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Abstract: In this paper, model predictive control (MPC) is proposed for single-phase electric springs
(ESs) with the help of the existing δ control, which is realized by controlling the instantaneous phase
angle of the predefined sinusoidal reference of a certain controller. System modeling is analyzed first
to get differential forms of state variables. The discrete-time state space model is obtained through
first-order approximation. Critical load (CL) voltage can be predicted by the prediction of ES voltage
and line current. The operating modes of ESs can be determined and the reference signal for CL
voltage can be provided by δ control. As a result, cost function is obtained as the absolute value of
the error between predicted CL voltage and its predefined reference. Two typical operating functions
such as pure reactive power compensation mode and power factor correction (PFC) mode are selected
and simulated to validate the proposed control and analysis. It is revealed that both control objectives
can be achieved with the proposed MPC and δ control. Additionally, the total harmonic distortion on
the critical load is limited to about 0.5%, which is better than other existing methods.

Keywords: electric spring; model predictive control; phase control; reactive power compensation;
microgrids; distributed generation; grid connected

1. Introduction

The stability issue of the power grid has become more and more severe with a high
proportion and penetration of intermittent renewable power generation [1,2]. Fortunately,
the electric spring (ES) has been proposed recently for future distributed microgrids [3] as
a new paradigm where power supply follows demand automatically [4]. Great interest has
focused on ESs and many studies have reported on system modeling [5], control strate-
gies [6–10], topologies [11–13], and also applications [14,15]. Due to its flexibility, the ES is
mostly used in microgrids [16] and can operate flexibly according to the valuation of micro-
grids [17], energy price adjustment [18], and intermittent power generation characteristics.
This paper mainly focuses on the control strategies of the single-phase ES. The single-phase
ES consists of a half-bridge or full-bridge inverter and a low pass filter [4]. As a result, most
control methods for single-phase voltage-source inverters (VSIs) [19] can also be adopted
in ESs. For instance, hysteretic loop control [20], proportional resonant (PR) controller with
sinusoidal pulse width modulation (SPWM) [7], direct power control [10], model predictive
control (MPC) [21,22], and so on. Although hysteretic control is simple and robust, losses
of power switches are high due to its unfixed switching frequency. Besides, it is difficult
to decide the hysteresis bandwidth and to design the filer [21]. Currently used in ESs
control methods, [6] decouples the control of power angles of smart loads from that of
critical load, which makes the ES more convenient to be embedded in various applications.
However, this method needs to predict the power angle of the non-critical load, as it cannot
be used when the NCL changes or is nonlinear. In addition, it is difficult to achieve pure
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reactive power compensation. The PR controller used for ESs is well explained in [7], and
is used in the outer loop controlling the critical load (CL) voltage. Meanwhile, there is a
proportional controller used in the inner loop controlling the inductor current. Such control
method can be implemented in the digital signal processor (DSP). However, it is not easy
to debug three parameters of both PR and P controllers in the real application. Besides, the
PR controller is not proper for nonlinear systems. What is more, with PR and P controllers
and δ control, the CL voltage may distort severely when the line voltage is distorted. The
method of [8] is only applicable to the mode of power compensation. In [9], a control
model based on extreme learning machine is proposed to generate the final control strategy.
The model has high accuracy in forecasting, but the data-driven method relies on a large
amount of data and has the problem of cost. Additionally, the dynamic performance of
the environment is not fully considered in this paper. MPC has been widely applied to
power converters [23] since it has the ability to predict future behavior of both linear and
nonlinear systems. Other advantages of MPC include high dynamic performances and
easy implementation. Besides, for a system containing multi-variables and several control
objections, MPC has high flexibility since it can simplify the control by defining a united
cost function. The features above make MPC suitable to be applied to the ES system. So far,
there is no literature reporting on such application in any single-phase ES system.

It is explained in [5] that the ES is a system that controls multiple outputs through
multiple inputs and can only regulate two control objectives in the meantime. The primary
control objective is to expect the CL voltage to follow the predefined sinusoidal value.
Another objective, called δ control, can be realized by phase control depending on the
application scenario and demands.

In this paper, the MPC for the single-phase ES is proposed as a new controller with the
help of δ control. The main motivation of this paper is to enhance the dynamic performance
of nonlinear systems and improve the flexibility of the ES. Besides, the method in this paper
will support different modes, such as power compensation, constant power, and power
factor correction. Power factor correction (PFC) and pure reactive power compensation
as the most critical operating modes are chosen as examples to illustrate the controller
design. The superiority of the proposed MPC controller is emphasized by a comparison
with previous PR and P controllers as analyzed in [5]. Specifically, the contribution of this
paper can be summarized in four points:

• Enrich the control means of the ES;
• Enable the circuit to operate in different power modes;
• Model predictive control is used instead of the traditional controller to avoid the

trouble of the controller parameter setting in the traditional system control;
• Compared with the existing methods, the CL voltage distortion degree during line

voltage distortion is further reduced.

The organization of the paper is as follows. Section 2 introduces the operating princi-
ples of the single-phase ES with the help of δ control. In Section 3, system modeling and
design processes of MPC are provided. In Section 4, two controllers based on the same δ
control, one is MPC and the other one is PR and P, are investigated as simulation cases to
reveal better performances, such as harmonic suppression functions of MPC, and a brief
discussion is given. Finally, the conclusions are drawn in Section 5.

2. Operating Principles of Single-Phase ES
2.1. Topology of Existing Single-Phase ES

The existing single-phase ES circuit structure applied in the power system is shown in
Figure 1. In this figure, the single-phase ES is in the dashed line, including a single-phase
VSI and an LC filter. Z2 is the CL with limited operating voltage range and Z3 is the
non-critical load (NCL) with wide operating voltage range. A smart load (SL) formed
by a single-phase ES in series with Z3 is parallel to Z2. vG represents the voltage at the
injection point of RES, R1 denotes line resistance, and L1 denotes line inductance. The series
combination of vG and line impedance is connected to CL and SL. vS represents the voltage
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of the point of common coupling (PCC), which can be obtained by subtracting the vector
vG from the voltage drop of the line impedance. As described in [7,8], the ES is a DC-AC
conversion device that simultaneously transfers fluctuations of CL to NCLs.
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Figure 1. The existing topology and typical application circuit of the single-phase ES.

2.2. Existing δ Control

Figure 2a depicts an existing single-phase ES control diagram, which is referenced
from [5]. As shown in the figure, the control diagram is designed with double loop control.
The outer loop uses a PR regulator to control the CL voltage. The inner inductor-current
loop is controlled by a P regulator. The reference value of the CL voltage vs_ref needs to be
input in the PR regulator, whose instantaneous phase of the sinusoidal reference needs to
be calculated by the δ control algorithm. The calculation process is also shown in the figure,
which is based on a vector diagram, as shown in Figure 2b, which represents a certain
operating mode of the ES, such as inductive mode. Once the CL voltage is regulated as
expected, two control objectives of the ES can be achieved together.

The details of the PR and P controllers in Figure 2a are as follows. vS is the transient CL
voltage. Its reference is a predefined sinusoidal signal. The magnitude is given manually
and the phase is calculated in advance based on the certain operating mode by δ control.
The residual is then fed to the PR controller to generate the inductor-current reference
signal of the inner loop, that is iref. The current error between the sensed inductor current
iL and iref is fed to the P regulator to generate the modulation signal v_comp via a limiter. At
last, the drive signals of switches are generated by the SPWM generator. It is obvious to
see that δ calculation in the dashed line is the key point which influences the input signal
reference and the operation modes directly.

Figure 2b shows the vector diagram of the ES circuitry of Figure 1 when the circuit
operates in the inductive mode in which CL voltage is greater than its rated value. The
calculation details of δ are elaborated in [5]. Other operating modes of the ES circuitry can
be illustrated similarly. One remark is that this method is implemented on the assumption
that the impedance of the transmission line has been calculated, and the way of impedance
calculation can be found in [21].
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2.3. Disadvantages of Existing δ Control

Under ideal power grid conditions, the existing control strategies can effectively
control the single-phase ES. However, when vG distorts to some extent based on PR and
P controllers, the total harmonic distortion (THD) value of the CL voltage will be high
and sometimes beyond tolerable limits. Although the THD value can be improved by
debugging parameters of the controllers, it is very troublesome to set the parameters in
practical application and often cannot achieve the ideal condition. For instance, kp of the
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PR controller cannot be more than 3, otherwise it will have a suppression effect beyond the
specific frequency. An example occurs when the parameters of the PR regulator are set to 2
(kp) and 20 (kr), meanwhile the parameter for the P regulator is chosen as 0.5. As shown in
Figure 2c, while THD of vG is 22.91%, that of the CL voltage will be up to 4.48%. It is still
necessary and has potential to find a better controller.

3. Model Predictive Control of Single-Phase ES
3.1. The Proposed MPC for Single-Phase ES

In Figure 3, a new control method is proposed using MPC to replace the existing P
and PR regulators. It is observed that the proposed control is also based on δ control. The
differences between Figures 3 and 2a are the different signal generators outside the dashed
lines. The effectiveness and comparison will be illustrated in the next sections. Since MPC
is related to a specific model, establishing the mathematical model of the system is the
first task.
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3.2. System Modeling of Single-Phase ES

As mentioned in [7], ignoring the DC bus dynamics, the linear time-invariant equations
can be set up from Figure 1, by applying Kirhhoff’s Current Law (KCL):

i3 = C
dvES

dt
− iL, (1)

i3R3 + vES
R2

+ i3 = i1, (2)

Applying Kirhhoff’s Voltage Law (KVL) to Figure 1 also yields:

L
diL
dt

+ vES = vi, (3)

L1
di1
dt

+ i1R1 + vES + i3R3 = vG, (4)

vS = vES + i3R3, (5)

vS = vG − i1R1 − L1
di1
dt

, (6)

where i3 is the current through NCL, vES represents the capacitor voltage, iL is the current
of inductor L, i1 is the line current through vG, vi is the output voltage of the full bridge
inverter, and vS is the CL voltage.

Solving (1) to (4) yields:
diL
dt = − vES

L + vi
L

dvES
dt = iL

C − vES
C(R2 + R3)

+ R2i1
C(R2 + R3)

di1
dt = − R2vES

L1(R2 + R3)
− (R1R2 + R2R3 + R3R1)i1

L1(R2 + R3)
+ vG

L1

. (7)
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Solving (7) to (6) yields:

vS =
R2

R2 + R3
vES +

R2R3

R2 + R3
i1. (8)

3.3. Discrete-Ttime State Space Model

In order to implement the MPC algorithm into DSP, the discrete-time state space
model is obtained using first-order approximation [19]. The differential forms of the state
variables can be written as: 

diL
dt = iL(k + 1) − iL(k)

TS

dvES
dt = vES(k + 1) − vES(k)

TS

di1
dt = i1(k + 1) − i1(k)

TS

, (9)

where TS denotes the switching period. Substituting (9) into (7) yields:

iL(k + 1) = iL(k)−
TS
L

vES(k + 1) +
TS
L

vi, (10)

i1(k + 1) =
i1(k)
m1TS

− R2

m1L(R2 + R3)
vES(k + 1) +

1
m1L1

vG, (11)

vES(k + 1) =
vES(k)
m2TS

+
iL(k)
m2C

+
TSvi

m2LC
+

R2i1(k + 1)
m2C(R2 + R3)

, (12)

where,

m1 =
1

TS
+

R1R2 + R2R3 + R3R1

L1(R2 + R3)
, (13)

m2 =
1

TS
+

1
C(R2 + R3)

+
TS
LC

. (14)

Substituting (11) into (12) yields

vES(k + 1) = m4vES(k) + m5iL(k) + m6i1(k) + m7vi + m8vG, (15)

where, 

m3 = 1 + R2
2

m1m2L1C(R2 + R3)
2

m4 = 1
m2m3TS

m5 = 1
m2m3C

m6 = R2
m1m2m3CTS(R2 + R3)

m7 = TS
m2m3LC

m8 = R2
m1m2m3L1C(R2 + R3)

. (16)

Substituting (11) and (15) into (8) yields predicted the CL voltage vS(k + 1), which can
be rewritten as:

vS(k + 1) =
R2

R2 + R3
vES(k + 1) +

R2R3

R2 + R3
i1(k + 1) (17)

The cost function can be defined as:

J =
∣∣∣vS(k + 1)− vS_re f

∣∣∣. (18)
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3.4. VSI Modeling and Switching State Selection

In Figure 1, the switching functions of the single-phase VSI are defined SA and SB,
which are expressed as:

SA =

{
1@S11 = 1&S13 = 0

−1@S11 = 0&S13 = 1
, (19)

SB =

{
1@S12 = 1&S14 = 0

−1@S12 = 0&S14 = 1
. (20)

The output voltage of VSI can be expressed as:

vi =
(SA − SB)Vdc

2
. (21)

In the proposed prediction algorithm, all of the four switching states in (19) and (20)
will be checked to get four different voltage predictions. The switching state under which J
in (18) reaches its minimum value will be selected during the next sampling instant. There
are two cases where SA minus SB is equal to 0. Both cases are the same, which means that
no current is passing through the full bridge. Two switch states can be selected evenly.

4. Simulation and Discussion

To verify the aforementioned method, simulations are conducted under the environ-
ment of MATLAB/Simulink and based on the parameters shown in Table 1. Since the
load type only affects the calculation of δ, the resistive load can be used for all the loads to
simplify the verification. Two compensation modes are selected as examples, of which the
one is pure reactive power compensation mode and the other is PFC mode. There are two
control indicators. The first is to ensure that the voltage of CL is stable at 220 V, and the
second is to require the circuit to work in the predetermined operation mode.

Table 1. Parameters for simulation.

Parameters Values

Regulated mains voltage (VS) 220 V
DC bus voltage (Vdc) 400 V
Line resistance (R1) 0.1 Ω
Line inductance (L1) 2.4 mH

Critical load (R2) 43.5 Ω
Non-critical load (R3) 2.2 Ω

Inductance of low-pass filter (L) 3 mH
Capacitance of low-pass filter (C) 50 µF

Switching frequency (fs) 20 kHz

4.1. Flowchart of MPC and δ Control

MPC and δ control are realized by programming in the block of MATLAB (MathWorks,
Natick, MA, USA) from its official website. Here the Matlab Function is a built-in module)
Function. The specific flowchart is shown in Figure 4 which can be summarized as follows.

1. Measure grid voltage vG, grid current i1, inductor current iL, and ES voltage vES;
2. Predict vS based on the predicted ES voltage and predicted grid current;
3. Calculate the reference of vS based on the required circuit parameters and instanta-

neous phase and root-mean-square value of vG;
4. Calculate the cost function J considering all the four switching states;
5. Select the switching state that minimizes the cost function J and apply it to the inverter.
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4.2. Pure Reactive Power Compensation Mode

In this part, the circuit works in the mode of pure reactive power compensation, where
the phase difference between the voltage and current of the ES should be 90 degrees. In
order to verify the robustness of the proposed method, the simulation is divided into two
parts. One is when the power grid is under the ideal conditions and the other is when the
power grid is distorted.

4.2.1. Ideal Grid Condition

When the power grid is under ideal conditions, there is no distortion on vG. The
whole simulation is carried out under ideal power grid conditions. It is divided into three
parts according to the time period, and each part corresponds to different impedance
characteristics of the power grid. According to [7], when VG is set to 192 V, 244.5 V, and
267 V, capacitance, resistance, and inductance characteristic modes of the power grid can
be simulated, respectively. The simulation waveforms of the full-time range is shown in
Figure 5a, which includes four channels representing line voltage VG, critical load voltage
VS, ES voltage VES, and non-critical load voltage VNC (which can reflects the current phase
angle of ES), respectively.

Figure 5b–d is detailed subgraphs of the three time periods, respectively. When the
grid is in a capacitive mode (line voltage is set to 192 V), it can be observed that the phase
angle of the ES current leads the voltage 90 degrees at 0.1832 s. In Figure 5c, when the
line voltage is 244.5 V, the circuit works in a resistive mode, and therefore VES is almost
zero and the voltage of critical load is almost equal to that of the non-critical load. Finally,
in Figure 5d, when line voltage is set to 267 V, the circuit works in a inductive mode and
the phase angle of the ES current lags that of the ES voltage by 90 degrees at 0.5873 s. As
can been seen from Figure 5b–d, VS is well controlled to be sinusoidal and there is little
fluctuation on RMS values. Figure 5e shows the minimum value of cost function J during
the simulation. It can be observed that the tracking error of the CL voltage is small.
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The results above prove that the control method combining the proposed MPC and δ
control can effectively regulate the ES voltage and achieve pure reactive power compensa-
tion under ideal grid conditions.
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4.2.2. Grid Voltage Distorted

In this simulation, the disturbance is added to the line voltage, and other conditions are
the same as in the previous simulation. The specific changes are as follows. From 0 to 0.3 s,
the line voltage is given as a standard 220 V sinusoidal signal without any distortion. From
0.3 s to 0.6 s, the 3rd, 5th, 7th, and 9th harmonic components are added to the fundamental
wave, and the RMS of these harmonic components are 44 V, 22 V, 11 V, 5.5 V, respectively.
As a result, the THD value of line voltage is up to 24.06%, which is the same as that in
Figure 2c.

Figure 6a shows the dynamic waveforms of the voltage change before and after line
voltage distortion, where the circuit remains in capacitive mode the entire time. Before 0.3 s,
the circuit works stably. However, after 0.3 s, it is obvious that when distortion occurs with
line voltage, the voltages of the ES and non-critical load have corresponding distortion.
While the critical load voltage has hardly changed, which indicates that ES successfully
transfers the fluctuation of CL to NCL. What is more, in [5], using PR and P controllers, the
THD of the CL voltage is as high as 4.48%, as shown in Figure 2c. Additionally, in another
method combining dead-beat control and state observer, THD is reduced to 1.54%, but
there is still room for progress. In Figure 6b, the THD value of the CL voltage is reduced to
0.54%, which is far smaller than that of the existing control method mentioned previously.
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4.3. PFC Mode

In this part, performance of the proposed control method is rechecked. In order
to ensure that the proposed method can be applied to a variety of working modes, this
simulation will be in PFC mode, and other simulation conditions will be the same as before.
The switching of operating modes depends on the difference of δ calculation, which is
explained in [7] in detail. The simulation process is divided into two time intervals as
shown in Figure 7a. The difference is the change of the line voltage. In the first time interval
(0~0.2 s), the line voltage is set to 210 V, and in the second time interval (0.2~0.4 s), the line
voltage is increased to 220 V. To facilitate observation and comparison, the line voltage
and line current are recorded together in the same channel. It can be clearly observed that
the phase angles of the two are almost identical, having the same zero crossing points and
changing direction, even when the line voltage changes. The waveforms in channel 2, 3,
and 4 demonstrate the ability of the ES to stabilize the critical load voltage. It is worth
noting that ES can only meet two control objectives at the same time, which means power
compensation cannot be guaranteed while PFC is guaranteed. The phase angle between
the ES voltage and current is not completely synchronized. As indicated in Figure 7a,
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at 0.105 s, the phase angle of the ES current leads that of the voltage for more than 90
degrees, reflecting that ES is providing active power. At 0.365 s, the phase angle of the ES
current leads that of the voltage for less than 90 degrees, reflecting that the ES is absorbing
active power.
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In order to test the ability of the method to suppress harmonics in different modes,
the distortion is added to the line voltage, as in the previous section. FFT analysis of the
critical load voltage can obtain the result shown in Figure 7b. The total harmonic distortion
is reduced to 0.43%, which is within the tolerable range.

The simulation results under the two different operating modes above fully demon-
strate the feasibility of the proposed method and its effectiveness in harmonic suppression.

4.4. Discussion

The existing single-phase ES control method has been able to control the critical load
voltage and monitor the compensation mode of the system. However, the main idea of
this paper is to improve the harmonic suppression ability of the circuit, so that the power
quality of the grid is improved. More importantly, the proposed control method is simpler
in implementation and avoids the difficulty of controller parameter design. Additionally,
to increase the control precision, it is necessary to raise the switching frequency.

5. Conclusions

Model predictive control is proposed to cooperate with the recent proposed δ control
as a new control strategy for single-phase ESs. This is possibly the first attempt to add MPC
and δ control together for ESs. System modeling is analyzed first to get differential forms
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of all the three state variables. The discrete-time state space model is obtained through first-
order approximation. The CL voltage can be predicted by the prediction of the ES voltage
and line current. Although the CL voltage can be predicted by mathematical deviations, it
is still difficult to get the cost function since the ES and its typical application circuit belong
to a multi-input and multi-output system and there are two multiple objectives at the same
time. With the help of δ control, one critical control objective which indicates the operating
function of the ES is simplified because this important information is contained in the
calculated reference signal of the CL voltage. As a result, the cost function is obtained as
the absolute value of the error between the predicted CL voltage and its reference. Once the
cost function is minimized to a limited range, the CL voltage fluctuation is constrained to a
minimal range, and the power compensation mode is automatically satisfied because of
the δ calculation. Among all the compensation modes, the most important and commonly
used modes named pure reactive power compensation mode and PFC mode are selected
as examples and simulated to validate the proposed control strategy, revealing that both
control objectives can be achieved with the proposed MPC and δ control. Finally, two core
advantages of the proposed method are pointed out and verified: One is that the empirical
selection of controller parameters is avoided by programming logic control. Another is to
effectively eliminate the harmonic components of the CL voltage when the grid is distorted.
The simulation results show that the total harmonic distortion on the critical load can be
limited to about 0.5%.
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