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Kadir Doğanşahin 1,* ID , Bedri Kekezoğlu 1, Recep Yumurtacı 1, Ozan Erdinç 1,2 and
João P. S. Catalão 2,3,4,*

1 Department of Electrical Engineering, Yildiz Technical University, Istanbul 34220, Turkey;
bkekez@yildiz.edu.tr (B.K.); ryumur@yildiz.edu.tr (R.Y.); oerdinc@yildiz.edu.tr (O.E.)

2 Instituto de Engenharia de Sistemas e Computadores, Investigação e Desenvolvimento (INESC-ID),
Instituto Superior Técnico, University of Lisbon, 1049-001 Lisbon, Portugal

3 Instituto de Engenharia de Sistemas e Computadores, Tecnologia e Ciência (INESC-TEC) and the Faculty of
Engineering, University of Porto, 4200-465 Porto, Portugal

4 Centre for Mechanical and Aerospace Science and Technologies (C-MAST), University of Beira Interior,
6201-001 Covilha, Portugal

* Correspondence: kadird@yildiz.edu.tr (K.D.); catalao@ubi.pt (J.P.S.C.)

Received: 25 November 2017; Accepted: 16 January 2018; Published: 21 January 2018

Abstract: Increasing demand for electricity, as well as rising environmental and economic concerns
have resulted in renewable energy sources being a center of attraction. Integration of these renewable
energy resources into power systems is usually achieved through distributed generation (DG)
techniques, and the number of such applications increases daily. As conventional power systems
do not have an infrastructure that is compatible with these energy sources and generation systems,
such integration applications may cause various problems in power systems. Therefore, planning
is an essential part of DG integration, especially for power systems with intermittent renewable
energy sources with the objective of minimizing problems and maximizing benefits. In this study,
a mathematical model is proposed to calculate the maximum permissible DG integration capacity
without causing overvoltage problems in the power systems. In the proposed mathematical model,
both the minimum loading condition and maximum generation condition are taken into consideration.
In order to prove the effectiveness and the consistency of the proposed mathematical model, it is
applied to a test system with different case studies, and the results are compared with the results
obtained from other models in the literature.
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1. Introduction

1.1. Motivation and Background

Increasing electricity demand along with rising economic and environmental concerns has
increased the popularity of renewable energy sources and has broadened the penetration of
renewable-based generation units in power systems [1]. Distributed generation (DG), one of the
most referenced concepts in the integration of renewable resources into power systems, has become
a trend in power systems with the widespread use of these resources [2]. DG can be defined as
generating electrical energy by connecting DG units to the distribution or sub-transmission levels of
power systems [3]. DGs offer a variety of benefits for both systems and customers [4–6]. The losses
that occur during the transmission of the energy generated by large central power plants to the
consumption areas can be reduced by generation at the distribution level where the consumption
mainly takes place [7]. Besides, in the face of rising energy demands, the capacity of transmission
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and/or distribution systems might become inadequate. In this case, it is expected to increase the
capacities of the facilities in the system or to install new facilities in addition to existing ones in order
to ensure that the supply meets the demand. Another option is to reduce the loading of the facilities by
sharing demand with DG. Thus, the costs required to make such upgrades can be delayed or removed
completely. From this point of view, it can be stated that DG systems have an effect that increases
system efficiency and the economic life of facilities. Moreover, new energy fields and energy sources
can be integrated into systems by means of DG technologies. In particular, DG technologies enable the
use of the potential of renewable energy sources in the consumption areas.

Capacities of DG systems may range from a few kVA to MVA [3]. By means of these systems,
consumers may establish their own generation facilities and supply their own energy needs. They may
even earn money by selling surplus energy to the network. Small or large-scale businesses established
for this purpose can liberalize the market and prevent excessive increases in electricity prices [4]. Thus,
the penetration of DG technologies into power systems has been increasing steadily.

Conventional power systems have a centralized generation infrastructure and therefore have
a design based on unidirectional power flow from large power plants to distribution areas through
transmission systems. In the case of increasing DG penetration into the power systems, the central
generation infrastructure may be decentralized. This may lead to bidirectional power flows in the
systems [8,9]. There are subsystems within the structure of power systems and they perform important
activities such as voltage regulation, fault detection, etc. Due to their unidirectional designs, they may
lose their functions in the case of bidirectional power flow [10]. At this point, it is essential to minimize
these problems and maximize the benefits. Thus, planning is an essential part of DG integration
studies in the systems, especially for DG units based on intermittent renewable sources such as wind
or solar [11,12].

1.2. Literature Review

In the literature, numerous studies can be found on DG planning [13–16]. These studies differ
from each other in terms of their scope, the approach adopted and the methodology used in DG
planning. The most extensive literature belongs to the studies that aim to plan the size and location
of the DG, and a recent review of these studies is given in [17]. In addition, the studies that involve
planning of DG sizing [18] or planning of DG siting [19,20] are examples of studies that have been
carried out by different DG planning scopes.

DG planning studies can be categorized into different titles according to the approaches adopted.
The hosting capacity approach, which is a DG sizing issue, is one of these categories. The goal of the
hosting capacity approach is to define the maximum generation that can be connected to the system
without endangering system reliability or power quality [6].

As a consequence, determining the maximum capacity has been attempted by considering the
reliability and the quality related criteria of the system. Voltage stability and loadability are examples
of the most important criteria that limit the capacity of a DG unit to be integrated into a power system
from a particular point. For this reason, studies that adopt the hosting capacity approach generally
examine these two criteria together [21,22]. In addition to these, other system criteria that are taken
into consideration vary according to different studies.

Another approach adopted in DG planning studies is searching for optimum values. In this
approach, in addition to the system criteria, economical and/or performance-related criteria are
considered in DG planning. In the optimum value approach, the most appropriate sizing and/or
siting is determined according to the criteria considered in the study. The most important optimization
studies can be given as grouped according to their objectives on which they are based; minimization
of power losses [20,23–26], minimization of energy losses [27], increasing system reliability based on
various reliability indices [28,29] and minimization of costs [29,30]. There are also approaches to define
the maximum permissible capacity value based on a single system criterion other than the hosting
capacity and optimum values approaches [31–37].
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Furthermore, DG planning studies differ from each other according to the solution methodology
used. A comprehensive taxonomy has been given in [13]. Studies on the hosting capacity approach
have been mostly performed by using different methodologies, such as analytical, artificial intelligence
computational or optimization methodologies. Studies on the optimum values approach have been
realized by using various optimization algorithms. Studies on the maximum permissible capacity
approach use methodologies based on a single mathematical model designed for determination
of the maximum permissible DG sizing over a single system criterion [31–37]. In some studies,
the maximum permissible approach has been referred as the hosting capacity approach. However,
the hosting capacity approach is a more detailed and comprehensive evaluation as mentioned before.
The maximum permissible capacity approach may only be an analytical step in the hosting capacity
approach [6,21].

In a power system, DG integration increases voltages at and around the connection point.
Furthermore, this deviation is directly related to the size of the connected DG and the system
parameters. Voltage limit values are specified so that the system components and the consumers
connected to the system are protected against the voltage deviations that may occur in the system [38].
A properly functioning power system is not expected to experience low voltage problems after DG
connection; on the other hand, overvoltage may still be an issue [6]. Maximum permissible capacity
may only be achieved when the voltage of the integration point is at the highest permissible value.
For this reason, the upper voltage limit of the system is the main criterion for studies that adopt the
maximum permissible capacity approach [31–37].

In the process of mathematical model development, the system is considered to be operating
under a specific scenario so that other system criteria that have an impact on DG sizing are ignored.
In practice, distribution system operators use the worst-case scenario to evaluate whether system
components and customers connected to the system will be adversely affected by voltage variations.
The definitions used in the worst-case scenario are given in detail in [38]. Since overvoltage is an issue
with DG integrations, a minimum load–maximum generation case of the system is the most feasible
scenario for DG planning studies.

In the derivation of mathematical models given in [31–37], the system is analyzed with no load
condition, corresponding to minimum load criterion, so that the effect of load currents on the voltage
deviation due to the DG connection is removed. Besides, the mathematical models are only feasible for
systems with no previously integrated DG units. It is an unrealistic approach but adopted to have a
conservative evaluation. Such an approach reduces the reliability and applicability of the proposed
mathematical model. Instead of taking the no load condition of the system as the basis for calculations,
a DG sizing performed with a minimum load–maximum generation case may provide a more realistic
and reliable approach.

1.3. Content and Contribution

In this study, a mathematical model is proposed for calculating of the maximum permissible
DG capacity by taking the loads and generators connected to the system into account. System loads
and generators are reduced to the DG integration point by using the network reduction methods.
Their equivalent at this point is used in the proposed mathematical model for improving the calculation
of the maximum permissible capacity for unloaded case of the system. Thus, as a contribution to the
existing literature, a mathematical model is obtained in a wider applicability and that is capable of
providing a more realistic maximum connection capacity for a system point. The capacities obtained
after calculations performed with the proposed mathematical model are highly reliable values in terms
of system voltages. Studies that adopt hosting capacity or optimum value approaches may be more
accurate and reliable by using the proposed mathematical model rather than the models proposed
in the literature. In addition, the proposed mathematical model may widen the applicability of these
studies to different scenarios of the system.
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1.4. Organization of the Paper

In the next section, the system modelling approach used in the study and the methodology
are explained. At the beginning of this section, the mathematical models proposed in the literature
are given, then a new mathematical model is developed through a preliminary analysis of a basic
system. In Section 3, the proposed mathematical model is applied to a 34-bus radial distribution
test system under different scenarios. Obtained results are compared with the results obtained using
the mathematical models reported in the literature. In Section 4, the effectiveness of the proposed
mathematical model is discussed in light of the findings obtained from the case study. In the conclusion,
important remarks are highlighted, and future work regarding the study is shared.

2. System Modelling and Methodology

As already mentioned, there are several mathematical models proposed for the calculation of
the maximum permissible capacity for a given point of a system on the basis of different approaches.
They have all been derived from the power flow equations by different interpretations as follows.
One of these mathematical models is proposed in [31] and given by Equation (1). This mathematical
model has the simplest expression assuming that the power factor of the DG unit is always 1.
Thus, it may only be used in DG integrations that are planned to be realized with a unit power
factor. Equation (2) is the most common mathematical model and has been adopted as the basis for
some regulations and technical guides on DG planning [32–36]. The power factor of the DG unit is
regarded as a parameter in the expression of that mathematical model. The last one of the addressed
mathematical models in the study is the expression that takes the power system losses into account
and it has been proposed in [37].

|SDG| = |∆V||VDG|
∣∣∣S′′SCDG

∣∣∣ cos(θ) (1)

|SDG| =

∣∣∣S′′SCDG

∣∣∣|∆V|∣∣Vg
∣∣ cos(θ + ϕ)

(2)

|SDG| =
|VDG|

∣∣∣S′′SCDG

∣∣∣|∆V|
cos(θ + ϕ)

(3)

In these models, the only criterion taken into consideration is the upper voltage limit of the system,
and the goal is to achieve the maximum capacity that does not cause overvoltage after the integration
of a DG unit with the calculated capacity. In all these mathematical models, the maximum permissible
DG capacity is calculated on the basis of an unloaded system condition and no previously integrated
DG units. An unloaded case of a system, which is called the worst-case scenario in the given studies,
is the most likely case for overvoltage problems after DG integration.

However, it is a quite conservative approach for a power system. Instead, a more realistic
worst-case scenario may be established, by considering the minimum load, which is defined through
the continuous base loads, and maximum generation, which is defined through the power ratings of
the generators in the system [38]. The minimum loads connected to different points within the system
can be reduced to the DG integration point by means of network reduction techniques. Thus, the loads
can be added to the calculations by their equivalents on the DG integration point. The maximum
permissible capacity calculated for the unloaded case of the system may be improved by adding the
equivalent capacities of the system loads. The most suitable reduction technique that can be used for
this approach is the Ward reduction, which is based on the Gauss elimination method [39].

In order to analyze the situation related to the subject and obtain a generalized mathematical
expression, a simple power system, which is depicted in Figure 1a, has been taken as the reference
model to be used in the preliminary analysis in the study. The proposed mathematical model should
be able to present a solution to the user without requiring heavy and time-consuming computational
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processes, similar to the existing mathematical models in the literature. For this purpose, computational
steps to be performed may be simplified by using appropriate load models and various assumptions.
As given in Figure 2a, the case for the integration of a DG unit into the system from a selected bus
is the first evaluation. Subsequently, the loads and the generators in the system are reduced to the
integration point, taking into account the effects on the maximum permissible capacity value, as it is
given in Figure 2b.
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The DG unit is planned to be integrated into the system from Bus-5. As can be seen from Figure 1a,
three different base loads located at different positions with respect to the integration point are
connected to the system. Thus, it is intended to obtain an expression which is useful for all possible
load placements. One of these loads is upstream of the integration point, the other is downstream of
that point and the last one has been connected to the system from a point on a different branch other
than the branch where the integration point is located.

The nodal equations for the system are given as in Equation (4).

I1

I2

I3

I4

I5

I6


=



Yg + Y1 −Y1 0 0 0 0
−Y1 Y1 + Y2 −Y2 0 0 0

0 −Y2 Y2 + Y3 + Y4 −Y3 −Y4 0
0 0 −Y3 Y3 0 0
0 0 −Y4 0 Y4+Y5 −Y5

0 0 0 0 −Y5 Y5





V1

V2

V3

V4

V5

V6


(4)

Bus-1 is the infinite bus with voltage 1∠0◦ pu, and Bus-5 is the integration bus. The load equivalent
at the DG integration point can be reached by eliminating all the rows, except the rows that belong to
Bus-1 and Bus-5.

I1

I2

I4

I5

I6

 =


Yg + Y1 −Y1 0 0 0
−Y1 Y1 +

Y2(Y3+Y4)
Y2+Y3+Y4

−Y2Y3
Y2+Y3+Y4

−Y2Y4
Y2+Y3+Y4

0

0 −Y2Y3
Y2+Y3+Y4

Y3(Y2+Y4)
Y2+Y3+Y4

−Y3Y4
Y2+Y3+Y4

0

0 −Y2Y4
Y2+Y3+Y4

−Y3Y4
Y2+Y3+Y4

Y5 +
Y4(Y2+Y3)
Y2+Y3+Y4

−Y5

0 0 0 −Y5 Y5




V1

V2

V4

V5

V6

 (5)


I1

I2

I4

I5 + I6

 =


Yg + Y1 −Y1 0 0
−Y1 Y1 +

Y2(Y3+Y4)
Y2+Y3+Y4

−Y2Y3
Y2+Y3+Y4

−Y2Y4
Y2+Y3+Y4

0 −Y2Y3
Y2+Y3+Y4

Y2(Y3+Y4)
Y2+Y3+Y4

−Y3Y4
Y2+Y3+Y4

0 Y2(Y3+Y4)
Y2+Y3+Y4

Y2(Y3+Y4)
Y2+Y3+Y4

Y4(Y2+Y3)
Y2+Y3+Y4




V1

V2

V4

V5

 (6)

 I1

I2 +
Y2

Y2+Y4
I4

I5 +
Y4

Y2+Y4
I4 + I6

 =

 Yg + Y1 −Y1 0
−Y1 Y1 +

Y2Y4
Y2+Y4

−Y2Y4
Y2+Y4

0 −Y2Y4
Y2+Y4

Y2Y4
Y2+Y4


 V1

V2

V5

 (7)


I1 +

Y1

Y1+
(

Y2Y4
Y2+Y4

) I2

I5 +
Y2Y4

Y2+Y4

Y1+
(

Y2Y4
Y2+Y4

) I2 +
Y4

Y4+
(

Y1Y2
Y1+Y2

) I4 + I6

 =


Yg +

Y1

(
Y2Y4

Y2+Y4

)
Y1+

(
Y2Y4

Y2+Y4

) −Y1

(
Y2Y4

Y2+Y4

)
Y1+

(
Y2Y4

Y2+Y4

)
−Y1

(
Y2Y4

Y2+Y4

)
Y1+

(
Y2Y4

Y2+Y4

) Y1

(
Y2Y4

Y2+Y4

)
Y1+

(
Y2Y4

Y2+Y4

)


[

V1

V5

]
(8)

The current of Bus-5 (I′5) includes the equivalent currents of the removed busses. All the values in
the equation are per-unit. When Equation (8) is examined, it can be seen that the multipliers in front
of each load current are the ratio of the short-circuit powers at the integration point and at the point
where the load and DG unit has common coupling. The common coupling points for the loads SL1,
SL2 and SL3. are Bus-2, Bus-3 and Bus-5, respectively. The equation can be rewritten as:

I′5 = I5 +
S′′scDG

S′′scPCC2

I2 +
S′′scDG

S′′scPCC4

I4 +
S′′scDG

S′′scPCC6

I6 (9)

I′5 = I5 +
n

∑
1

S′′scDG

S′′scPCCn

In (10)
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In case of a DG integration to Bus-5, the current (I5) that belongs to that bus may be expressed by
the help of the capacity of that DG unit and the voltage of that bus. If all currents in Equation (10) are
expressed in the same way, the equation can be reorganized as:(

S′DG
V′5

)∗
=

(
SDG
V5

)∗
+

n

∑
1

S′′scDG

S′′scPCCn

·
(

SLn

Vn

)∗
(11)

S′DG = SDG
V′5
V5

+
n

∑
1

(
S′′scDG

S′′scPCCn

)∗
·
V′5
Vn
·SLn (12)

where the notations given with apostrophe (′) represent the values after DG integration and the
notations given with the asterisk (*) denote to conjugates of the phasors. The voltage Vn, is the voltage
of the bus where the nth load is connected before the reduction. The power SDG is the maximum
permissible DG capacity calculated by the existing mathematical models in the literature, for the
unloaded case of the system. The mathematical model given by Equation (3) is more preferable than
the others since it considers the power factor of the DG unit and the system losses in the calculations.
Equivalents of the loads are added to the capacity calculated for the unloaded case of the system.
(SDG). After the DG connection at the obtained capacity, the voltage of Bus-5 must not exceed the
upper voltage limit of the system. In order to obtain maximum permissible DG connection capacity,
the voltage of the DG integration point is taken as equal to the upper voltage limit of the system.
For this reason, V′5 is taken as equal to the upper voltage limit value. The voltages in the first term on
the right side of the Equation (12) have equal amplitudes but different phase angles. The difference
between the phase angles of these two voltages can be neglected, because the effect of that difference is
not large, so the ratio of these voltages can be taken as 1.

Since Bus-1 is an infinite bus and its voltage is 1∠0◦ pu, the voltage of all buses in the system will
be equal to the value between 1∠0◦ pu and the upper voltage limit for the minimum load case. Thus,
the ratio of the voltages in the second term on the right side of the Equation (12) is always greater
than one. This value can only be known precisely after power flow analysis. Instead of increasing
the computational process by doing such an analysis, an approximate value for this ratio can be
determined with an appropriate approach. It is clear from the equation that as this ratio increases,
the equivalent capacities of the loads on the DG connection point increase and thus the maximum
permissible DG capacity increases. As a conservative approach, this ratio may be taken as equal to 1 in
order to have a capacity that may not cause overvoltage issues in the system. Equation (13) can be
rewritten in light of the above-mentioned assumptions.

S′DG = SDG +
n

∑
1

(
S′′scDG

S′′scPCCn

)∗
·SLn (13)

The mathematical model in Equation (13) gives the maximum permissible DG capacity based
on the minimum load case of the system. The loads reduce the voltage in their current flow direction.
This effect of the loads is simulated on the integration point by means of the reduction method.
The voltages of the load buses are not important because it is expected that these voltages of these
busses are always between the lower voltage limit of the system and the integration point voltage.

In a system that is functioning correctly, there is no expectation of low voltage problems after DG
integration. If there are other DG units in the system rather than the DG unit that is to be integrated,
their maximum generation must be taken into calculation with an appropriate approach.

Unlike the voltages of the load buses, the bus with DG units may have higher voltages
than the voltage of the integration point. For this reason, the generation of the DG unit is
included in the calculations by taking the connection point of each DG unit into account. Obviously,
obtained equivalent capacities for the existing DG units are subtracted from the total capacity.
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The proposed mathematical model is given in Equation (14). The active and reactive power expressions
are given in Equations (15) and (16), respectively.

S′DG = SDG +
n

∑
1

(
S′′scDG

S′′scPCCn

)∗
·SLn −

k

∑
1

(
S′′scDG

S′′scDGk

)∗
·SDGk (14)

P′DG = PDG +
∣∣S′′scDG

∣∣{ n
∑
1

|SLn |∣∣∣S′′scPCCn

∣∣∣ · cos(θPCC − θDG + ϕn)−
k
∑
1

|SDGk |∣∣∣S′′scDGk

∣∣∣ · cos
(
θDGn − θDG + ϕDGk

)}
(15)

Q′DG = QDG +
∣∣S′′scDG

∣∣{ n
∑
1

|SLn |∣∣∣S′′scPCCn

∣∣∣ · sin(θPCC − θDG + ϕn)−
k
∑
1

|SDGk |∣∣∣S′′scDGk

∣∣∣ · sin
(
θDGn − θDG + ϕDGk

)}
(16)

3. Case Study

In this study, an application of the proposed mathematical model is demonstrated on a 34-bus test
system [40]. The single line diagram of the test system is given in Figure 3. All the lines in the system
are overhead lines, and their cross-sections along with the lengths are given in the single line diagram.
The system is a radial distribution system, and the nominal system voltage is 11 kV. The system is
modelled in the Electrical Transient and Analysis Program (ETAP), which is software developed for
power system analysis.

Energies 2018, 11, 255 8 of 16 

 

Unlike the voltages of the load buses, the bus with DG units may have higher voltages than the 

voltage of the integration point. For this reason, the generation of the DG unit is included in the 

calculations by taking the connection point of each DG unit into account. Obviously, obtained 

equivalent capacities for the existing DG units are subtracted from the total capacity. The proposed 

mathematical model is given in Equation (14). The active and reactive power expressions are given 

in Equations (15) and (16), respectively. 

𝑆𝐷𝐺
′ = 𝑆𝐷𝐺 + ∑(

𝑆𝑠𝑐𝐷𝐺

"

𝑆𝑠𝑐𝑃𝐶𝐶𝑛

"
)

∗𝑛

1

· 𝑆𝐿𝑛
− ∑(

𝑆𝑠𝑐𝐷𝐺

"

𝑆𝑠𝑐𝐷𝐺𝑘

"
)

∗𝑘

1

· 𝑆𝐷𝐺𝑘
 (14) 

𝑃𝐷𝐺
′ = 𝑃𝐷𝐺 + |𝑆𝑠𝑐𝐷𝐺

" | {∑
|𝑆𝐿𝑛

|

|𝑆𝑠𝑐𝑃𝐶𝐶𝑛
" |

𝑛

1

· cos (𝜃𝑃𝐶𝐶 − 𝜃𝐷𝐺 + 𝜑𝑛) − ∑
|𝑆𝐷𝐺𝑘|

|𝑆𝑠𝑐𝐷𝐺𝑘
" |

𝑘

1

· cos (𝜃𝐷𝐺𝑛 − 𝜃𝐷𝐺 + 𝜑𝐷𝐺𝑘
)} (15) 

𝑄𝐷𝐺
′ = 𝑄𝐷𝐺 + |𝑆𝑠𝑐𝐷𝐺

" | {∑
|𝑆𝐿𝑛

|

|𝑆𝑠𝑐𝑃𝐶𝐶𝑛
" |

𝑛

1

· sin (𝜃𝑃𝐶𝐶 − 𝜃𝐷𝐺 + 𝜑𝑛) − ∑
|𝑆𝐷𝐺𝑘|

|𝑆𝑠𝑐𝐷𝐺𝑘
" |

𝑘

1

· sin(𝜃𝐷𝐺𝑛 − 𝜃𝐷𝐺 + 𝜑𝐷𝐺𝑘
)} (16) 

3. Case Study 

In this study, an application of the proposed mathematical model is demonstrated on a 34-bus 

test system [40]. The single line diagram of the test system is given in Figure 3. All the lines in the 

system are overhead lines, and their cross-sections along with the lengths are given in the single line 

diagram. The system is a radial distribution system, and the nominal system voltage is 11 kV. The 

system is modelled in the Electrical Transient and Analysis Program (ETAP), which is software 

developed for power system analysis. 

 

Figure 3. 34-Bus test system. 

Minimum load and maximum generation case for the test system has been established by four 

base loads and two DG units. Ratings for the base loads and the DG units in the system are given in 

Table 1. One of the chosen points is Bus-3, which is close to the main bus (Bus-1) and the other one is 

Bus-20, which is relatively farther from the main bus and near to the loads and DG units determined 

in the minimum load–maximum generation scenario. 

Figure 3. 34-Bus test system.

Minimum load and maximum generation case for the test system has been established by four
base loads and two DG units. Ratings for the base loads and the DG units in the system are given in
Table 1. One of the chosen points is Bus-3, which is close to the main bus (Bus-1) and the other one is
Bus-20, which is relatively farther from the main bus and near to the loads and DG units determined
in the minimum load–maximum generation scenario.
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Table 1. The values of base loads and DG units in the system.

Load Capacity Power Factor Connected Bus

SL1 0.5 MVA 0.95 (lag.) Bus-5
SL2 0.5 MVA 0.9 (lag.) Bus-12
SL3 0.4 MVA 0.98 (lag.) Bus-27
SL4 0.6 MVA 0.97 (lag.) Bus-30

SDG1 1 MVA 0.9 (lag.) Bus-22
SDG2 3 MVA 0.9 (lag.) Bus-34
SDG * 8.88 MVA 0.9 (lag.) Bus-20

* Maximum permissible DG capacity obtained by Equation (3) for the DG unit planned to be integrated to the power
system from Bus-20.

First, the calculation of the maximum permissible DG capacity for the unloaded case of the
system (SDG) is calculated. Equation (3), which has the most accurate approach among the addressed
mathematical models in the study, is used in this calculation. Then, the obtained capacity is improved
by including the minimum loads and the maximum generations in the calculations by using the
proposed mathematical model. In order to test the effectiveness of the proposed model, a DG unit
at the obtained capacities is integrated into the system and a power flow analysis is performed.
Each obtained capacity is analyzed for two different loading scenarios: the minimum load–maximum
generation case and a sample operation case. Thus, the consistency of the proposed mathematical
model is tested. Both scenarios are given in Figure 4.
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Figure 4. Loading scenarios for the test system (a) minimum load–maximum generation case; (b) a
sample loading case for the system.

The maximum permissible DG capacity for Bus-20 is calculated by using the proposed
mathematical model and the result is 3.9 MVA with a 0.95 lagging power factor. A DG unit at
the obtained capacity is integrated into the system from Bus-20. The bus voltages before and after the
DG integration are given in Figure 5a.

All the steps are repeated with the capacity obtained by using Equation (3) and the system
voltages are given in Figure 5b. If the unloaded case of the system is taken as the basis in the
calculation of the maximum permissible DG capacity, it may lead to misleading results. DG unit
integrations performed with the capacities obtained by adopting such an approach may lead to
overvoltage problems, especially in the systems with generation units. As can be seen from Figure 5b,
the results obtained are a good example of this. In contrast, the capacity obtained by using the proposed
mathematical model is far from being at risk of overvoltage.

As can be seen from Figure 5a, none of the bus voltages has reached the upper voltage limit
after the DG integration at the capacity calculated by the proposed mathematical model. This means
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that further generation can be integrated to the system. As mentioned in the previous section, in the
derivation of the proposed mathematical model, approximate values are assigned with cautious
approaches to the parameters that may not be known precisely without performing detailed analysis.
These assigned approximate values cause the results that are lower than the absolute maximum value
but safer than the values obtained by other mathematical models.
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Figure 5. Voltages at the system buses for the minimum load–maximum generation case with and
without DG integration from Bus-20 (a) for the DG capacity obtained by the proposed mathematical
model (b) for the DG capacity obtained by Equation (3).

In the second case study for the DG unit integration from Bus-20, the maximum permissible
capacity is calculated by taking into consideration the case in which only the loads are present in the
system. A DG unit is integrated to the system at the capacity obtained by each mathematical model,
and the system is analyzed. The results are given in Figure 6a,b. As can be seen from Figure 6a, after the
DG integration with the capacity obtained by the proposed mathematical model, the voltage of the
integration point is close to the upper voltage limit of the system but not beyond that. The maximum
permissible capacity calculated by the proposed mathematical model is 10 MVA, and the capacity
calculated by the Equation (3) is 8.88 MVA. As seen, the proposed mathematical model does not always
give a value below the capacities obtained from other mathematical models. The main criterion here
is to be able to calculate the maximum permissible DG capacity value without the need for any data
other than the available data.
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The capacities calculated for the minimum load–maximum generation case are analyzed in a case
study of the system given in Figure 4b. The obtained bus voltages after DG integrations have been
given in Figure 7. No overvoltage is observed in the system for either capacity. For the DG integration
with the capacity calculated by using the proposed mathematical model, the system voltages are closer
to the nominal system voltages.
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Bus-20 (a) for the DG capacity obtained by the proposed mathematical model (b) for the DG capacity
obtained by Equation (3).

Bus-3 is the second bus chosen for performing further examination on the effectiveness of the
proposed mathematical model. It is closer to the infinite bus; therefore, it is stronger than Bus-20.
The same analyses are performed for Bus-3 without any change in the system scenarios. For the
unloaded case of the system, the maximum permissible capacity for Bus-3 has been calculated as
54.3 MVA with a 0.95 lagging power factor. When the loads and the generators in the system are
taken into account with the proposed mathematical model, the capacity has been obtained as 24 MVA
with a 0.97 lagging power factor. The obtained bus voltages after the DG unit integration at that
calculated capacities are given in Figure 8. The results for the proposed mathematical model are given
in Figure 8a, and the results with Equation (3) are given in Figure 8b. Almost all bus voltages are above
the upper voltage limit after the integration at the capacity obtained by Equation (3). On the other
hand, integration at the capacity obtained by the proposed mathematical model does not cause any
overvoltage problem in the system, as in the previous case.

Energies 2018, 11, 255 11 of 16 

 

The capacities calculated for the minimum load–maximum generation case are analyzed in a 

case study of the system given in Figure 4b. The obtained bus voltages after DG integrations have 

been given in Figure 7. No overvoltage is observed in the system for either capacity. For the DG 

integration with the capacity calculated by using the proposed mathematical model, the system 

voltages are closer to the nominal system voltages. 

 

Figure 7. Voltages at the system buses for the sample case with and without DG integration from Bus-

20 (a) for the DG capacity obtained by the proposed mathematical model (b) for the DG capacity 

obtained by Equation (3). 

Bus-3 is the second bus chosen for performing further examination on the effectiveness of the 

proposed mathematical model. It is closer to the infinite bus; therefore, it is stronger than Bus-20. The 

same analyses are performed for Bus-3 without any change in the system scenarios. For the unloaded 

case of the system, the maximum permissible capacity for Bus-3 has been calculated as 54.3 MVA 

with a 0.95 lagging power factor. When the loads and the generators in the system are taken into 

account with the proposed mathematical model, the capacity has been obtained as 24 MVA with a 

0.97 lagging power factor. The obtained bus voltages after the DG unit integration at that calculated 

capacities are given in Figure 8. The results for the proposed mathematical model are given in Figure 

8a, and the results with Equation (3) are given in Figure 8b. Almost all bus voltages are above the 

upper voltage limit after the integration at the capacity obtained by Equation (3). On the other hand, 

integration at the capacity obtained by the proposed mathematical model does not cause any 

overvoltage problem in the system, as in the previous case. 

 

Figure 8. Voltages at the system buses for the minimum load–maximum generation case with and 

without DG integration from Bus-3 (a) for the DG capacity obtained by the proposed mathematical 

model (b) for the DG capacity obtained by Equation (3). 

Figure 8. Voltages at the system buses for the minimum load–maximum generation case with and
without DG integration from Bus-3 (a) for the DG capacity obtained by the proposed mathematical
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For the minimum load case, the capacity obtained with the proposed mathematical model is
56.25 MVA and the power factor is a lag of 0.95. The capacity calculated with the Equation (3) is
54.26 MVA. The voltages in the system after DG integrations in the calculated capacities are given in
Figure 9. As can be seen from the figures, the results obtained in the second case analysis are quite
similar to those obtained in the previous case analysis.
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Bus-3 (a) for the DG capacity obtained by the proposed mathematical model (b) for the DG capacity
obtained by Equation (3).

In order to present the effectiveness of the proposed mathematical model even better, a comparison
between the proposed mathematical model and the mathematical models in the literature is given in
Table 2. Since the mathematical model given in Equation (1) can only be applied to the integration of DG
units with the unit power factor, the comparison is based on this assumption. For each mathematical
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model, a DG unit at the calculated capacity is integrated into the system, and power flow analyses
are performed for the minimum load maximum generation case of the system. The resulting system
voltages are examined, and the highest voltage value is presented in Table 2. The results prove that the
proposed mathematical model successfully calculates the maximum permissible capacity by taking
into account the loads and the generators in the system.

Table 2. Comparison of the proposed mathematical model with the existing mathematical models.

Mathematical Models
Bus-3 Bus-20

MPC * Highest Voltage MPC * Highest Voltage

Proposed Mathematical Model 30.95 1.089 pu 4.96 1.062 pu
Equation (1) 48.95 1.123 pu 8.41 1.108 pu
Equation (2) 53.95 1.130 pu 8.30 1.107 pu
Equation (3) 59.35 1.138 pu 9.13 1.115 pu

* MPC: Maximum Permissible Capacity for the given point in MVA.

4. Discussion

The results proved that the maximum permissible DG capacity calculated by the proposed
mathematical model is highly reliable in terms of preventing overvoltage of the system busses. In the
derivation of the proposed mathematical model, the worst-case scenario is based on the minimum
load–maximum generation case. After DG integration at the capacity obtained by the proposed
mathematical model, the voltages are always below the upper voltage limit of the system. The fact
that no overvoltage occurs for the minimum load - maximum generation case of the system proves the
accuracy of the obtained capacities. Since the generation in the system cannot exceed their maximum
ratings, voltages cannot be increased further. The increase on the loads may cause the only voltage
drop in the system.

The capacities obtained by the proposed mathematical model may not always be equal to the
actual maximum permissible capacity for the point chosen in the system. During the derivation of
the mathematical model, various assumptions were made for the unknown parameters such as the
voltages of the loads or DG unit connection points after DG integration. These assumptions are made
with the consideration of the most risky situations in terms of overvoltage. Thus, the obtained capacity
is expected to be an approximate value that is smaller than or equal to the actual maximum permissible
capacity. Laborious and time-consuming mathematical operations are required to precisely calculate
this capacity with available data presented. Taking all of these into consideration, it can be stated that
the proposed mathematical model is successful, reliable and widely applicable.

5. Conclusions

In this study, a mathematical model is proposed for the calculation of the maximum permissible
capacity of a DG unit that is planned to be integrated into a system from a certain point. There are
mathematical models for a similar purpose in the literature. The aim of the study was to obtain a more
successful mathematical model by taking into consideration both the loads and the generators in the
system before the DG unit is integrated into the system. For this purpose, the Ward reduction method
is used to reduce the loads and generators with respect to the integration point. Then, a general
mathematical model is obtained using the equations with the Ward reduction technique.

The proposed mathematical model is applied to a 34-bus test system. The maximum permissible
DG capacity for two points of the system (Bus-3 and Bus-20) is calculated by using the proposed
mathematical model. In order to test the consistency of the results and the effectiveness of the
proposed mathematical model, the maximum capacity is calculated for the same points using one
of the other mathematical models proposed in the literature. At this step, the mathematical model
given in Equation (3) is chosen for the comparison. This mathematical model is more successful
than the other alternatives since it considers the power factor of the DG unit and the system losses.
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The calculations done by the mathematical model (Equation (3)) are based on the unloaded case of
the system. The proposed mathematical model improves the capacity obtained from that equation by
taking the loads and the generators in the system into account in an appropriate manner.

With both mathematical models, the maximum permissible DG capacity calculations for the
chosen points are performed in the case study. Consistencies of the results are analyzed by power
flow analysis of the system after the DG unit integration with the obtained capacities. The analysis is
repeated for different loading conditions of the system. The findings obtained from the case studies
proved the success of the proposed mathematical model.

The proposed mathematical model presents a new approach to DG planning studies. A new
hosting capacity approach can also be offered with this mathematical model within an optimization
algorithm by evaluating the expressions for different system criteria. Furthermore, the work carried
out can be repeated according to more specific production technology. In this case, a more realistic
approach can be made by comparing the generation profile of the distributed generator with the
production and consumption profiles in the system.
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Nomenclature

SDG Apparent power of DG unit
S
′

DG Improved apparent power of DG unit by considering loads and generations
SLn Apparent power of the nth load
S”

SCDG
Short circuit power at DG integration point

S”
SCPCC

Short circuit power at the point of common coupling
VDG Voltage of DG unit
Vg Nominal voltage of the grid
Vn Voltage of the bus where the nth load is connected
∆V Voltage deviation between the DG integration point and infinite bus for the unloaded case of the system
Ia The current injected or absorbed from the ath bus
Y Notation for admittance
Z Notation for impedance
θ Impedance phase angle
θPCC Phase angle of the short circuit power at the point of common coupling
θDG Phase angle of the short circuit power of DG integration point
ϕ Phase angle of power
ϕn Phase angle of the power for the nth load
ϕDGk Phase angle of the power for the kth DG unit
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