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Abstract: Accurate determination of soil-water characteristic curve (SWCC) is of immense importance
for understanding the mechanical behavior of unsaturated soils. Due to the difficulty and long duration
of experimental procedures, it is of great significance to estimate the SWCC by indirect methods.
To address this issue, in this article an effective fractal method is proposed for predicting the SWCC
based on mercury intrusion porosimeter (MIP) data. Only two characteristic parameters, namely the
fractal dimension and air-entry value, are needed in the presented approach. Detailed procedures for
determining the parameters are clearly elaborated. Due to the influence of sample size difference on
the equivalent connected pore size, a sample scale effect coefficient is proposed to predict air-entry
values. The concept of “critical pore size” is introduced to obtain the optimal fractal dimension, which
can accurately reflect the fractal behaviour of SWCC samples. By comparisons between predicted and
experimental SWCCs, the validation of the proposed method is verified. The comparisons reveal the
good agreement between the proposed approach and laboratory experiments.

Keywords: pore size distribution; soil-water characteristic curve; sample scale effect; critical pore
size; fractal porous media; air-entry value

1. Introduction

Accurate determination of soil-water characteristic curves (SWCCs) is crucial to understand the
shear strength, permeability coefficient, volume strain and water distribution of unsaturated soils.
Due to the difficulty and long duration of experimental procedures, over the past years, increasing
efforts have been focused on indirect estimations of SWCCs.

In recent years, various attempts have been made to predict SWCC from the pore size distribution
(PSD) [1-4]. For a given state of soils, it has been reported that PSD has great influence on SWCC [5,6].
However, the soil structure pores feature large numbers of different complex shapes, which are difficult
to described using classical geometry.

Fractal theory has been increasingly recognized as a valid approach for describing the complex
structures of geomaterials [7-11]. Ghanbarian and Hunt [12] in particular have stressed the application of
fractal theory to geomaterials. As a result, by employing fractal theory, various attempts have been made
to relate SWCC with PSD. For example, Tyler and Wheatcraft [13] simulated the PSD of soils by using a
Sierpinski carpet, and derived a SWCC expression with the Sierpinski carpet structure. Perrier et al. [14]
and Xu et al. [15,16] proposed SWCC models employing a fractal model of the pore volume distribution,
which was developed on the basis of Mandelbrot’s model expressing the relationship between volume
and quantity distribution of fractal matter. Many contributions rely on the pore-solid fractal model to
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establish fractal SWCC models of PSD [17-20]. Ghanbarian-Alavijeh and Millan [21] researched the
relationship between surface fractal dimensions derived from SWCC and water content remaining at high
tensions as well as clay content. In addition, Ghanbarian-Alavijeh et al. [22] proposed a comprehensive
review of various fractal SWCC models, and pointed out the advantages and disadvantages of the
various models. Although various fractal SWCC models have been established, the determination of the
parameters used in those models is not an easy task. In addition, most of them have failed to verify the
rationality of the model using pore tests and SWCC tests at the same time. As a result, the approach of
predicting SWCC from PSD is mainly in a stage of model research, and an effective method has not been
formed yet. In this respect, Tao et al. [23] fortunately proposed a fractal approach to predict SWCC from
Nuclear Magnetic Resonance (NMR) test data, and conducted both NMR and SWCC tests to verify the
accuracy of their approach.

On the other hand, many techniques are able to quantitatively determine the PSD of soil, such as
digital image technology, CT technology, mercury intrusion porosimeter (MIP), etc. [24-27]. Among
them, the MIP technique can easily obtain the distribution law of soil pores, so it has been widely used
in the research of pore structures of geotechnical materials. Based on capillary theory, it is theoretically
feasible to predict SWCC from MIP technique data, unfortunately, its accuracy for predicting SWCC
using the original Young-Laplace equation is not sufficient [28-33]. An important difference between
MIP tests and SWCC is the size of the test samples, which has an influence on the prediction accuracy
of SWCC, but this was usually ignored in prior studies.

To solve this issue, a new prediction approach for SWCC is presented herein, in which the MIP
technique is employed to determine two parameters, namely fractal dimension and air-entry value.
Considering sample size differences, a sample scale effect coefficient is introduced to predict the
air-entry value, which greatly improves the accuracy of the predicted SWCC. The concept of “critical
pore size” is further introduced to obtain the optimal fractal dimensions. The accuracy of the proposed
approach is thoroughly verified through the experimental data from MIP and SWCC tests.

2. MIP Theory

In the MIP test, a non-wetting fluid (mercury) is employed to penetrate the voids of a porous
material under increasing absolute pressures. Due to the influence of surface tension, the mercury
must be subjected to a certain external pressure when it enters a small pore, so the volume of intruded
mercury is the volume of the pore. The theoretical relationship between the intrusion pressure p and
the pore diameter d can be described by the Young-Laplace equation:

4T,, cos O
p= - M)

where T}, is the surface tension of mercury; 8, is the contact angle between mercury and soil interface.
For water, the same relation applies:

4T, cosw
— °= 2
d @

in which, ¢, Ts and « are the corresponding parameters for water.
Dividing Equation (1) by Equation (2) gives:

Ts cos
T, cos 6y,

v = ©)

Regarding applications from Equations (1) and (2), the mercury pressure and the matrix suction
have a one-to-one correspondence with the pore diameter. Mercury invades pores with a diameter of
more than d firstly, so there is Sy, = V(>d)/V, where Sy is the degree of saturation of mercury, V(>d)
is the volume of pore diameter greater than d, V is the volume of sample. However, under the action
of matrix suction corresponding to the same pore diameter d, water enters pores with a diameter less
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than d firstly, so there is S, = V(<d)/V, where S, is the degree of saturation of water, V(<d) is the
volume of pore diameter less than d. Assuming that all soil pores are filled with liquid (mercury or
water), then we have:

Sw+SHg =1 (4)

Based on this theory, SWCC can be predicted from MIP test results. There are nevertheless some
fundamental differences between the SWCC and the MIP test. For the MIP test, the interface medium
is a non-wetting liquid (mercury), whereas for SWCC test, the interface medium is a wetting liquid
(water), as shown in Figure 1. In addition, the sample size of MIP tests is very different from that of a
SWCC test, which results in the fact that the porosity and PSD of a MIP test sample cannot reliably
reflect those of a SWCC test sample. Consequently, the prior works show that it is not ideal to directly
predict the SWCC from MIP test results [28-33].

To solve this issue, a new SWCC fractal model is presented in following section, where the MIP
test only serves as a basis to determine the parameters of the model.

A 6’” — T ~
\._)/( N é_, RN 1 Tf?’ :\:A\
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A 2 N / \
/] N\ /] N\
/] N\ /] N\
A AN /e N\
A 9N A 4 N
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Figure 1. Schematic diagram of an air-water interface and a mercury-air interface. (a) air-water interface;
(b) mercury-air interface.

3. SWCC Fractal Model
Following Zhang et al. [34], a porosity model is expressed as:

d 3-D

) Q)

P> d)=1- (5
max

where dy4x is the maximum characteristic pore size, d,,;, is the minimum characteristic pore size, D is
fractal dimension, ¢(>d) is the porosity of pore size greater than d. If d is equal to d,,;,, total porosity ¢

is described as:
3-D

d_.
¢=1-(722) ©6)
dmax
If the volumetric water content is expressed by 6, then 6 = $(<d) = ¢ — ¢(>d). Substituting 6 into
Equation (6) gives:
3-D

0=¢—1+(—) @)

dmax
The matrix suction ¢ corresponding to dy;y represents the air-entry value ,, which is obtained

from Equation (2):
_ A4Tscosa

o = ®)

dmax
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Considering Equations (2), (7) and (8), Equation can be rewritten as:

ﬂ 3—-D
¢)

Interestingly, it is noted that the above proposed model is exactly consistent with the hypothetical
aggregate model established by Rieu and Sposito [35].

Equation (9) is a SWCC model as presented in terms of the volumetric water content 6. By using
the basic relationship between 6 and w, Equation (9) can be converted to:

0=¢—1+( ©)

3-D
w— (1+ e)(%é:l’) —1 (10)

where G; is the relative density of a particle, e is the void ratio. We note that Equation (10) takes effect
at the stage when ¢ > ¢, while w is approximately assumed to be equal to the saturated gravimetric
water content at the stage when ¢ < ¢,, namely w = ¢/G;.

Regarding applications of Equation (10), the SWCC is controlled by D and ¢, (Figure 2). D is linked
to the shape of SWCC, and ¢, has influence on the starting point of SWCC. The fractal dimensions
have an obvious relationship with the clay content of soil [19,21]. The higher the clay content is,
the smaller the fractal dimension is. In general, the fractal dimension of a sandy soil is far less than that
of a clay soil. For a sandy soil, its water content can reach the residual water content when the matrix
suction is low. In this paper, residual water content is seen as a part of the soil particles, therefore its
value approaches to zero.

To predict the SWCC, the core problem in the next section will be to focus on accurately predicting
D and v, for a given G and e.

w%)
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Figure 2. The influence of parameters on SWCC: (a) fractal dimension, (b) air-entry value.
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4. Parameter Determination from MIP Test Results

4.1. Fractal Dimension
Assuming the total volume of a soil sample is taken as one, Equation (7) is rewritten as:

d 3-D

( ) =1-¢+V(<4d) (11)

dmux

Applying logarithms on both sides of Equation (11) yields:
B3—D)lnd xIn(1—¢p+ V(< d)) (12)

By plotting the Ind against In(1 — ¢ + V(<d)), D is then obtained by linear fitting to the MIP
test data.

4.2. Air-Entry Value

4.2.1. Sample Scale Effect

The volume of a MIP test sample is around 1 cm?, while that of a pressure plate test sample is
60 cm?, indicating that the size of the two test samples are very different. In Equation (2), d is the
equivalent connected pore size. For a given soil sample, a change of sample size will induce a change
of the equivalent connected pore size. If samples are regarded as several pieces of thin-layer soil,
the equivalent connected pore size of a single slice of sample will be different from that of a sample
with n superimposed layers. Figure 3 shows the relevant schematic diagram, where it can be seen that
for a specific pore, the equivalent connected pore size diminishes with the increment of thickness of
the layer. A parameter A is introduced to consider the sample scale effect, that is to say, the equivalent
connected pore size of MIP test sample is d, while that of pressure plate test sample will be Ad (A < 1).

The pore of
second layer

The pore of
second layer

The pore of |
first layer \

The connected pore of

two layers The pore of
first layer
The connected pore of
three layers
(a) (b)

Figure 3. Cont.
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Figure 3. Diagram of the sample scale effect for the equivalent connected pore size. (a) ichnography
for two layers; (b) ichnography for three layers; (c) cross section for two layers and (d) cross section for
three layers.

4.2.2. Determining the Air-Entry Value ¢, by Considering the Sample Scale Effect

Considering the sample scale effect, Equation (2) can be rewritten as:

4T, cosa
— = 1
d (13)
so, the air-entry value is determined by:
4T, cosw
= — 14
lpfl /\dmax ( )

where the sample scale effect coefficient A is taken as 0.1, 4Tscosa is equal to 300 uN/m (in which T is
seen as 72.75 uN/m at the room temperature, and the contact angle is generally about 0°). Therefore,
the core problem is the determination of maximum characteristic pore size dyqx. Here, dyay is captured
by Equation (6), where D is determined from MIP test data. The total porosity of samples is easily
obtained, so the key point is to obtain the minimum characteristic pore size d,,;,. The total porosity can
be obtained by the “oven-drying” method, in which the sample is dried at a constant temperature in
the range of 100-105 °C, that is to say, the minimum pore size dried in the range of 100-105 °C should
be taken account to determine d,,;,,. As demonstrated by Tan et al. [36] and Zhao et al. [37], water in
the soil is divided into liquid water, solid water and vapor water. The amount of vapor water can be
ignored herewith, so the water in the soil mainly consists of solid water and liquid water.

Furthermore, liquid water is divided into free and bound water, where the free water consists of
gravity and capillary water. The gravity water can move by its own gravity, while the capillary water
is subjected to a surface tension force whose influence area approximately ranges from 1 nm to 10* nm;
the bound water is subjected to van der Waals forces, whose influence area approximately ranges from
0.3 nm to 10? nm. During the process of oven-drying at constant temperature, all liquid water of soil
almost evaporates, so the minimum characteristic pore size d,;;;, is not more than 0.3 nm. The solid
water is influenced by hydrogen and covalent bonds, whose influence area approximately ranges from
0.2nm to 0.3 nm and 0.1 nm to 0.2 nm, respectively. During the process of oven-drying, part of the
solid water evaporates, but another part still remains in the soil sample. In other words, the range of
minimum characteristic pore size is about from 0.1 nm to 0.3 nm, and here d,;,, is taken as 0.2 nm to
predict the maximum characteristic pore size.
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5. Materials and Tests

5.1. MIP Tests

The soil sample employed is a Wuhan clay soil, whose liquid limit is 38.9%, plastic limit of 20.4% and
relative density is 2.75. For the preparation of test samples, the soil was air-dried until its water content
showed little change. Then, the dried soil was crushed and passed through a 2 mm sieve. Subsequently,
some distilled water was mixed with the dried soil to reach a certain water content. Importantly, the mixture
needed to be put in a sealed box for at least 2 days, which makes the water distribute uniformly in the soil.
Seven samples with different initial dry densities (1.30, 1.35, 1.40, 1.45, 1.45,1.50, 1.60 and 1.71 g/ cm®) were
formed by using a hydraulic jack. After vacuum saturation, these samples were freeze-dried by liquid
nitrogen, and then were cut into pieces of approximately 10 x 10 x 10 mm (length x width x height) with
a sharp knife. The MIP test was performed by a professional operator using a PoreMaster33 instrument
(Quantachrome, 1900 Corporate Drive Boynton Beach, FL 33426 USA).

5.2. SWCC Tests

The soil type and sample preparation are the same as the MIP test, but each SWCC test sample
had a diameter of 61.8 mm and 20 mm in height. The samples after vacuum saturation were used for
SWCC experiments using a soil moisture pressure plate, which mainly consists of a pressure cell, a high
air entry (HAE) ceramic disc and a piezometer. The samples were placed on the HAE ceramic disc,
the lower part of which is connected to a burette of water under atmospheric pressure. Air pressure was
applied from 0 to 1250 kPa in several steps. When the weight of the burette becomes stable, the next
pressure level is applied. During the experimental process the weight of the burette is recorded.

6. Results and Discussion

6.1. Critical Pore Size and Fractal Dimension

Figure 4 shows the PSD curves on the samples with different dry densities corresponding to a soil
particle weighing 1 g.

0.06 - _ 3 critical pore size
p=1.30 g/cm :
] =
0.05 e p=135 g/em’
. | 4 pFl40 g/em’
0.04 - v p=1.45 g/em’
] <4 p~150 g/em’ ioge
0.03 + > p=1.60 g/em’ : E A
& pslLT1 g/em’ v
ﬁ

0.02 §
-4 @ E

o.o1i§g§§§§§§gég%ggéggl "o >Ag§ -
0.00 - 4 =

The volume of mercury /(ml/g)

LR | AL | AL | UL | T
107 10" 10° 10 10? 10°
d/(um)

Figure 4. The experimental data of MIP tests.

In Figure 4, the PSD curves of samples with different dry densities are roughly similar in
shape. For pores with diameters less than 12.5 um, the PSD of different dry densities are almost
undistinguishable, but for the pores with diameters beyond 12.5 um, the PSD of different dry densities
have great differences. This critical value (d = 12.5 um) is denoted as the “critical pore size” d.. Here,
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the pores with size beyond d. are called “large pores”, while the pores with size less than d. are called
“small pores”. Consequently, small pores have stable properties, which are not affected by the dry
density, while the properties of large pores are very unstable, and easily affected by the dry density.

The cumulative pore volume curves of different dry densities are shown in Figure 5, where
it is found that the cumulative pore volume curves of different dry densities almost overlap when
d is less than d., but when d increases to d., the cumulative curves of different dry densities have
obvious differences. In addition, the experimental data less than d. is distributed linearly, but this
linear distribution disappears when the data is more than d.. That is because that linear distribution of
cumulative curves represents the good fractal behavior of soil. As presented by Tao et al. [38], the small
pores have obvious fractal behavior, so the corresponding curves show a good linear distribution,
however, the existence of large pores weakens the fractal behavior of pores, which results in that the
corresponding pore size region shows an obvious nonlinear distribution.

0.35
0.30 _ = p=130g Jem® critical pore size gg’
I e p=135glem’ 22R
i oA
g 025 i A =140 glom’ Qégﬁi
< 020Ff v p~l45 g/em’ N2
S i < p~1.50 glem’ ggom@
VI \ gL
X 015F  » p=1.60gem ggg
I & p=1.71 glem’
0.10 | P gem ggggg
[ &
0.05 - gﬁgﬁ
i - of
0.00 - -
10°® 1072 10" 10° 10" 102 10°

d /(um)

Figure 5. The cumulative pore volume curves of different dry densities.

Following the procedure presented in the above section, D is directly determined from fitting the
experimental data to Equation (12), as shown in Figure 6a. The corresponding fitting linear expressions,
correlation coefficient and the fractal dimension of unsaturated soil are shown in Table 1. It is found
that the correlation coefficient is very high (>0.98) for all the experimental data, indicating that the
fractal behaviour of the pores is significant.

In particular, it can be observed from Figure 6a that there exists a “turning point”, which is
the abovementioned “critical pore size”. The experimental data less than d. is distributed linearly;,
highlighting a more obvious fractal behavior. That is because that the PSD measured by MIP tests
cannot fully reflect the essential characteristics of the original SWCC sample. The pores with size more
than d. are very unstable, and are greatly influenced by the density and size of soil sample, so their
fractal characteristics are not obvious, while, the pores with size less than d. are very stable, and are
almost independent of the density and size of the soil sample, so their fractal characteristics are very
strong. Due to the great difference in sample size between the MIP test and SWCC test, the fractal
dimension obtained from the pore size data less than d. can better reflect the fractal characteristics of
the original pore structure of the SWCC sample.

Considering “critical pore size”, the prediction fractal dimensions are given in Figure 6b. Upon
inspection of Table 2, it is found that the correlation coefficient is significantly enhanced, and the fitting
effect as well as fractal behaviour are more prominent, compared with the fitting results in Table 1.
Meanwhile, the fractal dimension of the seven samples are all in the range of 2.956-2.959, therefore, it is
suggested that the "critical pore size" should be considered for the calculation of fractal dimensions.
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Figure 6. Determination of fractal dimension D. (a) neglecting “critical pore size”; (b) considering

“critical pore size”.

Table 1. Fitting results of fractal dimension corresponding to Figure 6a.

Dry Density Expression of Correlation Fractal
(g/cm®) Fitting Line Coefficient R”>  Dimension D

1.30 y =0.050x — 0.299 0.985 2.950
1.35 y =0.050x — 0.276 0.989 2.950
1.40 y =0.050x — 0.265 0.991 2.950
1.45 y =0.049x — 0.251 0.994 2.951
1.50 y=0.047x — 0.237 0.994 2.953
1.60 y =0.046x — 0.225 0.995 2.954

1.71 y=0.041x — 0.187 0.994 2.959
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Table 2. Fitting results of fractal dimension corresponding to Figure 6b.

Dry Density Expression of Correlation Fractal
(g/cm®) Fitting Line Coefficient R”>  Dimension D
1.30 y =0.041x — 0.316 0.998 2.959
1.35 y=0.041x — 0.293 0.998 2.959
1.40 y =0.044x — 0.279 0.992 2.956
1.45 y =0.043x — 0.263 0.998 2.957
1.50 y =0.043x — 0.247 0.998 2.957
1.60 y =0.043x — 0.232 1 2.957
1.71 y=0.041x — 0.189 0.996 2.959

Interestingly, the fractal dimension values obtained here are consistent with the average fractal
dimension value (2.96) reported for clayey soils by Ghanbarian and Hunt [39]. The reason may be
that the corresponding clayey soils have similar PSD. Due to the limited experimental data, only the
Wuhan clay soil was selected to verify the validation of the proposed model. Thus, it is possible that
the proposed approach is only suitable for clay soil, and its predicted accuracy on other types of soil
need further validation.

6.2. Air-Entry Value

The specific process for the estimation of 1, is as follows: firstly, total porosity is calculated from
dry density and relative density of the soil. Secondly, the maximum characteristic pore size dy is
determined by Equation (6) combined with the selected value of d,,;, and the fractal dimension in
Table 2. Lastly, the air-entry value can be predicted from Equation (14), as listed in Table 3.

Table 3. Predicted value of ¢, dmax and ¥,.

Dry Density (g/cm3) ¢ Amar/(um) 3,/ (kPa)

1.30 0.53 172,73 0.17
1.35 0.51 6880 0.44
1.40 0.49 922 3.25
1.45 0.47 583 5.15
1.50 0.45 265 11.33
1.60 0.42 59 50.82
1.71 0.38 23 129.56

6.3. Validation with SWCC Data

To prove the accuracy of the proposed approach, the prediction results of previous works [28-33]
are used for comparison. Previous approaches employ Equation (3) to obtain the matrix suction,
and Equation (4) to obtain the degree of saturation of water. The specific value of parameters is as
follows: « is generally about 0°, 6,, is taken as 130°, T is equal to 72.75 uN/m at room temperature,
Ty, is equal to 483 mN/m at room temperature. To compare with the proposed model, the existing
model is converted into the form of gravimetric water content, which is expressed as:

1‘/} == Tizgccgssgmp (15)
w=pu V(< d)

The specific procedure of the proposed model is as follows: the fractal dimension is determined
from Equation (12), with the calculation results shown in Table 2. The air-entry value is determined
from Equation (14), and the results are shown in Table 3. Combined with Equation (10), the SWCC can
then be predicted.

A comparison between the predicted results of Equations (15) and (10) is presented in Figure 7.
It is obvious that the predicted SWCCs from Equation (15) is located at the bottom of the experimental
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SWCCs as a whole, while the predicted SWCCs from Equation (10) are consistent with the experimental
SWCCs. The reasons for the large errors of previous work are twofold. One is the difference in contact
angle between water and mercury. Another is the difference in PSD and porosity between the MIP
sample and SWCC sample, due to the great difference in the sample size of the two test samples.
Considering the influence of these factors, a new fractal approach is proposed in this study, where MIP
values are used to predict the essential parameters of SWCC (i.e., fractal dimension and air-entry
value). As can be seen from Figure 7, the prediction accuracy of proposed approach is higher than that
of existing approaches.

1 = experimental SWCCs
- == =predicted SWCCs of Equation (17)
predicted SWCCs of Equation (10)

Gravimetric water content
.

p=1.30 g/em’

102 10™ 10° 10" 102 10° 10* 10° 10°

matrix suction ¥ /kPa

® experimental SWCC
= ===predicted SWCC of Equation (17)
predicted SWCC of Equation (10)

Gravimetric water content

0.05 ———rrrr—— T
107 10" 10° 10’ 10? 10° 10* 10°

matrix suction i /kPa

Figure 7. Cont.
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Figure 7. Comparison between experimental results and predicted SWCCs from Equation (15) and
Equation (10).

The SWCC predicted from proposed model is the horizon when the matrix suction is less than the
air-entry value. The proposed model (Equation (10)) takes effect at the stage when ¢ > ¢, while w is
approximately assumed to be equal to saturated gravimetric water content at the stage when ¢ < 1,
namely w = e/G;. Therefore, the slope of the predicted SWCCs has a sudden change at the air-entry
value. However, the change of slope in SWCC at the air-entry value is slow in fact, indicating that the
fractal approach for predicting SWCCs has a deviation at the air-entry value to some degree.

7. Conclusions

Existing approaches for predicting SWCCs from MIP tests have large deviations, which mainly
result from the differences of contact angle, porosity and PSD between the MIP test and SWCC test.
Considering these factors, a new prediction approach for SWCC is presented herein, in which the MIP
technique is employed to determine the fractal dimension and air-entry value. Because of the effect
of sample size on the equivalent connected pore size, a sample scale effect coefficient is introduced
into the Young-Laplace equation to greatly enhance the prediction accuracy of the air-entry value.
In addition, due to the stronger fractal behaviour and stabler properties of small pores than large pores,
it is suggested that only the pore data less than the “critical pore size” be adopted to determine the
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optimal fractal dimensions. The results of MIP and SWCC tests show that the proposed approach is in
good agreement with the measured values.
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