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Abstract: A conventional steady-state power flow security check only implements point-by-point
assessment, which cannot provide a security margin for system operation. The concept of a
steady-state security region is proposed to effectively tackle this problem. Considering that the
commissioning of the increasing number of HVDC (High Voltage Direct Current) and the fluctuation
of renewable energy have significantly affected the operation and control of a conventional AC
system, the definition of the steady-state security region of the AC/DC power system is proposed
in this paper based on the AC/DC power flow calculation model including LCC/VSC (Line
Commutated Converter/Voltage Sourced Converter)-HVDC transmission and various AC/DC
constraints, and hence the application of the security region is extended. In order to ensure that the
proposed security region can accurately provide global security information of the power system
under the fluctuations of renewable energy, this paper presents four methods (i.e., a screening method
of effective boundary surfaces, a fitting method of boundary surfaces, a safety judging method,
and a calculation method of distances and corrected distance between the steady-state operating
point and the effective boundary surfaces) based on the relation analysis between the steady-state
security region geometry and constraints. Also, the physical meaning and probability analysis of the
corrected distance are presented. Finally, a case study is demonstrated to test the feasibility of the
proposed methods.

Keywords: steady-state security region; AC/DC constraint; effective boundary surface; operating
margin; HVDC transmission; renewable energy

1. Introduction

Under the fluctuations of a large amount of renewable energy, an AC/DC power system may
operate in an insecure scene. Such a system may exceed some constraints considering the uncertainty of
intermittent energy. While the conventional steady-state power flow security check and static security
analysis usually adopt a point-by-point method, this only allows for a safety check on certain points,
and thus the system security margin cannot be provided. In addition, it can only give the difference
between the limit value and the current value. Therefore, it is difficult to reflect the sensitivity between
each electrical quantity and the fluctuations of renewable energy visually. With the introduction of
a security region, the relation between the operating point and the security space can be described,
and the security information of the system can be obtained visually, which facilitates the security
control [1,2].
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The security region of an AC/DC power system is the intersection of the steady-state security
region, considering constraints of the steady-state flow, the dynamic security region, considering
the static stability and transient stability and other stability problems, the security region of small
disturbance stability, and the security region of subsynchronous oscillation, etc. In this paper,
the steady-state security region of an AC/DC power system will be studied.

The earliest work on the steady-state security region was reported in References [3–5] by Galiana,
F.D. in the 1970s, and treated the solvability of the power flow as the boundary conditions, and then
gradually introduced various constraints including nodal voltage, line flow, active power output,
and voltage amplitude of generators as the boundaries of the steady-state security region. Felix
F.W. in Reference [6] considered both the active power and reactive power and proposed the solving
method of hyper box for the steady-state security region based on nonlinear power flow equations,
which is a solid base for the development of the steady-state security region. However, this method
employs some assumptions of approximation in the solving process and requires a large amount of
computation, while the obtained region obtained is also conservative. Yu, Y.X. carried out a series of
research work in References [7,8] on the steady-state security region in the 1980s–1990s. The affine
mapping method is presented separately for active power and reactive power steady-state security
region in References [7,8] respectively, but some assumptions are used to separate active power and
reactive power, which has limited the application. Moreover, the results of the method are conservative
as well. Many other studies regarding the steady-state security region are based on DC power flow
equations [9–12]. Reference [9] first put forward this concept and application. References [9–12] use
DC power equations to solve boundaries of the steady-state security region. The linear power flow
equations can easily obtain the security region boundaries and the distances between the steady-state
operating point and all boundaries, which is suitable for real-time calculation. However, it does
not take account of the reactive power, which leads to imprecise results. The method of section
characterization is given in References [13,14], while only low dimensional information can be shown
by this method. It is difficult to analyze the security of a large-scale power system.

Compared with the existing research, this paper proposes a series of methods to analysis
the steady-state region, including a screening method of effective boundaries of the steady-state
security region, a linear regression method based on the screening results and its effect evaluation,
a safety judging method of operating point based on the regression results, a calculation method
for the distances and corrected distances between the steady-state operating point and the effective
boundaries based on the regression results, and the unsafety probability calculation method for
certain boundary surfaces and the whole system based on the results obtained by above methods.
In addition, the physical meaning of corrected distance is given. Lastly, the case study is completed
by means of MATLAB (2015b). These methods can overcome the limitations of a two-dimensional or
three-dimensional security region [13,14], in which the whole region information can be accurately
reflected in high dimensional space. The methods can also avoid the inaccuracy resulting from the
linear power flow calculation [9–12] and the separation of active and reactive power [7,8].

The research work on steady-state security regions mostly focuses on pure AC networks [1–14].
With the increasing number of HVDC (High Voltage Direct Current) projects and the increasing
employment of renewable energy, the AC/DC hybrid power grid possesses different operating
characteristics compared with the pure AC power grid [15]. In the field of dynamic security
regions, the effects of HVDC are investigated in References [16,17], but the DC transmission model
is oversimplified. There is no relevant research work in the field of steady-state security regions.
The fluctuations of renewable energy or load are considered in References [18–20]. They mainly
consider the location changes of the operating point and the maximal hyper-box, while the combination
between the probabilistic characteristics of renewable energy or load and the steady-state security
region is insufficient. In this paper, with the full considerations of renewable energy and all electrical
variables of an HVDC system, the steady-state security region of an AC/DC system is defined and
described to extend the application of the steady-state security region. Also, the unsafety probabilities
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of all boundary surfaces and the whole region can be obtained. Finally, the study results demonstrate
the feasibility and effectiveness of the proposed methods on analyzing the influence of the uncertainty
of renewable energy on an AC/DC system’s security.

2. Model of the Steady-State Security Region of an AC/DC Power System

The steady-state security region of an AC/DC system is established on the basis of the equality
and inequality constraints of electrical variables. In this section, the constraints will be analyzed,
and then the steady-state security region will be modeled.

2.1. AC/DC System Equality Constraints

Equations (1)–(11) are power flow formulae of the AC/DC hybrid power system. These equations
constitute the equality constraints of the steady-state security region.

Pi = Ui∑
j∈i

Uj(Gij cosθij + Bij sin θij)±Udk Idk ± Psk (1)

Qi = Ui∑
j∈i

Uj(Gij sinθij − Bij cos θij)±Udk Idk tan ϕk ±Qsk (2)

Udk =
3
√

2
π

nkUi cos αk −
3
π

Xck Idk (3)

cos ϕ1k =
Ud1k

3
√

2
π nkUi

(4)

| cos ϕ2k| =
Ud2k

3
√

2
π nkUi

(5)

Ud1k −Ud2k = IdRij (6)

Psk = UiUckYk sin(δk − βk) + U2
i Yk sin βk (7)

Qsk = −UiUckYk cos δk + U2
i Yk cos βk + U2

i /X f k (8)

UiUckYk sin(δk + βk) + U2
ckYk sin βk = Vsk Is (9)

Uck =
µk Mk√

2
Usk (10)

Us1k −Us2k = IsRij (11)

The subscripts i, j denote AC bus i and AC bus j, and the subscript k denotes converter k. Pi, Qi,
Ui, and θij respectively denote the nodal injected active power, nodal injected reactive power, nodal
voltage amplitude, and the difference of nodal phase angle. jεi denotes node j which is connected
to node i (including node i). Gij and Bij, respectively, denote elements in the nodal conductance
matrix and nodal susceptance matrix. Ud1k, Ud2k, Idk, ϕ1k, ϕ2k, αk, and γk respectively denote DC
voltage in the rectifier side, DC voltage in the inverter side, DC current, power factor angle in the
rectifier side, power factor angle in the inverter side, ignition angle, and extinction angle of LCC
(Line Commutated Converter)-HVDC. nk and Xck respectively denote converter transformer ratio and
commutation reactance of LCC-HVDC. The commutation reactance is the line’s inherent reactance.
Rij denotes the DC resistance between the converters which are connected to bus i and bus j. Us1k,
Us2k, Isk, X f k, Uck, µk, Mk, and δk respectively denote DC voltage in the rectifier side, DC voltage in
the inverter side, DC current, filter capacitor, port voltage amplitude of converter, utilization ratio of
DC voltage, modulation degree, and phase-shifting angle of VSC (Voltage Sourced Converter)-HVDC.
Yk and βk are formulated as Yk = 1/

√
r2

k + X2
f k and βk = arctan

(
rk/X f k

)
, where rk is the resistance

between the converter and AC bus. Psi and Qsi respectively denote the active power and reactive
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power transmitted from the AC bus to the converter of VSC-HVDC. The plus sign and minus sign
before Udk Idk, Udk Idktanϕk, Psk, Qsk in Equations (1) and (2) denote inverter and rectifier, respectively.

2.2. AC/DC System Inequality Constraints

The system is assumed to be composed of n + 1 nodes, and the (n + 1)-th node is a slack node.
In the AC system, the nodal voltage amplitude Ui, phase angle difference ∆θij, generators’ active
power output except for slack node Pg and slack machine’s active power output Pn+1 and reactive
power output Qn+1 satisfy the inequality constraints h1 as follows:

h1(Ui, ∆θij, Pg, Pn+1, Qn+1) ≤ 0 (12)

In the LCC-HVDC system, if the ignition angle α is too small, the system exhibits a lack of safety.
The ignition angle is approximately equal to the power factor angle of the AC side of the rectifier,
so the ignition angle should not be too big due to the limitation of the reactive power. Moreover,
the extinction angle γ must be big enough to avoid the commutation failure. However, the increase of
the extinction angle will increase the demand of reactive power required by the inverter [21,22].

Due to the limitations of the withstand voltage level and the current capacity of semiconductor
devices, the structure of the converters, the heat resistance of the transmission line, and the continuity
of current, etc., the DC current Id and the DC voltage Ud have limitations. Also, the reactive power
compensation devices’ capacity (Qd1 and Qd2) and the DC power transmission Pd due to the limitation
of the AC system’s strength also have limitations [23,24].

So, these upper bound and lower bound constraints constitute the inequalities h2.

h2(α, γ, Ud, Id, Pd, Qd1, Qd2) ≤ 0 (13)

In the VSC-HVDC system, the active power Ps and reactive power Qs transmitted between the
AC bus and converters, DC voltage Us and DC current Is are also constrained similarly.

Due to the limitations of harmonic content, the utilization rate of DC voltage, active power
transmission, etc. [25], converters’ modulation M and phase shift angle δ also have limitations.

So, these upper bound and lower bound constraints constitute the inequalities h3.

h3(Ps, Qs, Us, Is, M, δ) ≤ 0 (14)

2.3. Definition of the Steady-State Security Region of an AC/DC Hybrid System

The steady-state security region of an AC/DC hybrid system is composed of the AC/DC system
equality constraints of power flow equations, the AC system’s state and control variables’ constraints
h1, the LCC-HVDC system’s state and control variables’ constraints h2, as well as the VSC-HVDC
system’s state and control variables’ constraints h3. To satisfy all these constraints, the steady-state
security region is a set that is composed of the active power output and voltage amplitude of generators,
complex power injection of load, and control variables of the HVDC system. Therefore, the steady-state
security region Ω can be expressed as:

Ω = { x|Equations(1)–(11), Inequalities(12)–(14)} (15)

where x denotes all control variables of the AC system and HVDC system (i.e. active power output
and excitation voltage setting of generators, DC voltage, active power of HVDC, etc.), and the active
power and reactive power of the load (including renewable energy). The set x can be viewed as a
coordinate point in high dimensional space, which should satisfy Equations (1)–(14).

It is denoted that if X is the whole system’s electrical quantities which are constrained, it
should satisfy:

Xmin ≤ X = g(x) ≤ Xmax (16)
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where Xmin and Xmax denote the vectors of lower bound and upper bound of X, respectively. g is
the implicit functions of nonlinear power flow equations. When the inequality sign is translated into
an equality sign, a plurality of high dimensional surfaces can be obtained. These high dimensional
surfaces are defined as boundary surfaces of the steady-state security region.

Due to the nonlinearity of power flow equations, the steady-state security region is a high
dimensional nonlinear geometry surrounded by a plurality of high dimensional surfaces in the
Euclidean space. One variable in the set corresponds to one dimension of the space, and one constraint
corresponds to one boundary. So, the steady-state security region consists of boundary surfaces
corresponding to all constraints. If the operating point is inside the steady-state security region, it can
be concluded that the system satisfies all constraints. Once the network’s topology and constraints
are decided, the steady-state security region is uniquely determined. The schematic diagram of the
steady-state security region is shown in Figure 1.
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3. Characterization and Analysis of the Steady-State Security Region of an AC/DC System

3.1. The Effective Boundaries Screening and the Solution of Distances between the Operating Point and the
Effective Boundaries

One surface in the steady-state security region corresponds to one inequality constraint. On a
certain region surface, the inequality constraint of the surface transforms into the equality constraint
in this boundary, keeping the other inequality constraints satisfied. For example, the surface ωk
corresponding to the lower bound of the ignition angle can be expressed as:

ωk = { x ∈ Ω|α = αmin} (17)

It is worth mentioning that only parts of boundaries are effective boundaries of the steady-state
security region. If the Equation (17) is a null value, it means that this boundary is a non-effective
boundary of the steady-state security region.

It is difficult to obtain the mathematical expressions of the boundaries of the steady-state security
region (Equation (16)), as they are characterized by the nonlinear implicit inter-coupling functions.
By using the hyper box region in References [6–8], the adjustment range of all control variables can
be obtained, which, however, has some limitations. It cannot obtain the evolution process of the
boundary and information of the global region, and the solution process is complex. Therefore,
this paper employs the distance between the basic operating point and each surface to characterize the
steady-state security region, which is able to achieve more accurate solutions, and reflect the global
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information. The distance can be also used as an evaluation index of safety control (i.e., preventive
control and correction control [26]).

The distance of the steady-state security region of the AC/DC system is defined as the distance
between the basic operating point x0 and each effective boundary. It can be expressed as Equation (18).

dk = min||x− x0||, x ∈ ωk (18)

The larger the distance is, the greater the ranges are for the adjustment of the active power output
and voltage amplitude of the generators and the control variables of the HVDC system, and the
greater the allowable fluctuation range of the renewable energy or the load. To solve for the distance,
the calculations can be converted to the following nonlinear optimization problems.

dk = min||x− x0||, x ∈ ωk

s.t.



f (X) = 0
h1(Ui, ∆θij, Pg, Pn+1, Qn+1) ≤ 0
h2(α, γ, Ud, Id, Pd, Qd1, Qd2) ≤ 0
h3(Ps, Qs, Us, Is, M, δ) ≤ 0

An equality constraint

(19)

where f is the equalities of power flow equations, X denotes all electrical quantities of the whole
system, and ‘an equality constraint’ refers to the constraint corresponding to boundary ωk. If the
optimization is not solvable, the corresponding boundary is a non-effective boundary.

3.2. Regression of Effective Boundaries

Since the calculation speed of nonlinear optimization is slow, in order to adapt to the requirements
of online calculation and fast safety analysis of power systems, the boundary surfaces can be expressed
in linear regression equations based on the screening results obtained in Section 3.1. (It can be seen
that the linear regression boundaries can replace the original boundary surfaces well from the case
study below). For each effective boundary, the critical points are chosen randomly on the boundary
surface based on the Equations (1)–(11), and the number of critical points is selected as 4–6 times the
dimensions of the steady-state security region (the undetermined coefficients). According to the chosen
critical points, the multiple linear regression is completed according to the regression Equation (20).

∑
i∈G

(εiPi + χiUi)+∑
i∈L

(ηiPi + ζiQi) + λId + ωγ + υPs + τUs + ξQs1 + ψQs2 = 1 (20)

The εi, χi, ηi, ζi, λ, ω, υ, τ, ξ and ψ are undetermined coefficients. G and L denote generators
and loads, respectively. It is assumed that the LCC-HVDC is selected for constant current control
and constant extinction angle control. The VSC-HVDC rectifier side adopts a constant active power
and constant reactive power control, and the inverter side adopts a constant DC voltage and constant
reactive power control. Qs1 and Qs2 are reactive power setting values of both sides of VSC converters.

The goodness of linear fitting can be characterized by R2 value. It is assumed that yi represents
the actual values of the undetermined coefficients of the fitting equation, ŷi denotes the actual values
of the undetermined coefficients obtained by fitting, and y is the average value of the undetermined
coefficients obtained by fitting. Also, it is defined that the quadratic sum of the total deviations is
TSS = ∑ (yi − y)2, the quadratic sum of the regression is ESS = ∑ (ŷi − y)2, and the quadratic sum of
the residuals is RSS = ∑ (yi − ŷi)

2. The R2 value of regression goodness can be formulated as:

R2 =
ESS
TSS

= 1− RSS
TSS

(21)
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However, with the increase of the number of critical points, the R2 value of regression goodness
will also increase. In order to eliminate the influence of the number of critical points on the regression
goodness, the regression goodness is corrected to Equation (22):

R2
= 1− RSS/(n− k− 1)

TSS/(n− 1)
(22)

where k is the number of variable coefficients to be determined, n − k − 1 is the free degree of the
quadratic sum of residuals, and n − 1 is the free degree of the quadratic sum of the total deviations.
The closer the value is to 1, the better the regression effect.

3.3. Safety Judgment of the Operating Point

The operating points can be divided into safe and unsafe operating points. On each side of the
boundary surface, the operating points satisfy and dissatisfy the corresponding constraints, respectively.
In the n-dimensional steady-state security region, it is defined that the coordinate point (x10,x20, . . .
. . . ,xn0) is the basic operating point of the steady-state security region.

The expression of the boundary surface obtained by linear regression can be transformed into
S : a1x1 + a2x2 + . . . + anxn + b = 0, where a1, a2, . . . , an are the coefficients of expression, and x1, x2,
. . . , xn are the dimension variables in space. For the boundary corresponding to the upper bound,
the sign of b should be the same as the sign of the limit value of the constraint. For the boundary
corresponding to the lower bound, the sign of b should be contrary to the sign of the limit value of
the constraint. The judging standard that the operating point is safe is that all the effective boundary
surfaces satisfy the equation below:

a1x10 + a2x20 + · · ·+ anxn0 + b > 0 (23)

3.4. The Solution of Distance and Corrected Distance Based on the Regression Results

In order to obtain the physical meaning of distance, the transformation of boundary equations
will be completed below. According to Equations (16) and (20), the linear fitting expression of each
electrical quantity in the system can be formulated as:

X = C1x1 + C2x2 + · · ·Cnxn + C0 (24)

where X is the vector of the whole system electrical quantities, C1,C2, . . . ,Cn are the vectors of each
dimension’s coefficients, and C0 is the constant vector. The upper bounds and the lower bounds of the
electrical quantities are substituted into Equation (24), and Equation (24) can be transformed into the
boundary expression in Section 3.3.

On the basis of the expression of the boundary surface obtained by the method of linear regression
in Section 3.2, the expression of the boundary surface can be translated into:

S : c1x1 + c2x2 + · · · cnxn + c0 − e = 0 (25)

Among them, c0,c1, . . . ,cn are equal to the elements in C0,C1, . . . ,Cn corresponding to each
boundary. Also, the e is the value of the upper or lower bound of the corresponding constraint. So,
the distance between the operating point and the hyperplane in Euclidean space can be formulated by
Equation (26):

di =
|c1x10 + c2x20 + · · · cnxn0 + c0 − e|√

c2
1 + c2

2 + · · · c2
n

(26)

Since each dimension of the steady-state security region might use different units, the distances
obtained above cannot be directly used to represent the system security margin. Therefore,
the numerical value of each electrical quantity should be normalized. The meaning reflected in
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space is that the axes are stretched or compressed in geometric space, and then the steady-state security
region is shifted. Supposing that the numerical range of each dimension variable is translated into
0–1, and as it is denoted that the cimax and cimin are the upper and lower bound of the i-th dimension
variable, respectively, then the boundary surface can be represented as:

S : c1(c1max − c1min)x1 + c1min + c2(c2max − c2min)x2 + c2min + · · · cn(cnmax − cnmin)xn + c0 − e = 0 (27)

The corrected distance can be calculated by:

di =
|c1(c1max − c1min)x10 + c2(c2max − c2min)x20 + · · · cn(cnmax − cnmin)xn0 + c0 + c1min + · · ·+ cnmin − e|√

c2
1(c1max − c1min)

2 + c2
2(c2max − c2min)

2 + · · · c2
n(cnmax − cnmin)

2
(28)

The coordinate point (0.5, 0.5, ..., 0.5) can be viewed as the central point of the security region.
If the corrected distances between the operating point and all boundaries are large, it means that the
operating point is closer to the geometric center of the steady-state security region, and the higher
the system’s security is, and the greater the operation margin. If the corrected distance between
the operating point and the partial boundaries are small, it means that the constraint conditions
corresponding to these boundaries have a large risk of exceeding the limits.

3.5. The Physical Meaning of the Corrected Distance

Denoting that ei = ci(cimax − cimin), e0 = c0 + c1min + · · ·+ cnmin, Equation (28) can be rewritten as:

di =
|e1x10 + e2x20 + · · · enxn0 + e0 − e|√

e2
1 + e2

2 + · · · e2
n

(29)

In the following text, ‘electrical quantity of constraint’ refers to the electrical quantity to be
constrained corresponding to a certain boundary surface. It can be seen from the forms of Equations (24)
and (29) that the physical meaning of molecular in Equation (29) is the available capacity of the electrical
quantity of constraint in the current operating point. The available capacity is the difference between
the limit value and the current value of the electrical quantity of constraint, which is consistent with
the index of the traditional steady-state power flow security check. It can also be seen that the physical
meaning of ei in the denominator of Equation (29) is the numerical variation of the electrical quantity
of constraint when the value of the i-th dimension variable increases by one unit. So, the denominator
characterizes the influence degree of the variations of all dimension variables on the electrical quantity
of constraint, which reflects the comprehensive sensitivity between the electric quantity of constraint
and all dimension variables. The traditional steady-state power flow security check does not have
this index.

The traditional steady-state power flow security check can only reflect the difference between
the bound value and the current value, and it cannot reflect the influence of the fluctuations
of the dimensional variables on the electrical quantity of constraint. For example, when the
difference between the current value and bound value of two branches’ power flow (the molecular
in Equation (29)) are the same, it should be noticed that one branch’s comprehensive sensitivity
(the denominator in Equation (29)) between the branch’s power flow and all dimension variables may
be larger. Therefore, the fluctuations of the load or renewable energy on this branch’s power flow is
more sensitive, thus this branch is less secure.

The corrected distance between the operating point and a boundary is large, which indicates
that the constraint value corresponding to this boundary can be greatly utilized, or the fluctuations of
dimension variables have little influence on the electrical quantity of constraint, or both. In the AC/DC
system with large-scale intermittent energy, the physical meaning of the denominator in Equation (29)
should be taken full advantage of. Therefore, the corrected distance can be used to characterize the
vulnerability of the system, that is, the short links of the system.
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3.6. Probabilistic Analysis of Corrected Distance Considering the Fluctuations of Renewable Energy

The corrected distance between the operating point and the boundary surface can reflect the
tolerance of the operating point to the fluctuations of interstitial energy. It is assumed that the
fluctuations of the load and the renewable energy obey the normal distribution (taking normal
distribution, for example, the results of other distributions can be obtained similarly), and the power
imbalance is assumed by the balancing machine. Thus, the expected value of the corrected distance is
the distance between the boundary and the operating point at which the expected value of distribution
of each load or new energy is located. The standard deviation of normal distribution of the i-th
renewable energy or load is denoted as σi. Hypothesizing that the probabilistic distribution of each
load or renewable energy is independent of each other, the variance of the corrected distance σ2 can be
formulated as:

σ2 = ∑
i∈L

1
e2

1 + e2
2 + · · · e2

n
(e2

i σ2
i ) (30)

If the variances of normal distribution of renewable energy and load connected to one bus are
different, the value of σi should be firstly calculated in a similar manner.

Some boundaries’ corrected distances are large, while they may have larger variance. Therefore,
under the fluctuations of new energy, the probability that their corrected distances are lower than the
threshold may be larger. Therefore, the security of a boundary needs to be weighed by the expected
value and variance of the corrected distance at the same time.

When the operating point is close to a boundary of the steady-state security region, the system’s
security is greatly reduced, so the corrected distance’s threshold can be set as d0. It is supposed that
when the excepted value of corrected distance between the operating point and the i-th effective
boundary is di0, the probability Pi

unsa f e that the corrected distance between the operating point and
this boundary is lower than the threshold is:

Pi
unsa f e =

∫ d0

−∞

1√
2πσ

e−
(yi−di0)

2

2σ2 dyi (31)

The probability Punsa f e that there exists a distance below the threshold in all distances between
the operating point and the boundary surfaces is:

Punsa f e = 1−∏ (1− Pi
unsa f e) (32)

Equation (32) reflects the whole system’s security and invulnerability.

4. Case Study

4.1. Example of IEEE14 Standard Test System

The standard IEEE14-bus system is examined in this case, as shown in Figure 2. The line 2–3 is
replaced by a LCC-HVDC transmission line, and bus 2 is connected to the rectifier of the LCC-HVDC.
The reactive power compensation is provided at both bus 2 and bus 3. The constant current control is
chosen for the rectifier, and the constant extinction angle control is chosen for the inverter. The line 2–4
is replaced by a VSC-HVDC transmission line, and bus 2 is connected to the rectifier of the VSC-HVDC
as well. The constant active and reactive power control is selected for the rectifier, and the constant DC
voltage and reactive power control is selected for the inverter. The numbers in the Figure 2 indicate
the bus serial number. The basic operating parameters of the LCC-HVDC and VSC-HVDC system are
presented in Tables 1 and 2.
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Table 1. Basic operating parameters of the LCC-HVDC (Line Commutated Converter-High Voltage
Direct Current) system.

Quantity Value

DC voltage 200 kV
DC current 350 A

Ignition angle 21.79◦

Extinction angle 23.61◦

Internal reactance 0.067 H
DC resistance 28.54 Ω

Filter capacitance 50 MVar
The ratio of converter transformers 1:1.2

Table 2. Basic operating parameters of the VSC-HVDC (Voltage Sourced Converter-High Voltage Direct
Current) system.

Quantity Value

DC voltage 200 kV
DC current 266.7 A

Reactive power of rectifier −15.7 MVar
Reactive power of inverter 13.7 MVar

Commutation reactance 11.42 H
DC resistance 37.46 Ω

Modulation of rectifier 1.097
Phase shift angle of rectifier 1.5616◦

Modulation of inverter 0.997
Phase shift angle of inverter 1.5947◦

Dimensions of the steady-state security region include the active power output and voltage
amplitude of all generators except for slack machine, the active and reactive power of the load
(including renewable energy), the set values of DC current and extinction angle of the LCC-HVDC
system, and the set values of active and reactive power and DC voltage of the VSC-HVDC system.
The total dimension is 36.
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The limitation values are given in Table 3. The following values are normalized (the base capacity
is 100 MVA, and the base voltage is 138 kV).

Table 3. The values of upper and lower limitations of constraint.

Quantity Upper Bound Lower Bound

Bus voltage 1.15 0.95
Phase difference of line 15◦ −15◦

Active power of balancing machine 5 0
Reactive power of balancing machine 2.5 −2.5

DC voltage of LCC-HVDC 1.8 1.2
DC current of LCC-HVDC 0.6 0.1

Ignition angle 50◦ 5◦

Extinction angle 35◦ 15◦

Reactive power compensation capacity 0.8 0
DC voltage of VSC-HVDC 1.6 1.0
DC current of VSC-HVDC 0.6 0.1

Phase shift angle 3◦ 0◦

Modulation of inverter 1.4 0
Reactive power setting value of VSC-HVDC 1 −1
Active power setting value of VSC-HVDC 1.1 0

This 36-dimensional steady-state security region is formed by 102 boundary surfaces, but only
some of them are effective boundaries that constitute the steady-state security region geometry.
The AC/DC power flow is calculated by using the test system standard data and the data in Tables 1
and 2, and the steady-state operating point of the system is obtained. The distances between the
steady-state operating point and all effective boundary surfaces can be computed by Equation (19).

Most of the AC system constraints and parts of the HVDC system constraints form the effective
boundaries. The total number of effective boundaries is 82. Then, the critical points on the boundary
surfaces were generated randomly. The number of the critical points is 216. The linear regression was
completed by Equation (20).

Based on the results of the expressions obtained by linear regression, the test point is a safe point
calculated by Equation (23). Then, the distances between the operating point and hyperplanes were
calculated by Equation (26).

The distances between the operating point and all effective boundaries calculated by Equations (19)
and (26) are shown in Figure 3.
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The R2 value of goodness of fitting is calculated by Equation (22). Also, the R2 value of goodness
of fitting of each effective boundary is shown in Figure 4.
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It can be seen from Figures 3 and 4 that the results of linear fitting are of higher accuracy, so
the linear hyper planes can be used to instead of the original boundary surfaces of the steady-state
security region.

Based on the results obtained by the linear regression, the corrected distances were calculated by
Equation (28). The corrected distances between the operating point and all effective boundaries are
shown in Figure 5.

It is assumed that the fluctuations of load and renewable energy obey the normal distribution,
and the probability distribution of each load or renewable energy is independent of each other.
The expected value of the active power and reactive power of load or new energy are chosen as the values
of the tested system. Furthermore, the variance of the active power and reactive power of load or new
energy in corrected space is assumed as 0.015. The standard deviations of the corrected distances of all
effective boundaries can be calculated by Equation (30), which are also shown in Figure 5.
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It can be seen that most of the corrected distances range from 0.3 to 0.7, which means that the
operating point is relatively close to the geometric center of the steady-state security region. However,
some boundaries have small corrected distances. This means that the operating point has a great risk
of exceeding the limit of constraints corresponding to these boundaries. It should also be noticed
that some boundaries have large corrected distance, while their variances are small. This means that
the operating points also have a great risk of exceeding the limits of these boundaries. Therefore,
the security of a boundary needs to be weighed by the corrected distance and their variance at the
same time.

It is assumed that the threshold of corrected distance is 0.20. The possibility that the distance
between the operating point and the boundary is lower than the threshold was calculated by
Equation (31).

The 10 boundaries that have lowest corrected distances and their standard deviations and
probabilities of unsafety are presented in Table 4.

Table 4. Calculation results of the boundaries which have the lowest corrected distances.

Effective Boundary Corrected Distance Standard Deviation Probability of Unsafety

Upper bound of DC current of LCC 0.2340 0 0
Upper bound of voltage amplitude of bus 8 0.3000 0 0

Upper bound of phase angle difference of line 1–5 0.3214 0.0589 0.0144
Lower bound of ignition angle 0.3514 0.0438 2.736 × 10−4

Upper bound of DC current of VSC 0.4178 0.0363 3.606 × 10−8

Lower bound of reactive injection of rectifier 0.4215 0.0521 1.342 × 10−5

Upper bound of voltage amplitude of bus 6 0.4265 0 0
Lower bound of extinction angle 0.4305 0 0

Upper bound of reactive injection of inverter 0.4315 0.0398 9.721 × 10−8

Lower bound of voltage amplitude of bus 3 0.4367 0 0

The shortest distance between the operating point and the effective boundaries is 0.2340 (upper
bound of DC current of LCC). This means that if the adjustment range of the control variables is
large, and the operating point has a large probability of exceeding this boundary surface. However,
because its standard deviation is zero, so it will not be out of limitation under the fluctuations of load
or renewable energy. Therefore, if the uncertainty of load or renewable energy needs to be considered,
the index of standard deviation should be employed.

Furthermore, the 10 boundaries that have greatest probabilities for a corrected distance below
threshold and their corrected distances and standard deviations are presented in Table 5.

Table 5. Calculation results of the riskiest restraint conditions.

Effective Boundary Probability of Unsafety Corrected Distance Standard Deviation

Upper bound of phase angle difference of line 1–5 0.0144 0.3214 0.0589
Upper bound of reactive power of balancing node 0.0042 0.4750 0.1043

Upper bound of voltage amplitude of bus 11 8.017 × 10−4 0.4966 0.0904
Upper bound of voltage amplitude of bus 12 4.977 × 10−4 0.4729 0.0829

Lower bound of ignition angle 2.736 × 10−4 0.3514 0.0438
Upper bound of voltage amplitude of bus 10 5.614 × 10−5 0.5484 0.0902

Upper bound of phase angle difference of line 7–9 2.955 × 10−5 0.5357 0.0834
Lower bound of reactive injection of rectifier 1.342 × 10−5 0.4215 0.0521
Lower bound of voltage amplitude of bus 4 1.322 × 10−5 0.5307 0.0691

Upper bound of phase angle difference of line 5–6 2.387 × 10−6 0.5333 0.0648

It can be seen that the constraint condition for which the operating point has the greatest
probability of exceeding the threshold is the upper bound of phase angle difference of line 1–5
under the fluctuations of renewable energy, while its corrected distance is not the lowest distance.
From Table 5, it can also be seen that some boundaries have a low possibility of unsafety, but these
boundaries did not appear in Table 4. It can also be seen that the constraints of the AC system are more
“dangerous” than the ones of the DC system.
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Therefore, if the fluctuations of load or renewable energy are not considered, the index of corrected
distance is enough to analyze the system’s security. If the probability characteristics of load or
renewable energy should be considered to analysis the unsafety probability of constraints and the
whole system, the index of standard deviation ought to be considered.

Moreover, the whole system’s unsafety probability can be calculated by Equation (32), which
results in a value of 0.0252.

The conventional power flow security check can only give the calculation values of electrical
variables and their comparisons with the constraint values, and it is difficult to give the operating
margin values. This method can give the safety information feedback from the view of geometry when
the AC/DC system operates in static state.

It can be seen from Figure 5 that the corrected distances between the operating point and the
boundaries corresponding to nodal voltage constraints or the boundaries corresponding to the HVDC
system’s constraints are closer than the boundaries corresponding to the line phase angle difference
constraints. Therefore, it can be approximately concluded that the deviation degree between the
operating point and the geometric center is relatively large in these dimensions. Also, it can be seen
from Table 4 that it is more prone to exceed the limit of these constraints when the adjustment range of
the control variables is large or large-scale fluctuations in renewable energy sources and load occur.

For all variables, the probabilities that the corrected distance below the threshold are greatest in
the dimensions of the upper bound of phase angle difference of line 1–5 and the upper bound of the
reactive power output of the balancing machine. Hence, it is necessary to improve the branch flow
capacity of line 1–5 and the reactive power upper limit of the balancing machine. Considering the
geometrical characteristic of the steady-state security region, all control variables can be controlled
coordinately to pull the operating point to the geometric center so as to ensure an adequate steady-state
operating margin in the event that a large amount of renewable energy connects to the grid.

4.2. Example of Actual Power Grid

Taking a power grid in Western China as an example, each station is equivalent to an equivalent
power supply, in which a bipolar single bridge LCC-HVDC transmission line and a VSC-HVDC
transmission line are parallel between the LK station and the GEM station, as shown in Figure 6.

Energies 2017, 10, 1181 14 of 17 

 

boundaries did not appear in Table 4. It can also be seen that the constraints of the AC system are 
more “dangerous” than the ones of the DC system.  

Therefore, if the fluctuations of load or renewable energy are not considered, the index of 
corrected distance is enough to analyze the system’s security. If the probability characteristics of load 
or renewable energy should be considered to analysis the unsafety probability of constraints and the 
whole system, the index of standard deviation ought to be considered. 

Moreover, the whole system’s unsafety probability can be calculated by Equation (32), which results 
in a value of 0.0252. 

The conventional power flow security check can only give the calculation values of electrical 
variables and their comparisons with the constraint values, and it is difficult to give the operating 
margin values. This method can give the safety information feedback from the view of geometry 
when the AC/DC system operates in static state. 

It can be seen from Figure 5 that the corrected distances between the operating point and the 
boundaries corresponding to nodal voltage constraints or the boundaries corresponding to the 
HVDC system’s constraints are closer than the boundaries corresponding to the line phase angle 
difference constraints. Therefore, it can be approximately concluded that the deviation degree 
between the operating point and the geometric center is relatively large in these dimensions. Also, it 
can be seen from Table 4 that it is more prone to exceed the limit of these constraints when the 
adjustment range of the control variables is large or large-scale fluctuations in renewable energy 
sources and load occur. 

For all variables, the probabilities that the corrected distance below the threshold are greatest in 
the dimensions of the upper bound of phase angle difference of line 1–5 and the upper bound of the 
reactive power output of the balancing machine. Hence, it is necessary to improve the branch flow 
capacity of line 1–5 and the reactive power upper limit of the balancing machine. Considering the 
geometrical characteristic of the steady-state security region, all control variables can be controlled 
coordinately to pull the operating point to the geometric center so as to ensure an adequate  
steady-state operating margin in the event that a large amount of renewable energy connects to the 
grid. 

4.2. Example of Actual Power Grid 

Taking a power grid in Western China as an example, each station is equivalent to an equivalent 
power supply, in which a bipolar single bridge LCC-HVDC transmission line and a VSC-HVDC 
transmission line are parallel between the LK station and the GEM station, as shown in Figure 6. 

 
Figure 6. Geographic connection of the grid. Figure 6. Geographic connection of the grid.

By repeating the above work, 172 effective boundaries are screened. It is assumed that the standard
deviation of the normal distribution of renewable energy is twice that of the load, and the threshold
of corrected distance is 0.15. When the permeability of renewable energy is 30%, the possibilities of
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exceeding the limit values were calculated by Equation (31). The effective boundaries corresponding
to the six lowest unsafety probabilities (the riskiest boundaries) are the upper bound of bus voltage in
NY station, upper bound of phase angle difference between NY station and DL station, lower bound
of bus voltage in LZ station, upper bound of bus voltage in SY station, lower bound of bus voltage in
RKZN station, and lower bound of ignition angle, respectively (the serial numbers of abscissa 1–6 in
Figure 7, respectively). The security of these boundaries needs to be paid enough attention.

Then, the permeability of renewable energy is increased to 50% and 70%. The above work was
repeated, respectively. The unsafety probabilities corresponding to the most “dangerous” constraint
conditions under different permeability are shown in Figure 7.
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The whole system’s unsafety probability can be calculated by Equation (32), the values for which
are 0.000358, 0.000964, and 0.002537, respectively.

With the increase of permeability of renewable energy, the whole system’s unsafety probability
and each constraint’s unsafety probability will all increase sharply. Therefore, system dispatchers or
system designers can use these methods to find the weak links of an AC/DC system so as to ensure an
adequate steady-state operating margin in the event that a large amount of renewable energy connects
to the grid.

5. Conclusions

In this paper, the definition and description of the steady-state security region of an AC/DC hybrid
power system are presented to extend the application of the conventional steady-state security region.
Since the boundaries of the steady-state security region cannot be expressed by the mathematical
expressions accurately, the screening method of effective boundary surfaces, the calculation of
distances and corrected distances between steady-state operating point and effective boundary surfaces,
the safety judging method of operating points, the physical meaning of corrected distance, and the
probabilistic analysis of corrected distance considering the fluctuations of renewable energy are
proposed in this paper, in order to ensure that the solution of the security region can accurately reflect
the global security information and weak links of the power system. In addition, considering the
uncertainty of intermittent energy, the case study reveals that the system’s steady-state security region
can be characterized by the expected values and standard deviations of the corrected distances and the
probability that the corrected distances are lower than threshold. The proposed methods are effective
in the security analysis of the AC/DC system with a large amount of renewable energy.
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