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Abstract: Tracked vehicles have been widely used in construction, agriculture, and the military.
Major problems facing the industry, however, are high emissions and fuel consumption. Hybrid
electric tracked vehicles have thus become increasingly popular because of their improved fuel
economy and reduced emissions. While the series hybrid system has drawn the most attention
and has been applied in most cases, the low efficiency caused by energy conversion losses and
large propulsion motors has limited its development. A novel multi-mode powertrain with two
output shafts controlling each side of the track independently is first proposed. The powertrain
is a three-planetary-gear power-split system with one engine, three motors, and an ultracapacitor
pack. Compared with the existing technologies, the proposed powertrain can realize skid steering
without an extra steering mechanism, and significantly improve the overall efficiency. To demonstrate
the advantages of the novel powertrain, a topology-control-size integrated optimization problem is
solved based on drivability, fuel economy, and cost. Final simulation results show that the optimized
design with downsized components can produce about a 30% improvement in drivability and
a 15% improvement in fuel economy compared with the commonly used series hybrid benchmark.
Moreover, the optimized design is verified to be much more economical taking cumulative cost into
account, which is very attractive for potential industrial applications in the future.

Keywords: multi-mode; hybrid electric vehicles (HEVs); energy management; system optimization;
optimal design

1. Introduction

Tracked vehicles have been widely used as construction machinery or military transportation.
One type of tracked vehicles is a track-type dozer (TTD), which has been used in high-speed rail
construction or building construction. The problem, however, is that the engine exhaust emissions
can be twice that of passenger vehicles, which has brought about serious adverse impacts such
as air pollution [1]. Many countries have set up emissions requirements for off-road construction
machinery [2].

Hybrid electric tracked vehicles for construction have appeared on the market, with Caterpillar
producing the first hybrid electric TTD in 2008. The CO and NOx emissions were reduced by 0%
compared with conventional models, together with a 25% improvement in fuel economy [3]. The three
main types of hybrid electric TTDs are the series hybrid, parallel hybrid, and power-split hybrid. Until
now, the series hybrid has been commercialized and researched widely for TTDs. Apart from the D7E,
Komatsu, and Kobelco, many other companies also developed series hybrid TTDs [4]. Research has
also been done on series hybrid tracked vehicles [5]. Wang proposed a series hybrid TTD and used
model predictive control to solve the energy management problem [6,7]. Liu used a reinforcement
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learning-based adaptive energy management by establishing the control oriented model of the series
hybrid vehicles [8]. The series hybrid, however, always suffers from high power conversion losses,
which cannot guarantee overall efficiency. Parallel hybrid TTD has rarely been used since the engine is
inefficient at low speeds and performance improves little. The power-split hybrid has been widely
researched but rarely used. The power-split hybrid can integrate the advantages of the series and
parallel hybrid. Nevertheless, for TTD, the power-split hybrid usually requires an extra steering
mechanism with an extra steering motor to realize skid steering. Schmidt proposed a dual-mode
power-split hybrid powertrain with a specialized steering motor, which can be more fuel efficient [9].
Since the steering mechanism makes the structure more complicated, however, companies are reluctant
to produce them.

A crucial design issue for tracked vehicles is the dynamics of skid steering, as tracked vehicles
tend to consume more power during skid steering than straight driving [10]. Thus, for series hybrids
without an extra steering mechanism, the motor size is usually large, which is another disadvantage.
Even series hybrid tracked vehicles sometimes need an extra steering mechanism to satisfy the steering
requirements. Han devised an improved series hybrid powertrain with planetary gears collocated
between two driving motors on both sides of the tracks, allowing a reduction in the power size of the
propulsion motors [11]. The structure, however, became more complex.

What happens if there is no extra steering mechanism in a power-split hybrid TTDs. The structure
will be greatly simplified with higher overall efficiency, possibly resulting in new ideas for the tracked
vehicle design. This paper proposes a novel multi-mode power-split hybrid powertrain that overcomes
the skid steering issue without an extra steering mechanism. The powertrain has two output shafts
connected with both sides of the tracks, respectively, and provides torques to each side of the track
independently to ensure skid steering.

The novel powertrain for TTD is a three-planetary-gear power-split system. Since Toyota released
the Prius as the first generation of power-split hybrid cars, a similar power-split system using planetary
gears (PGs) has been widely researched for passenger cars. Two other famous power-split vehicles,
the Chevy Volt and the Ford Fusion, were developed as plug-in hybrids. From using one single PG to
three PGs, the power-split system has proven to be energy-efficient and promising [12–14]. Matthé
analyzed the power-split propulsion system of the commercialized Voltec and illustrated the significant
fuel-saving performance [13]. Yoshimura from Toyota first used two outputs in PGs to control the
front and rear shafts together [15]. Inspired by the above research, the novel powertrain with 3PG to
control the left and right tracks is proposed in this paper.

The optimal design problem of a power-split hybrid system using PGs involves topology, control,
and size [16]. Millions of power-split candidate topologies are possible using 3PG with one output [14].
Identifying the superior topology for power-split hybrids is challenging. Liu and Zhang have proposed
rapid screening for 2PG topology optimization [17,18]. Zhuang tried to optimize 3PG topology using
an approximate method because the candidate number expanded enormously [14]. Control is also
important for implementation. Many energy management strategies, such as rule-based control and
model predictive control (MPC) have been used without ensuring overall optimality [6,19]. The most
popular optimal strategy is dynamic programming (DP), but it suffers from a huge computation
load [20]. Other near-optimal strategies, such as the equivalent consumption minimization strategy
(ECMS) and power-weighted efficiency analysis for rapid sizing method (PEARS+), produce similar
results with faster computation speed compared with DP [18,21].

Component sizes are also important for reducing fuel consumption, emissions, and cost.
Heuristic algorithms are an emerging field of study for optimization, especially for multi-variable and
multi-objective problems. Many heuristic algorithms have been used to reduce computational load,
like using genetic algorithm (GA) [22], particle swarm optimization (PSO) [23], differential evolution
algorithm [24], artificial bees algorithm [25], and NSGA-II [26]. Among them, PSO requires few
parameters to be tuned and less computational efforts for complex optimization [23]. Accelerated PSO
(APSO) is proposed in order to accelerate PSO’s convergence property [27]. However, similar to most
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heuristic algorithms, APSO sometimes falls into local optima, which may make the optimization results
inconsistent. Chaotic mapping strategy can enhance the chaos stability of the algorithm by creating
occasional ‘accidents’. The stochastically created point can help escape from local optima [28]. In this
paper, chaos-enhanced accelerated particle swarm optimization (CAPSO) using logistic strategy [29] is
applied to obtain sizing results with high reputation.

All of the aforementioned research, however, solves either the topology optimization or the size
optimization separately. Following the proposed novel powertrain using three PGs in this paper,
the integrated optimization problem for power-split tracked vehicles will also be solved. The main
contributions of this paper are:

(1) A novel hybrid electric powertrain with two outputs using three PGs is proposed for tracked
vehicles. The novel powertrain outperforms current powertrains, which can be promising for
future industrial application.

(2) A rapid screening method for hybrid power-split topologies using three PGs has been proposed.
The method will help engineers identify superior topologies much more quickly among a great
number of candidates. An integrated optimization problem has been solved taking into
account the topology, size and control. The method is able to identify an economical optimal
design with downsized components. The design procedure can be applied to various vehicle
powertrain designs.

The paper is organized as follows. In Section 2, the novel multi-mode powertrain design for
TTDs, together with the overall optimization problem, is proposed. In Section 3, the topology
optimization of a power-split system using three PGs is discussed, which includes modeling and
rapid screening. Section 4 describes the control algorithm, enhanced PEARS+ (E-PEARS+), for tracked
vehicles. In Section 5, the integrated optimization problem is solved and the right-sized near-optimal
design is compared with the series hybrid TTD. Finally, conclusions are presented in Section 6.

2. The Novel Multi-Mode Hybrid Electric Powertrain

This section provides a concise and precise description of the experimental results, their
interpretation, and the experimental conclusions that can be drawn.

Currently, series hybrid is the most popular hybrid type for industrial application. Thus, this
paper selects an existing series hybrid TTD, SD-24 TTD from Shantui Construction Machinery Co., Ltd.
(Jining, Shangdong, China), as the research benchmark [6]. This series hybrid TTD has one engine, one
generator, and two motors. An ultracapacitor pack is used for energy storage since TTDs require many
charge/discharge cycles. An ultracapacitor can also satisfy the high instantaneous power demand.
The main parameters of this series hybrid TTD are shown in Table 1.

Table 1. Key parameters of the benchmark track-type dozer (TTD).

Parameter Value

Vehicle
Vehicle mass (kg) 28,000
Track length (m) 3.05
Track gauge (m) 1.786

Diesel Engine Rated speed (r/min) 1700
Rated power (kW) 175

Generator
Max. power (kW) 180

Max. rotational speed (r/min) 2200

Motors
Rated Power (kW) 75

Max. rotational speed (rpm) 6000

Ultracapacitor Capacity (F) 2.4
Voltage (V) 600
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The proposed novel multi-mode powertrain has one engine and two output shafts connected to
a 3PG set. To ensure that the two outputs can be controlled independently and that the engine can
always operate in the high efficiency area necessitates three motors [30]. The system must have at
least two degree of freedom (DOF) to control the two outputs independently; three DOF is needed
to ensure high efficiency engine operations. Multi-mode is realized by adding clutches and brakes
to nodes in the 3PG set. The schematic diagram of the powertrain appears in Figure 1. To show the
advantages of the proposed powertrain, the paper aims to identify better multi-mode hybrid designs
than the existing series hybrid TTD. The initial parameters of our powertrain are primarily the same as
the series benchmark, the only difference being that the three motors all have the same size as the two
driving motors in the series hybrid TTD.
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six components are connected with nine nodes in 3PG, configuration is generated; when the clutch 
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Figure 1. Schematic diagram of the proposed powertrain.

Since there can be a tremendous number of possible connections among PG nodes, components,
and clutches, a suitable design generation method is needed. The generation sequence is given in
Figure 2 by using a lever diagram, with motor/generator (MG) representing the motor. R, C and S are
the ring, carrier and sun gears of the PG. The framework includes 3PG and six components. When six
components are connected with nine nodes in 3PG, configuration is generated; when the clutch and
brake connections are determined, a design is generated; to achieve two or three DOF, clutches will
be either engaged or disengaged, which forms the mode. In Figure 2c, the design has four clutches.
When three of the clutches are engaged, a 3-DOF mode is formed, as in Figure 2d.
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In this paper, a maximum number of four clutches can be added to one configuration to form
a design. Each clutch engaged will add a constraint to the design. The system DOF equals:

DOF = 2n− c (1)

where n is the number of PG and c is the constraint number. Thus, the design with four clutches has
three 3-DOF modes and one 2-DOF mode.

Based on the generation rules above, all design candidates that satisfy our novel powertrain
requirements can be calculated. Six components need to be assigned to nine nodes in 3PG, which
forms P6

9 = 60,480 configurations.
For each configuration, 45 constraint positions are possible for the 3PG set shown in Figure 3,

while the six constraints in dashed lines are redundant as connecting any two of the three nodes in
one PG results in the same condition. Moreover, the outputs cannot be connected to the brake or to
each other, which makes the total feasible constraint number 36. Thus, there are C4

36 = 58,905 selection
ways of four constraints in 3PG. The total number of candidate designs equals P6

9 C4
36 = 3.56× 109.

Since analyzing all candidates is impossible, it is essential that the superior designs are identified.
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The overall systematic optimization procedure of identifying optimal designs is shown in Figure 4.
There are three layers in the process: the design objectives are determined, including basic attributes,
performances and cost, which are formulized as the design problem; the second layer will optimize the
topologies and screen out the inferior designs by automated modeling and screening, configuration
is first generated and screened, design candidates will be analyzed after adding clutches; the third
layer will optimize both surviving designs and their sizes in order to obtain the final optimal design.
Chaos accelerated particle swarm optimization (CAPSO) together with the novel energy management
strategy is used to find the optimal design rapidly. Details will be shown in the following sections.
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3. Rapid Modeling and Screening for 3PG Powertrain Design

3.1. Initial Screening of Configurations and Designs

To model and search 3.56× 109 designs would be time-consuming given the current computing
capability. The following process will help reduce the number of all 3PG power-split designs by
identifying superior configurations and screening infeasible constraints.

Using a lever diagram, the torque and speed relationship of three nodes in one single PG
can be calculated. Note that the inertia of ring, carrier, and sun gears are ignored in this paper
for simplification.

ωss + ωrr = ωc(r + s)
Tsωs + Trωr + Tcωc = 0
Ts + Tr + Tc = 0

(2)

Based on Equation (2), we have:

Ts

s
=

Tr

r
= − Tc

r + s
(3)

where r and s are the radii of ring and sun gears. ω and T are the speed and torque of nodes. There can
be seven different types of configurations with components connected in one single PG, as in Table 2.
It should be noted that configurations with two outputs in the same PG are inferior. Moreover, only
one component in one PG is unable to be analyzed.
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Table 2. Types of feasible connections in one planetary gear (PG) of a configuration.

Type No. Components Connected in One PG

1 Engine, Output, Motor
2 Engine, Motor, Motor
3 Motor, Motor, Output
4 Engine, Motor
5 Engine, Output
6 Motor, Output
7 Motor, Motor

The maximum speed of TTD is approximately 11 km/h, and the maximum towing torque is
approximately 60,000 N·m. Thus, according to Table 1, the outputs should satisfy the range in
Equation (4), together with the constraints in Equation (5).

ωoutput_max = 11
3.6×Rtire

× 30
π × FD = 5075 r/min

Toutput_max = − 6×104

FD N ·m = −750 N ·m
(4)

subject to:
ωeng_max = 2000 r/min; Teng_max = 1050 N ·m
ωmg_max = 6000 r/min; Tmg_max = 810 N ·m

(5)

where Rtire is the radius of the driving wheel and FD is the final drive ratio of the hybrid TTD.
For example, Type No. 1 in Table 2 means that the engine, a motor, and an output are connected

with the three nodes in one PG. There can be six different configurations of type No. 1 and the speed
relationship can be shown in Figure 5. In these lever diagrams, the black transverse full line represents
the speed limit of components; the red line represents the speed changing relationship while the motor
and engine is at the maximum or minimum value. It can easily be seen that the first two situations
in Figure 5 cannot ensure the speed range of outputs. The last four situations can satisfy the output
speed range in Equation (4).

The torque range of the output in Figure 5c–f is further verified. The maximum output torque can
be calculated using Equations (2) and (3).

For determined speed of motor and engine, the maximum output torque can be calculated
according to the engine and motor map. In this paper, assume that r/s = 2. For each determined motor
speed and engine speed combination, search all possible motor and engine toque, and the maximum
output torque can be calculated according to Equation (6) and shown in Figure 6.

T∗out_max(3) = max
(

Tmgωmg+Tengωeng
s

r+s ωeng+
r

r+s ωmg

)
T∗out_max(4) = max

(
Tmgωmg+Tengωeng

r+s
s ωeng− r

s ωmg

)
T∗out_max(5) = max

(
Tmgωmg+Tengωeng

r+s
s ωmg− r

s ωeng

)
T∗out_max(6) = max

(
Tmgωmg+Tengωeng

r+s
r ωmg− s

r ωeng

)
(6)
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Figure 5. Speed relationship when engine, output, and motor are connected in one PG. (a) engine at
the ring gear, output at the carrier gear, motor at the sun gear; (b) engine at the carrier gear, output at
the ring gear, motor at the sun gear; (c) engine at the sun gear, output at the carrier gear, motor at the
ring gear; (d) engine at the carrier gear, output at the sun gear, motor at the ring gear; (e) engine at the
ring gear, output at the sun gear, motor at the carrier gear; (f) engine at the sun gear, output at the ring
gear, motor at the carrier gear.
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Figure 6. Maximum output torque analysis. (a) Max. output torque in Figure 5c; (b) Max. output
torque in Figure 5d; (c) Max. output torque in Figure 5e; (d) Max. output torque in Figure 5f.
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The maximum output torque of the configuration in Figure 5c can theoretically reach 1400 N·m,
which satisfies the maximum torque requirement. However, the maximum output torque of all the
other configurations in Figure 5d–f is less than 500 N·m, which cannot satisfy the requirements.

After judging the torque relationship, we can conclude that if the engine, motor, and output are in
the three nodes of one PG, the motor should be assigned to ring gear, the output should be assigned to
the carrier gear, and the engine should be assigned to the sun gear.

Take Type No. 6 in Table 2 as another example. One motor and one output are connected
to two nodes of one PG, while the left node remains unknown. Use subscript 3 to represent this
node. The speed cannot be analyzed, while the torque relationship can reveal some rules. There are
six situations:

(1) If the output is connected to the ring gear, and the motor is connected to the sun gear in the
same PG:

Tout

r
=

Tmg

s
= − T3

s + r
. (7)

If the maximum output torque is satisfied, the maximum torque of the third node T3 should be at
least 1100 N·m, which can hardly be satisfied.

(2) If the output is connected to the ring gear, and the motor is connected to the carrier gear in the
same PG:

Tout

r
=

T3

s
= −

Tmg

s + r
. (8)

The maximum output torque can reach 700 N·m while the motor is at maximum torque, and T3

only needs to be 200 N·m. This situation can be implemented.
(3) If the output is connected to the carrier gear, and the motor is connected to the ring gear in the

same PG:

− Tout

r + s
=

T3

s
=

Tmg

r
. (9)

The maximum output torque can reach 1000 N·m while the motor is at maximum torque, and T3

only needs to be 400 N·m. This situation can also be implemented.
(4) If the output is connected to the carrier gear, and the motor is connected to the sun gear in the

same PG:

− Tout

r + s
=

T3

r
=

Tmg

s
. (10)

While ensuring the output torque range, the motor torque only changes from 0 to 250 N·m, which
limits the motor use.

(5) If the output is connected to the sun gear, and the motor is connected to the ring gear in the
same PG:

Tout

s
=

Tmg

r
= − T3

s + r
. (11)

If the maximum output torque is satisfied, the torque of the third node T3 should be at least 2100
N·m, which can hardly be achieved.

(6) If the output is connected to the sun gear, and the motor is connected to the carrier gear in the
same PG:

Tout

s
=

T3

r
= −

Tmg

s + r
. (12)

If the maximum output torque is satisfied, the torque of the third node T3 should be at least
1500 N·m, which can hardly be achieved.

Based on the analysis of all six assignment conditions, when one output and one motor are
connected with two nodes in one PG, the output and motor should be connected to either the ring gear
or the carrier gear.

Using the same method, the connection rules for a configuration can be determined by speed
and torque calculation: when engine, output, and motor are in one PG, the motor should be at ring
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gear, the output at carrier gear, and the engine at sun gear; when two motors and one output are in
one PG, the output should be at carrier gear, two motors at ring and sun gears; when two motors and
engine are in one PG, the engine should be at carrier gear, two motors at ring and sun gears; when one
output and one motor are in one PG, if the output is at carrier gear, motor should be at ring or sun gear.
If output is at ring gear, motor should be at carrier gear; when engine and one motor are in one PG,
if engine is at carrier gear, motor should be at ring gear. If the engine is at ring gear, the motor should
be at sun gear; when the engine and one output are in one PG, the output should be at carrier gear and
the engine at ring gear; when two motors are in one PG, they should be at ring and sun gears.

Following these rules, the other feasible connections in Table 2 can be analyzed using the same
way and the total configuration number can be reduced from 60,480 to 40. All these 40 superior
configurations for our 3PG powertrain are drawn in Figure 7.
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Following are the infeasible designs that must be excluded:

1. Three connections from one node of a PG to all three nodes of another PG are not allowed.
2. Three nodes of a PG are all grounded.
3. Two nodes of one PG are connected while the third is grounded.
4. Two nodes of a PG are grounded while the left node of this PG is used in another connection.
5. Any node of a PG is free without any connection.
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Thus, for a single configuration, the feasible design number decreases from C4
36 = 58,905 to

C4
36 − 2× C1

3C1
3C1

33 − C1
3C1

33 − C1
3C2

33 − C1
3C2

3C2
33 − C1

3C4
29 = 28,125.

Thus, the total candidate design number reduces to 1.13× 106, which can be further analyzed.

3.2. Rapid Automated Modeling for Multi-Mode Designs

The details of the speed and torque relationship of all components must be known before analyzing
the performance of any design. An automated modeling method is proposed to rapidly analyze the
dynamics of each design.

First, the dynamic of the configuration in Figure 2b can be written into a matrix and divided as in
Equation (13).



Ie + Ir2 0 0 0 0 0 0 0 0 0 −R2 0
0 IV_l + Ic1 0 0 0 0 0 0 0 R1 + S1 0 0
0 0 IV_r + Ic3 0 0 0 0 0 0 0 0 R3 + S3

0 0 0 Img1 + Ic2 0 0 0 0 0 0 R2 + S2 0
0 0 0 0 Img2 + Ir1 0 0 0 0 −R1 0 0
0 0 0 0 0 Img3 + Ir3 0 0 0 0 0 −R3

0 0 0 0 0 0 Is1 0 0 −S1 0 0
0 0 0 0 0 0 0 Is2 0 0 −S2 0
0 0 0 0 0 0 0 0 Is3 0 0 −S3

0 R1 + S1 0 0 −R1 0 −S1 0 0 0 0 0
−R2 0 0 R2 + S2 0 0 0 −S2 0 0 0 0

0 0 R3 + S3 0 0 −R3 0 0 −S3 0 0 0





.
ωe
.

ωV_l.
ωV_r
.

ωmg1
.

ωmg2
.

ωmg3
.

ωsp1
.

ωsp2
.

ωsp3

F1

F2

F3



=



Te

TV_l
TV_r
Tmg1

Tmg2

Tmg3

0
0
0
0
0
0


[

J D
DT 0

][ .
Ω
F

]
=

[
T
0

]
(13)

where Ri and Si are the radii of the ring gear and sun gear of the ith PG set. Ie,Iv_l ,Iv_r,Img1, Img2

and Img3 represent the rotational inertia of the engine, left output, right output and motors. T and
.

ω

represent the torque and angular acceleration of the components. F1, F2, and F3 represent the internal
force of the three PG sets.

Equation (13) is governed by the inertia matrix J, speed, and torque matrices
.

Ω and T, internal
force matrix F, and the dynamics matrix D. The modeling method has been proposed in [6].

When adding constraints, the dynamics will change. Define a unit matrix I3n×3n, where n
represents the number of planetary gears. Then follow the rules below to manipulate this matrix: if the
ath node is connected to the bth node, add the elements of the ath row to the bth row, then remove
the ath row; if the ath node is grounded, then remove the ath row. After all constraints are added, the
original I matrix is transformed into a new matrix N with a dimension (3n− c)× 3n, where c is the
number of constraints. Then a new matrix can be generated with the following transformation, and
the dynamics of the mode in Figure 2d can be written as follows:

D∗ = N ·D, J∗ = NJNT, Ω∗ = N ·Ω, T∗ = N · T


Ie + Ir2 0 0 0 0 0 0 −R2 0
0 IV_l + Ic1 0 0 0 0 R1 + S1 0 0
0 0 IV_r + Ic3 0 0 0 0 0 R3 + S3

0 0 0 Img1 + Ic2 0 0 0 R2 + S2 0
0 0 0 0 Img2 + Ir1 0 −R1 0 0
0 0 0 0 0 Img3 + Ir3 + Is1 + Is2 −S1 −S2 −R3

0 R1 + S1 0 0 −R1 −S1 0 0 0
−R2 0 0 R2 + S2 0 −S2 0 0 0

0 0 R3 + S3 0 0 −R3 0 0 0





.
ωe
.

ωV_l.
ωV_r
.

ωmg1
.

ωmg2
.

ωmg3

F1

F2

F3


=



Te

TV_l
TV_r
Tmg1

Tmg2

Tmg3

0
0
0


. (14)
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What we care about, however, is the speed and torque relationship between components, which
is given in Equation (15): 

.
ωe
.

ωV_l.
ωV_r
.

ωmg1
.

ωmg2
.

ωmg3


= A∗



Te

TV_l
TV_r
Tmg1

Tmg2

Tmg3


. (15)

A* is called the dynamics characteristic matrix, as it reflects all speed and torque relationship
corresponding to a determined mode. Matrix A* can be obtained through the derivations that follow.

Assume that: [
J∗ D∗

D∗T 0

]−1

=

[
A B
BT C

]
. (16)

From Equation (13), it can be seen that
.

Ω = AT.
From Equation (16): [

J∗ D∗

D∗T 0

]
·
[

A B
BT C

]
= I. (17)

A, B, and C matrices in Equations (18)–(20) are obtained from Equation (17):

B = −J∗−TD∗CT (18)

CT = −(D∗TD∗)
−1

D∗TJT(D∗D∗T)
−1

D∗ (19)

A =

[
I− J∗−TD∗

(
D∗TJ∗−1D∗

)−T

D∗T
]

J∗−1. (20)

The size of A is (3n− c)× (3n− c). However, what we need is A* with the size of 6× 6, where 6
represents the component number in this design.

Define another Q matrix with the size of 3n× 6 in Equation (21):

Q3n×6 =

[
I6×6

0

]
. (21)

Then characteristics matrix A* can finally be written as in Equation (22):

A∗
′
= (NQ)T

{[
I− J∗−TD∗

(
D∗TJ∗−1D∗

)−T

D∗T
]

J∗−1

}
(NQ). (22)

Thus, by automatically generating A* matrices, all candidate designs can be easily verified in
regard to drivability screening.

3.3. Attribute Screening

Before calculating the detailed performance, several basic attributes must be satisfied for TTDs.
The attributes include engine-on driving forwards and backwards, and central steering. These
attributes can be directly verified by the elements of the A* matrix shown in Table 3.

Write the second and third row of Equation (15) into Equation (23):

.
ωV_l = a∗21Te + a∗23TV_r + a∗22TV_l + a∗24Tmg1 + a∗25Tmg2 + a∗26Tmg3
.

ωV_r = a∗31Te + a∗32TV_l + a∗33TV_r + a∗34Tmg1 + a∗35Tmg2 + a∗36Tmg3
. (23)
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From Equation (23), since the two outputs must be controlled independently, the rows of two
outputs must have two DOF, namely, rank{A∗(2 : 3, :)} = 2. If the engine can drive the two outputs
forward independently, then part of the output driven torque must come from the engine, namely,
a∗21
a∗22

> 0, a∗31
a∗33

> 0. Engine-on backwards only needs to switch direction, a∗21
a∗22

< 0, a∗31
a∗33

< 0. Since the
output torques of the two tracks have different directions during central steering [10], either the engine
or one of the motors must provide the torque differential to achieve skid steering.

For a feasible multi-mode candidate design, these three attributes must be satisfied by any of its
modes. After verifying the 1.13× 106 candidate designs with four clutches, a total number of 1.8× 105

designs can survive after this step.

Table 3. Attribute screening conditions.

Performance Screening Conditions

Engine-on driving forwards rank{A∗(2 : 3, :)} = 2, a∗21
a∗22

> 0, a∗31
a∗33

> 0

Central Steering
a∗21
a∗22
· a∗31

a∗33
< 0 or a∗24

a∗22
· a∗34

a∗33
< 0

or a∗25
a∗22
· a∗35

a∗33
< 0 or a∗26

a∗22
· a∗36

a∗33
< 0

Engine-on driving backwards a∗21
a∗22

< 0, a∗31
a∗33

< 0

3.4. Performance Screening

For TTDs, both straight driving and skid steering are important for operations. To identify designs
better than the series hybrid benchmark, straight driving and skid steering features are both verified
for each surviving candidate design.

The maximum towing torque, which is the most important feature for TTD due to ISO.
53.100 [10], is first calculated for the series hybrid benchmark and all candidate designs, as shown
in Figure 8. A total of 4.4× 104 designs in 1.8× 105 designs have a larger maximum torque than the
series benchmark.

Among these surviving designs, however, some different designs still share the same dynamic
functions. Figure 9 shows an example of two different designs with the same dynamic functions. Since
the output cannot be connected with the brake, there are two feasible 3DOF modes for both designs.
However, because they share the same dynamics, only one design needs to be retained and the other
becomes redundant. Following the verification of each candidate design, 2124 unique designs survive.Energies 2017, 10, 2141 14 of 25 
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Figure 9. Examples of two designs with identical dynamic characteristics. (a) One candidate design;
(b) another candidate design with different clutch locations.

The specific performances of the towing and turning capacity at all speeds are calculated in order
to prove drivability. In this paper, the average value of all speeds’ maximum traction torques is used to
evaluate the straight driving towing capacity, and the average value of all speeds’ minimum turning
radius is used to evaluate the turning capacity. In Figure 10, the performance of all designs is compared
with the series hybrid benchmark. Sixty-three marked green designs have both better straight driving
and turning performances, and are thus selected as the superior designs before integrated optimization.
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4. Energy Management Strategy for Rapid Sizing: E-PEARS+

Fuel economy must also be verified for surviving designs. In this paper, the engine and motors
(MGs) are both modeled as quasi-static models which are widely used in both industry and academia.
The ultracapacitor pack consists of several modules in series or parallel. A simple resistance-capacitance
model is used to represent the ultracapacitor pack. The parameters of the pack can be modeled as in
Equation (24):

Vcap(t + dt) = Vcap(t) +
dt∫
0

Icap(t)
C

SOC(t) = Vcap(t)
Vmax

, (24)

where C is the equivalent capacitance, Vmax is the theoretical maximum voltage of the ultracapacitor,
Vcap is the capacitance voltage, and Icap is the current of the loop. SOC is the state of charge to represent
the energy state.

For TTDs, straight driving and turning are both considered. Two typical cycles are selected here,
representing straight driving and turning, respectively, in Figure 11a. The straight driving cycle is
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a typical bulldozing process for TTDs [6]. The blue line represents speed; the green line is the total
demand torque on two sides of the tracks. The cycle has five stages: 1∼4 s traveling; 4∼16 s soil-cutting;
16∼31 s soil-transportation; 31∼33 s unloading; and 33∼50 s no-load traveling. The turning cycle,
including both left and right turning at different radii, is shown in Figure 11b. The solid line represents
the speed and torque of the right track, while the dashed line represents that of the left track. At 1~5 s,
the TTD accelerates. At 5~15 s, the TTD turns left with a decreasing turning radius. At 15~17 s,
the TTD decelerates and then turns right between 17~22 s. At 24~35 s, the TTD turns right again with
a decreasing radius. Then it turns left again from 35 s to 45 s before stopping at 48 s.
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Figure 11. Driving cycles: (a) straight driving cycle; (b) turning cycle.

Despite the fact that using DP can obtain optimal results for each design, the computation speed is
too slow for a large number of candidate designs. PEARS+ was proposed for rapid sizing by analyzing
power efficiency, as it had been proven to be able to obtain near-optimal control results in a very short
time compared with DP [21].

Instead of using traditional DP to solve the whole problem with a number of states and controls,
PEARs+ only use a low-dimensional DP to determine the mode shift, the other controls are determined
by maximize the normalized efficiency. PEARS+ can be around 10,000 times faster than traditional
DP. This near optimal control strategy, however, cannot be applied to systems with two outputs and
cannot be applied to TTDs since the power flow is more complicated. Thus, in this paper, Enhanced
PEARS+ (E-PEARS+) is proposed to solve the control problem of powertrains with two outputs.

The process of the E-PEARS+ is presented in Figure 12. Details are laid out in the steps below.
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Step 2. Power-flow efficiency analysis of each mode 

For each SRT cell, all possible torque and speed combinations of components for each mode will 
be examined to identify the control with the greatest efficiency. It should also be noted that since 
engine efficiency is much lower than that of the motor, power-flow efficiency will be normalized by 
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Figure 12. Enhanced power-weighted efficiency analysis for rapid sizing (E-PEARS+) process.

Step 1: Discretization of the target cycle

The target cycle, such as straight driving or turning cycle, can be discretized into
a four-dimensional table, namely, vehicle central speed, turning radius, torque demand of left track,
and torque demand of right track. The table entries represent the probability of the cells appearing in
the target cycle. Each cell has a determined value of central speed, radius, and torques (SRT), which
will be called an SRT cell in the following steps.

In effect, given the central speed and turning radius, the speed of each side of track can be
calculated as in Equation (25). V is the central speed, Vl and Vr are the speeds of the left and right
tracks. B is the track gauge and R is the turning radius. While straight driving, the speed of each track
equals the central speed.

Vl = V · (1− B
2R )

Vr = V · (1 + B
2R )

(25)

Step 2. Power-flow efficiency analysis of each mode

For each SRT cell, all possible torque and speed combinations of components for each mode will
be examined to identify the control with the greatest efficiency. It should also be noted that since
engine efficiency is much lower than that of the motor, power-flow efficiency will be normalized by
their maximum efficiency. The power-flow of the multi-mode design can be seen in Figure 13.
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Puc, Pe, and Poutputs are the power of the ultracapacitor pack, engine, and outputs. Pmg is the
motor power, which comes from or goes into the mechanical flow; Pmg_elec is the motor power, which
comes from or goes into the electrical flow; ηuc_max, ηe_max, and ηmg_max are the maximum operating
efficiency of the ultracapacitor pack, engine, and motors.

When the engine is not connected to the powertrain, or the engine power equals zero, the system
works in pure electric mode. Efficiency is calculated considering power loss, as in Equation (26).
PEV_loss is the energy storage system loss and motor loss. The highest efficiency of each mode is
calculated together with the motor operations.

ηEV = 1− abs(PEV_loss)
abs(Puc)

ηEV
∗|SRT = max[ηEV(TMG1, TMG2, TMG3)]|SRT

(26)
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Normalized efficiency for the hybrid mode is calculated as in Equation (27). For hybrid driving
states, the energy sources are the ultracapacitor pack and engine. The output power of the engine and
the ultracapacitor pack are normalized by maximum operating efficiency, and motor power loss is also
subtracted to obtain effective normalized system power. When the ultracapacitor is charged, energy
derives solely from the engine.

ηHEV =
Pe

ηe_max +
µPucηuc
ηuc_max−

|Pmg1_elec−Pmg1|
ηmg1_max

− |Pmg2_elec−Pmg2|
ηmg2_max

− |Pmg3_elec−Pmg3|
ηmg2_max

Pf uel+µPuc

µ =

{
0 Puc < 0
1 Puc ≥ 0

ηHEV
∗|SRT = max[ηHEV(ωe, Te)]|SRT

(27)

Step 3: Optimal mode shift using DP

Once the control executions of each SRT for all modes are determined in Step 2, the next step is to
determine the mode shift during drive cycles [31]. Dynamic programming is used to obtain optimal
mode shift and to ensure the state of charge (SOC) sustaining. The states and controls of DP are shown
in Table 4. The first state is the state of charge (SOC), which is calculated in Step 2. The second state
is the current mode and the control is the mode of the next segment. Mode is included in the states
as the cost function has the mode shift penalty. The cost function and constraint of this problem are
explained in Equation (28).

Table 4. The states and controls of the dynamic programming (DP) problem.

States and Controls Description

State 1 State of charge (battery energy consumption)
State 2 Current mode

Control 1 Next mode

J = α(SOCN − SOCdesired)
2 + min[

N
∑

t=1
(Lt+δ{ 1

2 [ωe(t + 1)−ωe(t)]2 Ie+

1
2 [ωmg1(t + 1)−ωmg1(t)]2 Img1 +

1
2 [ωmg2(t + 1)−ωmg2(t)]2 Img2+

1
2 [ωmg3(t + 1)−ωmg3(t)]2 Img3})]

, (28)

subject to:
SOCmin < SOCt < SOCmax, (29)

where α is the penalty to ensure that the final state of SOC is close to the desired value; δ is the penalty
of speed difference to avoid frequent mode switching; L is the fuel consumption of each segment. The
mode shift penalty is included to ensure smooth mode shift.

Since the dimension of the DP problem is rather low, it takes less than 10 s to determine the
mode-shift results of a 50 s cycle. Once the mode shift is determined for the cycle, the control executions
can be obtained. The E-PEARS+ has near-optimal control effects compared with DP, with a more than
100 times increase in computation speed.

5. Integrated Optimization of Multi-Mode Hybrid Electric TTDS

With the rapid energy management strategy E-PEARS+, the surviving designs will be further
optimized taking into account different size parameters. Fuel economy, together with cost, is selected
as the objective under the performance constraints. All surviving 63 designs are calculated with
different sizes of powertrain to identify the final optimal design. The integrated optimization adopts
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nested optimization [32] using chaos-enhanced accelerated particle swarm optimization (CAPSO) [23].
Details are shown in Figure 14.

The CAPSO is modified by logistic map, which appears in nonlinear dynamics of biological
population demonstrating chaotic behavior. CAPSO can enhance the chaos stability by randomly
accepting a worse solution that can help the algorithm to escape from the local optima. The particle
position updates together with the logistic map for CAPSO is shown in Equations (30) and (31):

x(i + 1) = (1− β) · x(i) + β · g(i) + α(i) · r(i)
α(i) = α(0) · γi (30)

β(i + 1) = a · β(i) · [1− β(i)] (31)

where g(i) is the best position of the ith iteration, α is the convergence parameter, and β is the attraction
parameter, which changes with the logistic map. In this paper, the initial values of α, γ, β, and a are 0.9,
0.9, 0.7, and 4.

Size parameters that need to be optimized include the final drive of the left and right tracks (FL
and FR), the gear ratios of three PGs (GR1, GR2, and GR3), and the power scaling factor of the engine
and three motors (SE, SMG1, SMG2, SMG3).
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To compare the novel design with the current powertrain in terms of cost, the cumulative cost,
including power electronic cost and one-year fuel cost of use, is selected as the single objective.
For each candidate, the fuel economy is calculated using E-PEARS+ and the one-year fuel cost can be
estimated. Performances are selected as the constraints, and must be better than those of the series
hybrid benchmark. The optimization problem is formulated in Equations (32)–(33):

(FL∗, FR∗, GR∗, SE
∗, SMG

∗) = arg min
FL,FR,GR,SE ,SMG

(C1_year_cumulative_ cos t), (32)
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subject to:
C1_year_cumulative_ cos t = Cpower_electronic + C1_year_ f uel_ cos t
Taver_trq ≥ Taver_trq_series
Raver_radius ≤ Raver_radius_series

60 ≤ FR ≤ 90
60 ≤ FL ≤ 90
1.5 ≤ GR ≤ 3
0.6 ≤ SE ≤ 1.2

0.6 ≤ SMG ≤ 1.2

. (33)

The cost of the power electronics consists of engine cost, motor cost, ultracapacitor pack cost, and
3PG set cost, as shown in Equation (34). The component costs estimation method is from EPRI and
several studies [33–35].

Cpower_electronic = $CE + $CMG1 + $CMG2 + $CMG3 + $CUC + $CPG
$CE = $12 · PE + $424
$CMG = $21.775 · PMG + $425
$CUC = $158 · Nmodule
$CPG ≈ $1045 · NPG

, (34)

where $CE is the engine cost, $CMG2 is the motor cost, $CUC is the ultracapacitor pack cost, and
$CPG is the planetary gear set cost; PE and PMG are the power of the engine and motor, respectively;
Nmodule is the module number of the ultracapacitor pack; and NPG is the planetary gear number of
the transmission.

The fuel consumption varies in different speed and torque. Since it is hard to precisely evaluate
average fuel economy during real-time driving, the one-year fuel cost is estimated based on the two
typical cycles in Figure 12. Assuming that the TTD works four hours per day and 150 days per year,
the total fuel cost can be calculated as in Equation (35).

C1_year_ f uel_ cos t = $Cdisel ·
(4× 150)× 3600

Timestraigt + Timeturn
·
(Fstraight + Fturn)

2
, (35)

where $Cdisel is the unit price of diesel oil; Timestraigt and Timeturn are the total cycle time of the typical
straight and turning cycle, respectively; and Fstraight and Fturn are the total fuel consumption during
straight driving and turning cycles, respectively.

With E-PEARS+ and the integrated optimization using CAPSO, the process can be 1000 times
faster than with the existing methodology. After the optimization of all 63 surviving designs as shown
in Figure 15, topology design No. 7 is proven to have the best result. The lever diagram [36] is
presented in Figure 15 together with the size optimization result. The final optimized size parameters
of the optimal design are shown in Equation (36):

FR∗ = 78.87; FL∗ = 82.10;
GR1∗ = 1.65; GR2∗ = 1.89; GR3∗ = 2.56
SE
∗ = 0.86

SMG1
∗ = 0.93; SMG2

∗ = 0.93; SMG3
∗ = 0.91

(36)
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Figure 15. Optimization result: (a) results of all topologies, (b) lever diagram of the final design, (c) size
optimization result of the final design.

To show the advantages of the proposed novel powertrain, the performance, fuel economy, and
cost are compared with the current series benchmark.

The maximum towing capacity and minimum turning radius at all speeds of the final design and
the series benchmark are shown in Figure 16. The average towing capacity and turning capacity of the
proposed optimal design are about 25% and 44% better than the current series hybrid powertrain.

The E-PEARS+ control results under two typical cycles for the final design and series benchmark
are shown in Figure 17. The fuel consumption of the series hybrid TTD under the straight driving
and turning cycles are 221.9 g and 183.7 g, respectively, while those of the final design are 192.1 g
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and 146.1 g. The fuel economy of our design reflects a 13.5% and 21% improvement over the series
hybrid benchmark.
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Figure 16. Performance of the final optimal design: (a) straight driving, (b) left turning, (c) right turning.
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cost of our design will be lower than that of the series hybrid after only 0.53 years of use. Moreover, 
as time goes on, our design will become increasingly cost-effective, an important advantage in 
industrial applications.  
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Figure 17. Control results comparison under typical cycles.

To further explain the cumulative cost of our design and the series benchmark, the cost
corresponding to years of ownership is calculated. The power electronics of the series hybrid cost
approximately 14,100 $, which is a bit cheaper than the 14,600 $ of our design due to the 3PG set. As the
fuel economy of our design is much better than the series hybrid TTD, however, the cumulative cost



Energies 2017, 10, 2141 22 of 25

of our design will be lower than that of the series hybrid after only 0.53 years of use. Moreover,
as time goes on, our design will become increasingly cost-effective, an important advantage in
industrial applications.

To conclude, a radar diagram is shown in Figure 18 to compare our multi-mode powertrain
with the series hybrid benchmark: 1 represents an inferior level of advantages for the features and
2 represents a superior level. It can be seen that the series hybrid powertrain is more compact and
easier to produce, while the novel multi-mode powertrain is more complex because of the 3PG set.
The proposed multi-mode powertrain, however, is better in other regards. Thus, we believe that
as the manufacturing technology of PGs for tracked vehicles becomes more advanced in the future,
the proposed novel multi-mode powertrain of tracked vehicles will become more promising and
suitable for industrial applications.
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6. Conclusions

In this paper, a novel multi-mode hybrid electric powertrain for tracked vehicles is proposed.
A practical applied series hybrid TTD is selected as the benchmark. We first analyze the configuration
and design generation process to reduce the large design pool to a manageable size. By rapid automated
modeling of all candidate designs, attributes and drivability are used to obtain superior designs.
Subsequently, by establishing E-PEARS+, the fuel economy of straight driving and turning for TTDs
can be evaluated. Surviving topology designs are optimized together with size parameters integrally.
The final optimal design shows both better drivability and better fuel economy during straight driving
and turning. The design is also more economical, showing good developmental potential for future
practical applications.

It should also be noted that, apart from tracked vehicles, the proposed design method is also
useful for multi-PG powertrain analysis of hybrid passenger cars or light trucks. The design generation
process, the automated modeling, and the integrated optimization can help engineers locate the
optimal design accurately and efficiently.
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Nomenclature

A* characteristic matrix
c constraint number
C* cost of components
Cdiesel unit price of per gallon
Fstraight fuel consumption during straight driving
Fturn fuel consumption during turning
F* internal force of PGs acting between gears
FR final drive of the right track
FL final drive of the left track
GR gear ratio of PGs
I* inertia of the components
m vehicle mass
n planetary gear number
P* power of the components
r* radius of the ring gear
S* scaling factor of components
s* radius of the sun gear
T* torque of the components
Vl speed of the left track
Vr speed of the right track
V central speed
α convergence parameter
β attraction parameter
.

ω∗ angular acceleration of the components
ηbat_max operating efficiency of the components
Acronyms
DOF Degree of Freedom
DP Dynamic Programming
GA Genetic Algorithm
MPC Model Predictive Control
NSGA Non-dominated Sorting Genetic Algorithm
PG Planetary Gear
PSO Particle Swarm Optimization
SOC State of Charge
TTD Track-type Dozer
ECMS Equivalent Consumption Minimization Strategy
PEARS Power-weighted Efficiency Analysis for Rapid Sizing
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