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Abstract: A new analytical wake model for wind turbines, considering ambient turbulence intensity,
thrust coefficient and yaw angle effects, is proposed from numerical and analytical studies. First, eight
simulations by the Reynolds Stress Model are conducted for different thrust coefficients, yaw angles
and ambient turbulence intensities. The wake deflection, mean velocity and turbulence intensity
in the wakes are systematically investigated. A new wake deflection model is then proposed to
analytically predict the wake center trajectory in the yawed condition. Finally, the effects of yaw
angle are incorporated in the Gaussian-based wake model. The wake deflection, velocity deficit and
added turbulence intensity in the wake predicted by the proposed model show good agreement
with the numerical results. The model parameters are determined as the function of ambient
turbulence intensity and thrust coefficient, which enables the model to have good applicability
under various conditions.

Keywords: wind turbine wake; wake deflection; velocity deficit; added turbulence intensity; ambient
turbulence; thrust coefficient; yaw angle

1. Introduction

In an attempt to address the power losses induced by the wake for downstream wind turbines,
there have been extensive studies considering adjusting tip speed ratios, blade pitch controls and
varying yaw angle [1–3]. Yaw control is one of the promising methods for wind farm power
optimization, and it is implemented by an intentional yaw misalignment of the turbine to the wind
direction [4,5]. This approach relies on an induction of a lateral momentum by actively yawing the
upwind turbine to deflect the wake away from the downwind turbines, so that the latter can extract
more energy from unwaked flow. Optimization procedures are necessary to maximize the power
production of the whole wind farm since there is also a power reduction for the yawed turbine itself.
Therefore, accurate evaluations of the deflected wake trajectory and the wake characteristics of a yawed
wind turbine are essential for applying yaw control strategies in actual wind farms.

Prediction of the wake characteristics under various yawed conditions requires a detailed
understanding of the behavior of wake flow and its interaction with the atmospheric boundary
layer. Parkin et al. [6] obtained the detailed velocity field from one to five rotor diameters downstream
of a two-bladed wind turbine model under various yaw angles by using PIV and showed the initial
skew angle of wakes. Medici and Alfredsson [7] and later Howland et al. [8] performed the hot-wire
measurement for a two-bladed and a porous disk model turbine, respectively, and quantified the
velocity deficit and deflections in various yawed conditions. Note that these wind tunnel tests were
carried out in a uniform flow. Recently, Bastankhah and Porté-Agel [9] systematically studied the
wake of a yawed turbine under various thrust coefficients and yaw angles by the detailed wind tunnel
measurements in a neutral stratified boundary layer. However, the effects of thrust coefficients and
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ambient turbulence have not been investigated systematically. Computational fluid dynamics (CFD)
has also been widely used to study wind turbine wake flows and power production optimization
in a wind farm [10]. Jiménez et al. [11] used large-eddy simulation (LES) to characterize the wake
deflections under a range of yaw angles and thrust coefficients for a turbine modeled with a uniformly
distributed actuator disk model without rotation (ADM-NR). Later, Fleming et al. [12] applied LES
with actuator line model (ALM) to investigate several methods for improving wind plant overall
performance, and the yaw control proved to be effective with wake-redirection. Luo et al. [13]
conducted the single turbine skew analysis by using LES and showed that the wake deflection was
almost linear in the near wake region for moderate yaw angles.

In comparison to wind tunnel tests and numerical simulations, analytical wake models have
greater advantages of application in real wind farm because of its simplicity and high efficiency [14].
The wake model for non-yawed turbines and the application in wind farm have been extensively
studied [15,16]. By contrast, the analytical studies for the wake under a yawed condition have not
received much attention. Jiménez et al. [11] presented a preliminary analysis of wakes on the leeward of
a yawed turbine for the first time. He proposed a simple formula to predict the wake skew angle based
on the momentum conservation and top-hat model suggested by Jensen [17] for the velocity deficit.
However, experimental validation was not sufficient as the author mentioned. Gebraad et al. [5] and
Howland et al. [8] derived the formula of yaw induced wake center trajectory by integrating the skew
angle proposed by Jiménez et al. [11]. However, the model of Jiménez et al. [11] overestimates the
wake deflection since the assumption of top-hat for the velocity deficit is not accurate as pointed out
by Ishihara et al. [18]. Based on the theoretical analysis of the governing equations, Bastankhah and
Porté-Agel [9] developed an analytical model to predict the wake deflection and the far wake velocity
distributions for the yawed turbines. The model showed a good agreement with the experimental
data. However, some parameters in this model have not been specified. In addition, the turbulence
characteristic in the wake of the yawed turbine is also of great importance as it has a significant
impact on the wake development. The investigation of turbulence characteristic and the corresponding
analytical model are not included in existing studies.

In this study, a new analytical wake model for a yawed turbine, considering the ambient
turbulence intensity, thrust coefficient, and yaw misalignment effects, is proposed. In Section 2,
the numerical model and setup used in this study are described. In Section 3, first, the numerical
model is validated by comparing with the LES results and then, the wake deflections, mean velocity
and turbulence intensity characteristics are systematically investigated. In Section 4, a new analytical
wake model for a yawed wind turbine with Gaussian distribution for the velocity deficit and added
turbulence intensity is proposed. The accuracy of the proposed model is examined by numerical
simulation results for different ambient turbulence intensities, thrust coefficient effects, and yaw angles.
Finally, conclusions of this study are summarized in Section 5.

2. Numerical Model

In this section, governing equations and the Reynolds Stress Model (RSM) are introduced firstly.
Then, the wind turbine model and the parameters used in the numerical simulations are described.

2.1. Governing Equations

The Reynolds Averaged Navier-Stokes (RANS) equations are used to simulate the turbulent wake
flows. The averaged continuity and momentum equations for incompressible flow with external forces
can be written in tensor notation and in the Cartesian coordinates as follows

∂(ρUi)

∂xi
= 0 (1)
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∂(ρUi)

∂t
+

∂
(
ρUjUi

)
∂xj

= − ∂p
∂xi

+
∂

∂xj

[
µ

(
∂Ui
∂xj

+
∂Uj

∂xi

)]
+

∂
(
−ρu′ iu′ j

)
∂xj

+ fu,i (2)

where Ui and p are the mean wind velocity in the ith direction and the pressure respectively. ρ is
density of the fluid and µ is the molecular viscosity, fu,i is the fluid force per unit grid volume induced
by the wind turbine. −ρu′iu

′
j is known as Reynolds stress tensor considering difference between uiuj

and uiuj and it stands for the effect from vortex with the higher frequency in time to the mean flow
field which is relatively steady.

2.2. The Turbulence Model

The Reynolds Stress model (RSM) accounts for the anisotropic turbulence stresses to give accurate
predictions for complex flows, which is an important advantage compared to the common one-equation
and two-equation models with isotropic eddy-viscosity hypothesis. Additionally, as pointed out by
Cabezón et al. [19], the common two-equation RANS model like the standard k-ε model could not
provide good prediction for the wind turbine wakes, while RSM shows better performance. Some of
the modified two-equation model may improve the accuracy but they are still very dependent on how
their parameters are tuned for different case.

In this study, the RSM with Linear Pressure-Strain model in ANSYS (Ansys, Inc., Canonsburg,
PA, USA) Fluent [20] is used to express the Reynolds stress tensor to close the momentum equation.
In RSM, a set of Reynolds stress equations for the turbulence closure are introduced as follows:

∂
(

ρu′ iu′ j
)

∂t
+

∂
(

ρUku′ iu′ j
)

∂xk
=

∂

∂xk

[(
µt

σk
+ µ

)
∂u′ iu′ j

∂xk

]
+ Pij + φij − εij (3)

where σk is a model constant with the value of 0.82 according to Lien and Leschziner [21]. µt is the
turbulence viscosity and calculated in the same way as in the k-ε model by using the following equation:

µt = Cµρ
k2

ε
(4)

where Cµ = 0.09.
Pij is the term for stress production calculated as

Pij = −ρ

(
u′iu
′
k

∂Uj

∂xk
+ u′ju

′
k

∂Ui
∂xk

)
(5)

φij is the pressure strain term, modelled according to the proposals by Gibson and Launder [22],
Fu et al. [23], and Launder [24,25], as shown in the following equation

φij = −C1ρ
ε

k

(
u′iu
′
k −

2
3

δijk
)
− C2

(
Pij − Cij +

1
3

δijCkk

)
(6)

where the model constants C1 and C2 are 1.8 and 0.6, respectively. Cij is the convective term in
Equation (3) and calculated by

Cij =
∂
(

ρUku′iu
′
j

)
∂xk

(7)

εij is the dissipation term modelled as

εij =
2
3

δijρε (8)



Energies 2018, 11, 665 4 of 24

Equation (3) is solved for each of the different Reynolds stresses. Similar to k-ε model, additional
equations are necessary to calculate turbulent kinetic energy k and its dissipation rate ε:

∂(ρk)
∂t

+
∂(ρUik)

∂xi
=

∂

∂xj

[(
µ +

µt

σk

)
∂k
∂xj

]
+

1
2

Pii − ρε (9)

∂ε

∂t
+

∂(ρUiε)

∂xi
=

∂

∂xj

[(
µ +

µt

σε

)
∂ε

∂xj

]
+ Cε1

1
2

Pii
ε

k
− Cε2

ρε2

k
(10)

where σε = 1.0, Cε1 = 1.44, Cε2 = 1.92.
Finite volume method is employed, and the simulations are performed with ANSYS Fluent.

The default values recommended by the Fluent Theory Guide [20] are used for all the model parameters.
The second order upwind scheme is applied for the interpolation of velocities, ε and Reynolds Stress.
SIMPLE (semi-implicit pressure linked equations) algorithm is employed for solving the discretized
equations [26].

2.3. Wind Turbine Model

A utility-scale wind turbine model is adopted to study the wake in various yawed conditions.
It is based on the offshore 2.4 MW wind turbine at the Choshi demonstration site with the rotor
diameter of D = 92 m and hub height of H = 80.0 m [27]. The effect of the rotor induced forces on the
flow is parameterized by using an actuator disk model with rotation (ADM-R), in which the lift and
drag forces are calculated based on the blade element theory [28] and then unevenly distributed on
the actuator disk. Figure 1 shows the schematic of ADM-R model in a yawed condition, where x is
streamwise direction aligned with the incoming wind speed U0 and x′ is normal to the rotor plane.
The yaw angle γ denotes the angle between incoming velocity U0 and the rotor normal axial direction
x′. The azimuthal angle Φ shows the position of the blade in the tangential direction and it is 0 at the
top position. γ and Φ are defined positive using the right-hand rule. For the yawed rotor, the velocities
and forces need some coordinate transformation when the ADM-R model is applied. The relation
between wind velocity and forces acting on a blade element of length dr located at the radius r is
shown in Figure 2, where n and t denote the axial and tangential directions respectively, α is the angle
of attack, β is the local pitch angle and ψ is the angle between the relative velocity and the rotor plane.
dFL and dFD are the lift and drag forces acting on the blade element and given by:

dFL =
1
2

ρW2cCLdr, dFD =
1
2

ρW2cCDdr (11)

where c is the chord length, CL and CD are the lift and drag coefficients, respectively. W is the local
relative velocity with respect to the blade element and is defined as:

W =

√
U2

n + (Ωr−Ut)
2 (12)

where Un and Ut are the axial and tangential velocities of the incident flow at the local blade element
position. The resulting axial force dFn and tangential force dFt on the blade element can be expressed as:

dFn = dFL cos ψ + dFD sin ψ (13)

dFt = dFL sin ψ− dFD cos ψ (14)
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The force per unit volume in each annular with an area of δA = 2πrδr and a thickness of ∆x′ is
expressed by:

fn = − B
2πr

dFn

∆x′δr
(15)

ft = −
B

2πr
dFt

∆x′δr
(16)

where B is the number of blades.
Based on the Glauert’s [29] moment theory for a yawed rotor, only the normal wind flow

component U0 cos γ is assumed to be affected by the presence of the rotor and the flow component
U0 sin γ is left unperturbed by the rotor. The blade element momentum (BEM) theory is still used for
the yawed rotor by including the induced velocity nonuniformity correction [28,30]. The axial and
tangential components of the incident flow velocity at blades are assumed as Un = U0 cos γ(1− a)
and Ut = −Ωra′ −U0 sin γ cos Φ, where Ω is the turbine rotational speed, a and a′ are the induction
factors in the axial and tangential directions, respectively. The induction factors are unknown and
solved based on the axial and angular momentum conservations.

In the wind farm simulation, the free upstream wind speed U0 for a turbine in the farm is not
known. Thus, the axial and tangential velocity at the rotor disk Un and Ut are selected as the unknown
parameters instead of a and a′ [31–33]. In this study, a coupled approach is adopted for the ADM-R
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model in the yawed condition, in which Un and Ut are directly obtained from the CFD simulation
result of local velocities on the rotor disk

(
Ux, Uy, Uz

)
by using the following transformation:

{
Un

Ut

}
=

[
cos γ sin γ 0

sin γ cos Φ − cos γ sin Φ − sin Φ

]
Ux

Uy

Uz

 (17)

The axial and tangential forces ( fn, ft) are calculated by using the above local velocities on the
rotor disk (Un, Ut) and then distributed through the following transformation.

fx

fy

fz

 =

 cos γ sin γ cos Φ
sin γ − cos γ cos Φ

0 − sin Φ

{ fn

ft

}
(18)

where,
(

fx, fy, fz
)

is the source term in Equation (2) for each direction to present the effects of the turbine
rotor on the momentum. The rotor can be rotated around the z axis enabling the yaw angle configuration.
The nacelle and tower are modeled as a porous media with the packing density of 99.9%.

2.4. Numerical Setup

As shown in Figure 3, the computational domain has the streamwise length of 17D, the spanwise
length of 6D and the height of 3.2D. The wind turbine model shown in Figure 3 is placed at the center
in the spanwise direction, with the rotor diameter D of 0.57 m and the hub height H of 0.7 m. The rotor
disk, nacelle and tower are divided in a uniform distance of 0.01 m and then connected smoothly with
the main domain by tetrahedral mesh. The main domain is divided by a set of rectangular cells with
minimum grid size of 0.001 m near the wall in vertical direction and 0.03 m in horizontal direction.
Boundary conditions used in the numerical simulations are summarized in Table 1. The values of
U(z), uiuj(z) extracted at the location of x = −4D from the LES simulations conducted by Qian
and Ishihara [27] are imposed at the inlet boundary for low and high turbulence boundary layers,
respectively. Assuming local equilibrium of production and dissipation of turbulence kinetic energy
1
2 Pii = ρε in streamwise direction, k(z) and ε(z) are given by:

k(z) =
1
2

uiui(z) (19)

ε(z) = −u1u3
dU(z)

dz
(20)

The wall-stress boundary condition is imposed at the ground surface and the roughness height of
z0 = 1 × 10−4 (m) is used.
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Table 1. Boundary conditions.

Boundary Specification

Inlet Profiles of U(z), uiuj(z), k(z), ε(z)
Outlet Outflow
Side Symmetry
Top Symmetry

Bottom Logarithmic law

Eight simulations are performed to study the effects of three parameters, i.e., the yaw angle γ,
the trust coefficient CT and the ambient turbulence intensity Ia. The parameters used in the numerical
simulations for each case are summarized in Table 2. The thrust coefficient CT is defined as:

CT =
FT

0.5ρA0(Uh cos γ)2 (21)

where A0 = πD2/4 is the area of rotor, FT is the thrust force acting on the rotor and Uh is the mean
velocity at the hub height. CT = 0.36 and 0.84 are selected to consider the two kind of operation
condition of maximum power and rated power. Two representative yaw angles of 8◦ and 16◦ are
chosen to consider the maximum yaw misalignment (≤8◦) defined by IEC standard [34] and the
optimal yaw control angle (10◦~30◦) based on Gebraad et al. [5].

Table 2. Parameters of numerical simulation.

Case γ (Deg.) Ia CT

1 8 0.035 0.36
2 8 0.035 0.84
3 8 0.137 0.36
4 8 0.137 0.84
5 16 0.035 0.36
6 16 0.035 0.84
7 16 0.137 0.36
8 16 0.137 0.84

3. Numerical Results and Discussions

The numerical models used in this study are validated in Section 3.1. Then, the characteristics
of the mean velocity and turbulence intensity in the wake region with the different yaw angles are
investigated in Section 3.2.

3.1. Validation of Numerical Model

The neutral atmospheric boundary layer profiles without wind turbines are generated by using
the inflow condition described in Section 2.4. All the profiles of mean velocity in this study are
normalized by the mean wind speed Uh at the hub height. The turbulence intensity is defined as:

I1 =

√
u1u1

Uh
(22)

where u1u1 is the normal Reynolds stress in the streamwise direction. Note that the ambient turbulence
intensity Ia is the streamwise turbulence intensity upwind the turbine at the hub height. Figure 4
shows the vertical profiles of mean velocity and turbulence intensity at the several streamwise locations,
in which dashed lines denote the LES result by Qian and Ishihara [27], solid lines are the RSM results and
experimental profiles at the position of turbine (x = 0) by Ishihara et al. [18] are also plotted together by the
open circles. The quantitative comparison by using the Normalized Root Mean Square Error (NRMSE) [35]
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for each case are summarized in Table 3, in which the mean values of experimental data are used for the
normalization. The RSM result shows good agreement with the LES results and the experimental data.
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(a,c) for normalized mean velocity; (b,d) for turbulence intensity.

The LES results for the wind turbine wake simulation have been validated with high accuracy by
comparison with the experimental data [27]. In order to examine the accuracy of the RSM for wind
turbine wake simulation, the mean velocity and turbulence intensity in the wake region under the
non-yawed condition are compared with the LES results [27] and experimental data [18] as shown in
Figure 5, in which the presented results in contour plots are from RSM. The quantitative comparison
by using the NRMSE for each case are summarized in Table 3. The predicted horizontal profiles of
mean velocity and turbulence intensity at selected downwind locations by the RSM agree well with
the experimental data and show almost same accuracy with LES.
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Table 3. NRMSE of simulated profiles respect to experimental data: Inflow for the result in Figure 4
and Wake flow for the result in Figure 5.

Inflow

Ia = 0.035 Ia = 0.137

U/Uh I1 U/Uh I1

LES 0.012 0.24 0.031 0.10
RSM 0.015 0.26 0.032 0.13

Wake flow

Ia = 0.137, CT = 0.36 Ia = 0.137, CT = 0.84

U/Uh I1 U/Uh I1

LES 0.068 0.078 0.071 0.12
RSM 0.078 0.075 0.074 0.10

3.2. Mean Velocity and Turbulence Intensity under Yawed Conditions

The simulated mean velocity and turbulence intensity by RSM in the wake region under different
yawed conditions are shown in Figures 6 and 7. The contours of mean velocity and turbulence intensity as
well as wake deflections are displayed in the horizontal x-y plane at the hub height (z = H). In Figure 6,
black dashed lines represent the wake boundary denoted by the positions with the mean wind speed equal
to the 95% of the free-stream velocity and the open circles denote the wake centers, which are calculated by
taking the midpoint between the wake boundaries, based on the same procedure as Jimenez et al. [11] and
Parkin et al. [6]. The black dashed lines in Figure 7 denote the peak values of turbulence intensity at each
location and the open circles show the midpoint position of the two peaks.Energies 2018, 11, x FOR PEER REVIEW  9 of 23 

 

 
Figure 6. Contours of normalized mean velocity /  and wake deflections in the horizontal x-y 
plane at the hub height. Solid lines represent the wind turbine rotors. Dashed lines and open circles 
indicate the wake boundaries and wake center trajectories, respectively. 

From Figure 6, it is noticed that the wake velocity deficit reduces when the yaw angle increases. 
This is consistent with Equation (21) since larger yaw angle induces smaller thrust force on the rotor. 
In addition, the wake center trajectories show apparent wake deflections under yawed conditions. 
As expected, the wake deflection increases with the increase of yaw angle. It can also be seen that the 
large thrust coefficient (Case 2, 4, 6, 8) induces stronger wake deflection than the cases with small 
thrust coefficient (Case 1, 3, 5, 7). The high ambient turbulence intensity (Case 3, 4, 7, 8) leads to 
smaller wake deflection and shorter wake region than cases with the low ambient turbulence (Case 
1, 2, 5, 6) as the cases under the non-yawed condition. The high turbulence accelerates the process of 
flow mixing in the wake region, thus both wake deflection and velocity deficit recover faster than 
those with the low ambient turbulence intensity.  

Figure 7 shows that the turbulence intensities in the horizontal x-y plane at the hub height has 
dual-peak distribution. The wake center trajectories obtained from the mean velocity contours are 
also plotted together by red dotted lines for comparison. It is found that the midpoint trajectories of 
turbulence intensity peak trends towards the wake center trajectories. This implies that the turbulence 
in the wake region are also deflected almost towards the same path as the mean velocity. 

Figure 6. Contours of normalized mean velocity U/Uh and wake deflections in the horizontal x-y
plane at the hub height. Solid lines represent the wind turbine rotors. Dashed lines and open circles
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From Figure 6, it is noticed that the wake velocity deficit reduces when the yaw angle increases.
This is consistent with Equation (21) since larger yaw angle induces smaller thrust force on the rotor.
In addition, the wake center trajectories show apparent wake deflections under yawed conditions. As
expected, the wake deflection increases with the increase of yaw angle. It can also be seen that the large
thrust coefficient (Case 2, 4, 6, 8) induces stronger wake deflection than the cases with small thrust
coefficient (Case 1, 3, 5, 7). The high ambient turbulence intensity (Case 3, 4, 7, 8) leads to smaller wake
deflection and shorter wake region than cases with the low ambient turbulence (Case 1, 2, 5, 6) as the
cases under the non-yawed condition. The high turbulence accelerates the process of flow mixing in
the wake region, thus both wake deflection and velocity deficit recover faster than those with the low
ambient turbulence intensity.

Figure 7 shows that the turbulence intensities in the horizontal x-y plane at the hub height has
dual-peak distribution. The wake center trajectories obtained from the mean velocity contours are
also plotted together by red dotted lines for comparison. It is found that the midpoint trajectories of
turbulence intensity peak trends towards the wake center trajectories. This implies that the turbulence
in the wake region are also deflected almost towards the same path as the mean velocity.Energies 2018, 11, x FOR PEER REVIEW  10 of 23 
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center trajectories obtained from the mean velocity contours are plotted by red dotted lines.
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4. Analytical Model

A new analytical wake model to predict the wake deflection is derived and validated in Section 4.1.
The wake model under non-yawed conditions proposed by Qian and Ishihara [27] is extended by
incorporating the yaw angle effects in Section 4.2. Mean velocity and turbulence intensity predicted by
the proposed model are compared with those obtained from the numerical simulations.

4.1. A New Analytical Model for the Wake Deflection

As mentioned by Jimenez et al. [11], the wake defection can be explained based on the concept of
momentum conservation. When the wind turbine axis is not aligned with the wind direction, the rotor
induced thrust forces would add lateral component to the incoming airflow. This lateral force induces
a lateral velocity which then causes the wake to deflect towards one side. Jimenez et al. [11] proposed an
analytical model to evaluate the wake deflection based on this concept and the assumption of top-hat for
the velocity deficit and the skew angle of the wake deflection as shown in Appendix A. However, this
model overestimates the wake deflection since the assumption of the top-hat for the velocity deficit is
not accurate as pointed out by Ishihara et al. [18]. Recently, Bastankhah and Porté-Agel [9] proposed an
analytical model based on the assumption of the Gaussian distribution for the velocity deficit and the skew
angle of the wake deflection as described in Appendix B, However, the parameters in this model were
not specified.

In this study, the Gaussian distribution function of velocity deficit is used together with the momentum
conservation in the lateral direction to derive a new analytical wake deflection model. The model
development is shown schematically in Figure 8, in which θ is the skew angle denoting the inclination
angle of velocity in the wake with respect to the upstream velocity and the wake width Dw is the spanwise
distance between the two side boundaries. Similar to the basic approach of Jimenez et al. [11], the zone
denoted by the red dashed lines is the control volume taken into account. It should be noted that to build
the control volume, it is necessary to define a specific wake boundary. For simplification, the assumption of
top-hat for the skew angle of the wake deflection is adopted and the wake width is defined as a function of
ambient turbulence intensity and thrust coefficient, while Bastankhah and Porté-Agel took the assumption
of Gaussian distribution for the skew angle. Based on the Gaussian distribution assumption for the
velocity deficit, the wake half-width r1/2 denotes the location where the velocity deficit equals the half the
maximum value, and the velocity deficit normalized by the maximum value at the twice of half-width
2r1/2 is 0.018. Accordingly, Dw = 4r1/2 = 4

√
ln2σ is used to represent the wake boundary denoted by

the black dotted lines downstream the turbine. Here, σ is the representative wake width for a Gaussian
distributed velocity deficit in the spanwise direction. In this study, the yaw angle γ is positive in the
anti-clockwise direction, and the skew angle θ is positive in the clockwise direction from the top view.
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The turbine induced force exerting on the control volume is supposed to be due only to the
velocity component perpendicular to the rotor and it is expressed by the following equation:

FT = −1
2

CTρA0(U0 cos γ)2 (23)

The projections of this thrust force in streamwise and spanwise directions are expressed as:

Fx = −1
2

CTρA0(U0 cos γ)2 cos γ (24)

Fy = −1
2

CTρA0(U0 cos γ)2 sin γ (25)

As shown in Figure 8, m1 is the mass flow crossing the wind turbine, m2 is the flow entertainment
into the wake and m3 is the mass flow crossing the outlet of the control volume and is expressed as:

m3 = ρ
∫

UwdA (26)

where Uw is the velocity in the wake region.
By taking the momentum conservation in the control volume, the following relationship can

be obtained: →
F = m3

→
u3 − (m1

→
u1 + m2

→
u2) (27)

The above equation can be decomposed into streamwise and spanwise components, respectively.

Fx = ρ
∫

U2
w cos θdA− (m1U0 + m2U0) (28)

Fy = −ρ
∫

U2
w sin θdA (29)

where the skew angle θ is small enough with the approximation of cos θ ≈ 1 and sin θ ≈ θ in the far
wake region.

From the mass conservation m1 + m2 = m3 and substituting Equations (24) and (26) into
Equation (28), the following relation can be derived for streamwise direction:

1
2

(
CT cos3 γ

)
ρA0U2

0 ≈ −ρ
∫

Uw∆UdA (30)

It is not difficult to find that the above equation has the same form with that under the non-yawed
conditions if the transformation of CT′ = CT cos3 γ is used. Thus, the formula of velocity deficit under the
non-yawed conditions shown in the Appendix C is also applicable to that under the yawed conditions,
and based on the self-similarity assumption the velocity in the wake region can be expressed as:

Uw = U0(1− Fϕ) (31)

where ϕ and F are the spanwise and streawise functions for velocity deficit. The Gaussian distribution
is used for ϕ:

ϕ = exp
(
− r′2

2σ2

)
(32)
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where r′ is the distance from the wake center in the spanwise direction. The streamwise function in the
far wake region can be obtained by taking the first order approximation of Taylor expansion for the
solution derived by Bastankhah and Porté-Agel [36]

F = 1−
√

1− CT ′
8(σ/D)

≈ CT ′
16(σ/D)2 =

CT cos3 γ

16(σ/D)2 (33)

As mentioned above, the wake deflection is induced by the lateral force component, therefore
the momentum equation in spanwise direction is analyzed to reveal the relationship between them.
The skew angle θ is assumed to be constant within the assumed wake boundary. Then by equating
Equations (25) and (29) and taking the approximation of sin θ ≈ θ, the expression of skew angle θ is
obtained as:

θ =
−Fy

ρ
∫

U2
wdA

(34)

Based on the above assumed wake boundary of Dw = 4
√

ln2σ, the integration in the above
Equation (34) is calculated in the spanwise direction under a polar coordinate system (Φ, r′) with the
origin at the wake center as follows:

∫
U2

wdA = U2
0

∫ 2π

0
dΦ

∫ 2
√

ln2σ

0
(1− Fϕ)2dr′ (35)

By inserting Equations (32), (33) and (35) into Equation (34), the skew angle θ can be determined as:

θ =
CT cos2 γ sin γ

44.4(σ/D)2 − 1.88CT cos3 γ
(36)

As it is known, the skew angle is the derivative of the wake deflection:

θ(x) =
dyd(x)

dx
(37)

Considering that the above derivation process is just applicable for the far wake region,
Equation (37) is integrated from an initial far wake location x0 to find the far wake deflection for
x > x0 as:

yd(x)
D

=
1
D

∫ x

x0

θ(x)dx +
yd0
D

=
1
k∗

∫ σ/D

σ0/D
θ(x)d(σ/D) +

yd0
D

(38)

where yd0 is the wake deflection at x = x0 and dx is replaced by 1
k∗ d(σ/D) based on the expression of

σ/D as follows:
σ/D = k∗x/D + ε∗ (39)

where k∗ and ε∗ are the parameters with the function of CT and Ia as shown in the Appendix C.
Then by substituting Equation (34) into Equation (38), the final expression for the far wake

deflection is obtained as follows:

yd(x)
D

=

√
CT cos γ sin γ

18.24k∗
ln

∣∣∣∣∣∣
(

σ0/D + 0.24
√

CT cos3 γ
)(

σ/D− 0.24
√

CT cos3 γ
)

(
σ0/D− 0.24

√
CT cos3 γ

)(
σ/D + 0.24

√
CT cos3 γ

)
∣∣∣∣∣∣+ yd0

D
(40)

To complete the above model, the values of x0 and yd0/D also need to be determined. In this
study, the wake deflection in the near wake region for x ≤ x0 is also assumed to be linear with the
distance, and is expressed by:

yd(x)
D

= θ0
x
D

(41)
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where θ0 is the initial skew angle and it can be determined based on the approach of Coleman et al. [37]:

θ0 =
0.3γ

cos γ

(
1−

√
1− CT cos3 γ

)
(42)

Note that the apparent difference between Equation (42) and the original formula is due to the
different definition of thrust coefficients as shown in Equation (21).

For the value of x0 and σ0, Bastankhah and Porté-Agel [9] derived the onset of the far wake region
based on the idealized potential core analysis. In this study, a simple method to find the value of x0

and σ0 is derived from the mathematical viewpoint. The wake skew angle predicted in the near and
far wake region should have the same value at the joint location, i.e., x0. Thus, by equating Equations
(36) and (42), the value of σ0 can be directly obtained as:

σ0

D
=

√
CT cos2 γ(sin γ + 1.88 cos γθ0)

44.4θ0
(43)

The value of x0 can be calculated based on Equation (39) as follows:

x0

D
=
(σ0

D
− ε∗

)
/k∗ (44)

As noted by Bastankhah and Porté-Agel [9], the above estimation of x0 does not aim to accurately
predict the near wake length, but give an initial value for the far wake model.

Figure 9 shows the comparison between the wake deflections obtained from the experiment
by Bastankhah and Porté-Agel [9] and those predicted by the models. In addition, the NRMSE of
predicted result respect to the experimental data for each model are summarized in Table 4, in which
the mean value of deflections from experimental data in the far wake region (x/D > 10) is used
for the normalization. Note that the corresponding CT shown in the figure for each case need to be
replaced with CT/ cos2 γ for the calculation of Jiménez’s model and the proposed model since the
thrust coefficient CT = FT/

(
0.5ρA0U2

h
)

defined by Bastankhah and Porté-Agel [9] is different from
Equation (21). It is found that, the Jiménez’s model generally overestimates the wake deflections.
The proposed model denoted by solid red lines and the Bastankhah and Porté-Agel’s model plotted by
blue dashed lines show good agreement with the experimental data. The parameter ky = kz = 0.022
from the experimental data fitting is used for the Bastankhah and Porté-Agel’s model.

Table 4. NRMSE of predicted wake deflections.

Model CT = 0.78, γ = 10◦ CT = 0.73, γ = 20◦ CT = 0.66, γ = 30◦

Jiménez 1.38 1.16 0.94
Bastankhah and

Porté-Agel 0.31 0.23 0.13

Proposed 0.29 0.20 0.11
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4.2. Wake Model for Yawed Wind Turbines

Figure 10 shows the schematic of wake model under yawed conditions for the velocity deficit and
added turbulence intensity, in which U0 and I0 denote the upstream mean velocity and turbulence
intensity. In order to incorporate the yawed condition into the wake model proposed by Qian and
Ishihara [27], two basic assumptions are used in this study. One is to assume that the Gaussian
distribution and self-similarity are applicable for the velocity deficit and added turbulence intensity
distributions in cross-section of wake, and the other is to assume that the turbulence intensity
distributions have the same wake deflections as those for the velocity deficit at each downwind location.
Based on these assumptions, the wake model for the non-yawed wind turbines (see Equations (60)
and (67) in Appendix C) is modified for the velocity deficit and added turbulence intensity prediction
under yawed conditions:

∆U(x, r)/U0 = F
(
C′T , Ia, x/D

)
φ
(
r′/σ

)
(45)

∆I1(x, r) = G
(
C′T , Ia, x/D

)
ϕ(r′/σ) (46)
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where the C′T is the trust coefficients under the yawed condition and r′ is the distance from the wake
center in the spanwise direction. They need to be replaced by the following expressions as mentioned
at Section 4.1:

C′T = CT cos3 γ (47)

r′ =
√

x2 + (y + yd)
2 (48)
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(b) turbulence intensity.

The parameters used in the wake model proposed by Qian and Ishihara [27] are shown in
Appendix C. Figure 11 shows the wake deflections under the different conditions, in which the open
circles denote the numerical results. The predicted values by Jimenez’s model and the proposed model
are plotted by black dashed lines and red solid lines, respectively. The model of Bastankhah and
Porté-Agel is not plotted since the parameters ky and kz have not been specified. It is noticed that the
proposed model shows good agreement with the numerical results, however, the Jiménez’s model
overestimates the deflections especially for the cases with the large thrust coefficients. In addition,
it is clearly observed that the wake deflections increase almost linearly in the near wake region and
then grow slowly in the far wake region. The slopes, i.e., wake skew angles are almost same for the
cases with the same CT and under the same yaw angles. This justifies that Equations (41) and (42) are
suitable for the initial wake deflection prediction by assuming a constant initial skew angle which
just depends on the CT and the yaw angle γ. The high ambient turbulence generally decreases the
length of potential core region and accelerates the flow mixing in the far wake region, whereby the
wake deflections decrease. It can be inferred that the yaw control strategy is more efficient under low
ambient turbulence such as in offshore wind farms.
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Figures 12 and 13 show comparisons between the simulation results and the wake models for
mean velocity and turbulence intensity, respectively. In these figures, the horizontal profiles of the
normalized mean velocity and turbulence intensity at selected downwind locations of x =2D, 4D, 6D,
8D, 10D and 12D are plotted. The numerical results are shown by the open circles and the red solid
lines denote the results predicted by the proposed model. The x-axis illustrates the distance from the
wind turbine normalized by the rotor diameter D. The distance of 2D corresponds to a unit scale of
normalized mean velocity U/Uh in Figure 12 and a scale of turbulence intensity with the value of 0.3
in Figure 13, respectively. In Figure 12, the mean velocity predicted by the Jiménez’s model is also
plotted by black dashed lines for comparison. The velocity deficit for this model is calculated with the
top-hat model proposed by Katic et al. [38]:

∆U
Uh

=
1−

√
1− CT cos3 γ

(1 + 2kwx/D)2 (49)

where kw is the wake decay factor and the recommended values is kw = 0.4Ia for the flat terrain under
the neutral conditions [39].
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As shown in Figure 12, the proposed model gives more accurate predictions for the mean velocity
distributions under the different yawed conditions than those by the top-hat shape used in the
Jimenez’s model, which underestimates the velocity deficit in the center of the wake and overestimates
them in the outside regions.

Since the turbulence intensity prediction was not included in the previous wake models proposed
by Jimenez et al. [11] and Bastankhah and Porté-Agel [9], only turbulence intensities by the proposed
model in this study are plotted for comparison with the numerical results. As shown in Figure 13,
the proposed model satisfactorily predicts the turbulence intensity distribution in the wake of yawed
turbines. It is noticed that the predicted mean velocity and turbulence intensity distributions in the
spanwise direction are assumed symmetric to the wake center trajectory, while the profiles of mean
velocity and turbulence intensity from the numerical simulations present slightly skewed shape as
shown in Figures 12 and 13.
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5. Conclusions

In this study, a systematic numerical simulation for wind turbine wakes with different ambient
turbulence intensities, thrust coefficients, and yaw angles is carried out by using the Reynolds Stress
Model. A new analytical wake deflection model is developed based on the theoretical analysis of
turbine induced force and the momentum conservation for a control volume around the yawed turbine.
The proposed wake deflection model is incorporated into the previous wake model to predict the
mean velocity and turbulence intensity in the wake region. Following conclusions are obtained:

1. The numerical results by using the Reynolds Stress Model show good agreement with those by
LES model. Based on a systematic numerical simulation, it is found that the high turbulence
accelerates the process of flow mixing in the wake region, thus wake deflection recover faster
than those with the low ambient turbulence intensity.

2. A new analytical wake deflection model is proposed based on the Gaussian distribution for
velocity deficit and the top-hat shape for skew angle and it is validated by comparison with
the results obtained from the wind tunnel test and the numerical simulations. The model
parameters are determined as the function of ambient turbulence intensity and thrust coefficient,
which enables the model to have good applicability under various conditions.
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3. An analytical wake model for the yawed wind turbines is developed by incorporating the
proposed wake deflection model, which shows good performance for predicting distributions of
mean velocity and turbulence intensity by comparison with the numerical results.
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Appendix A. Wake Defection Model of Jimenez et al.

Based on the momentum conservation and top-hat assumption for velocity deficit, the wake skew
angle is proposed by Jimenez et al. [11] as follows:

θ =
CT cos2 γ sin γ

2(1 + 2kwx/D)
(50)

which is assumed to be constant in the spanwise direction within the wake boundary. kw is the
wake expansion factor and the recommend values is kw = 0.4Ia for the flat terrain under neutral
conditions [39].

As shown by Gebraad et al. [5] and Howland et al. [40], the wake deflection was determined by
integrating the skew angle θ in x and using yd(x=0) = 0:

yd
D

= cos2 γ sin γ
CT
4kw

(
1− 1

1 + 2kwx/D

)
(51)

The top-hat velocity deficit model can be combined with this deflection model to predict the
velocity field in yawed conditions. However, this model overestimates the wake deflection since the
assumption of top-hat for the wake deficit is not accurate as pointed out by Ishihara et al. [18].

Appendix B. Wake Deflection Model by Bastankhah and Porté-Agel

In the near-wake region, the initial skew angle at the rotor is derived based on the approach of
Coleman et al. [37] and is given by:

θ0 =
0.3γ

cos γ

(
1−

√
1− CT cos γ

)
(52)

The length of the hypothetical potential core is expressed by

x0

D
=

cos γ
(
1 +
√

1− CT cos γ
)

√
2
(
αIa + β

(
1−
√

1− CT cos γ
)) (53)

where α = 2.32, β = 0.154. The wake width at x0 has the following expression,

σy0

D
=

√
1
8

cos γ,
σz0

D
≈
√

1
8

(54)

As the wake skew angle is assumed to be constant in the potential core region, the value of
deflection at x0 is written as:

yd0
D

= θ0
x0

D
(55)
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In the far-wake region, the wake deflection was determined as follows:

yd
D

= θ0
x0
D

+
θ0

14.7

√
cos γ

kykzCT

(
2.9 + 1.3

√
1− CT − CT

)
× ln


(
1.6 +

√
CT
)(

1.6
√

8σyσz

D2 cos γ
−
√

CT

)
(
1.6−

√
CT
)(

1.6
√

8σyσz

D2 cos γ
+
√

CT

)
 (56)

where σy and σz are the wake width in horizontal and vertical direction and expressed as:

σy

D
= ky

x− x0

D
+

σy0

D
(57)

σz

D
= kz

x− x0

D
+

σz0

D
(58)

It should be noted that the parameters ky and kz have no specific formulas, which implies that
the model by Bastankhah and Porté-Agel [9] could not be generally applied in wake prediction under
various conditions.

Appendix C. Wake Model for Non-Yawed Wind Turbines by Qian and Ishihara

A Gaussian-based analytical wake model in non-yawed condition, as shown in Figure 10 when
the yaw angle γ equals 0, are proposed as follows:

The velocity deficit ∆U(x, r) induced by the rotor is assumed to be axi-symmetric and self-similar
following the spanwise function φ(r/σ) with a Gaussian shape in each wake cross section. They are
expressed by the following equations:

U(x, y, z) = U0(y, z)− ∆U(x, r) (59)

∆U(x, r)/Uh = F(CT , Ia, x/D)φ(r/σ) (60)

φ(r/σ) = exp
(
− r2

2σ2

)
(61)

where U(x, y, z) is the mean velocity in the wake region, U0(y, z) is the upstream mean velocity, D is
the rotor diameter and r is the radial distance form the center of the wake, σ is the standard deviation
of the velocity deficit distribution at each cross section and is treated as the wake representative width.
F(CT , Ia, x/D) representing the maximum normalized velocity deficit occurring at the wake center is
modeled as the function of CT and Ia:

F(CT , Ia, x/D) =
1

(a + b · x/D + p)2 (62)

where a and b are the model parameters and p is a correction term proposed to consider the velocity
deficit in the new wake region and they are given by:

a = 0.93C−0.75
T I0.17

a , b = 0.42C0.6
T I0.2

a , p =
0.15C−0.25

T I−0.7
a

(1 + x/D)2 (63)

The wake region is assumed to expand linearly and σ is expressed by the following equations:

σ

D
= k∗

x
D

+ ε∗ (64)

k∗ = 0.11C1.07
T I0.20

a , ε∗ = 0.23C−0.25
T I0.17

a (65)
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The added turbulence intensity ∆I1(x, r) is also assumed axi-symmetric and self-similar following
the supposed spanwise function ϕ(r/σ) with a dual-Gaussian shape. They are described by the
following equations:

I1(x, y, z) =
√

I2
0 (y, z) + ∆I2

1 (x, r) (66)

∆I1(x, r) = G(CT , Ia, x/D)ϕ(r/σ) (67)

ϕ(r/σ) = k1 exp

(
− (r− D/2)2

2σ2

)
+ k2 exp

(
− (r + D/2)2

2σ2

)
(68)

where I1(x, y, z) is the turbulence intensity in the wake region, I0(y, z) is the upstream turbulence
intensity. σ is the standard deviation of the added turbulence intensity at each cross section and it can
be determined by the same expression as Equation (64). k1 and k2 are the parameters to combine the
added turbulence intensity induced by each tip side with the expressions as follows:

k1 =

{
cos2(π/2 · (r/D− 0.5)) r/D ≤ 0.5

1 r/D > 0.5
(69)

k2 =

{
cos2(π/2 · (r/D + 0.5)) r/D ≤ 0.5

0 r/D > 0.5
(70)

G(CT , Ia, x/D) denotes the maximum added turbulence intensity occurring at the tip side position,
which is also modeled as the function of CT and Ia:

G(CT , Ia, x/D) =
1

d + e · x/D + q
(71)

d = 2.3C−1.2
T , e = 1.0I0.1

a , q =
0.7C−3.2

T I−0.45
a

(1 + x/D)2 (72)
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