
energies

Article

Topology-Based Estimation of Missing Smart
Meter Readings

Daisuke Kodaira and Sekyung Han *

Department of Electrical Engineering, Kyungpook National University, 80 Daehak-ro, Sangyeok-dong,
Buk-gu, Daegu 41566, Korea; daisuke.kodaira03@gmail.com
* Correspondence: sekyung.han@gmail.com or skhan@knu.ac.kr; Tel.: +81-10-2179-0612

Received: 27 November 2017; Accepted: 12 January 2018; Published: 17 January 2018

Abstract: Smart meters often fail to measure or transmit the data they record when measuring
energy consumption, known as meter readings, owing to faulty measuring equipment or unreliable
communication modules. Existing studies do not address successive and non-periodical missing
meter readings. This paper proposes a method whereby missing readings observed at a node
are estimated by using circuit theory principles that leverage the voltage and current data from
adjacent nodes. A case study is used to demonstrate the ability of the proposed method to
successfully estimate the missing readings over an entire day during which outages and unpredictable
perturbations occurred.

Keywords: advanced metering infrastructure; smart meters; missing readings; secondary
distribution networks

1. Introduction

Advanced metering infrastructures (AMI) in distribution networks provide grid operators with
information that can be utilized for various operations such as state estimation, voltage control,
aggregation of power consumption, and fault detection. A crucial benefit of AMI is real-time demand
response (DR) based on real-time retail pricing. Real-time DR realizes peak savings [1–3], maximizes
the benefits of consumers or retailers [4–7], and reduces line losses [5]. The prerequisite conditions
for implementing real-time pricing are accuracy and continuity as well as the absence of delays
in measurements at each consumer site. However, meter readings are often incomplete because
of missing readings as the meter metrology and communication module regularly malfunction.
In addition, there are other causes that can lower the accuracy of measurements such as significant
time desynchronization, incorrect selection of current and power transformers, and faulty installation
processes [6]. Even though the percentage of missing readings in typical scenarios seems to be small,
the actual number of missing readings ultimately proves to be very high. A recent study [7] found the
number of installed smart meters in the United States to have reached 45.8 million, which represents a
penetration level of approximately 30%. Other researchers [8–11] established that AMI systems fail to
record between 2.7% and 9.4% of meter readings in a given year.

Approaches to compensate for these missing readings included the interpolation of the missing
readings by taking an average of adjacent correct readings [12,13]. The results from this approach
hardly convinced customers to pay their bills because the mean value is not a good representation of
the actual usage. In addition, the difference between the actual and interpolated readings increases as
the number of missing readings increases. Short-term load forecasting (STLF) is one of the alternative
methods to estimate missing readings. STLF for aggregated energy consumption at a substation or
an MV feeder was proposed [14–18]. The work in [14] proposes a data-driven probabilistic net load
forecasting method designed to handle a high penetration of behind-the-meter PV. Among these the
solution with the best performance is described in [18], this work proposes a day-ahead forecasting

Energies 2018, 11, 224; doi:10.3390/en11010224 www.mdpi.com/journal/energies

http://www.mdpi.com/journal/energies
http://www.mdpi.com
http://dx.doi.org/10.3390/en11010224
http://www.mdpi.com/journal/energies


Energies 2018, 11, 224 2 of 18

with small errors varying between 0.753% and 2.37%. STLF is also applied to a smart meter in a
secondary network in [19–21], however, this method was found to drastically decrease the reliability
of the estimation. In [19], statistical forecasting for secondary networks is shown to require sufficient
information such as the wind-chill temperature, humidity index (humidex), day load patterns and
historical loads. The error of estimation was found to be between 37% and 105%. Several methods
regarding day-ahead forecasting for smart meters were compared in [20], in these works the prediction
for each consumer (smart meter) was performed with an error of at least 20%. The work in [21],
details a 30 min ahead prediction performed based on regression tree model. Even though this work
uses much more data parameters, such as room temperature and feature of the AC air conditioner,
the prediction achieves an accuracy of about 21.3%. State estimation methods are also proposed
in [22,23]. In [22], state estimation methods based on historical measured data is proposed with
uncertainty of the network topology information. In [23], the state variables such as voltage and
angle is estimated by neural network. These state estimation methods utilized angle which must be
measured by phasor measurement unit (PMU). In the lowest voltage network where users connect,
such sophisticated devices are not available. As such to compensate for missing meter readings, state
estimation is not useful.

Other approaches to estimate missing readings, including the generation of pseudo-measurements
to interpolate missing readings [9], also the utilization of data cleansing methods based on regression
analyses to estimate missing readings is proposed by [24,25]. However, the works by [24,25] does not
discuss the accuracy of estimation of the proposed methods for meter readings. The latter study [25]
involved the intentional production of simulated missing readings by intermittently removing 30% of
the meter readings from the complete dataset. In view of this the numerical forecast cannot guarantee
an accurate prediction in the case of missing readings resulting from long-term measurements such as
those acquired during the course of a day. Adding to this, the accuracy decreases in the case of load
patterns that containing outages or accidental demand perturbations. For each customer, based on
regression model, it is difficult for the estimation of missing readings with high resolution. This is
because the trend of each customer’s energy usage may easily change owing to user’s unpredictable
behavior such as going on a trip, relocation, purchasing new appliances.

A review of existing work revealed the following general types of weaknesses in the methods
proposed to date: (1) average methods, such as those in which the average of adjacent correct readings
is taken, do not represent actual consumption; (2) existing load forecasting algorithms cannot realize
the necessary accuracy required by a smart meter; (3) data cleansing methods based on regression
models are useful in the case of regular load patterns; however, they cannot guarantee accuracy in the
case of accidental or irregular load variation.

To overcome the above problems, we propose an analytical method to estimate missing readings
with well-grounded circuit theory principles. The proposed method utilizes voltage and current
values from adjacent nodes that remained intact during the missing period. These data are used to
estimate the current, voltage, and power factor of the missing meter node, and subsequently, to infer
the power consumption of the node. Missing current and voltage are represented as variables of
nonlinear simultaneous equations. The missing data are obtained as solutions of the equations that
can be solved by numerical methods. Because the numerical methods cannot guarantee an exact
solution, it is necessary to verify the accuracy of the estimation. One advantage the proposed method
has is that it does not rely on past readings or any supplementary data, i.e., past load profile or
weather-related data. Therefore, it does not matter if missing readings are out of periodicity for a
past pattern. Another advantage of the proposed method is that it can manage long-term missing
readings and outliers in missing readings. Because the proposed method is not based on the trend
of the past energy usages, as long as the voltage and current at neighboring nodes of the missing
meter node is intact, the missing readings can be estimated regardless of the duration of the missing
period. Moreover, the proposed method is practical because it does not utilize phasor difference
information between readings of different smart meters. Smart meters distributed in the actual field
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cannot synchronize with each other within the order of milliseconds; therefore, phasor difference
information is not considered.

The remainder of this paper is organized as follows: Section 2 describes the premise, model,
and formulation of the proposed method. Section 3 presents the verification of the estimation accuracy
for successive missing readings containing outliers in a given day. The simulation results show that
the proposed method reliably estimates not only the periodic values but also the outliers. Section 4
discusses the simulation result with some practical assumptions. Finally, the proposed work is
summarized and concluded in Section 5.

2. Model and Formulation

2.1. Model and Premises

Figure 1 shows an example of load variation in a specific network in which meter readings
recorded between 1 p.m. and 1:15 p.m. are missing. Node(2) in Figure 1 is the missing meter node that
fails to transfer its meter readings to the servers. This study considers a case in which only one node in
the network failed to transmit its data during a specific interval. The neighbors of the missing meter
node, whose meter readings are correctly received at the servers during the same period, are Node(1)
and Node(3). In general, to reduce the amount of data transmitted, smart meters transfer only their
total energy consumption, as indicated by the grayed-out area in Figure 1. The received meter readings
related to each customer’s information are then stored in the database on the server. The procedure for
detecting and estimating missing readings is as follows:

(1) Detection: Servers receive meter readings every 15 min. If the servers do not receive a reading,
the servers log the details of the missing meter node that fails to transfer the reading.

(2) Operation: Once the servers detect the missing meter node, the servers request the neighboring
nodes to send voltage, current, and power factor data for instances during the period coinciding
with the missing reading. These data from the neighbors are used to estimate the missing reading.
The resolution of the time instance data is assumed to be 1 min. All smart meters store time
instance data for the immediate past 15 min.

(3) Estimation: The span of 15 min is divided into even periods of ∆t as shown in Figure 2. In this
study, ∆t is assumed to be one minute and active power consumption is assumed to be fixed
during ∆t. The power consumption for the time instances indicated with circles in Figure 2 are
defined along with t1, t2, t3, . . . , t15. The missing load variation at Node(2) is estimated according
to the following procedure. Based on the measured values for current, voltage, and energy
consumption at Node(1) and Node(3) at time t1, the values for the missing voltage and current
data at Node(2) at time t1 are calculated by utilizing circuit theory principles as shown in Section 3.
The active power instances at t1 followed by t2, t3, . . . , t15 are also estimated in the same way as
at t1. Estimation of the 15 active power instances at Node(2) enables the energy consumption at
the instances between t1 and t15 to be obtained for Node(2).
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The smart meters distributed in each region have different specification and work under various
policies. In some countries, the regulatory framework does not allow the distribution system operator
to collect and use current and voltage parameters. In this paper, we discuss estimation of missing
meter readings from the view point of technique. To implement the proposed method on a real-time
grid network, system operator needs to collecting current and voltage parameters from each customer.
The process of collecting such parameters should take into consideration privacy and security while
conforming to set policy.

The generalized network model of the proposed method, which is derived from that in Figure 1,
is indicated in Figure 3. The terminal nodes (T-nodes) are the consuming nodes. The junction nodes
(J-nodes) are common nodes and do not have energy sources. The number of consumers is expressed
as n, which is assumed to be larger than three. The flow of current is indicated by the direction of the
arrows. It is noted that the J-nodes are not equipped with smart meters, and therefore, the current
injected into this distribution network cannot be measured.
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In this study, the network topology and the order of the T-nodes are assumed to be given.
Circuit parameters such as the impedance and topology are known to be ambiguous, especially in
the secondary distribution network. However, collecting and updating the impedance and topology
manually is not feasible in terms of the cost; thus, it is necessary to estimate both of these parameters
automatically without human intervention. The impedance can also be estimated based on the meter
readings [26]. Regarding the topology, secondary distribution networks are known to be mainly
composed of a radial network [27,28]. Therefore, the proposed method focuses on the radial structure.
AMI systems actually may be able to approximate the time synchronization to within a few seconds in
terms of specification. Because different meters are asynchronous within a few seconds or less than
one minute, the phasor difference between measurements recorded by different smart meters is not
available. Therefore, the proposed method utilizes only the root mean square (RMS) current, voltage,
and power factor at each node. The proposed method can accept the time difference between smart
meters without changing the RMS values. In this work, the RMS values at each node are assumed not
to change during a period of one minute.
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2.2. Formulation

This section presents the construction of nonlinear simultaneous equations of which the unknown
variables are the missing current, voltage, and power factor. Once the equations are composed,
the missing data are obtained as solutions for these equations. The missing readings at the missing
node are represented using the RMS voltage and current measured at both adjacent nodes. The end
T-node is Node(2n + 2) in Figure 3, whereas the initial T-node is Node(2). All T-nodes other than
the end and initial T-node are denoted middle T-nodes. In case the node with missing readings is
located at the end of a network, the measured RMS voltage and current at one adjacent node are
required. Similarly, in case the node with missing readings is the initial node, the RMS voltage at
the pole-transformer is required. Because the voltage of the pole-transformer is not actually stable,
the extent to which the voltage fluctuation at the pole-transformer affects the estimation of the missing
readings is evaluated in Section 4.

The following formulation relates to the case in which the missing node is located at the end of the
network. The formulation for the cases in which the other nodes have missing readings is presented
in the Appendix A. In the following equations, variables that cannot be directly measured with a
smart meter are indicated with “ˆ”. For example, the voltage at Node(2i − 1) is unmeasurable because
Node(2i − 1) does not have a smart meter. Therefore, the voltage of Node(2i − 1) is expressed with
“ˆ” in the term V̂(2i−1). If the phase reference for all variables is the voltage at Node(2i + 2), the voltage
at Node(2i − 2) is expressed as V̂(2i−2) even though Node(2i − 2) has a smart meter, because the phase
difference between these two nodes is unmeasurable. The RMS voltage at Node(2i − 2) is expressed
without “ˆ” as |V(2i−2)|, because at all T-nodes, the RMS voltage values excluding the phase difference
information are measurable. The voltage and current at a missing meter node are also expressed
with “ˆ”. To infer the validation curve of active power along with the missing readings during a
specific period at a missing meter node, two cost functions are formulated. These cost functions relate
to the voltage at Node(2n + 1) and Node(2n − 1), respectively. The voltage at Node(2n + 1) is expressed
based on the following measurable information at Node(2n + 2):

V̂(2n+1) = V(2n+2) + I(2n+2)Z(2n+2) (1)

The phase reference is considered V(2n+2) in Equation (1). The voltage at Node(2n + 1) can also be
expressed based on the unknown information at the missing meter node Node(2n) as follows:

V̂(2n+1) = V̂(2n) + Î(2n)Z(2n) (2)

The phase reference in (2) is also considered V(2n+2). The first cost function is derived from
Equations (1) and (2), which should be equal.

f1(V̂(2n), Î(2n)) ≡ V(2n+2) + I(2n+2)Z(2n+2) − V̂(2n) − Î(2n)Z(2n) = 0 (3)

The other cost function is formulated regarding the voltage at Node(2n − 1). The voltage at
Node(2n − 1) is expressed based on the measurable information at Node(2n − 2) as follows:

V̂(2n−1) = V(2n−2) + I(2n−2)Z(2n−2) (4)

The phase reference in Equation (4) is V(2n−2). The voltage at Node(2n − 1) can also be expressed
based on the information at Node(2n + 1) as follows:

V̂(2n−1) = V̂(2n+1) + (I(2n+2) + Î(2n))Z(2n+1) (5)

The phase reference in Equation (5) is V(2n+2), and in this equation, V̂(2n+1) is already expressed
by the measurable values as Equation (1). From Equations (4) and (5), the second cost function is
obtained as follows:
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f2(V̂(2n), Î(2n)) ≡ |V(2n−2) + I(2n−2)Z(2n−2)| − |V̂(2n+1) + (I(2n+2) + Î(2n))Z(2n+1)| = 0 (6)

In Equation (6), only the absolute values of the first and second terms on the right-hand side
are taken to avoid taking the phase difference into consideration. The phase reference of V̂(2n−1)
is expressed in Equation (4) in terms of V(2n−2). On the other hand, the phase reference of V̂(2n−1)
is expressed in Equation (5) in terms of V(2n+2). To compare two voltages with different phase
references, it is necessary to take the absolute value. Now, Equations (3) and (6) are the nonlinear
simultaneous equations with the unknown variables of V̂(2n) and Î(2n), which represent the missing
voltage and current data. Our primary goal is to find the values of these unknown parameters that
satisfy both equations. Because the equations are nonlinear, it is generally not possible to find the
solution analytically. Instead, a numerical approach can be utilized to seek solutions. We incorporate
an optimization scheme to seek the unknown variables with the following objective function.

Min(‖ f1(V̂(2n), Î(2n)), f2(V̂(2i), Î(2i))‖∞
) (7)

Note that other types of objective functions such as the Euclidian norm can be utilized as well to
find solutions for the equations. In this work, we chose the infinity norm experimentally, as it showed
the best performance with the iterative optimization method known as particle swarm optimization.
This method was employed for the case study in Section 3. The actual power factor measured at
households in South Korea, which was provided by the electricity supplier KEPCO, generally ranges
from 0.97 to 1.00. Therefore, the constraint regarding the power factor at each T-node is adopted
as follows:

0.97 <
Real(Ŝ(2n))√

Real(Ŝ(2n))
2
+ Imag(Ŝ(2n))

2
< 1.00 (8)

where
Ŝ(2n) = V̂(2n) Î∗(2n) (9)

where Î∗(2n) signifies the conjugate of Î(2n).
Regarding the T-nodes in the middle, and the initial T-node, the objective functions are analogically

formulated, and is explained in the Appendix A.

3. Case Study

This section, which presents the case study, is composed of two parts: Sections 3.1 and 3.2.
In Section 3.1, a simulation is described that was performed to validate the accuracy of the proposed
method. The case study was designed to prove that the proposed method can estimate missing readings
when successive meter readings are missing from data recorded during an entire day and when the
load variation (missing readings) contains unpredictable phenomena such as demand responses
and outages. The simulation result of the proposed method is compared with other major methods:
a neural network (NN)-based method and the average method. Subsequently, various load patterns
were adopted as missing meter readings, as discussed in the case study in Section 3.2. The objective of
the latter case study was to determine whether the proposed method would be effective regardless of
the type of load patterns observed in the actual measurement data.

In both of the case studies in Sections 3.1 and 3.2, when the initial node has the missing
readings, the RMS voltage of the pole-transformer is assumed to be a known parameter based on its
specifications or measurement sensors. Other than for the initial node, this assumption is unnecessary.
Additional practical cases, such as the voltage fluctuations at the pole-transformer in the specified
range, are discussed in Section 4.
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3.1. Performance Validation Compared with Other Methods

As shown in Figure 4, the model in this case study has five consumers in a secondary distribution
network. Figure 5a shows data that was actually generated by and measured in a household in Korea
on 2 January 2014 for the duration of the entire day, and which we consider for determining the missing
readings in our case study. The missing load curve in Figure 5b contains outliers that are artificially
produced from the load curve in Figure 5a. In Figure 5b, it is assumed that outages are observed from
8:00 to 8:30 and from 21:00 to 21:30. Demand response is also assumed from 12:00 to 14:00 and from
14:30 to 15:30. The proposed method is compared with two popular methods: the NN-based method
presented in [15,20] and the average method adapted in [12,13].
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• Proposed method

The proposed method is based on circuit theory as explained in Section 3; therefore, the position of
the missing meter node can affect the accuracy of estimation. Five cases, in which the missing meter
node is located at Node(2), Node(4), Node(6), Node(8), and Node(10), respectively, were examined to
validate the accuracy of the proposed method in terms of the varying location of the missing meter node.

• NN-based regression method

A design based on one-hidden-layer multilayer perceptrons (MLPs), which are known as
universal approximators [29], was adapted as the NN-based method. Therefore, in this case study,
one-hidden-layer MLPs are adapted as in [15]. The problem presented by building the NN model is to
select the input variables. Existing studies regarding load forecasting at the MV or substation level
in [15,17,19] could be referenced to decide the relevant variables for this case study. These previous
studies used past load data (30 min resolution), temperature data, and calendar variables [15], past load
data, day of the week, and forecasted weather [19], and hourly past load data, past daily temperature,
daily forecasted temperature, and day of the week [17], respectively. Considering these studies,
the following variables were chosen as input values for this case study: past load data for a year
(15 min resolution), 15 min section of the day (from 1 to 96), day of the week (from 1 to 7), working
day or not (0 or 1). Weather-related data such as the humidity or temperature is not available for these
load data; therefore, this case study did not consider weather factors. The structure of the NN model is
illustrated by way of a diagram in Figure 6. Meter readings (15-min interval data in kWh) recorded
during the entire year of 2013 were utilized as historical variables to train the learner. The number of
neurons in the hidden layer also needed to be adjusted. A suitable number of hidden neurons were
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determined by estimating the usual load curve shown in Figure 7a by varying the number of hidden
neurons. This number was varied from one to ten because typically a count smaller than ten hidden
neurons is common for smart meter level forecasting [15,20]. In the case study using this NN-based
model, a structure containing six neurons was adapted to realize the best performance and the delay
was set as two.Energies 2018, 11, 224  8 of 18 
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• Average method

The average method was implemented by using the average data from the day preceding and the
day following the missing day. In this case study, the missing day was 2 January 2014. The average
estimation load curve was produced by taking the average data for 1 January and 3 January 2014.
In this year, 1 January was a holiday in Korea, but 2 and 3 January were weekdays. Therefore, the result
of the average method was considered as one of the worst cases.

Figure 7a,b indicate the load variations without and with outliers and their estimation accuracy,
respectively. Figure 7b shows the results of the estimation based on the proposed method, the average
method, and the NN-based method. In this study, the mean average percentage error (MAPE) and
root-mean-square error (RMSE) are taken as evaluation criteria. A lower value of these criteria
represent that the method contains a smaller error and is, hence, more accurate. Figure 8 summarizes
the values obtained for MAPE and RMSE between the missing and estimated meter readings for
the average, the NN-based, and the proposed methods, respectively. In Figure 8, the average and
NN-based methods do not rely on the location of the missing meter node; therefore, the result is shown
as one graph. On the other hand, regarding the proposed method, the five cases for each location of the
missing meter node are shown. According to Figure 7a,b, the average method contains considerable
errors that would not be acceptable in practice. The RMSE obtained for the NN-based method, shown
in Figure 8, is smaller than that of the average method because the curve produced by the NN-based
method approximately reproduces curve representing the missing readings between 9:00 and 19:00 as
shown in Figure 7b. As shown in Figure 8a,b, the proposed method is superior to the NN-based and
average methods in terms of both the MAPE and RMSE in both load variation cases. Even though
the load variation contains outliers, the proposed method realizes almost the same accuracy as the



Energies 2018, 11, 224 9 of 18

situation with load variation without outliers. This is because the proposed method accurately follows
the outages and perturbations as shown in Figure 7. Further, Figure 8 indicates the extent to which the
location of the missing meter node affects the accuracy of estimation of the proposed method; however,
the error rate of the proposed method in determining the varying location of a missing meter node
would be acceptable compared to the accuracy of the average and NN-based methods.

The results in Table 1 cannot be exactly compared with each other because every method uses a
different data set and prerequisites. The results in Table 1 show that the proposed method demonstrates
the same or higher accuracy than the existing methods even though the missing readings are successive
and contain outliers.
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Figure 8. MAPE and RMSE of the estimation result for each estimation method, where AV and NN denote
the average and NN-based methods, respectively: (a) Load without outliers; (b) Load with outliers.

Table 1. Comparison of accuracy for the estimation of missing smart meter readings.

Proposed Method
Load Forecasting Data Cleansing

Node(2) Node(4) Node(6) Node(8) Node(10)

(a) (b) (a) (b) (a) (b) (a) (b) (a) (b) [19] [20] [25]

MAPE (%) 6.8 6.7 7.1 7.2 6.7 6.6 3.9 4.0 5.2 5.0 37–105 20–30 6–8

3.2. Performance Validation with Various Load Patterns

This section describes the validation of the proposed method using classified load data from an
entire year, as shown in Figure 9, to confirm the effectiveness of the proposed method with various
load patterns. Similar daily load patterns in the data set are classified into groups as shown in
Figure 10. Then, one load pattern is selected from each group and these groups are shown in Figure 11.
The selected patterns as representative of each group are taken to be missing readings to be estimated
by the proposed method. The effect of these load patterns on the accuracy of estimation is validated.
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Figure 9. Load data from one building recorded in 2013, Korea.
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Figure 10. Classified day loads of one building in 2013, Korea. (a) Group1, (b) Group2, (c) Group3
and (d) Group4 were generated by k-means clustering with k = 4 which provided the best accuracy for
predicting the load data of 2014 for the same building.
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Figure 11. Representative load patterns from each group classified by k-means classification.

3.2.1. Classification of One-Year Data

An entire year of power usage data from one building in Korea was prepared. The load
patterns are shown in Figure 9. This data set is composed of data recorded at 15-min intervals.
k-means classification was adopted to classify similar days in a year. The number of classes k was
chosen as four. Each group in Figure 10 is a good representation of the characteristic of load patterns
to evaluate whether the proposed method would be able to effectively process various missing
load patterns.

3.2.2. Validation of Estimation for Missing Meter Readings with Classified Load Data

The ability of the proposed method to process various load patterns was validated by extracting
one of the classified load patterns from each group as representative of typical load patterns.
The representative load patterns are shown in Figure 11. Figure 12 shows the result of the estimation
for each group when the missing node is Node(2) in Figure 4. In every figure from (a) to (d) in Figure 12,
the vertical axis on the left indicates the power usage missing from the data recorded on a day and
estimated in this case study. The vertical axis on the right indicates the error rate of estimation, which is
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described by the bar graphs on the horizontal axis. Regarding all patterns from group1 to group4,
the estimation error is approximately between 5% and 10%. In Figure 12, group3 and group4 have a
relatively smaller error than group1 and group2. This is because more power usage data is missing
from group3 and group4 than from group1 and group2. The other cases in which a missing meter
node is located at the other T-nodes such as Node(4) and Node(10) are also validated. The estimation
error throughout a day is summarized in Table 2. The estimation error of each group and missing node
is approximately 5%, which indicates that the proposed method can estimate the missing readings
regardless of the load patterns and location of the missing meter node.
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Figure 12. Estimation result of missing meter readings at T-node(2) for each representative (a) Group1;
(b) Group2; (c) Group3; and (d) Group4.

Table 2. MAPE of the estimation result for each estimation method.

Group1 Group2 Group3 Group4

Node
(2)

Node
(4)

Node
(10)

Node
(2)

Node
(4)

Node
(10)

Node
(2)

Node
(4)

Node
(10)

Node
(2)

Node
(4)

Node
(10)

MAPE (%) 4.46 6.77 4.88 5.32 5.21 5.32 4.20 4.35 4.82 3.91 4.45 4.85

4. Discussion

4.1. Evaluation of Robustness for Measurement Error

Especially, when the missing readings are observed at Node(2), as in Figure 4, the RMS voltage of
the pole-transformer Vpole should be known to calculate the missing readings. However, in the actual
field at present, each pole-transformer cannot be expected to have a measurement device capable
of measuring voltage and current. The secondary voltage of a pole-transformer is specified, e.g.,
100 V or 200 V, which is not reliable as the real voltage because the primary side also has voltage
fluctuations and the fluctuation affects the secondary side voltage. In this situation, state estimation in
a high-voltage distribution network, which is on the primary side of a pole-transformer, can contribute
to estimating the RMS voltage of the pole-transformer |Vpole|. Distribution system state estimators
were proposed [30,31] and their robustness against the measurement error was evaluated. In these
studies, the voltage of nodes containing the nodes at which the pole-transformer is located is estimated
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with various error rates. The assumed estimation error rate was found to be less than 1% when the
aggregated power flow has a 3% measurement error [30]. Other researchers evaluated the voltage
estimation error in a more realistic network along with load fluctuations [31]. The result shows that,
with 1% measurement noise, the estimation error of the voltage magnitude is less than 1%. Therefore,
in the following simulation, the accuracy of estimation of missing meter readings is evaluated while
the estimated |Vpole| has an error ranging from 0% to 1%. In this simulation, the true value of |Vpole| is
100 V, but the true value is assumed to be unknown. It is assumed that |Vpole| is estimated with an
error such as 100.2, 100.4, . . . , 101.0 V. Figure 13 shows the estimation result of missing meter readings
with the estimated value of |Vpole|. The original plot in the figure represents the missing readings to be
estimated with the true value of |Vpole|. As shown in Figure 13, the estimated missing readings are
as far as the estimated |Vpole| from 100 V. When |Vpole| = 101.0, the estimated missing meter readings
closely approximate 450 W because of the current limitation. The error rate throughout a day is shown
in Figure 14. The estimation error drastically increases as the estimated error with |Vpole| increases.
As shown in Figure 14, the error in the estimated |Vpole| severely affects the accuracy of estimation of
missing readings at the initial node. This relationship between the error in the estimated |Vpole| and
the estimation of missing readings is explained by the following equations.

VT2 + IT2ZT2 − (V̂T1 + ÎT1ZT1) = 0 (10)

|Vpole| − |VJ2 + ( ÎT1 + IT2)ZJ2| = 0 (11)

From Equation (11), the error in the estimated |Vpole| is brought to ÎT1 by multiplying with ZJ2,
the value of which is generally assumed to be approximately 0.01. Therefore, even though the error
contained in |Vpole| is small, the error is multiplied by 100 and affects ÎT1. A missing reading is
calculated as ÎT1V̂T1. When ÎT1 has an error that is 100 times larger, the estimated missing reading is
also affected by an error that is 100 times larger. This is why even a small error in |Vpole| causes a very
large error with an estimated missing meter reading as shown in Figure 14. This problem remains a
challenge as shown by the results presented in this paper.
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Figure 13. Estimation error of missing readings in initial part with respect to the error in the estimated
voltage at the pole-transformer.
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Figure 14. Estimation error of missing readings in initial part with respect to the error in the estimated
voltage at the pole-transformer.
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4.2. Effect of Taking Average of One Minute

Here, the proposed method regards the load during one minute to be constant for the purpose
of estimating the missing readings. However, strictly speaking, the actual load at every customer
node (T-node) experiences variance even during a period of one minute. The following simulation
evaluates the extent to which the load variance in one minute affects the estimation of missing readings.
In the case of missing meter readings at Node(2), 10 fluctuated load patterns with standard deviations
ranging from 0% to 10% are generated. Examples of these patterns for standard deviations ranging
from 0% to 3% are shown in Figure 15. Figure 16 shows the result of missing reading estimation in
terms of wh with respect to various fluctuating loads. As shown in Figure 16, the estimation error of
wh during one minute is not significantly affected by the variance of the load.
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5. Conclusions

This paper proposes a model-based method to infer missing smart meter readings by using the
voltage and current information of neighboring nodes. Existing studies based on statistical inference
methods such as data cleansing and NN-based methods cannot guarantee accuracy in the case in
which readings are missing for longer periods and are not periodic. Case studies were used to estimate
missing readings with and without outliers using the proposed method, the average method, and the
NN-based method. In both of these case studies, the accuracy of the proposed method is superior to
that of the other two methods. In addition, the proposed method was used with various load patterns.
The simulation results confirmed that the proposed method can estimate the missing meter readings
regardless of the missing load patterns. As for future works, estimation of missing readings under
uncertainty from a network information perspective is considered. The topology of the lines in the
low voltage distribution network is often not known. It is more prudent that the missing readings are
estimated after an ambiguous topology is corrected with smart meter data.
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Appendix A

To generalize the equations, the missing meter node is assumed to be Node(2i), as in Figure 3,
where 2 < i < (n− 1). Four cost functions are formulated to estimate the current and voltage at
Node(2i). The four cost functions are: the voltage at Node(2i + 1), the apparent power at Node(2i + 1),
the current at Node(2i + 1), and the voltage at Node(2i − 1). To build the equations regarding V̂(2i+1),
Ŝ(2i+1), Î(2i+1), and V̂(2i−1), the parameters at Node(2i + 3) are first prepared. Unmeasurable V̂(2i+3),
Î(2i+3), and Ŝ(2i+3) are recursively calculated from Node(2n + 1). V̂(2n+1) is already expressed in
Equation (1). Based on the calculated V̂(2n+1) from Equation (1), Ŝ(2n+1) is also expressed using
only known values. Ŝ(2n+1) is composed of the apparent power at Node(2n + 2), apparent power at
Node(2n), line loss between Node(2n + 1) and Node(2n + 2), and line loss between Node(2n + 1) and
Node(2n). Based on the above composition, Ŝ(2i+1) is represented as follows:

Ŝ(2n+1) = S(2n+2) + S(2n) + |I(2n+2)|
2Z(2n+2) + |I(2n)|

2Z(2n) (A1)

From Equations (1) and (A1), Î(2n+1) is expressed as follows:

Î(2n+1) =

(
Ŝ(2n+1)

V̂(2n+1)

)∗
=

S(2n+2) + S(2n) + |I(2n+2)|
2Z(2n+2) + |I(2n)|

2Z(2n)

V(2n+2) + I(2n+2)Z(2n+2)
(A2)

Now, V̂(2n+1), Î(2n+1), and Ŝ(2n+1) are obtained as known values shown in Equations (1), (A1),
and (11). Based on V̂(2n+1), Î(2n+1), and Ŝ(2n+1), the parameters at Node(2n − 1), which is next to
Node(2n + 1), are also recursively calculated. From Equation (1), V̂(2n−1) is expressed as follows:

V̂(2n−1) = V̂(2n+1) + Î(2n+1)Z(2n+1) (A3)

From Equation (A1), Ŝ(2n−1) is expressed as follows:

Ŝ(2n−1) = Ŝ(2n+1) + Ŝ(2n−2) + | Î(2n+1)|
2Z(2n+1) + |I(2n−2)|

2Z(2n−2) (A4)

From Equations (A3) and (A4), Ŝ(2n−1) is expressed as follows:

Î(2n) =

(
Ŝ(2n+1)

V̂(2n+1)

)∗
(A5)

In the same way as Equations (A3)–(A5), V̂(2i+3), Î(2i+3), and Ŝ(2i+3) are recursively calculated
as known values. Based on the parameters at Node(2i + 3), the parameters at Node(2i + 1) are also
recursively obtained as known values in the same way as in Equations (A3)–(A5) as follows:

V̂(2i+1) = V̂(2i+3) + Î(2i+3)Z(2i+3) (A6)

Ŝ(2i+1) is expressed as follows:

Ŝ(2i+1) = Ŝ(2i+3) + V̂(2i) Î∗(2i) + | Î(2i+3)|
2Z(2i+3) + | Î(2i)|

2Z(2i) (A7)



Energies 2018, 11, 224 15 of 18

From Equations (A6) and (A7), Î(2i+1) (where i < k < n) is calculated as follows:

Î(2i+1) =

(
Ŝ(2i+1)

V̂(2i+1)

)∗
=

 Ŝ(2i+3) + V̂(2i) Î∗(2i) + | Î(2i+3)|
2Z(2i+3) + | Î(2i)|

2Z(2i)

V̂(2i+3) + Î(2i+3)Z(2i+3)

∗ (A8)

As shown in Equations (A6)–(A8), V̂(2i+1), Ŝ(2i+1), and Î(2i+1) can also be expressed using objective
values V̂(2i) and/or Î(2i). V̂(2i+1) can also be expressed as follows:

V̂(2i+1) = V̂(2i) + Î(2i)Z(2i) (A9)

Ŝ(2i+1) can also be expressed as follows:

Ŝ(2i+1) = V̂(2i+1)( Î(2i+3) + Î(2i)) (A10)

From Equations (A9) and (A10), Î(2i+1) is expressed as follows:

Î(2i+1) =

(
Ŝ(2i+1)

V̂(2i+1)

)∗
=

(
V̂(2i+1)( Î(2i+3) + Î(2i))

V̂(2i) + Î(2i)Z(2i)

)∗
(A11)

Now, the respective parameters at Node(2i + 1) are expressed in two ways as from Equations (A6)
to (A11). From Equations (A6) and (A11), the cost function regarding V̂(2i+1) is obtained as follows:

f3(V̂(2i), Î(2i)) ≡ V̂(2i+3) + Î(2i+3)Z(2i+3) − V̂(2i) + Î(2i)Z(2i) = 0 (A12)

From Equations (A7) and (A10), the cost function regarding Ŝ(2i+1) is obtained as follows:

f4(V̂(2i), Î(2i)) ≡ Ŝ(2i+3) + V̂(2i) Î∗(2i) + | Î(2i+3)|
2Z(2i+3) + | Î(2i)|

2Z(2i) − V̂(2i+1)( Î(2i+3) + Î(2i)) = 0 (A13)

From Equations (A8) and (A11), the cost function regarding Î(2i+1) is obtained as follows:

f5(V̂(2i), Î(2i))≡
(

Ŝ(2i+3)+V̂(2i) Î∗
(2i)+| Î(2i+3)|2Z(2i+3)+| Î(2i)|2Z(2i)

V̂(2i+3)+ Î(2i+3)Z(2i+3)

)
−
(

V̂(2i+1)( Î(2i+3)+ Î(2i))

V̂(2i)+ Î(2i)Z(2i)

)∗
= 0 (A14)

V̂(2i−1) is expressed in two ways. The first is derived from V̂(2i+1) and Î(2i+1), which are already
expressed as Equations (A6) and (A8).

V̂(2i−1) = V̂(2i+1) + Î(2i+1)Z(2i+1) (A15)

The other way is derived from V̂(2i−2) and the line loss between Node(2i − 1) and Node(2i − 2).

V̂(2i−1) = V(2i−2) + I(2i−2)Z(2i−2) (A16)

From Equations (A13) and (A14), the cost function regarding V̂(2i−1) is obtained as follows:

f6(V̂(2i), Î(2i)) ≡ |V̂(2i+1) + Î(2i+1)Z(2i+1)| − |V(2i−2) + I(2i−2)Z(2i−2)| = 0 (A17)

From Equations (A10)–(A12) and (A14), the objective function to find the combination of V̂(2i)
and Î(2i) is expressed as follows:

Min(‖ f3, f4, f5, f6‖∞) (A18)

The constraint regarding the power factor at each T-node is adopted as Equation (8).
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Third, the formulation is expressed for the case in which a missing meter node is detected at the
initial T-node, Node(2). The three cost functions are formulated in terms of the voltage at Node(3),
current at Node(3), and voltage at Node(1). Î(5), V̂(5), and Ŝ(5) are already known from Equation (A18).
Based on V̂(5) and Î(5), is expressed as follows:

V̂(3) = V̂(5) + Î(5)Z(5) (A19)

According to Equation (A19), V̂(3) is expressed only in terms of known values. On the other hand,
V̂(3) is also expressed using objective values V̂(2) and Î(2) as follows:

V̂(3) = V̂(2) + Î(2)Z(2) (A20)

From Equations (A19) and (A20), the cost function regarding V̂(3) is obtained as follows:

f7(V̂(2), Î(2)) ≡ V̂(5) + Î(5)Z(5) − V̂(2) − Î(2)Z(2) = 0 (A21)

Based on calculated Ŝ(5) and Î(5), Ŝ(3) is expressed as follows:

Ŝ(3) = Ŝ(5) + V̂(2) Î∗(2) + | Î(5)|
2Z(5) + | Î(2)|

2Z(2) (A22)

From Equations (A19) and (A22), Î(3) is expressed as follows:

Î(3) =

(
Ŝ(3)

V̂(3)

)∗
=

 Ŝ(5) + V̂(2) Î∗(2) + | Î(5)|
2Z(5) + | Î(2)|

2Z(2)

V̂(5) + Î(5)Z(5)

∗ (A23)

Î(3) is also expressed as follows:
Î(3) = Î(5) + Î(2) (A24)

From Equations (A23) and (A24), the cost function regarding is obtained as follows:

f8(V̂(2), Î(2)) ≡

 Ŝ(5) + V̂(2) Î∗(2) + | Î(5)|
2Z(5) + | Î(2)|

2Z(2)

V̂(5) + Î(5)Z(5)

∗ − Î(5) + Î(2) = 0 (A25)

V̂(1) is expressed as follows:
V̂(1) = V̂(3) + Î(3)Z(3) (A26)

From Equations (A19), (A23) and (A26) is replaced as follows:

V̂(1) = V̂(5) + Î(5)Z(5) +

 Ŝ(5) + V̂(2) Î∗(2) + | Î(5)|
2Z(5) + | Î(2)|

2Z(2)

V̂(5) + Î(5)Z(5)

∗Z(3) (A27)

In this model, |V̂(1)| is assumed to be a fixed and known value owing to the pole-transformer.
In this study, the specification of the pole-transformer is given, and the voltage on the secondary side
is considered to be stable. |V̂(1)| is defined according to the specification as follows:

|V̂(1)| = |Vpole| (A28)
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|Vpole| is the voltage specified for the secondary side of the pole-transformer and is assumed to be
100 V in this paper. From Equations (A27) and (A28), the cost function regarding |V̂(1)| is obtained as
follows:

f9(V̂(2), Î(2)) ≡ |Vpole| −
∣∣∣∣∣V̂(5) + Î(5)Z(5) +

(
Ŝ(5)+V̂(2) Î∗

(2)+| Î(5) |
2Z(5)+| Î(2) |

2Z(2)

V̂(5)+ Î(5)Z(5)

)∗
Z(3)

∣∣∣∣∣ = 0 (A29)

From Equations (A19), (A23) and (A27), the objective function to find the combination of V̂(2) and
Î(2) is expressed as follows:

Min(‖ f7(V̂(2), Î(2)), f8(V̂(2), Î(2)), f9(V̂(2), Î(2))‖∞
) (A30)

The constraint regarding the power factor at T-node(2) is adopted as (8).
All the objective functions Equations (7), (A18) and (A30) are repeatedly applied to the voltage

and current data recorded in 1-min intervals, respectively.
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