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Abstract: An autonomous induction generator (IG) with an asymmetric configuration, in which both
the stator and the rotor are single-phase, is often formed when a triple-phase wound rotor loses
connection to a winding component while running. The machine still works and is shown to be
capable of generating modulated waveforms. Equations can help as an IG design guideline. The first
harmonics of the mutual inductance effect on the IG is explained by its steady-state equivalent circuit.
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1. Introduction

This work is a continuation and refinement of Professor Raul Rabinovici and Doctor Nathan
Ben Hail’s article, “Autonomous Induction Generator with Single-Phase Rotor” [1]. In this paper,
more exact formulae are developed and the resulting system is analyzed and shown to be capable of
behaving with each of the six solutions. Furthermore, after the first analytical section, an additional
simulation section was added, in which it is proved that the basic prediction of the analytical section
also holds in a numerical simulation.

During recent decades, the wound rotor induction generator (IG) has been used more and more
in applications such as wind turbines [2], water turbines [3], and mostly in small, portable autonomous
configurations, such as the type small construction teams frequently use. Generally, the IG works
autonomously while it is connected to a capacitor bank. Its operation is explained by a resonance
phenomenon between the capacitor bank and the inductive components of the IG itself. When such a
generator loses a phase connection, it does not cease operation, but rather provides distorted wave
form while the resonance limits the effect of higher frequencies emanating from the rotor’s current
asymmetrical connection. This article is about the effect of the first harmonics of the mutual inductance
of the rotor and a single-phase stator coil under such conditions.

2. Induction Machine Model

The circuit of the induction machine model is shown in Figure 1. It is supposed that the IG rotates
at a constant angular speed, w. If the IG has P pole pairs, the electrical angular frequency of the rotor
will be w; = Pw. The IG has the following mathematical model ([4], p. 197):

T M

v(t) = Reis(t) + Lg di;it) " dm((ti)tir(t) o
ey dis(t)  dm(t)ig(t)

0= R+ Lmge g 3
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where i is the stator current, i, is the rotor current, v is the stator output voltage, is the stator circuit
resistance, R; is the rotor circuit resistance, Ls is the stator winding inductance, L, is the rotor winding
inductance, C is the external capacitor (an external capacitor bank is necessary for any IG to work [5]),
and m(t) is the mutual inductance between the stator and the rotor windings. If the stator and the rotor
have sinusoidal distribution, the mutual inductance will also be sinusoidal ([6], pp. 80-108).

m(t) = Mcos(wrt) (4)

Then, Equation (3) can be solved with an (indefinite) integral solution for i, (t).

1 _Re Ry
iI' = ——e Lrt/e]-‘ftdmis (5)
Lr

Ry
Note the e Lt term. This is a phase shift effect between i, and mis. When IE—: approaches zero,

then i, and mis will tend to align. When IE—: — oo the phase shift will approach 90°.

R —

Figure 1. Circuit of the single-phase stator, single-phase rotor induction generator (IG).

3. Approximate Solution of the System

The system of equations of the IG is usually used to perform a computer simulation rather than
to obtain an analytical solution. However, the latter, although approximate, can contribute to a general
understanding of the IG characteristics.

The analytical solution is obtained in this section for the steady-state case. It is supposed that
in the steady-state condition, the stator current is a sinusoidal wave. This supposition is further
validated by the experimental results, where the fundamental harmonic is taken into consideration.
Furthermore, the stator circuit is an RLC circuit, a circuit consisting of a resistor (R), an inductor (L),
and a capacitor (C), which attenuates high harmonics. Therefore, the stator current is deemed to be
of the form is(t) = IsCos(wet), where w is the stator currents wave frequency. From here, using this

approximation:
m(t)is(t) = N;IS (cos(wy + we)t 4 cos(wy — we)t) (6)
Therefore:
d(m(®is(1) _ —%((wr + we) sin(wy + we)t + (wr — we) sin(wy — we)t) (7)

dt 2

As such, Equation (3) can be solved with aid of the known indefinite integral: [ e*'sin(Bt)dt =
e*(acsin[Bt]— B cos[Bt])
o2+B2
assumed to work from time —oo. This is an approximation, which was used in Reference [1]. It is

, however, this is not an absolute form. It is correct to use only if the machine is

hereby suggested to refine this approximation by using an absolute integral.
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To acquire an absolute (for a finite time) integral, the integral

t ak _ agi at(__ ;
/ ¢ sin(bs)ds — e (bcos(bk) — asin(bk)) + e2( bcos(bt) + asin(bt)) ®)
Jk a2 +b
is evaluated. Now, another well-known trigonometric identity is used:
b sin [bk — arctan( %’ )}
& (beos[bk] — asin[bk]) = —e . a(sin[bk] - cos[bk]) = —e¥.q )

cos [arctan[%’]}

b
meaning, e~ (asin[bk] — bcos[bk]) = e a<5m[bkam(a)]

> . If one wishes to zero the contribution
cos[arctan ]

of the constant, k, in the equation, then:

1 b
k= Barctan L] (£m- %) (10)
N . 1 Ry Rry . . M . .
oteir(t) = —r-e L [elr dmis and dmis = —5* ((wr + we) sin(wy + we)t + (wr — we) sin(wr — we)t)dt,
so the integral will be split into two  terms. In the first,
b1 = we + wy = k; = we«lrw arctan[{gr (we + wr)} (:|:7T~ weiwr> while in the second,
by = we —wy = ky = we_lw arctan[ t (We — wr)] (£m- wellwr ). It is impossible to select different

start times for each part of the integral, leaving only the possibility of k = 0 as the viable choice that
will suit both parts of the integral in any case.

Selecting the start time to be 0 has another major advantage. The absolute solution of Equation
(3) is not ir(t) = —Lire_%t / eIL%tdmis. In reality, itis ir(t) := c(k) - e~ T e 5 fk etrd )is(s)).
However, if the time frame is set from time k = 0, and if the machine is deemed sw1tched on” at this
time, iy (0) = ¢(0) - e 1. So ¢(0) = 0. For those conditions to be viable, if the machine is a wound
rotor, three-phase machine, it is assumed that the fault occurred during a zero crossing. This is just an
approximation, but remains as a possibility. Therefore, the integration constant zeros off exactly when

Ret Rrs )
the machine is deemed “started” at time k = 0, and ir(t) := — e  Ir fot elr d(m(s)is(s)).
at/_ B
As fot e® sin[bs]ds = b+e( bcozs (bt%”sm(bt)) , a small constant, %, will have to be added to the
+b a’+b

integral relative to Reference [1]. Continuing the exploration,

() = — e B /O "o d(m(s)is(s)) (11)

Rrt t Rrs

i(t) = Ll e b [yelr 2(—IM(we + wy) sinfs(we + wr)] — M(we — w;) sinfs(we — w;)])ds  (12)

ip(t) = IsMef%t /OteRTrrs ((we — wy) sin[s(we — wy)] + (We + wy) sin[s(we + wy)])ds (13)

2L,
So,
ir(t) = 12 (we + wy)e™ T IS elr sin[s (we+wr)]ds(*) (14)
2Lr( —wr)e 5 f elr sin[s(we — wy)]ds(*x)
where
M _Ret (e +wr) + elt f(—(we + wy) cos((we + wr)t) + B sin((we + wy)t))
(¥) = 5 (We + wr)e T r

2
(£ )+ (we + wy)?
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Rr
M Rt (e + wy) + el T (sin[(we + wr)t] — % cos[(we + wy)t])
(%) = f(we +wr)e Tt R 2
T (IT: )"+ (we + wy)
. (we+wr)Ly
e
.M _ Ret T cos [arctan[%”
( )— ZSL (we+wr)e Ly R .2 2 i
r (L) + (we + wr)
As such,
) (we+wr)Ly
(we i wr)Ze_I%t n % sm[(we-&-wr)t—arctan{LTH
M T cos [arctan [%] }
() = 2L R \2 2 (15)
r () + (we + wr)
and
R .
(e0) ISM( ) _ka (we — wy) + eL,t(_(a)e — wr) cos|(we — wy)t] + £F sinf(we — wr)t}>
* = e wr)e T
2L 2
f (B )"+ (we -’
ISM Ryt (we wr) -+ eLrtEr (sm[(we _ wr)t] _ ( e RtUr)Lr COS[(we _ (Ur)t]>
(#x) = oL (we —wr)e Tr R 2 2
' (]T: )+ (we — wr)
o a5 ol [ (-] 5]
I.M Ret L cos {arctan[w]]
(%) = ZSL (we — wr)e*Trr — : Rr
r () + (we — wr)
Therefore,
(We — w )ze_%t + Re Si“{(w“_‘”‘)t_ama“{%”
( ) ISM N r L cos[arctan[g(‘”e}{trvr)LrH
*k ) = (16)
2
2L (B + (we — wp)’

with i;(t) = (%) + (*%). The conclusion that is the first major contribution of this work, is that the
stator’s current first harmonic conjures in the rotor’s two harmonic components of the form:

e

2Ly { {((Deiwr)LrH
cos |arctan Rr
R \? 2 17)
( i ) + (we £+ wy)
as well as two evanescent components of the form:
IZS{/I (we £ wy)? Ryt
: e L (18)

(IL% )2 + (we £ uur)2

These two components appear at the “switch on” (or fault) of the machine and subside quickly.

More importantly, there are two frequencies of the harmonic components, namely we £ w;.
d(miy)

To obtain the stator resistance, Equation (2), v = Rgis + LS% + , now needs to be resolved.
As before, m(t) = Mcos(w;t) and i,(t) had just been developed. The full resulting calculation is
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arduous and will be omitted here. However, a shorthand calculation is, if marking by = we 4 w; and
by = we — wy, then:

b2 . b
by [ by+ay/ 14 -L—e3tsin|byt—arctan | -
e—atISMZ cos[twr] < a2 { [ a H

m(t)ir(t)= oL, a?1b,?
: (19)
b, <b2+a\ [1+ ba%eat sin [bzt—arctan {%2} ] )
+ a2+b22
Distribute to obtain:
. _ biZe M2 cos(tw;) , byZe M2 cos(tw)
m(t)ir(t) = @b0L, T 2@ )L
b2, o . by
abyy/1+ ;—QISM cos(twy) sin (byt—arctan(3-))
+ 2(a2+b12)Lr (20)
/ 2
ab_24/1+ %ISMZ cos(twy) sin (byt—arctan( %2))
+ 2@ 50)L,

From here, the identity sin(x — 3) = cos(f) sin(«) — cos(«) sin(P) is used, omitting the arduous
parts of the calculation, giving the result:

. _ bi2e M2 cos(tw;) |, bp2e M2 cos(tw;)  by2IsM? cos[byt] cos[tw,
m(t)ir(t) = @0 L, T @ dnL z(aer[bﬂ])Lr ted
+ ab;IsM? costw;|sin[bit]  by?IsM? cos[byt] cos[taw:] (21)
2(32+b12)Lr 2(a2+b22)Lr
+ abyIsM? cos|tw;] sin[bat]
2(a2+by?)L,

This is, of course, not the end. Next, the known identities:
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1

2

cos(a) cos(B)

(cos(ox — ) +cos(ax+B)), cos(a)sin(P)

6 of 17

1

2

(sin(a+b) —sin(a —b)) are

used, and in the end by = we + wy and by = we — w; are re-introduced. After simplification,

the resulting formula is Equation (22):

. M2 w2 2[,M?
m(t)lr(t) = -0 sM”we” cos(twe) — sM”we wr cos(twe)
L 4L, we2—8L; we wr+4Lr w2 L—£+4Lrwe278Lrwewr+4Lrwr2
. LIsM2w,2 cos(twe) M2 w2 cos(twe)
4{22 4L, we2—8L; we wr+4Lr w2 41&2 +4L, we248L; we wr+4Lr w2
. 2A M2 Wwe wy cos(twe) ISMzwrzcos(twe)
2 2
A AL e+ 8L e wr H4AL w2 B 4L e 8Ly e wr+4Lr ;2
IsM? w2 cos(twy)
_"_ th S e T

T= Ryt Rrt

Lr R.2 Rrt r
%-&-Ze Lr Lywe2—4de
2A M2 Wwewy cos(twry)

Rpt

Lr Liwewr+2e Lr Lyw, 2

Rrt
L 2
2e ErRr 42e
Istwrzcos(twr)

Ret Ret Rrt
Lr Lrwe2—4e Ir Lywew;,+2e Ir Lyw,2

+

Rrt
Tr R.2 Rrt Rrt Rrt
zeLfirR'-&-Ze Lr Lywe2—4e Lr Lywew;+2e Lr Lyw;2
IsM? we cos(twy)
+—xm

b Rt Rt
Lr R.2 Rrt r
2e T RZ 1 oeTr Lrwe2+4e
2A M2 Wewy cos(twry)

+

Rpt

Tr Lywew;+2e Ir Lw,?

e, Rt
%Jde Lr Lywe2+4e
IsM? w2 cos(twy)

Ry

t
Lr Lywew; +2e

Ry

t
Lr Lrwr2

(22)

+
2e Lr R;2
2 TR 12e

M2 w2 cos(twe—2twy)

Rrt Rrt Rrt
Lr Liwe2+4ebr Liwew,+2e Ir Lyw,?

2AM2 we wy cos(twe—2twy)

R 4L we? - BLrwewrHALrwr? R 4L w2 —8Lrwews HALrw;?
. M2 w2 cos(twe—2twry) M2 w2 cos(twe+2twy)

B AL we? 8L wewrHAL R 4L o2 +8Lr wews HALrw;?
. 2T M2 we wy cos(twe+2twry) M2 w,2 cos(twe+2twry)

B AL w4 8L e HAL wr? R 4L e +8Lr wews HALrw;?
+ IsM?R; we sin(twe) . I M2R; w, sin(twe)

L (B2 4L we?—8Lrwews L) Le( B 141, we? 8L wews +4Lrw;?)
+ . LM2R, we sin(twe) , IM2R, w; sin(twe)

Le (B 4L w2 8Ly e wr 4L r2)  Le( B +4L, o2 +8Lr e wr +4Lr w;2)
+ IM2R; we sin(twe—2twy) . IM2R; w; sin(twe —2twy)

Lo (32 4L o2 —8Lrwewr 4L w;?)  Le( 32 441 o2 —8Lrwew; +4Lrw;?)
i [sM2R; we sin(twe+2twy) IM?R, wy sin(twe+2twy)

2
Ly (3= 4L 02 +8Lr we 4Ly w;2)

2
Ly (485 4L 2 +8Lr e 4Ly w,?)

This formula contains frequencies such as we &+ 2w,; however, since it was assumed that only the
basic harmonic appears in the stator, and this expression (or its derivative) appears as an additional
term in Equation (2), only terms which relate to w, need to be considered, as all other terms have



Energies 2017, 10, 1162 7 of 17

already been inherently neglected. Therefore, for the approximation of the stator current, Equation (23)
suffices:

m(t)i (t) - M2 wee? cos(twe) 2[sM? we wy cos(twe)
rit) = —
R 4L we? - BLrwewr AL R 4L w2 —8Lrwews HALrw;?
M2 w,? cos(twe) Istwezcos(twe)
T IR2 ~ 1R2
A AL e - 8Lr we wr H4AL w2 B 4L o2 +8Ly e wr+ALr ;2
ZISMZwewrcos(twe) . M2 w,2 cos(twe)

B AL w4 8L wewrHALrwr? R 4L o2 8L we w; 4Ly w;?
[sM2R; we sin(twe)
2
Ly (3= 4L 2 —8Lr we 4Ly i)
MR, w, sin(twe)
2
Lr(4ﬁ +4L we2—8Ly we wr+4Ly w,2)
ISMZRrwesin(twe)
2
Lr(“]ill: +4Lrwez+8Lrwewr+4Lrwr2)
I M2R; wy sin(twe)

Le(2R% 141, o2 +8L wew,+4Lr w,?)

(23)

which simplifies to:

B ISMZ(chos(twe)(er(wez—wr2)2+Rr2(we2+wr2))—Rrwesin(twe)(er( e—wr)(we+wr)+Rr2)) (24)

m(b)ir(t) ~ 2(Le?(we—wr)* +Re?) (Le? (et wr)* +Re?)

This is the rebound effect of the basic harmonic of the stator current on m(t)ir(t), which is used in

solving Equation (2), v(t) = Rsis(t) + Lsdicsl—gt) + dm(ctl)tir(t) together with is(t) = Is cos(wet) and v(t) =
-1 fot ig(t)dt = — % Arduous calculations follow, which yields the following equation:

0— I sin(twe) n M2 we(L; sin(twe)(erz(wez—wr2)2+Rr2(we2+wr2))+Rrwecos(twe)(er(we—wr)(we+wr)+Rr2)) (25)
T cwe 2(Le?(we—wr ) +Re2) (L2 (we+wy)?+R,2)

Dividing to orthogonal terms multiplying sin(tw.) and cos(twe), the following formula is
obtained:

e M2 e (Lo (Le 22(we2—w;?)?)) B .
- <C°”e A (e PR (Lot 1R7) | shste ) sin(tave) (26)
IstweRrwe(er(we*wr)(we+wr)+Rr2))
* ( A (e R (L2 (et oy PrR,2) T 15Rs ) cos(tawe)
so,
M2 (Lo (L2 (w2 — w.2)?
1 + . we(zr( rr (we wr ) ))2 _ste:O (27)
Cwe  2(Lr*(we — wr)” + Re2) (L2 (we + wy)” + Ry2)
and )
M2 Ry w? (ergwe — wr) (we + wy) +2Rr2) LR =0 8)
2(Lr*(we — wr)” + Re2) (L2 (we + wr)” + Ry?)
Equation (28) finally gives:
MZR 2 L 2 . R 2
Ry(we) = —s—a el (e~ @o)(e o) TR )

2(Le2(we — wr)? + R2) (L2 (we + wr)? + Re2)

The substitution of R, = 3.9 O, w; = 420%, L, = 0.52 H,M = 0.3 H gives a result similar to the
results described in a previous study [1]. The resulting Rs(we) graph is similar, and is given in Figure 2.
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RslQ]
10

rad
we[—]
s

0 100 200 300 400

Figure 2. The critical resistivity relative to the angular speed as obtained in Equation (29).

However, this is not exactly the same graph. The difference between the results obtained in the
previous study [1] and the current offered Rs(w.) function is, analytically:
M2R,3we

s|We —RE] e) = »
R (w ) ((U ) 4Lr2(we + (Ur)(er + Ll‘2<we + wr)z) ()

A plot of the difference between the two graphs shows it to be almost insignificant at these values,
as shown in Figure 3.

deifference Q]

0000014
0000012
0000010

8 x1078

.
‘ ‘ ‘ we[—1

100 20 300 S

Figure 3. The difference between Equation (29) and the equation given in Reference [1], for the

critical resistivity.

This difference could be more significant with other values. In any case, every value of R; fits to
two-field frequencies, the higher of which is in the stable region of the generator. Currently, research
interest lies in finding an analytical formula for the single frequency at which R; is maximal, wep -
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This formula can be easily obtained from Equation (29). Derivation and equating to zero gives five
solutions, only one of which fits the physical mode of the machine.

_ \/_Rr 3"!‘L1-Rr2(l)r—erRr(fUrz"!‘Lrs(Ur3 } {(.Ue
\/erRr+Lr3wr !
\/_Rr3+LrRr2wr_erRrwrz+Lr3¢Ur3
— we
RV erRrJrLr3wr }, {
R3+LiR2wr + L 2Ry w2+ 13 w3
o \/ r r " Wr Loy Wy r” Wy }’ {we
\/*LrZRr+Lr3wr
. VRA+LR2 W +L 2R, w24 LA w,? 5!
VLR 413w,

{{we = 0}, {we —

(31)

_)

The negative solutions are not physical, nor is zero a valid solution. This leaves two solutions for
W, - V-RA+LR2w, L 2R, w2 +LA w,3 and VRALR2w,+L 2R, w2+ L3 w3 ‘
smax VLR AL W, VLR +Le3 w,
However, the solution with the smaller denominator gives a frequency which is higher than that
of the rotor. In short, it describes the machine working as a motor, but not as a generator. For example,

with the parameters as before:

3 2 2 2 3.3
\/Rr + LiRr*w; + Li*Rrwr” + L w, _ 4.27.636@.
v/ —L:2R; + L 3w, S

Therefore, the only physical solution is:

_ V-R3 + LR2w, — L2Ryw,? + L w,3

w = (32)
FRomax L:2R; + L 3wy
Maintaining parameters as before, this would yield we, = 412.632%.
Substitution of Equation (32) into Equation (29) results in:
M2 (R; — Lywy)?
Rs,.. = M (33)

8L 3w,

which is an improvement to the equation in Reference [1] (R, = S&Lzr " Weg, ). Practically, with
the parameters designated as in a previous study [1], the approximation from this study yields
R, = 8.7649 ), while by the previous approximations [1], the value would be 8.927 (). Therefore,
the machine would cease to operate as a generator for a slightly lower value using the current
approximation than previous results suggest [1]. Combining the last results to obtain the curve in
Figure 4:

Smax

10

0 100 200 300 400 s

Figure 4. The curve obtained from Equation (29) with a green dot representing the result obtained in
Equation (33).
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This result is more accurate than that given in Reference [1], where it was approximated as:

—wp X :412.5%

w
eRSmax2 r L "

4. Numerical Analysis on the Stator Current Frequency

Mzu.)e (Lr (erz (wez— wr2)2> )
2(Lr? (we—wr)?+R?) (L2 (we+wr)? +R;2)
difficult than that of Equation (29). The aim here, as in previous analyses [1], is to deduce the limits

of we. Therefore, a solution for Equation (27) for we is required. This solution yields six huge
multi-term solutions in positive/negative pairs, which can only be explored numerically under the
same parameters as before. For example, using previous parameters, a plot of the imaginary part of
the first solution of we (Lg) yields the curve depicted in Figure 5.

The exploration of Equation (27), Clﬁ + — Lswe = 0, is more

wel—1]
S
12

10

L
0.12 0.14 0.16 0.18 0.20 022 Sk

Figure 5. Plot of the imaginary part of the first solution of we (Lg).

This is simply not interesting, as with a zero or positive imaginary part, this solution is evanescent,
and does not deliver a stable solution. Thus, the first solution does not satisfy our requirements.
The second solution is more interesting, as its real part is depicted in Figure 6:

we[—1]
s

1200
1000
800

600

L
0.10 012 0.14 0.16 0.18 0.20 0.22 k

Figure 6. Plot of the real part of the second solution of we (Lg).
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Overall, this curve (Figure 6) is a description of a motor. At Ls = ~0.22 H, there is a dip to a stable
generator mode, which becomes evident when viewing the imaginary part (Figure 7).

rad
we[—1
S

LsH]
0.12 0.14 0.16 0.18 020 022

-10}

-12 ¢

Figure 7. Plot of the imaginary part of the second solution of we (Lg).

The results shown in Figures 6 and 7, which correspond to the second solution, represent the first
solution that implies a stable generator mode.

Solutions three and four are a positive-negative pair, as solution three has a real negative rotation
(Figure 8), and only a small interval of a negative imaginary part, as shown in Figure 9.

However, the negative rotation strongly implies that this solution describes the action mode as a
brake, rather than as a generator. Solution four fails to meet our requirements, as, similar to the first
solution, its real part is demonstrated by the curve in Figure 10.

rad
we[—1
S

-420

—425 |

-430 +

-435 -

‘ ‘ ‘ ‘ A LgH
0.12 0.14 0.16 0.18 020 022

Figure 8. Plot of the real part of the third solution of we (Lg).
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rad

5 \
LslH]

012 0.14 0.16 0.18 0.20 0.22

Figure 9. Plot of the imaginary part of the third solution of we (Lg).
We[?]
435
430

425

Ls[H]
0.12 0.14 0.16 0.18 0.20 022

Figure 10. Plot of the real part of the fourth solution of we (Lg).

Figure 10 depicts a motor, not a generator, as its stator current rotation speed is higher than the
physical speed of the rotor (420 rad/s). Solutions five and six are, again, a positive-negative pair.
Solution five gives real negative speed, making it uninteresting in the scope of the IG. Its real part is
demonstrated in Figure 11. Solution six is not interesting either, as its imaginary part, using the same
parameters, produces the curve shown in Figure 12.

rad
wel—]
s

-413
-414
-415
-416
-417
-418
-419

-420

Ls[HI
012 014 0.16 0.18 0.20

Figure 11. Plot of the real part of the fifth solution of we (Lg).
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Figure 12. Plot of the imaginary part of the sixth solution of we (Ls).

This solution has only a positive imaginary part, making it evanescent. Additionally, its imaginary
part between Ls ~ 0.185 H to Ls ~ 0.215 H is zero, and as such no fluctuations at all are predicted by it
in this range.

In short, solution two best describes a stable IG. However, the conclusion is that Ls is highly
limited to the range above 0.21 H, maintaining the previously outlined parameters [1].

5. Computer Simulation of a Single-Phase Rotor, Single-Phase IG

It remains to be shown that the current in the rotor has a frequency that is twice the frequency of
the stator. Since this is an asymmetrical machine and therefore reacts not unlike a Variable Reluctance
Machine (VRM)—and unless Lg > ~ 0.21 H—the IG is not stable.

To prove this, a computer simulation of the machine was constructed using MATLAB based on
Equations (1)—(3), which were solved using ode45. The resulting wave form was also pumped through
FFT (Fast Fourier Transform) to obtain the frequency of the rotor. As this is a numerical simulation of
the system of differential equations, it is devoid of approximations, enabling the validation of earlier
approximations through deduction.

In this computer simulation, the core saturation was not taken into account. Therefore, the IG
is stable when the simulation is exploding to infinity. This is valid since, as the stator currents grow,
eventually the core is saturated and this makes them stabilize [7].

The simulation parameters, simulating a system with some losses, are identical to the machine
parameters outlined previously [1]: a TERCO 1.5 kW Model MV-121 Slip Rings Induction Machine
(Terco, Stockholm, Kungens Kurva industrial park, Sweden),

Ls =0.22
L; =2.36-Ls~0.52 H
R; =39

Ry =54

wy =420

M =1.38Ls~03 H
c=41x10"°

As expected, the result with Ls = 0.22, indicates that a stable IG would be obtained. It should be
clear in this context that the magnetic saturation of the machine is not modeled here. A stable run
of the machine has been previously conducted [1]. A simulation without magnetic saturation yields
Figure 13:
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Figure 13. A computer simulation of IG with Ls = 0.22 H.

With Lg = 0.18 H the result is demonstrated in Figure 14:

20

| | | I | | | | |
0 005 01 015 02 025 03 035 04 045 05
t(sec)

-20

Figure 14. A computer simulation of IG with Ls = 0.18 H.

Where L = 0.2 H, as this is almost at the boundary, the result is more interesting and is shown in
Figure 15:

50

40t g
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20 4
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40+ 4

L L L L L L L L L
0 0.05 0.1 0.15 0.2 025 03 03 04 045 05
t(sec)

-50

Figure 15. A computer simulation of IG with Ls = 0.2 H.
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Therefore, it is demonstrated that for Ly < ~ 0.21 H, the IG is not stable.
It remains to be seen that the rotor current frequency basic harmonics is at twice the stator current.
This can be easily shown by plotting the rotor current as well, and pumping both through FFT. The

results are given in Figure 16:

%107 stator current
1
051
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5 0
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1 . . . .
0 0.1 0.2 0.3 0.4 0.5
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o X 10 rotor current
3h
ok
1
0 MM MM,AV
gk
- . . . .
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) X 10° Single-Sided Amplitude Spectrum of x2
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W e
0
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Figure 16. Adding rotor currents and FFT (Fast Fourier Transform). Ls = 0.22 H.

At the boundary, Ls = 0.21 H exactly, the IG is marginally stable, as evidenced by the simulation

when run for 0.5 s (Figure 17).
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Figure 17. A computer simulation of IG with Ls = 0.21 H, with rotor current and FFT.
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At this point, the stability of the machine is highly dependent on the value of Rs. For example,
increasing its value above Rsmax would yield an evanescent response. Figure 18 shows the simulation
response if Ly = 0.21 H, Ry = 9 ), which is slightly above Rsmax.

stator current rotor current
200 100 T
100 50
z z
-100 -50
-200 -100 - -
0 005 01 015 02 025 03 035 04 045 05 0 005 01 015 02 025 03 035 04 045 05
tisec) tisec)
Single-Sided Amplitude Spectrum of x1 Single-Sided Amplitude Spectrum of x2
40 15
30
10+

;52 20 ;;;

0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Frequency (Hz) Frequency (Hz)

Figure 18. A computer simulation of IG with Lg = 0.21 H, Ry = 9 Ohm, with rotor current and FFT.

6. Conclusions

A model for an IG was explored with in-depth investigation into first harmonics of the mutual
inductance effect on the machine. Additionally, the resulting solutions for the stator field’s angular
frequency as a limiting factor for the stability of the IG were studied.

An improved exact equation for the maximum allowable resistivity of the stator circuit, allowing
stable operation as a single-phase stator, single-phase rotor machine was reached. In addition, the
frequency of the stator current in such a mode was determined.

A simulation of the IG was then run, verifying the approximations done in exploration of the
IG model. It was shown that the rotor current frequency is twice that of the stator current, and the
stability region of the IG coincides with the theoretical analysis. On the boundary, the value of the
resistivity of the stator circuit model was validated as well.

Practical uses of this work could involve the use of any of the physical solutions found in Section 4.
These uses may include new types of machines, working as a single-phase brake, generator, or motor,
in a multiple-phase system. However, this exceeds the scope of this article, and as such is left for
future research.
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List of Principal Symbols

w rotor angular speed

Wy rotor electrical angular frequency

We stator current angular frequency

P machine pole pairs

is stator winding current

iy rotor winding current

v stator output voltage

Rs stator circuit resistance

Ry rotor winding resistance

Ls stator winding inductance

L, rotor winding inductance

C external capacitor

mutual inductance between the stator and rotor
m windings
M maximum mutual inductance between the stator and
rotor windings
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