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Abstract: Phasor measurement units (PMUs) are becoming popular and populating the power system
grids rapidly due to their wide range of benefits and applications. This research paper proposes a
comprehensive, effective, and revised formulation of the optimal PMU placement (OPP) problem
with a view to minimizing the required number of PMU and ensuring the maximum number of
measurement redundancy subjected to the full observability of the distribution grids. The proposed
formulation also incorporates the presence of passive measurements/zero injection buses (ZIB) and
the channel availability of the installed PMU. Additionally, the formulation is extended to various
contingency cases i.e., the single line outage and single PMU loss cases. This paper solves the
proposed OPP formulation employing a heuristic technique called backtracking search algorithm
(BSA) and tests its effectiveness through different IEEE standard distribution feeders. Additionally,
this study compares the obtained results with the mixed integer linear programming (MILP)-based
approach and the referenced works. The obtained results demonstrate the superiority of the proposed
formulation and solution methodology compared to other methodologies.

Keywords: backtracking search algorithm (BSA); channel limits; contingency; measurement
redundancy; phasor measurement units (PMU); mixed integer linear programming (MILP); zero
injection buses (ZIB)

1. Introduction

The rapid increase in electricity demand and the integration of renewable energy resources into
the power generation mix along with the deregulation of the electricity markets are pushing the
electric grids to be operated with their highest capacity and closer to their stability limits. These
modifications are also creating a situation of perfect uncertainty along with potential opportunities for
the power system operators and load aggregators. Consequently, the real-time estimation of power
system states is gaining huge momentum with a view to ensuring secure and reliable power system
operation and to optimizing the potential opportunities. In response, the wide area measurement
systems by placing PMUs throughout the electricity grids for the full grid observability could be a
promising solution [1–4]. The PMU is considered as the most prominent measuring devices because
of their abilities in providing time synchronized voltage and current measurements with promising
accuracy. The recent hybridization of the global positioning system (GPS) technology with the electrical
measurement devices paves the way for commercial production of the PMU [4–6].
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Any electric grid is considered observable when all the states of that grid are measurable directly
or indirectly that can be achieved by placing measurement devices like PMUs on all nodes. However,
the PMU placement on each node is neither economically feasible due to the higher infrastructure,
installation, and maintenance cost nor achievable due to the lack of communication amenities
throughout the grids. Additionally, it is not even needed as ideally, a single PMU can measure
voltage phasors of the PMU-installed node and the current phasors of all the adjacent branches.
Eventually, the voltage phasors of the adjacent nodes can be calculated employing Kirchhoff’s law
and branch parameters [7–9]. Consequently, OPP problems have been formulated for transmission
grid observability and solved employing conventional [10–13], and heuristic optimization [14–16]
techniques. The conventional techniques express the OPP problems as integer programming problems
where the well-defined constraints play a vital role in achieving the optimum solutions. However,
these methods always lead towards a single solution while several optimal solutions may exist.
Conversely, the heuristic optimization algorithms consider unobservable nodes as a component of the
objective function and find out all combination of possible solutions before picking up the global best
solution [7–10]. Most of the OPP formulations guaranteed full grid observability, but only a few of
them designed reliable and efficient wide-area monitoring systems under various contingencies [17–19]
and channel limitations of the PMU [20–22], while solving the OPP problems for transmission grids.
Similar to the transmission grids, it is expected that the PMU is going to be an essential part of
the smart distribution grids in near future for estimating the states, monitoring and controlling the
grids, analyzing the stability, and diagnosing the faults effectively [23]. However, the developed OPP
formulations for the transmission grids cannot be applied immediately to the distribution grids as
they required to be reconfigured abruptly by opening/closing the sectionalizing and the tie switches
to reduce power losses, and to improve the node voltage profile, power quality, system security
and reliability [24–26]. By considering the mentioned notes, the researchers started investigating
the OPP problems for the distribution grids in recent years [27–33]. In [27], the OPP problem was
solved for the distribution grids based on a graph-theoretic approach. The solution presented in [28]
considered different grid configurations, but the results were not promising as the locations of the
PMU were changed with grid reconfiguration and required placement of the PMU in almost every
node. Liu et al. [30], illustrated a stochastic optimization approach to solve the PMU deployment
problem with minimum investment cost and extended in [31] considering performance degradation of
the PMU but the authors did not scan through all possible grid reconfigurations. Another approach
considered only one grid reconfiguration by closing all switches and applying constraints of the OPP
problem to ensure full grid observability [32]. The influences of the grid reconfiguration were taken
into consideration while solving the measurement device placement problem for distribution grid
in [33].

However, most of the presented techniques solved the OPP problems considering infinite channels
of the PMU and ignored the presence of passive measurements available in the distribution grids.
Additionally, the formulated problems did not consider the maximum achievable measurement
redundancy. Besides, none of the approaches considered the regular contingency cases of the electric
grids while solving the OPP problems for the distribution grids. Consequently, the distribution grid
OPP problems considering the above-mentioned notes still need further exploration. This paper
proposes a comprehensive and revised OPP problem formulation considering the channel limitations
of the available PMU and incorporation of the passive measurements in order to minimize the required
number of PMU ensuring the maximum measurement redundancy subjected to full grid observability.
It extends the revised formulation to incorporate various contingency cases of the distribution grids
i.e., the single line outage and single PMU loss cases. Furthermore, this research solves the formulated
OPP problem employing a heuristic approach called BSA and compares the obtained results with the
results of the MILP approach and referenced works.
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2. Improved OPP Problem Formulation for Distribution Grids

The numerical and topological approaches are two widely used observability analyses techniques
for the electricity grids. However, most of the researchers are prone to use graph theory based
topological approaches due to the drawbacks of numerical approaches including the computational
burden and singularity issue of the Jacobian matrix [18]. Additionally, the topological approaches
can provide the same solution of their numerical counterparts without being subjected to any major
difficulty [34]. According to the topological approach, the OPP problem of an electric distribution grid
with NB number of nodes can be formulated as [7,14,15]:

Minimize F(y)

F(y) =
NB

∑
p=1

Cyp (1)

Subject to:
f = AY ≥ b (2)

where,
A =

[
apq
]

NB×NB

Y =
[
y1, y2, . . . . . . , yNB

]T
NB×1

b = [1, 1, . . . . . . , 1]TNB×1

f =
[

f1, f2, . . . . . . , fNB

]T
NB×1

apq =


1 i f p = q

1 i f there nodes p and q are connected
0 otherwise

The topological observability rules considering the ZIB of the electrical transmission grids
observability analysis are well established. In this paper, similar rules will be followed for the
distribution grids observability analysis. The details about the rules can be found in [9], that are
summarized by considering unlimited channels of the PMU as:

Rule 1. The voltage phasors of the PMU installed node along with current phasors of all connected branches
can be measured by a single PMU. Eventually, Kirchhoff’s law using the measured current phasors and branch
parameters can calculate the voltage phasors of all adjacent nodes. Consequently, the PMU installed node along
with all adjacent nodes can be observable by a single PMU.

Rule 2. If a single passive measurement/ZIB along with its adjacent node form a set of ‘n’ numbers of nodes, the
observability constraint of the whole set of nodes can be stated by the following inequality:

n

∑
q=1

fq ≥ n− 1 (3)

Rule 3. If ‘m’ number of ZIB are connected to each other directly or through a single non-ZIB and if the ZIB
along with adjacent nodes form a set of ‘n’ numbers of nodes, the observability constraint of the whole set of
nodes can be stated by the following inequality:

n

∑
q=1

fq ≥ n−m (4)

Rule 4. If any node is included to more than one sets of ZIB then the observability constraint (fq) associated to
that node can be kept unchanged for one set and replaced by zero for others.
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Rule 5. If a node is not adjacent to any ZIB, the fq associated to that node should be kept unchanged.

Now, the abovementioned rules modify the ‘f ’ vector by modifying the node connectivity matrix
‘A’. The detail explanation with example can be found in [9], how the node connectivity matrix is
modified in the presence of ZIB. So far, the formulated OPP problem considers the PMU with an
infinite number of channels and can measure branch currents of all adjacent branches but as mentioned
earlier, the PMU is manufactured with a limited number of channels and their costs vary accordingly.
Consequently, the above formulation should be modified further considering the channel limits of
the PMU. Let’s assume a PMU with L number of channels installed at node k that is connected to
Nk number of nodes. If L ≥ Nk, meaning if the number of channels is more than adjacent nodes;
the installed PMU makes observable the node and all adjacent nodes by following Rule 1 and the
row associated with node k of the connectivity matrix A should be kept unchanged. Otherwise, L
combinations of Nk will replace the respective row. Consequently, the number of rows (Rk) for nodes
where Nk > L can be obtained from the following equation and further details are available in [9]:

Rk =

{
Nk !

(Nk−L)! L! Nk > L
1 Nk ≤ L

(5)

The formulated problem is well defined and can be solved employing MILP approach. However,
the MILP approach always leads towards only one optimal solution by satisfying the constraints
though other combination of solutions can be achieved. Conversely, the heuristic search algorithms
can find all viable solutions that require a slight modification of the formulated objective function as:

Minimize F(x)

F(x) =
NB

∑
p=1

Cyp +
NB

∑
p=1

Ppup (6)

where the Pp is set to a very high value, for instance, Pp = CNB as the aim of the OPP problem is to
ensure full grid observability. However, to ensure the maximum number of measurement redundancy
employing the heuristic search approach the objective function can be further modified as:

Minimize F(x)

F(x) =
NB

∑
p=1

Cyp +
NB

∑
p=1

Ppup −
NB

∑
p=1

Qpvp (7)

where the Qp is set to a low value, for instance, Qp = 1/CNB as the incentive should not be as high
as the PMU cost. Finally, the proposed OPP formulation also incorporates the contingency cases i.e.,
the single PMU loss and single line outage of the electric distribution grids. For instance, during a
single line outage case, each node of an electric grid must be observed by at least two PMU, hence,
the associated element of the vector b as given in Equation (2) will be ‘2’. However, the nodes located
at the termination point of the radial lines are linked to the distribution grids through a single line
only. The associated elements of the vector b will be ‘1’ for those nodes as they need to be observed
by only one PMU and the outage of that line will not affect the observability of the remaining part of
the grid [7–9]. Similarly, the complete observability of an electric distribution grid will be guaranteed
during a single PMU loss case, if each node of the grid is observed by at least two PMU. Consequently,
all the elements of the vector b should be replaced by ‘2’ for such a contingency [7–9].
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3. Solution Methods of the Formulated OPP Problem

3.1. Mixed Integer Linear Programming

The MILP is an optimization technique that is employed to solve many complex planning and
control problems. Though the technique is not new, the advent of faster computers and improved
software packages has made it popular among researchers. Additionally, the technique is effective not
only for mixed problems, but also for the pure-integer and pure-binary problems [35].

3.2. Backtracking Search Algorithm

The BSA [36], a recently developed heuristic optimization technique, has already been employed
successfully to solve many engineering problems [37–40]. It is comprised of the following steps:

Step 1: Initialization

The BSA generates a set of initial population randomly using Equation (8) and evaluates the
fitness of the individuals. Then, it stores the best individual as the global best solution:

Ppop(i,j) = U
(

lowj, upj

)
∀ i & j (8)

where, i = 1, 2, 3, . . . , Npop and j = 1, 2, 3, . . . , Dm.

Step 2: Selection I

The Selection I generates/updates Qhis to find the search track through a random selection of the
individuals from Ppop and Qhis employing the following rule. Then, it reshuffles the positions of the
individuals of the updated Qhis:

Qhis(i,j) = U
(

lowj, upj

)
∀ i & j (9)

if r1 < r2 then Qhis(i,#) = Ppop(i,#) else Qhis(i,#) = Qhis(i,#) ∀ i (10)

Qhis = # shuffle (Qhis) (11)

Step 3: Mutation

This step generates Tmutant using Equation (12) where the Fcp controls the magnitude of search
direction matrix (Qhis-Ppop). In each generation, the BSA updates the Fcp using Equation (13) where the
values of Fcp and α are chosen as ‘3’and ‘0.99’, respectively, through a systematic trial and error process
while solving the formulated OPP problem:

Tmutant = Ppop + Fcp.
(
Qhis − Ppop

)
(12)

Fcp = αFcp (13)

It is very likely that few parameters of a few individuals go beyond their specified ranges after
this mutation operation. The BSA selects random values of the violating parameters from the search
space using Equation (14):

if Tmutant(i,j)< lowj or Tmutant(i,j) >upj, then Tmutant(i,j) = U
(

lowj, upj

)
∀ i & j (14)

Step 4: Crossover
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The crossover is considered as the most complex part of the BSA that generates Tfinal through the
generation of a binary integer-valued matrix (Bmap) of size Npop × Dm randomly that contains ‘0’ and
‘1’. Then it updates the elements of the trial population from Tmutant and Ppop using Equation (15).

if Bmap(i,j) = 0 then Tfinal(i,j) = Tmutant(i,j) else Tfinal(i,j) = Ppop(i,j) ∀ i & j (15)

Step 5: Selection-II

This step evaluates the fitness of the updated trial population (Tfinal). Then it updates Ppop from
Tfinal and Ppop based on their relative fitness. Finally, it updates the global best solution if it is relatively
better than the previously stored one.

Step 6: Stopping criteria

The BSA terminates its operation if the global best solution does not change for a pre-specified
number of generations or it reaches the maximum number of pre-specified generations. Figure 1
illustrates the complete flowchart of the discussed BSA technique.Energies 2018, 11, x FOR PEER REVIEW  6 of 16 
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Figure 1. The flowchart for the backtracking search algorithm (BSA).

It is worth mentioning that, the operators of the BSA technique shares the similar name of
other evolutionary algorithms including the genetic algorithm and differential evolution. However,
the selection, mutation, and crossover operations of the BSA are different from other techniques. The
BSA creates more effective and diversified population in each generation through these operators.
Besides, it controls the amplitude of search direction in a balanced way as required for the global and
local searches. Moreover, the historical population plays a dynamic role in attaining diversity even in
the advanced generations [36].
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4. Results and Discussion

This research tested the effectiveness of the proposed OPP formulation on four different IEEE
standard test distribution feeders including IEEE 13-node, 34-node, 37-node and 128-node feeders
employing the BSA and MILP approaches. The objective function of the employed optimization
approaches was to minimize the overall PMU installation cost subjected to full grid observability.
The BSA approach was initiated with a population of 100 individuals in size and terminated after
300 generations where the proposed OPP formulation was executed in a personal computer having a
3.50 GHz Core-i5 processor with an installed Random Access Memory of 8 GB. However, the required
information regarding the standard test feeders are summarized in Table 1 and the details about them
can be found in [41]. However, the IEEE 123-node test feeder is connected to five different incomers
(power supplies). Hence, the authors considered the incomers as extra nodes and modified the
123-node test feeder to 128-node feeder and kept unchanged other test feeders. It is worth mentioning
that, there are two types of loads in distribution test feeders namely the spot and the distributed loads.
The spot loads are connected to nodes whereas the distributed loads are distributed between two
nodes. In this paper, the nodes associated with any types of loads or generations are considered as
non-ZIB and the others are assumed as ZIB. Following simulation cases have been carried out on the
selected test distribution feeders with a view to minimizing the required number of PMU and ensuring
the maximum number of measurement redundancy subjected to:

(a) Full grid observability of the test feeders without considering ZIB and channel limits.
(b) Full grid observability of the test feeders considering ZIB only.
(c) Full grid observability of the test feeders considering both ZIB and PMU channel limitations.

Table 1. The IEEE standard distribution test feeders’ specifications [41].

Test Feeders
Passive Measurements/ZIB Radial Node Sectionalizing

and Tie Switches
Connected
to IncomersNo. Location No. Location

IEEE
13-node 3 633, 680, 684 6 611, 634, 646, 652, 675, 680 1 1

IEEE
34-node 5 812, 814, 850, 852, 888 9 810, 822, 826, 838, 840,

848, 856, 864, 890 0 1

IEEE
37-node 11 702, 703, 704, 705, 706, 707,

708, 709, 710, 711, 775 15
712, 718, 722, 724, 725,
728, 729, 731, 732, 735,
736, 740, 741, 742, 775

0 1

IEEE
128-node 37

3, 8, 13, 14, 15, 18, 21, 23, 25,
26, 27, 36, 40, 44, 54, 57, 61,
67, 72, 78, 81, 89, 91, 93, 97,
101, 105, 108, 110, 135, 149,
151, 152, 160, 250, 300, 450

37

2, 4, 6, 10, 11, 12, 16, 17, 20,
22, 24, 32, 33, 37, 39, 41, 43,

46, 48, 56, 59, 66, 71, 75,
79, 83, 85, 88, 90, 92, 96,

104, 107, 111, 114, 350, 610

11 5

4.1. Full Grid Observability without Considering ZIB and Channel Limits

Table 2 presents the optimum number and locations of the PMU along with the required and
the achieved measurement redundancies subjected to the full grid observability of the selected test
distribution feeders during the normal operating mode. The summation of the elements of the final
‘b’ vector of the proposed OPP formulation gives the required number of measurement redundancy
whereas the summation of the elements of the production of final ‘A’ and ‘Y’ matrices gives the
achieved measurement redundancy.
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Table 2. Optimal numbers and locations of PMU without considering ZIB and channel limits during
the normal operating mode.

Test
Feeder Method

No. of
PMU Locations of the PMU

Measurement
Redundancy

Execution
Time

(second)Required Achieved

IEEE
13-node

MILP 6 634, 646, 650, 675, 680, 684
13

14 0.0312
BSA 6 632, 633, 645, 671, 684, 692 23 6.0843

IEEE
34-node

MILP 12 802, 810, 814, 820, 824, 836, 838, 842, 848, 854, 864, 888
34

35 0.0468
BSA 12 802, 808, 814, 820, 824, 834, 836, 846, 854, 858, 862, 888 42 6.0684

IEEE
37-node

MILP 12 702, 705, 707, 709, 710, 711, 714, 725, 732, 734, 744, 799
37

43 0.0936
BSA 12 701, 702, 705, 706, 707, 708, 709, 710, 711, 714, 734, 744 47 6.2244

IEEE
128-node

MILP 48
2, 4, 6, 8, 14, 15, 20, 22, 24, 27, 28, 32, 37, 39, 41, 43, 45, 48,
50, 52, 56, 58, 62, 65, 67, 70, 74, 78, 82, 85, 86, 88, 90, 92, 94,
95, 99, 102, 104, 106, 110, 114, 135, 150, 250, 300, 451, 610 128

132 0.1404

BSA 48
1, 3, 6, 8, 14, 15, 18, 19, 21, 23, 28, 31, 33, 36, 38, 40, 42, 45,
47, 51, 52, 54, 55, 58, 61, 63, 65, 67, 70, 74, 76, 78, 82, 85, 87,

89, 91, 95, 99, 101, 103, 106, 110, 113, 149, 250, 300, 450
169 45.6927

As can be seen, both BSA and MILP approaches ensured full grid observability of the test
distribution feeders with an equal number of PMU installation. Besides, the BSA approach achieved
more measurement redundancy over the MILP approach by rearranging the positions of the PMU
among the nodes. For instance, Figure 2 presents the optimal locations of PMU and respective
measurement redundancy employing the MILP and BSA approaches for the IEEE 13-node feeder.
As can be observed, both approaches selected the node 684 for PMU installation that can make
observable a total of four nodes (611, 652, 671, and 684). Hence, the MILP and BSA approaches
achieved 14 and 23 measurement redundancy, respectively. Likewise, the MILP approach achieved 35,
43 and 132 whereas the BSA achieved 42, 47 and 169 measurement redundancies for the IEEE 34-node,
37-node, and 128-node test feeders, respectively. Consequently, the presented results illustrate the
superiority of the BSA approach over the MILP approach in obtaining the global best solutions. Table 2
also presents the execution times of the MILP and BSA approaches. As can be observed, the BSA
approach required relatively larger computational time compared to the MILP approach for the tested
cases. However, the computational burden of the BSA approach can be ignored as the OPP formulation
are solved offline before the installation of PMU and this research aimed to achieve the maximum
number of measurement redundancy.
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based PMU locations; (b) BSA based PMU locations.

Table 3 compares the obtained results of the proposed OPP formulation with the results of the
referenced works without considering the presence of ZIB and channel limitation of the available PMU.
The optimal number of PMU required through the proposed formulation is equal to the minimum
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number of PMU recommended by the ILP method of Ref. [29] and less than to the minimum number
of PMU recommended by the two-stage method of the same literature. As mentioned earlier, this
research modified IEEE 123-node test feeder to 128-node feeder and still required the same or a smaller
number of PMU installation to ensure full grid observability. Consequently, it can be concluded that
the proposed BSA approach is more promising over the reported approaches in solving the formulated
OPP problem. Additionally, the proposed approach ensured the maximum number of measurement
redundancy whereas the reported methodologies did not consider the measurement redundancy issue.
Besides, the reported OPP formulations for the distribution grids did not consider any contingency
case, the inclusion of passive measurements and channel limitations of the PMU.

Table 3. Comparison of optimal numbers of PMU without considering ZIB and channel limits.

Method
IEEE 13-Node IEEE 34-Node IEEE 37-Node IEEE 128-Node

RNP 1 RMR 2 AMR 3 RNP RMR AMR RNP RMR AMR RNP RMR AMR

Proposed (BSA) 6 13 23 12 34 42 12 37 47 48 128 169
MILP 6 13 14 12 34 35 12 37 43 48 128 132

Two-stage [31] 6 - - 13 - - - - - 49 - -
ILP [31] 6 - - 12 - - - - - 48 - -

1 RNP: Required number of the PMU; 2 RMR: Required measurement redundancy; 3 AMR: Achieved
measurement redundancy.

Tables 4 and 5 present the optimum number and locations of the PMU along with the required
and the achieved measurement redundancies subjected to full grid observability of the selected test
distribution feeders during single line outage and single PMU loss cases, respectively. Both approaches
observed the test distribution feeders completely and the BSA achieved more or at least an equal
number of measurement redundancy with an equal number of PMU installation. Consequently, the
obtained results confirmed the superiority of the BSA approach over the MILP approach in terms of
achieving measurement redundancy even for the contingency cases. However, this paper refrained
from presenting the execution times in Tables 4–10 as they are similar to the values of Table 2.

Table 4. Optimal numbers and locations of PMU without considering ZIB and channel limits during
single line outage case.

Test
Feeder Method

No. of
PMU Locations of the PMU

Measurement
Redundancy

Required Achieved

IEEE
13-node

MILP 7 632, 634, 645, 650, 671, 675, 684
20

23
BSA 7 632, 633, 645, 650, 671, 684, 692 25

IEEE
34-node

MILP 19 800, 802, 808, 812, 814, 816, 818, 822, 824, 830, 832, 834,
836, 844, 846, 854, 858, 862, 890 59

62

BSA 19 800, 802, 808, 812, 814, 816, 818, 820, 824, 830, 832, 834,
836, 844, 846, 854, 858, 862, 888 64

IEEE
37-node

MILP 18 701, 702, 704, 705, 707, 708, 709, 710, 711, 718, 720, 725,
727, 730, 734, 738, 744, 799 59

64

BSA 18 701, 702, 703, 704, 705, 706, 707, 708, 709, 710, 711, 714,
720, 727, 734, 738, 744, 799 67

IEEE
128-node

MILP 73

1, 3, 6, 8, 9, 14, 15, 18, 20, 21, 24, 26, 27, 28, 29, 32, 34, 35,
36, 39, 41, 43, 44, 46, 47, 50, 51, 52, 54, 55, 58, 59, 60, 62,
64, 65, 67, 69, 70, 73, 74, 77, 78, 81, 82, 85, 86, 87, 90, 92,
93, 95, 97, 98, 100, 102, 103, 106, 107, 108, 110, 112, 114,

149, 150, 152, 195, 250, 251, 300, 450, 451, 610

219
230

BSA 73

1, 3, 5, 8, 9, 14, 15, 18, 19, 21, 23, 26, 27, 28, 29, 31, 34, 35,
36, 38, 40, 42, 44, 45, 47, 50, 51, 52, 54, 55, 57, 58, 60, 61,
63, 64, 65, 67, 69, 70, 73, 74, 76, 77, 78, 81, 82, 84, 87, 89,
91, 93, 95, 97, 98, 100, 102, 103, 105, 106, 108, 110, 112,

113, 149, 150, 152, 195, 250, 251, 300, 450, 451

253
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Table 5. Optimal numbers and locations of PMU without considering ZIB and channel limits during
single PMU loss case.

Test
Feeder Method

No. of
PMU Locations of the PMU

Measurement
Redundancy

Required Achieved

IEEE
13-node

MILP 13 611, 632, 633, 634, 645, 646, 650, 652, 671, 675, 680, 684, 692
26

37
BSA 13 611, 632, 633, 634, 645, 646, 650, 652, 671, 675, 680, 684, 692 37

IEEE
34-node

MILP 27 800, 802, 808, 810, 814, 818, 820, 822, 824, 826, 830, 832, 834, 836, 838, 840,
844, 846, 848, 850, 854, 856, 858, 862, 864, 888, 890 68

78

BSA 27 800, 802, 808, 810, 812, 814, 816, 820, 822, 824, 826, 830, 832, 834, 836, 838,
840, 842, 846, 848, 854, 856, 858, 862, 864, 888, 890 79

IEEE
37-node

MILP 31 701, 702, 703, 705, 706, 707, 708, 709, 710, 711, 712, 713, 714, 718, 722, 724,
725, 728, 729, 731, 732, 734, 735, 736, 738, 740, 741, 742, 744, 775, 799 74

89

BSA 31 701, 702, 703, 704, 705, 706, 707, 708, 709, 710, 711, 712, 714, 718, 722, 724,
725, 728, 729, 731, 732, 734, 735, 736, 737, 740, 741, 742, 744, 775, 799 90

IEEE
128-node

MILP 103

1, 2, 3, 4, 5, 6, 8, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 27, 28,
29, 31, 32, 33, 35, 36, 37, 38, 39, 40, 41, 42, 43, 45, 46, 47, 48, 50, 51, 52, 53,
55, 56, 58, 59, 60, 61, 63, 64, 65, 66, 67, 69, 70, 71, 72, 74, 75, 76, 78, 79, 81,
82, 83, 84, 85, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 98, 99, 102, 103, 104, 105,
106, 107, 109, 110, 111, 113, 114, 135, 149, 150, 195, 250, 251, 300, 350, 450,

451, 610

256
300

BSA 103

1, 2, 3, 4, 5, 6, 8, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 27,
28, 29, 31, 32, 33, 35, 36, 37, 38, 39, 40, 41, 42, 43, 45, 46, 47, 48, 50, 51, 52,
53, 54, 55, 56, 58, 59, 60, 61, 63, 64, 65, 66, 67, 69, 70, 71, 72, 74, 75, 76, 78,
79, 81, 82, 83, 84, 85, 87, 88, 89, 90, 91, 92, 93, 95, 96, 97, 99, 100, 101, 103,
104, 106, 107, 108, 110, 111, 113, 114, 149, 150, 195, 250, 251, 300, 350, 450,

451, 610

306

Table 6. Optimal numbers and locations of PMU for different distribution test feeders during the
normal operating mode considering ZIB only.

Test
Feeder Method

No. of
PMU Locations of the PMU

Measurement
Redundancy

Required Achieved

IEEE
13-node

MILP 4 632, 645, 684, 692
10

15
BSA 4 632, 645, 671, 692 16

IEEE
34-node

MILP 10 800, 808, 820, 824, 836, 844, 848, 854, 858, 862
29

33
BSA 10 802, 808, 820, 824, 834, 836, 846, 854, 858, 862 36

IEEE
37-node

MILP 8 701, 709, 711, 714, 733, 734, 744, 799
26

28
BSA 8 701, 702, 709, 710, 711, 714, 734, 744 32

IEEE
128-node

MILP 28 1, 5, 8, 13, 19, 30, 31, 38, 42, 45, 48, 49, 54, 55, 58, 62, 65, 70, 74,
76, 82, 84, 87, 95, 100, 103, 106, 113 91

95

BSA 28 1, 5, 8, 18, 19, 30, 31, 38, 42, 45, 47, 50, 54, 55, 58, 62, 65, 70, 74,
76, 82, 84, 87, 95, 100, 103, 106, 113 97

Table 7. Optimal numbers and locations of PMU for different distribution test feeders under single line
outage case considering ZIB only.

Test
Feeder Method

No. of
PMU Locations of the PMU

Measurement
Redundancy

Required Achieved

IEEE
13-node

MILP 6 632, 645, 650, 675, 684, 692
18

19
BSA 6 632, 645, 650, 671, 684, 692 22

IEEE
34-node

MILP 15 800, 802, 808, 818, 820, 824, 828, 832, 834, 836, 844, 846, 854, 858, 862 50 51
BSA 15 800, 802, 808, 818, 820, 824, 828, 832, 834, 836, 844, 846, 854, 858, 862 51

IEEE
37-node

MILP 14 701, 702, 703, 707, 708, 709, 710, 711, 714, 727, 734, 738, 744, 799 49 52
BSA 14 701, 702, 704, 705, 708, 709, 710, 711, 714, 727, 734, 738, 744, 799 52

IEEE
128-node

MILP 48
1, 3, 5, 8, 13, 18, 19, 25, 26, 28, 29, 31, 35, 38, 42, 45, 47, 49, 51, 54, 55,
58, 60, 62, 64, 65, 67, 69, 70, 73, 74, 76, 78, 81, 83, 85, 87, 95, 98, 99,

102, 103, 106, 112, 113, 195, 250, 450 162
166

BSA 48
1, 3, 5, 8, 13, 18, 19, 21, 25, 28, 29, 31, 38, 42, 44, 45, 47, 49, 50, 54, 55,
58, 60, 62, 64, 65, 67, 69, 70, 73, 74, 76, 78, 81, 82, 84, 87, 95, 98, 99,

102, 103, 106, 112, 113, 195, 250, 450
168
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Table 8. Optimal numbers and locations of PMU for different distribution test feeders under single
PMU loss case considering ZIB only.

Test
Feeder Method

No. of
PMU Locations of the PMU

Measurement
Redundancy

Required Achieved

IEEE
13-node

MILP 7 632, 645, 646, 650, 675, 684, 692
20

21
BSA 7 632, 645, 646, 650, 675, 684, 692 21

IEEE
34-node

MILP 23 800, 802, 808, 810, 818, 820, 822, 824, 826, 828, 834, 836, 838,
840, 844, 846, 848, 854, 856, 858, 862, 864, 888 58

66

BSA 23 800, 802, 808, 810, 816, 820, 822, 824, 826, 828, 832, 834, 836,
838, 840, 844, 846, 848, 854, 856, 858, 862, 864 68

IEEE
37-node

MILP 16 701, 702, 704, 705, 708, 709, 710, 711, 714, 718, 728, 729, 734,
738, 744, 799 52

55

BSA 16 701, 702, 703, 705, 709, 710, 711, 714, 718, 720, 728, 729, 734,
738, 744, 799 55

IEEE
128-node

MILP 62

1, 2, 5, 6, 7, 8, 13, 14, 18, 19, 20, 28, 29, 31, 32, 38, 39, 42, 43, 45,
46, 47, 48, 49, 51, 54, 55, 56, 58, 59, 62, 63, 65, 66, 67, 68, 70, 71,
74, 75, 81, 82, 83, 84, 85, 86, 87, 88, 95, 96, 98, 100, 103, 104, 106,

107, 113, 114, 195, 250, 300, 450
182

184

BSA 62

1, 2, 5, 6, 7, 8, 13, 18, 19, 20, 28, 29, 31, 32, 35, 38, 39, 42, 43, 45,
46, 47, 48, 50, 51, 54, 55, 56, 58, 59, 60, 62, 63, 65, 66, 67, 69, 70,
71, 74, 75, 76, 78, 82, 83, 84, 85, 87, 88, 95, 96, 98, 100, 103, 104,

106, 107, 113, 114, 195, 250, 450

186

Table 9. Optimal numbers and locations of PMU considering ZIB and a single channel for each PMU
during a single PMU loss case.

Test
Feeder Method

No. of
PMU Locations of the PMU

Measurement
Redundancy

Required Achieved

IEEE
13-node

MILP 10 632, 632, 645, 646, 650, 671, 671, 675, 680, 692
20

20
BSA 10 632, 633, 645, 646, 650, 671, 675, 684, 684, 692 20

IEEE
34-node

MILP 30
800, 802, 802, 806, 808, 810, 816, 818, 820, 822, 824, 826, 828,
830, 834, 836, 838, 840, 842, 844, 846, 848, 854, 856, 858, 860,

862, 864, 888, 890
58

60

BSA 30
800, 802, 802, 806, 808, 810, 818, 820, 820, 822, 824, 826, 828,
830, 834, 836, 838, 840, 842, 844, 846, 848, 852, 854, 856, 858,

860, 862, 864, 888
60

IEEE
37-node

MILP 27 701, 708, 708, 708, 709, 709, 709, 709, 711, 714, 718, 728, 729,
730, 731, 732, 733, 734, 735, 736, 737, 740, 741, 744, 744, 775, 799

52
54

BSA 27 701, 708, 708, 708, 709, 709, 709, 709, 711, 714, 718, 728, 729,
730, 731, 732, 733, 734, 735, 736, 737, 740, 741, 744, 744, 775, 799 54

IEEE
128-node

MILP 91

1, 2, 5, 6, 19, 20, 28, 29, 31, 32, 38, 39, 40, 40, 41, 42, 42, 42, 43,
44, 44, 44, 45, 45, 46, 47, 47, 48, 49, 50, 52, 55, 56, 58, 59, 60, 62,
63, 64, 65, 66, 68, 69, 70, 71, 74, 75, 76, 81, 82, 82, 83, 84, 84, 85,

86, 87, 88, 95, 95, 96, 98, 99, 103, 104, 106, 107, 111, 112, 113,
114, 135, 135, 149, 149, 151, 151, 152, 152, 160, 160, 195, 250,

251, 300, 300, 300, 350, 450, 451, 610 182

182

BSA 91

1, 2, 3, 5, 6, 13, 13, 13, 14, 18, 19, 19, 20, 21, 23, 25, 26, 27, 27, 29,
30, 31, 32, 36, 38, 39, 40, 42, 43, 44, 45, 46, 47, 47, 48, 50, 51, 53,
54, 55, 56, 58, 59, 60, 60, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70,
71, 74, 75, 76, 76, 77, 81, 82, 82, 83, 84, 85, 86, 87, 88, 89, 93, 94,
95, 95, 96, 97, 99, 100, 103, 104, 106, 107, 109, 113, 114, 149, 195,

250, 450

182

4.2. Full Grid Observability Considering the Presence of ZIB Only

Table 6 presents the optimum numbers and locations of the PMU along with the required and
the achieved measurement redundancy subjected to the full observability of the selected distribution
test feeders for normal operating mode after incorporation of passive measurements/ZIB. As can be
observed, both solution methodologies, the BSA and MILP approaches confirmed grid observability
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through the installation of an equal number of PMU. The incorporation of ZIB on the selected test
feeders reduced the required number of PMU significantly hence the installation and configuration
costs can be compared from Tables 2 and 6. For instance, the ratio of the required number of PMU to
the total number of nodes (ψ) was reduced from 46.15% to 30.77%, 35.29% to 29.41%, 32.43% to 21.62%
and 37.50% to 21.88% for normal operating mode of the selected IEEE 13-node, 34-node, 37-node
and 128-node test distribution feeders, respectively. Additionally, the BSA approach achieved more
measurement redundancy over the MILP approach for all the test distribution feeders.

Table 10. Optimal numbers and locations of PMU during normal and contingency cases considering
both ZIB and channel limits.

Test Feeder Channel Limit Method

Cases

Normal Operation Single Line Outage Single PMU Loss

RNP 1 AMR 1 RNP AMR RNP AMR

IEEE
13-node

1 MILP 5 10 9 18 10 20
BSA 5 10 9 18 10 20

2 MILP 4 12 6 18 8 22
BSA 4 12 6 18 8 22

3 MILP 4 14 5 18 7 22
BSA 4 14 5 18 7 22

4 MILP 4 15 6 19 7 21
BSA 4 16 6 22 7 21

5 MILP 4 15 6 19 7 21
BSA 4 16 6 22 7 21

IEEE
34-node

1 MILP 15 30 26 52 30 60
BSA 15 30 26 52 30 60

2 MILP 11 33 17 50 23 64
BSA 11 33 17 50 23 65

3 MILP 10 33 15 51 23 66
BSA 10 36 15 51 23 68

4 MILP 10 33 15 51 23 66
BSA 10 36 15 51 23 68

5 MILP 10 33 15 51 23 66
BSA 10 36 15 51 23 68

IEEE
37-node

1 MILP 14 28 25 50 27 54
BSA 14 28 25 50 17 54

2 MILP 9 27 17 50 19 55
BSA 9 27 17 50 19 55

3 MILP 8 28 14 50 16 53
BSA 8 30 14 50 16 53

4 MILP 8 28 14 52 16 55
BSA 8 32 14 52 16 55

5 MILP 8 28 14 52 16 55
BSA 8 32 14 52 16 55

IEEE
128-node

1 MILP 48 96 81 162 91 182
BSA 46 92 81 162 91 182

2 MILP 31 93 54 162 66 183
BSA 31 93 4 162 66 183

3 MILP 28 92 50 167 63 185
BSA 28 93 49 164 63 186

4 MILP 28 95 48 166 62 184
BSA 28 97 48 168 62 186

5 MILP 28 95 48 166 62 184
BSA 28 97 48 168 62 186

1 RNP: Required number of PMU; 2 AMR: Achieved measurement redundancy.
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Similarly, Tables 7 and 8 present the optimum number and locations of the PMU along with the
required and achieved measurement redundancies subjected to the full observability of the selected
test distribution feeders during single line outage and single PMU loss cases, respectively.

The incorporation of the passive measurements on the selected test feeders reduced the required
number of PMU significantly hence the installation and configuration costs, as can be compared from
Tables 4 and 7. For instance, the ratio, ψ got reduced from 53.58% to 46.15%, 55.88% to 44.12%, 48.65%
to 37.84% and 57.03% to 37.50% for the single line outage case for the selected IEEE 13-node, 34-node,
37-node, and 128-node distribution feeders, respectively. However, both solution methodologies
observed the test distribution feeders completely and the BSA achieved more or at least equal number
of measurement redundancy through the installation of an equal number of PMU. Therefore, it can
be concluded that the BSA approach was superior in figuring out the global optimal solution while
solving the proposed OPP formulation over the MILP approach.

4.3. Full Grid Observability Considering Both ZIB and Channel Limits

This section considers the channel limitations of the available PMU along with the incorporation
of ZIB while ensuring full grid observability of the selected test distribution feeders during both
normal and contingency cases. Table 9 presents the required number of PMU and their locations along
with the required and achieved numbers of measurement redundancies during a single PMU loss case
considering single channel of the available PMU and the incorporation of the passive measurements.

As can be observed, some nodes required several PMU due to the availability of the least number
of PMU channel. Additionally, the obtained results show both solution methodologies achieved full
grid observability with an exactly same number of PMU installation. Besides, both approaches achieved
only the required number of measurement redundancy as Table 9 presents the most severe contingency
case with the minimum number of PMU channel. However, for brevity’s sake and to avoid repetition
of similar tables and discussions, this paper refrained from presenting results of other operating cases
by varying the channel limitations of the PMU, instead, all the cases have been summarized in Table 10.
The locations of the PMU and the number of measurement redundancies for the presented simulated
scenarios are omitted for brevity’s sake. As can be observed from Table 10, the BSA approach required
an equal or a smaller number of PMU installation over the MILP approach to achieve the full grid
observability for both normal and contingency cases. For instance, the BSA approach achieved full
grid observability with a total of 46 PMU installation whereas the MILP approach required a total
of 48 PMU installation having a single channel for the normal operating situation of IEEE 128-node
distribution feeder. In addition, the BSA approach achieved more measurement redundancy over the
MILP approach for many cases and at least an equal number of measurement redundancy for other
cases with the same number of PMU installation. Hence, the obtained results confirmed the superiority
of the BSA approach over the MILP approach in terms of achieving more measurement redundancy.

It can also be observed that the required number of PMU was reduced with the increase of
available PMU channels to ensure full grid observability of the selected distribution test feeders. It is
worth mentioning that the proposed OPP formulation and the solution methodologies required the
same number of PMU installation to ensure full grid observability with the PMU having four or more
channels. Hence, it is neither necessary nor economically viable to install PMU with more than four
channels for the tested distribution feeders. The PMU manufacturers, as well as the decision-makers of
power system monitoring, may find this conclusion useful while designing the wide area measurement
and monitoring scheme problem considering channel limits of the available PMU.

5. Conclusions

This paper formulated a revised, effective and comprehensive OPP problem for the distribution
grids through achievement of the maximum number of measurement redundancy with the installation
of a minimal number of PMU. The formulation was extended considering the channel limitations of
available PMU and presence of the passive measurement under various contingency cases related
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to electric distribution feeders, i.e., the single line outage and single PMU loss. This research solved
the proposed OPP formulation employing an effective heuristic optimization approach called BSA.
The results exhibited that the heuristic approach can ensure full grid observability with lower or
at least an equal number of PMU installation than the MILP approach and other referenced works.
Additionally, the results confirmed the superiority of the BSA approach over the MILP approach in
terms of measurement redundancy. However, it is worth mentioning that the employment of PMU
with more than four channels did not minimize the required number of PMU for the tested distribution
feeders rather increased the investment cost.
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Nomenclature

α Multiplying factor for the control parameter Fcp.
ψ Ratio of the required number of PMU to the total number of nodes.
A A binary network connectivity matrix.
apq Elements of the network connectivity matrix.
Bmap A binary integer-valued matrix.
C Installation cost of a single PMU.

f
A vector whose non-zero entries indicate the observability of the corresponding nodes
whereas zero entries indicate un-observability.

fq Observability constraint.
Dm Population dimension.
Fcp Control parameter.
L Number of channels.
low & up lower and upper boundaries of the parameters.
NB Number of nodes of the selected distribution grid.
Npop Population size.
Pp Penalty factor for un-observability of node ‘p’.
Ppop Initial population.
Qp Incentive factor for bus ‘p’ if it is observed more than required.
Qhis Historical population.
r1 & r2 Uniformly distributed random numbers in [0, 1].
Tmutant Primary trial population.
Tf inal Final trial population.

U Uniform distribution.

up
A binary number to indicate un-observability of node ‘p’ where the value ‘0’ indicates the
observability and ‘1’ indicates un-observability.

vp Difference between expected and obtained values of fp.

yp
A binary number to indicate the PMU installation at node ‘p’ where the value ‘1’ indicates the
presence of PMU and ‘0’ indicates the absence of PMU.
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