maximum for a slurry with d = 0.125 mm, and a
minimum for d = 0.470 mm. The higher the solid concentration, the lower the Nusselt number. The
novelty and value of this study lies in the deeper characterisation and understanding of the influence
of the diameter of solid particles on heat exchange.

Keywords: vertical slurry flow; damping of turbulence; influence of solid particle on heat exchange

1. Introduction

Slurry flow has interested scientists and engineers for centuries [1]. Slurries occur
widely in chemical and mining industries. The influence of temperature on slurry friction
is of relevance for the mining industry. In some cases, mineral extraction is carried out at a
temperature of 200 ◦C and the tailings from this process are pumped at a temperature of
70 ◦C [2]. Many engineering companies design, construct, and operate long-distance slurry
pipelines [3,4].

Slurry flow depends on Reynolds number, solid concentration, bulk and settling
velocities, pipe diameter, physical properties of the solid and liquid phases, particle size
distribution, and flow geometry [5,6]. As a result of this complexity, engineers are constantly
looking for new methods to better understand solid–liquid and solid–solid interactions.
They are interested in a simple useful mathematical model for parametric studies [7–9].

Solid particles in the liquid affect the shear stresses on the wall and the erosion and
abrasion of the pump and pipeline components [10–12]. Solid particles also affect the carrier
liquid’s turbulence and the heat exchange intensity [13,14]. It is well known that slurries
with fine solid particles are responsible for increased viscosity and yield shear stress. In
such a case, rheological measurements are necessary to determine the viscosity, yield stress,
and proper rheological model. However, when considering a slurry with medium or coarse
solid particles, it is accepted that the mathematical model includes the viscosity of the
carrier phase, as the rheological properties cannot be measured because the sedimentation
process is too intensive [5,15]. This phenomenon is pronounced if the density of the solid
particle increases. If the density of medium or coarse solid particles is higher than that
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of carrier liquid, the particles settle under gravity, but they can be fully suspended for
sufficiently high velocity.

The importance of the diameter of the solid particles in the carrier liquid remains
a challenge for many scientists [16,17]. Experiments on solid–liquid flow are complex,
time consuming, and rarely available in the literature. Such experiments require careful
preparation of solid particles, including screening or sieving, determining the median
particle diameter, and slurry concentration. Running the flow requires degassing the slurry,
determining the settling velocity to avoid flow blockages, keeping a constant temperature,
determining the mass of the solid particles delivered, and finally, proper measurement in-
struments and control and monitoring systems. Measurement instruments can be intrusive
or non-intrusive [18,19]. Intrusive methods have limitations because measurements at high
concentrations of the solid phase result in the risk of damage or contamination of the probe.
Moreover, such measures are almost impossible near a pipe wall. Non-intrusive methods,
like optics, ultrasounds, or magnetic resonance do not affect the flow structure but they
have limitations too. When optical methods are considered, the particles induce attenuation
of the beams. However, if the refractive index matches the suspended particles and the
carrier fluid, it is possible to perform measurements of particle velocities but for limited
solid concentrations. For these reasons, most measurements refer to gas–liquid flows.
The newest techniques, like ultrasounds or magnetic resonances, also have limitations.
Although these methods propose a relatively good spatial resolution, this is still insufficient
to measure the fluctuating parts of the solid and liquid phases [20–23], which is essential
for developing more reliable turbulence models. Based on the above, one can say that
there is still an alternative to using standard turbulence models together with a specially
designed wall damping function. The wall damping function can be developed based on
comparing predictions and measurements of global parameters, such as frictional loss and
velocity and temperature distributions. This approach was used in the current studies.

The main objective of the study is to determine the influence of the diameter of the
solid particles on the heat exchange between a pipe and a turbulent slurry flow in the
upward vertical pipeline. Four slurries were studied—two slurries with glass spheres and
two slurries with sand particles. The median particle diameters of the respective slurries
were 0.125 mm, 0.240 mm, 0.470 mm, and 0.780 mm. Solid volume concentrations changed
in the range of 10% to 40%.

The novelty and value of this study lies in the deeper characterisation and understand-
ing of the influence of the diameter of solid particles on heat exchange. In addition, the
novelty of this article lies in proposing a simple physical and mathematical model, which
includes the median particle diameter and solids concentration. This model is suitable for
parametric studies, which allow us to simulate the effect of solid particle diameter, solid
concentration, heat flux, wall temperature, and physical and thermal properties of solid
and liquid phases on heat exchange efficiency between pipe and turbulent slurry flow. The
study presents the results and analysis of measurements and numerical predictions, which
include dp/dx = f(Ub), T = f(y), Nu = f(Re), and Nu = f(d).

1.1. Literature Review: Isothermal Flow

Solid particles in a carrier liquid result in a slip velocity between the solid and liquid
phases. Yianneskis and Whitelaw [24] pioneered LDA measurements for fully developed
turbulent pipe flow for a slurry with solid particles of a median diameter of 0.27 mm. The
authors noted that there are no significant differences in the velocity of the liquid and
solid phases. Furthermore, the importance of slip velocity decreased with increasing solid
concentration. However, slip velocity is generally essential in dilute slurries, that is, in
slurries with low solid concentration or in slurries with sufficiently high particle diameter
and density [25,26].

Some researchers conducted studies on the behaviour of solid particles near a pipe
wall [27–30]. They commonly concluded that the ejection-sweep cycle near a pipe wall
is strongly affected by solid particles. Furthermore, the authors emphasised that solid
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particles can enhance or suppress turbulence. Researchers such as Gore and Crowe [31],
Jianren et al. [32], Eaton et al. [33], Fessler and Eaton [34], and Li et al. [35] emphasised
the influence of solid particles on the modulation of turbulence. In general, we have
obtained sufficient research results that confirm that the behaviour of solid particles in
a liquid can led to the increase or suppression of turbulence. However, no function has
been determined allowing us to clearly state whether we deal with the suppression or
enhancement of turbulence.

Li et al. [35] analysed the effect of adding large solid particles to a flat plate boundary
layer that was spatially developed on the transport characteristics of slurries. The authors
compared the slurry transport characteristics at different flow rates and different solid
concentrations of glass spheres with a median particle size of 0.125 mm before and after
adding the same volume fraction of glass spheres of 0.44 mm. They analysed the particle
velocity distribution, the turbulent kinetic energy of the small particles, and the wall
shear forces. The authors found that adding 0.44 mm particles decreased the turbulent
kinetic energy of the small particles and significantly reduced the total resistance of the
pipe by 10% at the bulk velocity of 4 m/s and the solid volume concentration by 20%.
Matousek et al. [36] formulated similar conclusions with a slurry containing solid particles
with sizes of 0.22 mm and 1.56 mm.

Javed et al. [37,38] performed experiments on the frictional behaviour of the slurry in a
horizontal flow. The authors considered two grades of sand and glass spheres with median
particle diameters of 0.103, 0.447, and 0.5 mm, respectively, and straw with a nominal
particle length of 19.2 mm. The friction loss of the slurry measured in the vertical pipe of
bulk velocities in the range of 0.5–4.2 m/s and mass concentrations in the range of 5–25%
showed a reduction of 19% in drag at the solid concentration of 25% and at the bulk velocity
of 3.5 m/s [37,38].

Experiments on medium- and coarse-solid particles suspended in a carrier liquid
demonstrate the significant influence of particle diameter on the solid concentration distri-
bution across a pipe. Nasr-El-Din et al. [39] and Sumner et al. [40] proved that in a vertical
flow, the distribution of solids depends on the diameter of the particle and decreases when
approaching the pipe wall. When the average diameter of the solid particles increases, the
concentration profile becomes more inhomogeneous, showing a clear tendency to reach a
minimum value near the pipe wall. In this case, the frictional loss was lower than expected.
The authors also demonstrated that solid phase concentration profiles are uniform if fine
solid particles are used [39,40].

The results mentioned above coincide with those obtained by other researchers, such
as Eaton and Fessler [41] and Eskin and Miller [42]. For example, Eskin and Miller [42]
proposed an original approach to describe the dynamics of a solid particle at the microscopic
level for the case where a slurry flows through a gap. Their model showed that the dynamics
of the solid particles in the carrier liquid is due to the fluctuation of the solid particles in
the region of high shear rate. They found that solid particles migrate from the area of high
to the area of low shear rate, resulting in the flow being characterised by a nonuniform
distribution of the solid particles in the cross-section. The authors also found that the
reduced concentration of the solid phase at the crack wall, due to particle migration,
reduces friction loss comparing to a flow in which the distribution of the solid particles
was homogeneous. In conclusion, the flow of the slurry through the gap was characterised
by a lower pressure drop than expected [42].

Silva et al. [43] and Cotas et al. [44] used commercial CFD software to simulate
eucalyptus and pine pulps fully developed turbulent flow; as such, slurries exhibit drag
reduction. They applied a pseudo-homogeneous approach. The authors adopted the
turbulence model of Chang et al. [45], in which they used the turbulence-damping function
proposed by Bartosik [46]. They validated the mathematical model by comparing the
measured and predicted friction pressure loss with decent accuracy.

Based on the gathered knowledge, concerning an isothermal slurry flow with medium
or coarse solid particles, one can say that the median particle diameter has a significant
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influence on turbulence. However, this phenomenon is complex because many parameters,
such as particle diameter, solid concentration, flow conditions, flow geometry, and prop-
erties of the solid and liquid phases, affect turbulence. This complexity leads to the need
for research on medium and coarse slurry flows and mathematical models that are simple
and relevant for engineering applications. The majority of mathematical models, which
use a single- or two-phase approach, apply a standard two-equation turbulence model
together with a commercial code [47,48]. Too little attention is paid to the phenomenon of
slurry flow and the importance of physical features, which usually results in solving 3D
governing equations, even though it is not justified. It is useless to apply a mathematical
model to predict heat exchange in a slurry flow if the model was not positively validated
for the isothermal flow first.

1.2. Literature Review: Non-Isothermal Flow

Most available data on heat exchange in slurry flows refer to low and moderate solid
concentrations, and laminar flow. In contrast, data for high solid concentrations, which
are of particular interest in the long-distance transportation of minerals, are difficult to ac-
cess [49,50]. Reliable prediction first requires reliable measurement. Therefore, experiments
on medium and coarse slurry flows are still expected, and the ability to simulate a slurry
flow to predict frictional losses, velocity, and temperature distribution remains one of the
main challenges of computational fluid dynamics.

The influence of the diameter of solid particles on heat exchange in a turbulent slurry
flow has been experimentally investigated by several researchers [51–55]. For example,
Mandal et al. [51] theoretically analysed the effect of particle size on fluid flow and heat
transfer using the commercial code Fluent. The authors considered a fly ash slurry flow
with median particle diameters of 0.012, 0.020, 0.028, and 0.034 mm in a horizontal pipe.
They performed computations at a constant bulk density equal to 4 m/s and a volume
concentration of 40%. The authors found that granular pressure and heat transfer increase
with particle size. Other experiments on the heat transfer coefficient in a slurry transported
in a horizontal pipe were performed by Rozenblit et al. [55]. The authors focused on the
flow of the acetyl–water mixture on a moving bed with solid volume concentrations ranging
from 5% to 15%. The authors used an electro-resistance sensor and infrared imaging to
measure the temperature profile on the heated wall. The authors observed that the local
heat transfer coefficient changed from its lowest value at the bottom of the pipe to the
highest value at the upper heterogeneous layer [55].

Based on the literature, it can be noted that most of the research on heat transfer in
solid–liquid flow refers to ice slurry and slurries with fine solid particles and colloidal
suspensions, called nanofluids. Nanofluids have been known for several decades and
were designed to improve heat exchange in some engines and heat exchangers [56–59].
Wang et al. [60] carried out experiments on the thermal conductivity of Al2O3 and CuO
nanoparticles mixed with water, vacuum pump liquid, engine oil, and ethylene glycol [60].
The authors used Al2O3 with a median particle diameter of 28 nm and CuO with a median
particle diameter of 23 nm. All particles were loosely agglomerated in the chosen liquid.
The authors proved that the thermal conductivity of the mixture depends on the properties
of the liquid and solid phases and increases with increasing solid volume concentration [60].

Recently, Cieslinski [47] reviewed the achievements in numerical modelling of forced
convection in nanofluids in round and smooth tubes. The author noted that most math-
ematical models assume constant heat flux acting on a chosen pipe length and constant
wall temperature. In the single-phase approach, the mixture of nanoparticles and carrier
liquid is treated as homogeneous; therefore, the thermophysical properties are those of a
nanofluid. In the two-phase approach, the thermophysical properties of the nanoparticles
and carrier liquid are applied independently. In the review of mathematical models, the
author selected only those that have been validated. The mathematical models mainly
described suspension of nanoparticles of Al2O3, CuO, Cu, SiO2, TiO2, ZrO2 and water as
a carrier liquid. The author recognised 30 mathematical models for single-phase flows
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and 23 for two-phase flows. Cieslinski [47] stated that some researchers, such as, for ex-
ample, Lotfi et al. [61] and Mokmeli and Saffar-Avval [62] observed that the precision of a
single-phase approach is similar to that of a two-phase approach. The problem of closing
the governing equations was solved using the standard k-ε turbulence model. The author
stated that some available simulations indicated an improvement in heat transfer caused
by carefully selected solid particles, while some did not [47].

Summarising the literature review on isothermal and non-isothermal slurry flow,
one can say that the research is focused on fine slurry or laminar flows [48], while data
for slurries with medium and coarse solid particles are rarely available. Furthermore,
the mathematical models used for the prediction of slurry flow mainly rely on standard
turbulence models and do not take into account the influence of the particle diameter and
solid concentration on turbulence. Due to the limited access to experimental data on the
behaviour of solid particles at the pipe wall in a broad range of solid particles and solid
concentrations, we still face limitations in predicting velocity and temperature distributions.
In the absence of reliable data for turbulence, especially near a pipe wall over a wide range
of solid concentrations and particle diameters, it is difficult to suggest a new turbulence
model. However, it is possible to modify existing turbulence models to predict the pressure
drop, velocity, and temperature distributions in a slurry flow.

2. Method of Analysis

For the purpose of this study, the measurements of the isothermal slurry flow with
glass spheres, carried out by Shook and Bartosik [63], and sand particles, carried out by
Sumner [40], were chosen. The experiments were carried out in a closed vertical loop made
of clear PVC in the upward direction. The vertical pipe was straight and smooth, and its
inner diameter was 26 mm. The experimental test rig of these experiments is presented in
Figure 1. All solid particles used in experiments were closely sized; that is, the particles
had a narrow diameter distribution. The particles suspended in water were round, smooth,
and rigid. Four slurries were studied—two of them contained medium, while two other,
coarse solid particles. The following solid particles were used in this study:

a. Medium solid particles:

• glass spheres with median diameter d = 0.125 mm and particle density
ρP = 2440 kg/m3;

• glass spheres with median diameter d = 0.240 mm and particle density
ρP = 2440 kg/m3.

b. Coarse solid particles:

• sand with median diameter d = 0.470 mm and particle density rP = 2650 kg/m3;
• sand with median diameter d = 0.780 mm and particle density rP = 2650 kg/m3.

Energies 2023, 16, x FOR PEER REVIEW 6 of 21 
 

 

 
Figure 1. Experimental test rig; upward vertical slurry flow [63]. Source: own elaboration. 

2.1. Physical Model 
To develop a mathematical model for heat exchange in a slurry containing the afore-

mentioned solid particles, a physical model must be formulated first. To build a simple 
mathematical model, it is better to consider a vertical pipe flow, because such a flow is 
axially symmetric, which simplifies the model. Therefore, in this study, a straight vertical 
pipeline was used, and the slurry flow was in the upward direction. The cylindrical coor-
dinate system has been used in the mathematical model (x, r, θ), where ‘0x’ is the sym-
metry axis of the pipe and represents the main flow direction, while the radial coordinate 
‘0r’ represents the distance from the symmetry axis. In this study, the coordinate ‘0θ’, 
which represents the angle around the symmetry axis, will not be considered, which is the 
result of assumptions. 

The physical model of slurry flow in the upward vertical pipeline was developed 
based on the following assumptions: 
• The slurry flow is carried out in a straight vertical pipeline in the upward direction; the 

diameter of the inner pipe is equal to 0.026 m. 
• The flow is steady, turbulent, axially symmetric (V = 0 and ∂V/∂r = 0) and without cir-

cumferential eddies (W = 0 and ∂W/∂φ = 0). 
• The flow of the slurry is fully developed hydrodynamically, which means that the time-

averaged velocity component U does not change in the flow direction (∂U/∂x = 0). 
• The wall temperature is constant and equal to Tw = 293.15 K. 
• The heat flux is constant, homogeneous, and equal to q = 1500 W/m; the heat flux acts 

from the pipe wall towards the symmetry axis. 
• The slurry flow is fully thermally developed, which means that the temperature 

changes linearly in the flow direction ‘ox’, ∂T/∂x = const ≠ 0. 
• Heat production in a slurry is negligible. 
• Heat conduction through the pipe wall and radiation were neglected. 
• The viscosity of the carrier liquid (water) was determined for the temperature of the 

pipe wall. 
• The thermal properties of the solid particles are constant.  
• The distribution of solid concentration in the cross-section of the pipe is constant. 
• The single-phase approach is applied.  
• The density of the slurry, the conduction coefficient, and the specific heat are constant 

and were determined from the temperature of the wall using Equation (1). Therefore, 
it was arbitrarily assumed that (Tw–Tb) < 5 K. 𝛷௠ =  𝐶𝛷ௌ + ሺ1 − 𝐶ሻ𝛷௅ (1)

where Tb is the bulk temperature (averaged over the pipe cross-section); Φ is a general 
dependent variable that represents the density, heat conduction, or specific heat of the 

Figure 1. Experimental test rig; upward vertical slurry flow [63]. Source: own elaboration.



Energies 2023, 16, 6451 6 of 21

2.1. Physical Model

To develop a mathematical model for heat exchange in a slurry containing the afore-
mentioned solid particles, a physical model must be formulated first. To build a simple
mathematical model, it is better to consider a vertical pipe flow, because such a flow is
axially symmetric, which simplifies the model. Therefore, in this study, a straight vertical
pipeline was used, and the slurry flow was in the upward direction. The cylindrical coordi-
nate system has been used in the mathematical model (x, r, θ), where ‘0x’ is the symmetry
axis of the pipe and represents the main flow direction, while the radial coordinate ‘0r’
represents the distance from the symmetry axis. In this study, the coordinate ‘0θ’, which
represents the angle around the symmetry axis, will not be considered, which is the result
of assumptions.

The physical model of slurry flow in the upward vertical pipeline was developed
based on the following assumptions:

• The slurry flow is carried out in a straight vertical pipeline in the upward direction;
the diameter of the inner pipe is equal to 0.026 m.

• The flow is steady, turbulent, axially symmetric (V = 0 and ∂V/∂r = 0) and without
circumferential eddies (W = 0 and ∂W/∂ϕ = 0).

• The flow of the slurry is fully developed hydrodynamically, which means that the time-
averaged velocity component U does not change in the flow direction (∂U/∂x = 0).

• The wall temperature is constant and equal to Tw = 293.15 K.
• The heat flux is constant, homogeneous, and equal to q = 1500 W/m; the heat flux acts

from the pipe wall towards the symmetry axis.
• The slurry flow is fully thermally developed, which means that the temperature

changes linearly in the flow direction ‘ox’, ∂T/∂x = const 6= 0.
• Heat production in a slurry is negligible.
• Heat conduction through the pipe wall and radiation were neglected.
• The viscosity of the carrier liquid (water) was determined for the temperature of the

pipe wall.
• The thermal properties of the solid particles are constant.
• The distribution of solid concentration in the cross-section of the pipe is constant.
• The single-phase approach is applied.
• The density of the slurry, the conduction coefficient, and the specific heat are constant

and were determined from the temperature of the wall using Equation (1). Therefore,
it was arbitrarily assumed that (Tw–Tb) < 5 K.

Φm = CΦS + (1− C)ΦL (1)

where Tb is the bulk temperature (averaged over the pipe cross-section); Φ is a general
dependent variable that represents the density, heat conduction, or specific heat of the
slurry; C is the volume concentration of solids, while the subscripts m, S, L refer to
slurry (mixture), solid, and liquid, respectively.

The physical properties of the solid and liquid phases are presented in Table 1, while
the physical properties of the slurries are shown in Table 2.

Table 1. The physical properties of solid and liquid phases.

Name d, mm ρ, kg/m3 µ, Pa s cp, J/(kg K) λ, W/(m K)

Carrier liquid 0.000 998.32 0.0010046 4180.90 0.598

Glass spheres particles 0.125
2440.00 729.00 1.0470.240

Sand particles 0.470
0.780 2650.00 712.00 1.088

where d is the median diameter of solid particles; ρ is the density of carrier liquid or slurry; µ is the dynamic
viscosity of the carrier liquid; cp is specific heat at constant pressure; λ is the thermal conductivity of the carrier
liquid or solid particles.
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Table 2. The physical properties of slurries.

Name C, % ρm, kg/m3 (cp)m, J/(kg K) λm, W/(m K)

Slurry with glass
spheres particles

10 1142.49 3835.71 0.643
30 1430.82 3145.33 0.733
40 1574.99 2800.14 0.778

Slurry with sand particles
10 1163.49 3834.01 0.647
30 1493.82 3140.23 0.745
40 1658.99 2793.34 0.794

where ρm is the slurry density; (cp)m is the specific heat of the slurry at constant pressure, and λm is the thermal
conductivity of the slurry.

2.2. Mathematical Model

Taking into account the rules of time-averaging and neglecting terms with fluctuating
components of density and viscosity, one can formulate the general governing equations of
mass, momentum, and internal energy for steady vertical flow in the upward direction.

∂

∂xi

(
ρUi

)
= 0 (2)

∂

∂xj

(
ρUiU j

)
= − ∂p

∂xi
+

∂

∂xj

(
µ

∂Ui
∂xj
− ρ u′iu

′
j

)
− ρgi (3)

∂

∂xj

(
ρU jT

)
=

∂

∂xj

(
µ

Pr
∂T
∂xj

)
− ∂

∂xj

(
ρ u′jt

′
)

(4)

where U is the time-averaged velocity; p is the static pressure; µ and ρ are the dynamic
viscosity and density of the transported medium, respectively; g is specific gravity; ρu′iu

′
j is

the turbulence stress tensor; T is time averaged temperature; ρu′j t′ is fluctuating component
of velocity and temperature, and Pr is the Prandtl number defined as:

Pr =
µ cp

λ
(5)

Solving the set of equations requires that the number of equations is equal to the num-
ber of dependent variables. This approach is called the closure problem. The momentum
and energy Equations (3) and (4) possess the components −ρu′iu

′
j and −ρu′j t

′, which are
unknown and require closure. Both components can be modelled using a direct (DNS) or
indirect approach. The direct method gives a high level of accuracy but is more complex
and requires long computation times. Additionally, this method considers random velocity
and random temperature, which is not pragmatic for most engineering applications. The
indirect method gives fair accuracy in numerical prediction but is less complex and needs
a much shorter computation time. In addition, the indirect method considers the time-
averaged velocity and temperature, which is more relevant in engineering applications.
Therefore, an indirect method was used in this study. Taking into account the Boussinesque
concept, we can write [64]:

−ρ u′iu
′
j = µt

(
∂Ui
∂xj

+
∂U j

∂xi

)
− 2

3
ρ k δi,j (6)

where k is the kinetic energy of the turbulence; δi,j is the Kronecker quantity; µt is the
turbulent viscosity.

The fluctuating components in Equations (3) and (4) can be described using Equation (6) as:

−ρ u′v′ = µt
∂U
∂r

(7)
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−ρ u′jt
′ =

µt

Prt

∂T
∂xi

(8)

where u′ and v′ are fluctuating parts of the velocities in the ox and or direction, respectively;
U is the component of the time-averaged velocity in the ox direction, Prt is the turbulent
Prandtl number for the boundary layer equal to Prt = 0.9 [65].

Taking into account the assumptions stated in the physical model, the final form of
Equations (2)–(4), together with Equations (7) and (8), can be expressed as follows.

∂

∂x
(
ρmU

)
= 0 (9)

1
r

∂

∂r

[
r (µ + µt)

∂U
∂r

]
=

∂p
∂x

+ ρmg (10)

ρmU
∂T
∂x

=
1
r

∂

∂r

[
r
(

µ

Pr
+

µt

Prt

)
∂T
∂r

]
(11)

The turbulent viscosity µt in Equation (10) was calculated using the turbulence model
of Launder and Sharma [66]. The Launder–Sharma model was successfully validated for
many turbulent flows, including homogeneous slurries. Researchers emphasised that it
is one of the first and most widely used models. It has been shown to agree well with
measurements and DNS data for a wide range of turbulent flows and performs better than
many other k-εmodels [67–71]. Launder and Sharma expressed the turbulent viscosity as
follows [66]:

µt = fµ
ρ

ε
k2 (12)

fµ = 0.09 exp

 −3.4(
1 + Ret

50

)2

 (13)

where fm is called the damping function of the turbulence or the wall damping function.
The turbulent Reynolds number (Ret) was developed from the dimensionless analysis [66],
as follows:

Ret =
ρ k2

µ ε
(14)

where ε is the dissipation of the kinetic energy of turbulence.
The turbulence damping Function (13) was determined for homogeneous turbu-

lence [68]. It will be demonstrated that using Function (13) for the chosen slurries gives a
higher friction than the measurements. Therefore, a specially designed turbulence-damping
function was used for medium and coarse slurries. The turbulence-damping function ap-
plied in the mathematical model is the following [46]:

fµ = 0.09

−3.4
[
1 + A3

P d2(8− 88 AP d) C0.5](
1 + Ret

50

)2

 (15)

where AP is an empirical constant (AP = 100).
Function (15) was developed empirically by matching the predictions of friction

loss and velocity distribution with the measurements. This function was validated for
isothermal flows for medium and coarse slurries in the range of median particle diameters
of 0.1 to 0.8 mm and solid concentrations of 10% to 40%, obtaining good accuracy of
predictions of friction losses and velocity profiles [46,69,70,72,73].



Energies 2023, 16, 6451 9 of 21

Analysis of Equation (15) indicates that if d→0 or C→0 the turbulence-damping
function approaches the standard function expressed by Equation (13). Equation (15)
indicates that the median particle diameter of the solid particle plays a primary role, while
the solid concentration plays a secondary role.

Considering the assumptions made in the physical model, the final forms of the
equations of the kinetic energy of turbulence and its dissipation rate in the cylindrical
coordinate system are as follows.

1
r

∂

∂r

[
r
(

µ +
µt

σk

)
∂k
∂r

]
+ µt

(
∂U
∂r

)2

= ρε + 2µ

(
∂k1/2

∂r

)2

(16)

1
r

∂

∂r

[
r
(

µ +
µt

σε

)
∂ε

∂r

]
+ C1

ε

k
µt

(
∂U
∂r

)2

= C2

[
1− 0.3 exp

(
−Re2

t

)]ρε2

k
− 2

µ

ρ
µt

(
∂2U
∂r2

)2

(17)

where C1, and C2 are constants; σk and σε are diffusion coefficients in the equations of k
and ε, respectively.

According to the assumptions, the convective term in the energy Equation (11) requires
a unique approach. To develop the convective term, consider the energy balance between
the pipe, with inner diameter D and unit length L = 1 m, and the slurry in the pipe. The
heat flux, which is transferred from the pipe to the slurry, can be expressed as

.
Q = α A∗ ∆Tr (18)

where α is the coefficient of convective heat transfer; ∆Tr = Tw − Tb is temperature
difference on radius r, and

A∗ = πDL (19)

The changes in the inner energy of the slurry over the pipe distance L are as follows.

.
Q =

.
m cP ∆Tx = ρb Ub A cp ∆Tx (20)

where
.

m is flux of slurry mass; ∆Tx is the slurry temperature difference over the pipe
distance ∆x = L; ρb and Ub are bulk density and velocity, respectively; the A = πD2/4 is
the cross section of the pipe.

Comparing the right-hand side of Equation (18) with the right-hand side of Equation (20)
and including (19), one can write:

α π D L ∆Tr = ρb Ub π
D2

4
cp ∆Tx (21)

Dividing each side of Equation (21) by the unit length L = ∆x, we get

.
q = ρb Ub π

D2

4
cp

∆Tx

∆x
(22)

where q is the unit heat flux.
Finally, ∂T/∂x, which exists in the energy Equation (11), can be expressed as follows:

∂T
∂x

=

.
q

ρb Ub π R2cp
= const (23)

where R is the radius of the pipe.
The gradient ∂T/∂x, described in Equation (23), was applied in Equation (11). The

thermal properties of the carrier liquid and solid phases used in the computations are
known and are listed in Tables 1 and 2.

The final form of the mathematical model of heat exchange in the turbulent flow
of medium and coarse slurries in an upward vertical pipeline constitutes four partial
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differential equations, namely, (10), (11), (16), and (17). The model has complementary
Equations (12), (14), (15), and (23). The constants in the k-ε turbulence model are the same
as in the Launder and Sharma model and are the following: C1 = 1.44; C2 = 1.92; σk = 1.0;
σε = 1.3 [66]. The mathematical model contains five dependent variables: U(r), p(x), T(r),
k(r), ε(r), and has four partial differential equations only. The closure problem was solved
by assuming that the pressure gradient ∂p/∂x is given. Therefore, the mathematical model
was solved for the pre-set value of ∂p/∂x. By changing ∂p/∂x, one can change the bulk
velocity. This approach allows one to make the mathematical model one-dimensional and
reduce the computation time.

2.3. Numerical Procedure

The following boundary conditions were applied in the numerical computations:

pipe wall, r = R: q = 1500 W/m; Tw = 293.15 K; U = 0; k = 0; ε = 0; (24)

symmetry axis, r = 0: ∂T/∂r = 0; ∂U/∂r = 0, ∂k/∂r = 0 and ∂ε/∂r = 0. (25)

Equation (24) indicates that the wall temperature is constant and there is no slip on the
pipe wall (U = k = ε = 0), while Equation (25) indicates that axially symmetric conditions
were applied to the dependent variables. The set of partial differential Equations (10), (11),
(16) and (17) was solved by the TDMA method with the iteration procedure and the finite-
volume method [74] and using its own computer code. The finite volume was established
for a pipe with a length of L = 1 m, and by rotating its radius around the symmetry axis at
an angle of ϕ = 1 radian. The numerical computations require initial dependent variables,
which were calculated as follows.

• T(r) = Tw;
• U(r) = Umax[(R − r)/R]1/7;
• k was established on the basis of the assigned intensity of turbulence, that is,

k(r) = 1/2 U2(r);
• ε was established based on the equation: ε(r) = 0.093/4 k3/2(r)/L, where L was deter-

mined from the Nikuradse formula [75].

The iterative convergence criterium was defined by Equation (26).

∑j

∣∣∣∣∣∅
n
j −∅n−1

j

∅n
j

∣∣∣∣∣ ≤ 0.001 (26)

where ∅n
j is a general dependent variable ∅ = U, T, k, ε; the jth is the nodal point after the

nth iteration cycle, and the ∅n−1
j is the (n − 1)th iteration cycle.

The number of grid points strongly affects the accuracy of the predictions [74,76].
Therefore, the following meshes containing 60, 70, 80, and 90 nodal points distributed on a
pipe radius were applied. Additionally, the expansion coefficient has been used to achieve
a nonuniform distribution of nodal points on a pipe radius, so most nodal points were
located close to a pipe wall. It was found that for the expansion coefficient equal to 1.1, the
iterative convergence process for 80 and 90 nodal points was similar. For this reason, the
mesh with 80 nodal points was used.

The results of numerical computations allowed us to obtain the flow field of the fully
developed hydrodynamically and thermally turbulent flow of medium and coarse slurries,
which includes the distribution of T(r), U(r), k(r), ε(r). Additionally, the following quantities
can be calculated: Nu, Pr, Re, Ub, and Tb.

2.4. Validation for Isothermal Slurry Flow

The mathematical model has been validated for isothermal slurry flows in the range
of median particle diameters from d = 0.1 mm to d = 0.8 mm, and solid concentra-
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tions of C = 10% to C = 40%, and in a comprehensive range of Reynolds numbers and
pipe diameters, giving reasonably good predictions of dp/dx = f(Ub) and velocity pro-
files [46,69,70,72,73]. To convince the reader that the chosen slurries with medium and
coarse solid particles demonstrate the suppression of turbulence and that the mathematical
model predicts those flows well, the results of the selected measurements and predictions
will be presented.

Figures 2 and 3 show the results of the measured and predicted frictional pressure loss
for four slurries, containing particles with diameters of 0.125 mm, 0.240 mm, 0.470 mm, and
0.780 mm, respectively, and for volume concentration of solids equal to 40%. The results of
predictions using the modified damping Function (15) are marked as solid red lines, while
predictions with the standard damping Function (13) are marked as dashed red lines.
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Figure 2. Predictions with and without damping of turbulence and measurements [63] for glass
spheres slurries: (a) d = 0.125 mm, C = 40%, D = 0.026 mm; (b) d = 0.240 mm, C = 40%, D = 0.026 mm.
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Figure 3. Predictions with and without damping of turbulence and measurements [40] for sand
slurries: (a) d = 0.470 mm, C = 40%, D = 0.026 mm; (b) d = 0.780 mm, C = 40%, D = 0.026 mm.

The analysis of Figures 2 and 3 shows discrepancies between the measurements and
the numerical predictions if the mathematical model contains a standard wall damping
function, described by Equation (13). The disparity increases with increasing particle
diameter, and the highest discrepancy appears for the slurry with a solid particle diameter
equal to 0.470 mm, as seen in Figure 3a. The predictions with the wall damping Function (15)
match well with the measurements for all applied particles, as seen in Figures 2 and 3.

The analysis of Figures 2 and 3 indicates that dp/dx for glass sphere slurry at C = 40%
should be approximately 1.57 times higher than water because this slurry’s density is
equal to 1574 kg/m3. However, it is approximately 1.52 for d = 0.125 mm and 1.45 for
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d = 0.240 mm. If the data for the sand slurry with C = 40% (ρm = 1658 kg/m3) are analysed,
we expect that dp/dx should be approximately 1.66 higher compared to water, while it
is only 1.49 for d = 0.470 mm and 1.51 for d = 0.780 mm. In conclusion, the experimental
data presented in Figures 2 and 3 explicitly show that the friction loss of the four slurries
depends on the diameter of the particle and is lower than we expected. Therefore, one can
conclude that such slurries demonstrate turbulence suppression. The lowest friction loss
was obtained for the slurry with d = 0.470 mm.

2.5. Validation for Non-Isothermal Slurry Flow

Due to the lack of experimental data on heat exchange in slurries used in these studies,
the mathematical model was validated only for carrier liquid flow. Numerical computations
were performed for turbulent carrier liquid flow in a vertical pipe with inner diameter
D = 0.026 m, wall temperature Tw = 293.15 K, and unit heat flux q = 1500 W/m. The
results of the predicted Nusselt number were compared with the Dittus–Boelter empirical
Equation (27) [77] and are presented in Figure 4. The Dittus–Boelter equation is valid for
fully developed flows for Re > 10,000 and 0.7 ≤ Pr ≤ 160 [77] and is expressed as follows:

Nu = 0.02296 Re0.8 Pr1/3 (27)

where Reynolds and Prandtl’s numbers are as follows:

Re =
ρ Ub 2 R

µL
(28)

Pr =
µL cp

λ
(29)

Relative Error =

∣∣NuPred − NuExp
∣∣

NuExp
100% (30)
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Figure 4. Validation of numerical predictions of the Nusselt number for carrier liquid flow.
D = 0.026 m; Tw = 293.15 K, q = 1500 W/m.

It is seen in Figure 4 that the numerical computations of Nusselt number are close
to the Dittus–Boelter data, and the averaged relative error, expressed by Equation (30), is
about 2%.

3. Results of Predictions

Numerical predictions were performed based of the simplified mathematical model
that contains Equations (10), (11), (16), (17), and the turbulence-damping Function (15).
Predictions were made for four slurries. In each case, the slurry flow was fully developed
hydrodynamically and thermally in a vertical upward pipeline with an inner diameter
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D = 0.026 m. The wall temperature and the unit heat flux were constant and equal to
293.15 K and 1500 W/m, respectively. Simulations were performed for solid volume con-
centrations equal to 10%, 30%, and 40% by volume, and for water. The thermal properties
of the solid and liquid phases and slurry were stated in Tables 1 and 2.

The results of the predictions of Nu = f(Re) for medium and coarse slurries at C = 10%,
30%, and 40% are presented in Figures 5 and 6. The Nusselt number for the carrier liquid
(water) was calculated using the empirical Dittus–Boelter Equation (27).
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Figure 5. Dependence of the Nusselt number on the Reynolds number for glass spheres slurries and
water: (a) d = 0.125 mm and C = 10%, 30%, 40%; (b) d = 0.240 mm and C = 10%, 30%, 40%.
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Figure 6. Dependence of the Nusselt number on the Reynolds number for sand slurries and water:
(a) d = 0.470 mm and C = 10%, 30%, 40%; (b) d = 0.780 mm and C = 10%, 30%, 40%.

Figures 5 and 6 demonstrate that parameters such as Re, d, and C strongly affect the
Nusselt number. For all four slurries, the Nusselt number was lower compared to water.
It is seen that with an increase in solid particle diameter from 0.125 mm to 0.470 mm, the
Nusselt number decreases, while for d > 0.470 mm there is an increase.

The influence of particle diameter on the Nusselt number is clearly seen in Figure 7a,b.
Both figures present predictions for the four slurries at C = 10% and C = 40%, respectively.
Analysing Figures 2 and 3 and Figure 7a,b, it is seen that there is a correlation between
frictional pressure loss and the Nusselt number. For example, for solid concentration C = 40%,
it can be seen that the friction loss decreases if the diameter of the solid particles increases from
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d = 0.125 mm to d = 0.470 mm (Figures 2a and 3a) and increases if d > 0.470 mm (Figure 3b).
The same applies to the Nusselt number, which is seen in Figure 7b.
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Figure 7. Dependence of the Nusselt number on the Reynolds number for four slurries: (a) C = 10%;
(b) C = 40%.

The relation of dp/dx = f(Ub) determines the link Nu = f(Re). Therefore, it is interesting
to analyse the dependence of the Nusselt number on particle diameter for chosen solid
concentrations and for chosen values of dp/dx, which is presented in Figure 8a,b and
Figure 9a.
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Figure 8. Dependence of the Nusselt number on the particle diameter for four slurries and water:
(a) dp/dx = 2500 Pa/m, C = 10%, 30%, 40%; (b) dp/dx = 5500 Pa/m, C = 10%, 30%, 40%.
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(a) dp/dx = 8500 Pa/m, C = 10%, 30%, 40%; (b) Ub = const = 3.0 m/s and C = 10%, 30%, 40%.

Figure 8a,b and Figure 9a demonstrate that an increase in dp/dx causes an increase in
the Nusselt number, while an increase in solid concentration causes a decrease in the Nusselt
number. The first point in Figure 8a,b and Figure 9a, that is, for d = 0.0 mm, presents the
data for the water, which were calculated using the Dittus–Boelter Equation (27). Analysis
of Figure 8a,b and Figure 9a indicates that in the range of d = (0.125−0.780) mm, a minimum
Nusselt number appears for d = 0.470 mm, regardless of solid concentration, while there is
a maximum for water. This phenomenon is consistent with the behaviour of the pressure
drop, which is presented in Figures 2 and 3.

It is interesting to analyse the behaviour of the Nusselt number for constant bulk ve-
locity. Figure 9b presents the Nusselt number’s dependence on the solid particle’s diameter
at constant bulk velocity equal to 3.0 m/s, and for C = 10%, 30%, and 40%, and for water.
Again, the first point in Figure 9b shows the predictions for water (d = 0.0 mm). Figure 9b
shows that with an increase in particle diameter from d = 0.0 mm (water) to d = 0.125 mm,
the Nusselt number increases and reaches a maximum for d = 0.125 mm, regardless of
solid concentration. If the particle diameter increases from d = 0.125 mm to d = 0.470 mm
the Nusselt number decreases and reaches a minimum for d = 0.470 mm, irrespective of
the solid concentration. Figure 9b shows that for constant bulk velocity (constant flow
rate), the maximum and minimum of the Nusselt number exist for d = 0.125 mm and
d = 0.470 mm, respectively. The maximum and minimum Nusselt numbers are consistent
with the behaviour of the frictional pressure drop, which has been discussed earlier.

To illustrate why the efficiency of heat exchange between the pipe and the slurry
is highest for d = 0.125 mm and the lowest for d = 0.470 mm, Figure 10 presents the
temperature distributions for both slurries at C = 40% and Ub = 3.0 m/s. Taking into
account Equation (18), it can be concluded that for constant heat flux, the coefficient of
convective heat transfer is higher for the slurry with d = 0.125 mm compared to the slurry
with d = 0.470 mm because Tw − Tb is lower for the slurry with d = 0.125 mm than for
d = 0.470 mm.
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4. Discussion

It is well-known that fine solid particles can move freely in the viscous sublayer, and
the friction process is similar to the flow of the carrier liquid. If sufficiently large particles,
such as those used in this study, are considered, such particles are pushed away from the
wall toward the symmetry axis, causing a decrease in the friction between the particles
and the wall, and modifying the turbulence in the remaining region. Experiments have
shown that, in some cases, the friction in the slurry can be lower than we expected. Such a
phenomenon was observed in experiments of Charles and Charles [78] for d = 0.216 mm,
Ghosh and Shook [79] for d = 0.6 mm, Matousek [36] for d = 0.37 mm, Sumner [40] for
d = 0.47 mm, and d = 0.78 mm, Talmon [80] for d = (0.1–2.0) mm, and Ming-zhi et al. [81] for
d = 0.125 mm and d = 0.44 mm. The process of enhancement or suppression of turbulence,
caused by the presence of solid particles in the carrier liquid, is complex, especially in
the viscous sublayer and buffer layer, and is still not well understood. For such complex
phenomena, it is impossible to propose a universal approach to predict frictional loss or
heat transfer.

This study showed that a mathematical model that uses a standard turbulence-
damping function is not suitable for predicting the isothermal flow of a slurry with medium
and coarse solid particles. Thus, it cannot be used to predict heat transfer. However, using
the specially designed turbulence-damping function, described by Equation (15), allows
one to apply a mathematical model to predict isothermal and non-isothermal slurry flow.
However, it should be noted that the mathematical model assumes that the solid concentra-
tion across the pipeline is constant. In contrast, the experiments proved that the distribution
is not constant, and the lowest concentration appears close to the pipe wall. The effect
of non-uniform concentration distribution is compensated by the wall damping function,
described by Equation (15).

Analysis of the literature indicates that the simplest way to formulate a mathematical
model is to use the assumptions of constant heat flux acting on a unit of pipe length and
constant wall temperature [47]. This approach was just used in this study. Looking for
simplifications, the convective term in the energy equation was developed based on the
heat balance between the pipe and the slurry. This approach allows one to reduce the
mathematical model to one-dimensional and decrease the time of computation, causing
the model to be convenient for parametric studies. The mathematical model allows for
predicting the frictional pressure loss, profiles of velocity and temperature, and the Nusselt
number. It is essential to emphasise that the mathematical model for heat exchange in a
slurry flow should first be validated for the isothermal flow. The applied mathematical
model is simple and suitable for predicting heat transfer in a medium or coarse slurry if
the assumptions stated in the physical model are used. However, this model still requires
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validation for heat transfer if experimental data will be available. It is worth mentioning
that the physical properties of slurries with glass spheres and sand particles are remarkably
similar. Differences in the specific heat and thermal conductivity are minor, and the relative
discrepancy is below 2.5%, while the discrepancy is about 8% for particles density.

Performed studies demonstrate that the median particle diameter of solid particles
plays a substantial role in heat exchange in a slurry flow. The Nusselt number decreases
in some cases; in the other cases, it increases with the change in the diameter of the solid
particles. These anomalies indicate that the diameter of the solid particle affects frictional
losses and is related to the physics of heat transfer and needs further study. The novelty
and value of this study lies in the deeper characterisation of the influence of medium- and
coarse-solid particles on heat exchange between pipe wall and slurry.

5. Conclusions

Analysis of the results of numerical predictions of heat exchange in turbulent flow
of four slurries containing glass particles with d = 0.125 mm and d = 0.240 mm and sand
particles with d = 0.470 mm and d = 0.780 mm in a vertical pipe directed upwards allows
the following conclusions to be drawn:

• The diameter of the solid particle affects the Nusselt number and the friction loss,
regardless of the concentration of the solids.

• The higher the solid concentration in the slurry, the lower the Nusselt number.
• In the chosen range of median particle diameters, the Nusselt number changed si-

nusoidal, reaching maximum for the slurry with d = 0.125 mm, and minimum for
d = 0.470 mm.

• It was found that for the same volume of transported slurry (Ub = const), the efficiency
of heat transfer is the highest for the slurry with d = 0.125 mm, while for the slurry
with d = 0.470 mm it is the lowest—see Figures 9b and 10.

• The influence of the particle diameter on the Nusselt number and friction losses result
in the impact of the particles on the turbulence. The suppression of turbulence was
determined indirectly based on frictional loss analysis.

• Solid particles with a diameter of 0.470 mm demonstrate the highest suppression of
turbulence and, consequently, suppression of heat transfer.

The results obtained can serve as a reference for further study of the resistance mech-
anism and the enhancement or suppression of heat transfer in the transported slurry
through the presence of selected solid particles. Future research should focus on a deeper
understanding of the mechanism of influence of particle size, density, and shape on tur-
bulence, especially in the region close to a pipe wall. Research on the impact of physical
and thermal properties of solid particles on the transport capability of solid particulates in
different Prandtl liquids to minimise pressure loss and increase or decrease heat exchange
is also needed.

Funding: The research was funded by Ministry of Education and Science, grant number 01.0.00.00/
1.02.001/SUBB.M 23.002.

Data Availability Statement: Data are contained within this article.
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Nomenclature

A cross section of the pipe, m2

AP constant in the turbulence damping function (AP = 100)
A* pipe surface over distance L = 1 m, m2

a, b, c constants in Taylor expansion
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Ci constant in Launder and Sharma turbulence model, i = 1, 2
C solids concentration (volume fraction of solids averaged in cross-section), %
cp specific heat at constant pressure, J/(kg K)
D inner pipe diameter, m
d median solid particle diameter, mm
fµ turbulence damping function
g specific gravity, m/s2

j nodal point
k kinetic energy of turbulence, m2/s2

L unit pipe length / length of mixing in Nikuradse formula, m
.

m flux of slurry mass, kg/s
n number of iteration cycle
Nu Nusselt number
Pr Prandtl number
p static pressure, Pa
q input power of heat per unit pipe length (unit heat flux), W/m
R pipe radius, m
r cylindrical coordinate, distance from symmetry axis, m
Re Reynolds number
t’ fluctuating component of temperature, K
T temperature, K
Ui,j time averaged velocity components, where U = f(U, V, W), m/s
U velocity component in the main flow direction ‘0x’, m/s
V velocity component in the direction ‘0r’, m/s
W velocity component in the direction ‘0ϕ’, rad/s
u’, v’ fluctuating components of velocity U, and V, respectively, m/s
x cylindrical coordinate, main flow direction, m
y radial distance from a pipe wall, m
¯ time averaged
Greek symbols
α convective heat transfer coefficient, W/(m2 K)
δij Kronecker quantity
∆x unit pipe length, m
ε rate of dissipation of kinetic energy of turbulence, m2/s3

λ thermal conductivity of water or slurry, W/(m K)
µ dynamic viscosity coefficient for water, Pa·s
ν kinematic viscosity coefficient for water, m2/s
ρ density, kg/m3

σi diffusion coefficients in k-ε turbulence model, i = k, ε
τ shear stress, Pa
Φ general dependent variable, Φ = ρ, cp, λ
φ general dependent variable, Φ = U, k, ε
ϕ cylindrical coordinate, angle around pipe symmetry axis, deg
Subscripts
b bulk (cross-section averaged value)
EXP experiment
i index, i = 1, 2
j number of nodal points
L liquid
m slurry (solid–liquid mixture)
n number of iterations
P solid particle/solid phase
Pred predictions
r radius
t turbulent
w wall
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