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Abstract: We consider a Unit Commitment Problem (UCP) addressing not only the economic
objective of minimizing the total production costs—as is done in the standard UCP—but also
addressing environmental concerns. Our approach utilizes a multi-objective formulation and includes
in the objective function a criterion to minimize the emission of pollutants. Environmental concerns
are having a significant impact on the operation of power systems related to the emissions
from fossil-fuelled power plants. However, the standard UCP, which minimizes just the total
production costs, is inadequate to address environmental concerns. We propose to address the
UCP with environmental concerns as a multi-objective problem and use a metaheuristic approach
combined with a non-dominated sorting procedure to solve it. The metaheuristic developed
is a variant of an evolutionary algorithm, known as Biased Random Key Genetic Algorithm.
Computational experiments have been carried out on benchmark problems with up to 100 generation
units for a 24 h scheduling horizon. The performance of the method, as well as the quality,
diversity and the distribution characteristics of the solutions obtained are analysed. It is shown that
the method proposed compares favourably against alternative approaches in most cases analysed.

Keywords: pollutant emissions; genetic algorithm; multi-objective optimization; unit commitment

1. Introduction

The power system generation scheduling is composed of two tasks [1,2]: On the one hand,
one must determine the scheduling of the turn-on and turn-off of the thermal generating units; on the
other hand, one must also determine the economic dispatch (ED), which assigns the amount of power
that should be produced by each on-line unit in order to minimize the total operating cost for a
specific time generation horizon. The traditional configuration of this problem, known as the Unit
Commitment Problem (UCP), was modified to account for environmental concerns.

During the last decades, the rapid growth in the use of fossil fuels has led to the emission of a large
amount of atmospheric pollutants, that are continuously released into the environment. The increased
public awareness regarding the harmful effects of atmospheric pollutants on the environment, as well
as the tightening of environmental regulations, namely due to the goals imposed by the Kyoto protocol
and later by the Paris Agreement [3], have forced power utilities to search for different operational
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strategies. These new strategies must lead to a reduction in pollution and environmental emissions.
Thus, power utilities should look for solutions that in addition to being cost-effective must also be
environmentally friendly. The carbon emissions produced by fossil-fueled thermal power plants need
also to be minimized. It is necessary to consider these emissions as another objective. Therefore, we are
in the presence of a problem with two, usually conflicting objectives.

Current research is directed to handle both objectives simultaneously as competing objectives
instead of simplifying the multi-objective nature of the problem by converting it into a single
objective problem. The multi-objective version of the UCP has not been the subject of extensive
research and most of the works reported in the literature either considers the emissions as
constraints [4,5] or transforms the problem into a single objective one, see, e.g., [6–8]. A recent
review on the use of multi-objective optimization (MOO) in the energy sector, namely in the electricity
sector, can be found in [9]. Several methods have been reported in the literature concerning the
environmental/economic dispatch problem such as Genetic Algorithms [10–12], Differential Evolution
Algorithms [13,14], Harmony Search Algorithms [15], Gravitational Search Algorithms [16], Particle
Swarm Optimization Algorithms [17–19], and Bacterial Foraging Algorithms [20]. These methods fall
into the category of metaheuristics, which are optimization methods known to be able to provide good
quality solutions within a reasonable computational time (see e.g., [21,22]). Different Multi-objective
Optimization Evolutionary Algorithms (MOEA’s), such as Niched Pareto Genetic Algorithm
(NPGA) [23], Strength Pareto Evolutionary Algorithm (SPEA) [24] and Non-dominated Sorting Genetic
Algorithm (NSGA) [25,26] have been applied to multi-objective problems. Since they use a population
of solutions in their search, multiple Pareto-optimal solutions can, in principle, be found in one
single run.

In this paper, we propose to address simultaneously the UC and ED problems using
multi-objective optimization. We consider deterministic requirements for the physical generation,
load and spinning reserve as is usual in the classical unit commitment problem and, in addition, we take
into account the emission of pollutants. The electrical network phenomena such as transmission
constraints and power losses are not considered. Also, the uncertainties related to stochastic load
demand as well as intermittent power generation by renewable sources such as wind and solar are
not considered in our model. A Biased Random Key Genetic Algorithm (BRKGA) combined with a
non-dominated sorted procedure and Multi-objective Optimization Evolutionary Algorithm (MOEA)
techniques are proposed. The BRKGA developed is based on the framework proposed in [27] and
on a previous version developed for the single objective UC problem in [28,29]. Here, the BRKGA
approach includes a ranking selection method, that is used for ordering the non-dominated solutions,
and a crowded-comparison procedure as in NSGA-II. The crowded-comparison procedure replaces
the sharing function procedure used in original NSGA, which allows for maintaining diversity in
the population. We also compare the algorithm here proposed with the NSGA-II, SPEA2, and NPGA
techniques. Our algorithm is tested on two standard 24-h test systems, introduced in [30,31], each
considering several cases involving from 10 up to 100 generating units.

The remaining of the paper is organized as follows. Section 2 surveys the most significant
literature on the UCP with environmental concerns. Section 3 provides the description and formulation
of the environmental/economic unit commitment problem. An explanation on the BRKGA and
alternative solution methodologies as well as their implementation are given in Section 4. In Section 5,
the computational experiments are reported and the obtained results discussed. In Section 6 some
conclusions are drawn.

2. The Unit Commitment Problem with Environmental Concerns

There exist by now a considerable literature on the UCP including environmental concerns.
The environmental concerns have been incorporated into the unit commitment problem in two ways,
namely: as a constraint and as an objective. In the latter case, some authors still treat the problem
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as a single objective problem by combining the two objectives into one, while others address it as a
bi-objective problem and thus look for non-dominated solutions.

In some studies, see e.g., [4,5,32,33], the UCP is addressed considering emission constraints. In the
aforementioned works, Lagrangian relaxation-based algorithms have been proposed. The authors
in [32] propose an augmented Lagrangian relaxation, where the system constraints, e.g., load demand,
spinning reserve, transmission capacity and environmental constraints, are relaxed by using
Lagrangian multipliers, and quadratic penalty terms associated with system load demand balance
are added to the Lagrangian objective function. At each iteration, the quadratic penalty terms
are linearized, around the solution obtained at the previous iteration, and the resulting problem
is decomposed into N subproblems. The corresponding unit scheduling subproblems are solved using
dynamic programming, while the economic dispatch is solved with a network flow algorithm.

A different approach is taken in [5], which uses a modified differential evolution approach.
A solution to the UCP is encoded as a binary matrix, representing the switching schedule, and an
integer vector, determining the power generated by each unit. After randomly generating the binary
matrix, feasibility is ensured for the spinning reserve constraints and for the up/down time constraints
by modifying the matrix, if needed. This is done by considering the units in descending order of the
ratio of the fuel costs to the maximum power. Then for each time period the power to be generated
is randomly obtained for the on units within their generation limits. Once the population has been
generated mutation and crossover operators are applied to obtain the next generation. Emissions and
power balance constrains are dealt with in the fitness function through the use of heavy penalties.
The authors report results for one six-units problem instance with a 24-h planning horizon.

The UCP considering emissions as a second objective function but combined with the
main objective function (operating costs) has been addressed by several authors and approaches.
In [34] the authors combine the objectives functions using a weighting factor and use a
Lagrangian-relaxation-based algorithm. The authors in [35] use a price penalty factor, defined as the
ratio between maximum fuel cost and maximum emission of the corresponding generator, to blend the
emission with fuel costs. Since the solution procedure proposed relies on an exhaustive enumeration
(generates all possible combinations of the generator unit status), it guarantees the optimality of
the solution. However, it is only feasible for small sized problem instances (it has been tested on a
5 units system). This problem is also addressed in [36], where the authors propose several techniques,
namely: genetic algorithms, evolutionary programming, particle swarm optimization, and differential
evolution. Although the authors compare the results obtained with the four techniques, it was not
possible to draw any strong conclusions about the techniques efficiency and effectiveness since only
two problem instances have been solved. In [37] the UCP with three conflicting functions such as
fuel cost, emission and reliability level of the system is considered. These functions are formulated
as a single objective function using the fuzzy set theory. A binary real coded Artificial Bee Colony
algorithm is proposed, where the binary coded ABC is used to determine the generation units status
and the real coded ABC is used to determine the production of the on-line units. The disadvantage
of such approaches is that they do not allow for obtaining a set of solutions with a tradeoff between
costs and emissions since an apriori compromise is defined. In [38], an approach based on the convex
combination of the objective functions, the weighting factor is then varied between 0 and 1. The problem
version address only considers constraints on load, spinning reserve, and output limits. The solution
procedure is based on the decommitment approach, i.e., it starts by that all units are turned on and
then it decommits units one at the time, based on cost savings and on emissions reduction. A single
problem instance with 10-units has been solved. This type of approaches has several disadvantages:
a uniform spread of weight parameters, in general, does not produce a uniform spread of points
on the Pareto-front; Non-convex parts of the Pareto set cannot be reached by minimizing convex
combinations of the objective functions; Implies a considerable computational burden since several
runs are needed, as many times as the number of desired optimal solutions. Other authors have
combined the last two strategies, i.e., combining the two objective functions and imposing constraints
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on the achievable values for one or both objectives, in order to try to overcome their drawbacks.
Catalão et al. [39,40] address the multi-objective unit commitment problem considering cost and
emission objective functions. The authors propose an approach based on Lagrangian relaxation,
which combines the weighted sum method, using a convex combination of the objective functions,
with the ε-constraining method, constraining the objectives to be within pre-specified threshold levels.
The approach was tested on a case study with 11 thermal units and a scheduling time horizon of 168 h
and the results reported demonstrated it to be fast and efficient.

In [6] a Teaching Learning Based Optimization Algorithm (TLBO) is proposed to address the
UCP with emissions and costs. In this work, the authors aim is to find a solution that balances the
emissions and costs. Thus, they defined as their objective to look for a solution that is about as
much far away from the best in both objectives. Therefore, they consider a single objective function,
which is given by the weighted sum of the normalized emissions and costs. The TLBO uses a
classroom analogy to solve optimization problems. Solutions are students and the solution quality
represents the students grade. Solutions (students) interact (learn) with each other and by doing so
are capable of improving their quality (grade) by using the best parts of others solutions. The units
schedule is represented by a binary matrix that if needed is repaired in order to only deal with
feasible solutions. The power generated by each only unit is determined by solving the corresponding
quadratic minimization problem. The solutions are then randomly changed to become closer to the best
on. Computational experiments were performed by considering the usual benchmark UCP problem
instances with 10 up to 100 generating units.

Recent research focus on handling both objectives simultaneously as competing objectives instead
of simplifying the multi-objective nature of the problem by converting it into a single objective
problem. Several methods have been reported in the literature concerning the environmental/economic
dispatch problem such as Genetic Algorithms [10–12], Differential Evolution Algorithms [13,14],
Harmony Search Algorithms [15], Gravitational Search Algorithms [16], Particle Swarm Optimization
Algorithms [17–19], and Bacterial Foraging Algorithms [20]. Several MOEAs like Niched Pareto Genetic
Algorithm (NPGA) [23], Strength Pareto Evolutionary Algorithm (SPEA) [24] and Non-dominated
Sorting Genetic Algorithm (NSGA) [25,26] have been applied to multi-objective problems. Since they
use a population of solutions in their search, multiple Pareto-optimal solutions can, in principle,
be found in one single run.

In [10] a ε-defined multi-objective genetic algorithm is described. The proposed algorithm is
based on the concept of co-evolution and incorporates a repair procedure that forces the non-linear
constraints satisfaction. The non-dominated solutions in archive of finite size are iteratively updated
take into account the concept of ε-dominance. A Multi-Objective Harmony Search (MOHS) algorithm
is proposed in [15]. The MOHS algorithm uses a non-dominated sorting and ranking procedure with
dynamic crowding distance. In [16] the Opposition-based Gravitational Search Algorithm (OGSA) is
used to improve the convergence rate of the Gravitational Search Algorithm. The proposed approach
employs opposition-based learning for population initialization and also for generation jumping.
The OGSA algorithm was tested on four standard power systems problems of combined economic
and emission dispatch (CEED).

Abido [17] propose a multi-objective particle swarm optimization (MOPSO) that includes a
hierarchical clustering technique to manage Pareto-optimal set size. The MOPSO performances in
terms of non-dominated solutions diversity and well-distribution characteristics are also studied.
Zhang et al. [18] propose a new Bare-Bones Multi-Objective Particle Swarm Optimization (BB-MOPSO)
algorithm. The BB-MOPSO include a particle updating strategy; a mutation operator with action
range varying over time and an approach based on particle diversity to update the global particle
leaders. However, the algorithm proposed requires tuning control parameter such as acceleration
coefficients, inertia weight, and velocity clamping. Pandit et al. [20] proposes an Improved Bacterial
Foraging Algorithm (IBFA) in which a parameter automation strategy and crossover operation is
used in micro BFA to improve computational efficiency. The IBFA approach obtains Pareto-optimal
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solutions for combined static/dynamic environmental economic dispatch. The authors in [26] propose
a method combining Non-dominated Sorting Genetic Algorithm-II (NSGA-II) with problem-specific
crossover and mutation operators. The initial population is obtained by randomly generating the unit
status (binary matrices) except for one solutions that are obtained through a priority list. The power
dispatch is obtained by using the lambda-iteration method. Parents are randomly chosen from a
pool, formed using binary tournament and the offspring is obtained by applying window crossover.
Mutation is applied using swap window and window operators. Then the NSGA-II principle is
used to form the next generator. The authors have one problem instance with 60 generating units.
This work has then been improved in [41] since problem specific binary genetic operators are used
for the unit status matrix (commitment matrix) and real genetic operators are used for the power
matrix thus exploring the binary and real spaces separately. The authors also use two different
crossover procedures, one to evolve the commitment matrix and another to evolve the power matrix.
Solution feasibility concerning to power demand satisfaction is ensured through a repair mechanism.
The violation of other constraints results in a violation penalty. Baskar et al. [11] propose a modified
NSGA-II (MNSGA-II) algorithm for economic and emission dispatch problem. The NSGA-II drawbacks
such as lack of uniform diversity of non-dominated solutions and lack of lateral diversity-preserving
operator were corrected by introducing dynamic crowding distance (DCD) and controlled elitism (CE)
into the NSGA-II.

There is other research on the UCP that considers renewable energy generating units, which is
recent. However, current discussion involves several different issues, such as types of resources [42],
uncertainties regarding renewable resources [43–46], and pumped hydro-energy storage [47,48].
For very recent literature reviews see, e.g., [49,50] and the references therein. Despite these recent
research trend, not many works have yet been reported on the MO version of the UCP involving
renewable resources, specially without transforming it into a SO version. Here, we refer to the very
few and recent exceptions. In [51] a non-dominating backtrack searching algorithm is proposed to
approximate the Pareto front regarding cost and risk minimization. The risk objective is related
to the possible power shortage and unit outage, due to the consideration of wind generating units
and it is modelled as a risk index. Results are provided regarding two problem instances. In [52] a
multi-objective gravitational search algorithm (MOGSA) is used to find some Pareto optimal solutions,
regarding the minimization of cost and emissions. The UCP considered includes hydro, pump storage,
wind farm, and solar farm, with and without ramp rates.

In the next sections, we describe the UCP and ED problems using multi-objective optimization.
We also describe the methodology used to solve the problem: a metaheuristic method based on a
Biased Random Key Genetic Algorithm and combined with a non-dominated sorted procedure.

3. The Multi-Objective UCP Optimization Based on Evolutionary Algorithms

The problem of scheduling power generators is formulated as a bi-objective optimization model.
The problem data is considered deterministic, the uncertainties related to load demand and renewable
energy resources (wind, solar) are not studied in this work. Also the electrical network phenomena
such as transmission constraints and power losses are not included.

In the multi-objective UC problem, one needs to determine an optimal schedule, which minimizes
the production cost and emission of atmospheric pollutants over the scheduled time horizon subject to
system and operational constraints. Therefore, the multi-objective UC problem should be formulated
including both objectives, i.e., the minimization of the operational costs and the minimization of the
pollutant emissions.

Minimize [F(y, u), E(y, u)] (1)

Due to its combinatorial nature, multi-period characteristics, and nonlinearities, the UC problem
is a hard optimization problem, which involves both integer and continuous variables and a large set
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of constraints. The first component of the objective function is concerning to the system operational
costs composed of generation and start-up costs.

F(y, u) =
T

∑
t=1

(
N

∑
j=1
{Fj(yt,j) · ut,j + SUt,j · (1− ut−1,j) · ut,j +SDj · (1− ut,j) · ut−1,j}

)
, (2)

where St,j and SDt,j are the start-up and shut-down costs of unit j at time period t, respectively.
The generation costs, i.e., the fuel costs, are conventionally given by a quadratic cost functions, Fj(yt,j),
as in Equation (3),

Fj(yt,j) = aj · (yt,j)
2 + bj · yt,j + cj, (3)

where aj, bj, cj are the cost coefficients of unit j. On the other hand, the second objective is to minimize
the total quantity of atmospheric pollutant emissions such as NOx and CO2.

E(y, u) =
T

∑
t=1

(
N

∑
j=1
{Ej(yt,j) · ut,j +Set,j · (1− ut−1,j) · ut,j}

)
, (4)

where Sej is the start-up pollutant emissions of unit j at time period t. Here, Ej(yt,j) represents the
emissions produced by each thermal unit j in on-line status, which is expressed as a quadratic function
in terms of output power generation,

Ej(yt,j) = αj · (yt,j)
2 + β j · yt,j + γj, (5)

where αj, β j, γj are the emission coefficients of unit j. The constraints can be divided into two categories:
the system constraints and the technical constraints. Regarding the first category of constraints it can
be further divided into load requirements and spinning reserve requirements, which can be written
as follows:

(1) Power Balance Constraints: The sum of unit generation outputs must cover the total power
demand, for each time period.

N

∑
j=1

yt,j · ut,j ≥ Dt, t ∈ {1, 2, ..., T} . (6)

(2) Spinning Reserve Constraints: The total amount of real power generation available from
on-line units net of their current production level must satisfy a pre-specified percentage of
the load demand.

N

∑
j=1

Ymaxj · ut,j ≥ Rt + Dt, t ∈ {1, 2, ..., T} . (7)

The second category of constraints includes unit output range, the minimum number of time
periods that the unit must be in each status (on-line and off-line), and the maximum output
variation allowed for each unit.

(3) Unit Output Range Constraints: For each time period t and unit j, the real power output of each
generator is restricted by lower and upper limits.

Yminj · ut,j ≤ Yt,j ≤ Ymaxj · ut,j. (8)

(4) Ramp rate Constraints: Due to the thermal stress limitations and mechanical characteristics,
the output variation levels of each online unit in two consecutive periods are restricted by ramp
rate limits.

− ∆dn
j ≤ yt,j − yt−1,j ≤ ∆up

j . (9)
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(5) Minimum Uptime/Downtime Constraints: If the unit has already turned on/off, there will be
a minimum uptime/downtime time before it is shut-down/started-up, respectively.

Ton
j (t) ≥ Ton

min,j and To f f
j (t) ≥ To f f

min,j. (10)

As already mentioned, the uncertainties related to a varying load demand and varying renewable
energy resources are not addressed in this model. Also, the electrical network phenomena such as
transmission constraints and power losses are not considered. These assumptions are usual in many
studies of the unit commitment problem, as is discussed in works mentioned in the previous section.
The main aim of the UCP is to provide a plan for the schedule of units on a relatively long term,
typically 24 h or more. After the units are committed and having a plan for the dispatch, the economic
dispatch problem is often re-solved using more recent (real-time) data and additional constraints
related to the network.

4. Multi-Objective UCP Optimization

In this section, we describe the solution methods to solve the multi-objective UCP optimization,
their components, as well as their implementation details. Some performance metrics that are used to
evaluate the merits of each method are also discussed.

4.1. Decoding Procedure

The decoding procedure used in all four multi-objective optimization algorithms is the one
proposed in [28,29]. For each chromosome, the corresponding solution is obtained in two main stages.
Firstly, the output generation level matrix for each unit and time period is computed using the random
key values. Each element of the output generation matrix, yt,j is given as the product of the percentage

vectors by the periods demand Dt, i.e., yt,j = Dt
RKj

∑N
i=1 RKi

. Here each component of the percentage

vectors is given by corresponding random key entry divided by the sum of all random key values as
illustrated in algorithm 1 in [28]. Then, the feasibility of the output levels is checked and whenever a
constraint is not satisfied the solution is modified by the repair algorithm presented in [29].

4.2. Repair Algorithm

The repair algorithm is composed of several steps. Firstly, the output levels are adjusted in
order to satisfy the output range constraints. Next, we have the adjustment of output levels to satisfy
ramp rate limits. It follows the repairing of the minimum uptime/downtime constraints violation.
Afterwards, the output levels are adjusted in order to satisfy spinning reserve requirements. Finally,
the output levels are adjusted for demand requirements satisfaction at each time period. For details on
the repairing mechanisms, the reader is referred to [29].

4.3. NSGA II

NSGA II is a fast and elitist non-dominated sorted genetic algorithm [53], which allows to
approximating the set of Pareto solution. In this approach, the ranking selection method is used to
focus on non-dominated solutions while the crowding distance is computed to ensure diversity along
the non-dominated front. The population of size Np is used for selection, crossover, and mutation to
create a new offspring population of equal size. The rank procedure is employed by different levels
of domination until all individuals in the intermediate combined population, of size 2Np, are ranked.
Firstly, the non-dominated solutions are assigned with same rank value and thereafter the crowding
distance is computed. The non-dominated solutions must be emphasized more than any other solution.
In order to find individuals of the next front, the solutions of the first front are temporarily ignored,
and the above procedure is repeated to find subsequent fronts. The individuals of the new population
are selected from the intermediate population using subsequent non-dominated fronts in the order
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of their ranking. To choose exactly the population members, the solutions of the last front are sorted
considering the crowding distance by descending order. The NSGA-II approach proposed by [53] was
implemented as follows:

• Generate random initial population of size Np, decode individuals, and evaluate solutions;
• Sort the initial population using non-domination-sort. For each individual assign rank and

crowding distance;
• For each generation the following steps are performed: Select the parents, which are fit for

reproduction by using the binary tournament selection based on the rank and crowding distance;
the genetic operators simulated binary crossover and polynomial mutation are applied under
selected parents to create the offspring population of size Np ; the offspring population is combined
with parent population (the size of intermediate population is the double); after non-dominated
sorting of the combined population, only the best Np individuals are selected based on its rank
and crowding distance; a new generation is then obtained maintaining the population size fixed;
the stop criterium is a maximum number of generations previously established.

4.4. NPGA

A Niched Pareto genetic algorithm was presented in [23]. This technique involves the addition of
two specialized genetic operators: Pareto domination tournaments and fitness sharing. These operators
allow for selection based on a partial ordering of the population, as well as, to preserve diversity in the
population. Tournament selection is used to adjust selection pressure by changing the tournament
size. Two candidates are chosen at random from the current population. A comparison set of tdom
individuals is also chosen randomly. Each of the candidates is compared to each individual in the
comparison set. If a candidate is dominated by the comparison set, and other is not, the former loses
the competition. If there are tournament ties, i.e., neither or both candidates are dominated by the
comparison set, the selection is based on the fitness sharing of individuals, using niche counts as
computed for the objective space in [23]; see Equation (11). Each candidate niche count is computed in
the objective space, using its evaluated objective values. The candidate with lowest niche count wins
the tournament. Tournaments are held until the next generation is filled. The niche count for candidate
i is given by:

mi =

∑j∈Pop

(
1− di,j

σshare

)
if di,j < σshare

0 if di,j >= σshare

, (11)

where di,j is the Euclidean distance between competitor i and other individual j. Here σshare is the
niche radius, i.e., the specified distance. The winner of the tied tournament is the competitor with the
lowest niche count. As in [23], the fitness sharing is updated continuously, once the niche counts are
calculated using individuals in the partially filled population of the next generation, rather than that of
the current generation. Then crossover and mutation operators are applied to the new population.

4.5. SPEA 2

The Strenght Pareto Evolutionary Algorithm (SPEA) was introduced in [24] and an improved
version, known as SPEA2 is given in [54]. In this algorithm, non-dominated solutions are stored
in an external set. The individuals are assigned according to the Pareto dominance concept.
When the non-dominated solutions exceed a previously fixed size for the external set, the number
of individuals in the external set is reduced by means of a truncation technique, as in [54]. If the
number of non-dominated individuals is less than the predefined external set size, the external
set is filled up by dominated individuals. The fitness assignment occurs in two different stages.
The individuals are assigned by the strengths of its dominators in both the external set and the
population. Strenght represents the number of individuals in the population and in the external
set covered by the individual considered. The fitness of each individual is given by the sum of the
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strengths of its dominators in the external set and in the population. If more than one individual has
the same fitness value, the density estimation technique is used as given in SPEA2 [54]. This technique
results from an adaptation of the kth nearest neighbor method. The basic idea of the truncation
procedure is to remove the individual which has the minimum distance to another individual. If there
are several individuals with minimum distance, the individuals with second smallest distances to
another individual are removed and so on. The SPEA-II approach proposed by [54] implements the
following steps:

Step 1. Generate the initial population, decode individuals, evaluate solutions, and create the empty
external set to keep the Pareto front approximations;

Step 2. Compute fitness values of individuals in the population and in the external set;
Step 3. Copy non-dominated individuals of the population to the external set;
Step 4. Update the external set keeping only the non-dominated solutions. When the number of

non-dominated solutions is higher than the specified size for the external set, it is reduced
by applying the truncation technique. If the number of non-dominated individuals is less
than the external set size, the external set is filled up with dominated individuals;

Step 5. The algorithm stops when the maximum number of generations is reached;
Step 6. The mating pool is filled using the binary tournament selection with replacement on the

updated external set;
Step 7. After the recombination of the mating pool, the crossover and mutation operators are applied

and a new population is created. Increment the generation counter and repeat from Step 2.

4.6. BRKGA Multi-Objective UC Approach

The BRKGA is adapted using the ranking selection method for ordering the non-dominated
solutions according to the Pareto domination concept, while the crowding distance is used to break
the ties by choosing the best individuals to be included in new population. Details about the BRKGA
approach are given in [27,28]. The initial population, with size Np, is constructed by generating the
random keys. Given a population of chromosomes (random keys) the decoding procedure is applied
such that to each chromosome corresponds a feasible UC solution. The fitness function used to evaluate
the solutions includes both the total operational costs and CO2 or NOx pollutant emissions. We have
adopted a fitness procedure similar to that of NSGA-II, given in [53]. Therefore, the population is
sorted based on the non-domination concept. Each solution is assigned a fitness (rank) equal to its
non-dominated level. The biased selection and biased crossover operators and the introduction of
mutants are used to create an offspring population, also of size Np. On the one hand, the biased
selection ensures that one of the parents used for mating comes from a subset containing the best
solutions of the current population. On the other hand, the biased crossover chooses with higher
probability an allele from the best parent. Mutants are generated in the same way as the initially
population and are introduced directly in the next generation. We start by combining the current
population with the newly obtained one. The combined population size is the double (2Np) of the
current population and it is sorted by the non-domination criterion (Fast Non-dominated Sorting
Approach). The non-domination criteria leads to several levels of non-dominated fronts. The first
level includes all non-dominated individuals of the combined population. The second level contains
solutions only dominated by the solutions in the first level. All other levels are defined in a similar way,
that is, each level contains only solutions dominated by all previous non-dominated levels. In order
to obtain the new population we go through the different levels, in ascending order, and include all
its solutions if Np is not reached; otherwise only some solutions are included, until Np is reached,
using the descending order of crowding distance as a selection criterion. The multi-objective BRKGA
approach is illustrated in Figure 1.
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Figure 1. Flowchart of BRKGA multi-objective approach.

4.7. Performance Metrics

Genetic Operators in BRKGA

Biased Selection: a pair of parents are selected from the current population. This population
is divided into two sets: The elite set, comprising the best individuals, and the non-elite set,
comprising the remaining individuals. One parent is selected from the elite set, while the other
parent is chosen from the remaining, non-elite, individuals. Biased Crossover: Given two parents
and a specified probability of crossover, the crossover interchanges the genes or alleles to produce a
new individual. As already mentioned, genes are chosen by using a biased uniform crossover, that is,
for each gene, a biased coin is tossed to decide on which parent the gene is taken from. This way,
the offspring inherit the genes from the elite parent with a higher probability (0.7 in our case). Mutants:
To ensure diversity and to avoid premature convergence, we introduce a percentage of new individuals,
called mutants, in the population. These individuals are randomly generated, as was the case for the
initial population.

The solutions of the different MOEAs considered are compared by analyzing the approximated
Pareto fronts produced. In addition, four different performance measures are used considering the
distinct goals of convergence to the Pareto optimal front and the uniformity of distribution in terms of
dispersion and extension. We use the set coverage metric [55]. This metric takes into consideration a
pair of non-dominated sets comparing the fraction of each set that is covered by the other set and is
defined as

Cov(A, B) =
|{b ∈ B; ∃a ∈ A : a cover b}|

|B| , (12)

where |.| represents the size (cardinality) of a set. If Cov(A, B) = 0; then none of the points in the set B
are covered by the set A. If Cov(A, B) = 1; then all points in B are dominated by or equal to points in
A. It should be noticed that Cov(A, B) is not necessarily equal to 1− Cov(B, A).
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The contribution measure [56] Con(A, B) of an approximation Pareto front A relatively to another
approximation Pareto front B gives the percentage of the solutions of the non-dominated set of A ∪ B.
Thus, this metric value has to be greater than 0.5 to indicate that A is better than B in terms of
convergence of the Pareto front. Let F be the set of solutions in A ∩ B, F∗ the set of Pareto solutions of
A ∪ B. Let D1 (D2) be the set of solutions in A (B) that dominate some solutions of B (A) and let also
N1 (N2) be the noncomparable solutions of A (B). Therefore, the contribution measure is given by:

Con(A, B) =
‖F‖

2 + ‖D1‖+ ‖N1‖
‖F∗‖ , (13)

where ‖F∗‖ = ‖F‖+ ‖D1‖+ ‖N1‖+ ‖D2‖+ ‖N2‖. It should be noticed that Con(B, A) = 1−Con(A, B).
The extent indicator measure is computed as given in [57]

E(A) =

√
n

∑
i=1

max {‖ai − bi‖ ; a, b ∈ A}, (14)

where ‖.‖ is the Euclidean norm. The function E use the maximum extent in each dimension to
determine the range to which the front spreads out. In the case of two objectives, this corresponds to
the distance of the two outer solutions, i.e., gives the distance between the best cost solution and the
best emission solution.

Another diversity performance metric is the spacing measure [58]. This measure gives the
standard deviation of the different distance of solution values in the solution space and is defined as:

S =

√
1

n− 1
.

n

∑
i=1

(
di − d̄

)2, (15)

where di = minj d(i, j), d̄ is the mean distance and d(i, j) is the Euclidean distance between the
individual i and j. S = 0 means that all members in non-dominated set are equidistantly spaced.
Moreover, if the non-dominated solutions tend to be uniformly distributed the distance will be small.
Therefore, smaller spacing measure value means better dispersion of the non-dominated solutions.

5. Results

In this section, we report on our computational experience. In Section 5.1, we describe the process
of selecting the most adequate parameters for each algorithm and then, in Section 5.2, we provide
results for two case studies comprising benchmark sets of multi-objective problems.

5.1. Configuration of the Parameters for the Methods Used

5.1.1. BRKGA Configuration

The BRKGA final parameter values were decided upon after some empirical experiments have
been performed. The experimented values were chosen using the guidelines provided by [27,53],
as well as, the computational experiments in [29]. The current population of solutions is evolved by
the GA operators onto a new population as follows: the elite set is formed by 20% of best solutions;
40% of the new population is obtained by introducing mutants; and finally, the remaining 60% of
the population is obtained by biased reproduction, which is accomplished by having both a biased
selection and a biased crossover. We set the number of generations to 10N and the population size to
2N. In the Tables 1 and 2 are reported the coverage average measure (in percentage) obtained over
10 optimization runs for both instance problems of the 60 units concerning to case studies addressed
in Sections 5.2.1 and 5.2.2. Initially, the maximum number of generations was considered sufficiently
large, Gmax = 20N. The crossover probability was tried for values selected between pc = 0.6 and
pc = 0.9, in steps of 0.1 and the population size range between N and 5N, in steps of N. In general,
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the best coverage performance was obtained for 0.7, as it can be seen in Tables 1 and 2. In addition,
it should be mentioned that no major differences in terms of the extent and dispersion were found for
BRKGA with different crossover probability values.

Table 1. Percentage of Non-dominated Solutions of set B covered by those in set A for case study 1.

Np = N

Set A/Set B BRKGApc=0.6 BRKGApc=0.7 BRKGApc=0.8 BRKGApc=0.9

BRKGApc=0.6 - 27.6 56.6 75.2
BRKGApc=0.7 57.8 - 66.2 79.7
BRKGApc=0.8 31.8 20.3 - 62.9
BRKGApc=0.9 17.3 15.4 30.8 -

Np = 2N

BRKGApc=0.6 - 26.2 34.3 40.7
BRKGApc=0.7 43.7 - 49.3 62.9
BRKGApc=0.8 41.6 25.8 - 51.3
BRKGApc=0.9 36.7 16.3 32.8 -

Np = 3N

BRKGApc=0.6 - 23.0 44.6 43.2
BRKGApc=0.7 37.4 - 74.3 51.2
BRKGApc=0.8 18.9 11.4 - 39.4
BRKGApc=0.9 24.1 29.0 38.5 -

Np = 4N

BRKGApc=0.6 - 30.9 39.8 56.4
BRKGApc=0.7 52.4 - 59.1 80.8
BRKGApc=0.8 30.0 20.5 - 55.3
BRKGApc=0.9 24.8 9.5 22.5 -

Np = 5N

BRKGApc=0.6 - 16.5 46.9 54.7
BRKGApc=0.7 71.4 - 77.2 88.5
BRKGApc=0.8 24.3 8.2 - 54.9
BRKGApc=0.9 27.9 5.2 25.4 -

Table 2. Percentage of Non-dominated Solutions of set B covered by those in set A for case study 2.

Np = N

Set A/Set B BRKGApc=0.6 BRKGApc=0.7 BRKGApc=0.8 BRKGApc=0.9

BRKGApc=0.6 - 3.1 25.0 4.6
BRKGApc=0.7 91.4 - 59.6 56.7
BRKGApc=0.8 73.6 32.2 - 36.5
BRKGApc=0.9 96.9 34.2 60.3 -

Np = 2N

BRKGApc=0.6 - 24.2 35.5 52.2
BRKGApc=0.7 75.1 - 70.8 93.5
BRKGApc=0.8 56.1 26.4 - 76.0
BRKGApc=0.9 38.7 0.7 22.4 -

Np = 3N

BRKGApc=0.6 - 48.4 48.9 48.2
BRKGApc=0.7 44.1 - 51.6 38.6
BRKGApc=0.8 56.5 47.5 - 53.9
BRKGApc=0.9 50.6 50.4 40.1 -

Np = 4N

BRKGApc=0.6 - 4.9 41.1 20.0
BRKGApc=0.7 89.1 - 85.8 83.2
BRKGApc=0.8 44.6 17.6 - 18.3
BRKGApc=0.9 56.4 10.2 71.2 -

Np = 5N

BRKGApc=0.6 - 30.9 59.6 51.9
BRKGApc=0.7 43.8 - 65.4 54.8
BRKGApc=0.8 26.7 29.8 - 22.5
BRKGApc=0.9 37.1 37.6 50.9 -
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Therefore, the crossover probability was set pc = 0.7. Next, it was chosen the population size
Np take into account the coverage performance (in percentage) and the execution time. Obviously,
the coverage performance improves with increasing of the population size. However, larger population
size may become the BRKGA algorithm impracticable for the large thermal system instances.
The Tables 3 and 4 show that BRKGA implemented with population size Np = 2N and pc = 0.7
allows obtaining reasonable execution time. Furthermore, the better coverage performances for larger
populational sizes as Np = 3N, Np = 4N and Np = 5N upon Np = 2N is not sufficiently strong to
justify another choice.

Table 3. Percentage of Non-dominated Solutions of set B covered by those in set A for case study 1
with pc = 0.7.

60 Units

Set A/Set B BRKGANp=N BRKGANp=2N BRKGANp=3N BRKGANp=4N BRKGANp=5N

BRKGANp=N - 20.1 19.8 8.3 2.1
BRKGANp=2N 32.4 - 21.4 18.1 15.2
BRKGANp=3N 37.8 23.5 - 21.1 17.4
BRKGANp=4N 41.3 34.2 31.0 - 19.9
BRKGANp=5N 45.5 38.2 35.1 31.7 -

Execution time (s) 288.2 664.5 1143.3 1588.4 2140.6

At the end, it was tuned the maximum number of generations. Obviously, the larger the number
of generations, better performance is expected. However, the execution time is also preponderant and
the choice of the largest maximum number of generations becomes the execution time unreasonable
for problem instances of 60 up units and not comparable with other three multi-objective optimization
techniques. The fairness is ensured for a maximum number of generations Gmax = 10N as it can be
seen in Tables 5 and 6.

Table 4. Percentage of Non-dominated Solutions of set B covered by those in set A for case study 1
with pc = 0.7.

60 Units

Set A/Set B BRKGANp=N BRKGANp=2N BRKGANp=3N BRKGANp=4N BRKGANp=5N

BRKGANp=N - 25.9 23.8 5.6 4.3
BRKGANp=2N 44.6 - 35.9 25.0 21.9
BRKGANp=3N 56.3 37.4 - 26.1 23.7
BRKGANp=4N 65 40.2 36.5 - 28.8
BRKGANp=5N 71.5 44.5 38.8 34.9 -

Execution time (s) 254.2 576.7 935.9 1430.8 1942.1

Table 5. Percentage of Non-dominated Solutions of set B covered by those in set A for case study 1
with pc = 0.7 and Np = 2N.

60 Units

Set A /Set B BRKGAGmax=5N BRKGAGmax=10N BRKGAGmax=15N BRKGAGmax=20N

BRKGAGmax=5N - 18.2 16.0 13.1
BRKGAGmax=10N 51.7 - 41.2 37.6
BRKGAGmax=15N 53.4 42.4 - 38.7
BRKGAGmax=20N 54.0 42.1 40.8 -

Execution time (s) 166.8 334.7 477.9 663.8
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Table 6. Percentage of Non-dominated Solutions of set B covered by those in set A for case study 1
with pc = 0.7 and Np = 2N.

60 Units

Set A /Set B BRKGAGmax=5N BRKGAGmax=10N BRKGAGmax=15N BRKGAGmax=20N

BRKGAGmax=5N - 23.9 19.7 16.5
BRKGAGmax=10N 45.7 - 22.9 18.5
BRKGAGmax=15N 46.0 25.5 - 19.9
BRKGAGmax=20N 50.1 31.6 24.6 -

Execution time (s) 139.1 290.3 421.8 556.1

5.1.2. SPEA, NSGA, and NPGA Configurations

The algorithms have been implemented according to their description in the literature. The other
operators (recombination, mutation, sampling) remain identical. To ensure the same conditions
of application of the BRKGA identical population size, 2N, and the number of generations, 10N,
are used for each algorithm. The NPGA, NSGA II, and SPEA2 parameters values are chosen using
the guidelines proposed in [53]. Some complementary computational experiments are performed,
where other appropriate values of the GA parameters are arrived at based on the satisfactory
performance of trials conducted for this application with a different range of values. For NPGA,
the niche radius is σshare = 0.1 as chosen in [23]. Several computational experiments were made
in order to choose the size of the comparison set tdom. In the tests, this value varied in the interval
[5%, 30%] with a 5% step. The results obtained have shown a favorable value of tdom to be 10%.
For NPGA and NSGA II real coding an intermediate crossover similar to Matlab crossover operator
has been employed. The childs are obtained as Child1 = Parent1 + rand.ratio.(Parent2 − Parent1) and
Child2 Parent2 − rand.ratio.(Parent2 − Parent1) where rand is a random number in the interval [0, 1],
the ratio crossover was set 1.2 and the crossover probability to 0.8. The Gaussian mutation is used as in
Matlab Toolbox Optimization with scale = 0.1, shrink = 0.5. The mutation rates have been set to 0.2.

For SPEA2, we use a population of size 2N and an external population of size 2N, so that
overall population size becomes 4N. The uniform crossover and simulated binary crossover operators
are applied with probability 0.7 and 0.9, respectively. For the real-coded crossover, the probability
distribution used in the simulated binary crossover operator has been set up distribution indice ηc of 5
as in [58]. Like in [59], we use the polynomial mutation described as follows:

if xi is the decision variable selected for mutation with a probability pm, the result of the mutation
is the new value x

′
i obtained by a polynomial probability distribution P(δ) = 1

2 . (ηm + 1) (1− |δ|).
xL

i and xU
i are the lower and upper bound of xi, respectively, and ri is a random number in the interval

[0, 1]. Hence, we have
x
′
i = xi +

(
xU

i − xL
i

)
.δi,

with

δi =

(2ri)
1

ηm+1 − 1 if ri < 0.5,

1− |2 (1− ri)|
1

ηm+1 if ri >= 0.5.
(16)

The distribution index ηm was set to 15 and the mutation probability to 0.1 as recommended
by [58]. Table 7 has the population size, the crossover and mutation probabilities, and the number of
generations used in each approach.
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Table 7. GA Parameters.

Parameter/Method BRKGA NSGAII NPGA SPEA2

Population size 2N 2N 2N 2N
Crossover probability 0.7 0.8 0.8 0.9
Mutation probability – 0.2 0.2 0.1

N. Generations 10N 10N 10N 10N

5.2. Case Studies

We consider two case studies. These were chosen because they comprise benchmark sets of
problems widely studied in previous literature. The problem instances size ranges from 10 up to
100 generation units for a daily multi-objective Unit Commitment problem.

5.2.1. Case Study 1

The first benchmark problem instances include a system with 10 up to 100 generation units for
time horizon of 24 h. The BRKGA and other three multi-objective optimization techniques were tested
on another set of benchmark problems, involving a system with 10 up to 100 generation units and
considering, in each case, a horizon of 24 h. The 10 generation unit system problem, the base case,
was originally proposed by [31,60]. Subsequentially, the 20, 40, 60, 80 and 100 generators systems are
obtained by duplicating the base case system (i.e., the 10 generators system) and the load demands
are adjusted in proportion to the system size. In all cases, the spinning reserve is kept at 10% of the
hourly demand.

In Figure 2 we have plotted the non-dominated solutions, i.e., the Pareto front obtained with the
four methods. As it can be seen, the BRKGA has the most widely spread front. Therefore, it seems that
BRKGA preserves the diversity of the non-dominated solutions and have better diversity characteristics
and well-distributed over the Pareto-optimal front than other three algorithms.

The average values, over 10 optimization runs of each algorithm, of the four measures is given in
Tables 8–11. Since the set coverage measure indicates the fraction of each non-dominated set that is
covered by the other non-dominated set, it can be concluded that the non-dominated solutions of our
method cover relatively higher percentages of the other solutions.

Figure 2. Pareto-optimal fronts obtained from different algorithms in a single run for 10 units.
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Table 8. Percentage of Non-dominated Solutions of set B covered by those in set A.

10 Units

Set A/Set B BRKGA NSGA II NPGA SPEA2

BRKGA - 66.5 91.5 55
NSGA II 11.4 - 32 4
NPGA 1.3 18 - 0.5
SPEA2 26 61.3 91.5 -

20 Units

BRKGA - 70.3 97.3 69
NSGA II 13.9 - 44.8 1.8
NPGA 0.9 16.3 - 0.5
SPEA2 17.8 75.5 91.8 -

40 Units

BRKGA - 72.1 86.1 43.4
NSGA II 4.7 - 52.8 0
NPGA 2.4 19.9 - 0
SPEA2 26.8 90 94.6 -

60 Units

BRKGA – 68.3 66 60.9
NSGA II 3.4 – 66 0
NPGA 2.5 21.3 – 0
SPEA2 10.5 98.8 99.3 –

80 Units

BRKGA - 59 34.6 21.1
NSGA II 1.1 - 58.4 0
NPGA 0.6 20.8 - 0
SPEA2 16.1 97.5 88.9 -

100 Units

BRKGA - 82.4 55.9 36.7
NSGA II 0.4 - 46.5 0
NPGA 0.04 37.2 - 0
SPEA2 13.9 98.2 99.8 -

Table 9. Spacing average measures over 10 optimization runs.

Method/Units 10 20 40 60 80 100

BRKGA 7279.4 8781.2 11,822 12,729 12,218 12,773
NSGA II 6793 7796.1 9414.7 9155.4 10,262 8335.7
NPGA 5350.5 5489.9 6790.7 10,194 13,144 10,201
SPEA2 4938.7 7194.7 6151.1 9817.8 7608.2 7282.4

Table 10. Extent average measures over 10 optimization runs.

Method/Units 10 20 40 60 80 100

BRKGA 1140.8 1620 2273.9 2779.1 3202.8 3581.9
NSGA II 1127.1 1586.2 2234.7 2732.3 3143.5 3526.7
NPGA 1103.5 1560.7 2224.2 2672.6 3140.3 3511.9
SPEA2 1124.4 1585.5 2229.5 2731.1 3142.4 3514.2
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Table 11. Contribution measure percentages.

10 Units

Con(A, B) BRKGA NSGA II NPGA SPEA2

BRKGA - 87.1 98.5 76
NSGA II 12.9 - 78.8 22
NPGA 1.5 21.2 - 4.5
SPEA2 24 78 95.5 -

20 Units

BRKGA - 81.1 99 82.9
NSGA II 18.9 - 81.9 20.1
NPGA 1 18.1 - 3.2
SPEA2 17.1 79.9 96.8 -

40 Units

BRKGA - 87 95.3 66.5
NSGA II 3 - 88.9 8.6
NPGA 4.7 11.1 - 2.1
SPEA2 33.5 91.4 97.9 -

60 Units

BRKGA - 84.1 92.5 76.7
NSGA II 15.9 - 97.4 1.2
NPGA 7.5 2.6 - 0.3
SPEA2 23.3 98.8 99.7 -

80 Units

BRKGA - 79.3 88.1 58.7
NSGA II 20.7 - 99.1 2.3
NPGA 11.9 0.9 - 0.5
SPEA2 41.3 97.7 99.5 -

100 Units

BRKGA - 91.1 94.4 63.3
NSGA II 8.9 - 91.2 1.7
NPGA 5.6 8.8 - 0.1
SPEA2 36.7 98.3 99.9 -

For instance, in the problem with 10 units, on the one hand, as can be seen in Table 8, on average
the non-dominated set achieved by BRKGA dominates about 66.5% of the non-dominated solutions
found by NSGA II. However, the front obtained by NSGA II only dominates in less than 11.4% of the
non-dominated solutions produced by BRKGA. On the other hand, with regard to NPGA, a BRKGA
front dominates on average 91.5% of the corresponding NPGA front, while the non-dominated set
produced by NPGA only dominates 1.3% the front obtained by BRKGA. Finally, the non-dominated
set achieved by BRKGA dominates about 55% of the non-dominated solutions found by SPEA2 while
the front obtained by SPEA2 dominates only in less than 26%. Even if we look at the most relative
performance of the BRKGA, which occurs for the problem with 80 generation units, it can be seen
that the BRKGA dominates in about 59%, 34.6% and 21.1% of the non-dominated solutions found by
NSGA II, NPGA, and SPEA2, respectively. However, the front obtained by BRKGA is dominated only
about 1.1%, 0.6% and 16.1% of the NSGA II, NPGA, and SPEA2 non-dominated solutions, respectively.

Regarding the contribution measure, as said before, it indicates the percentage of the solutions of
the non-dominated set of PF1 ∪ PF2 that are provided by PF1. As already said, if Con(PF1, PF2) > 0.5
means that PF1 is better than PF2 in terms of convergence of the Pareto front. Thus, the values reported
in Table 11 allow in the conclusion that the BRKGA outperforms the other three techniques in terms of
convergence. The spacing measure, which is reported in Table 9, reflects how uniformly spread the
solutions obtained are. As it can be seen the BRKGA has larger values. Therefore, the non-dominated
solutions found by it are not as uniformly spread as the ones produced by other methods. Nevertheless,
this does not seem to be a drawback since the BRKGA is the method that provides the larger extent of
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non-dominated solutions, see Figure 2. Finally, the average of extent measure of the non-dominated
solutions, over 10 optimization runs, is given in Table 10. When looking at the results for the extent
measure, we can infer the distance between the outer non-dominated solutions of each technique.
It can be seen that the non-dominated solutions obtained by the proposed BRKGA span over the
entire Pareto-optimal front. Thus, given that the BRKGA has larger values, it can be concluded that it
outperforms the other three approaches.

5.2.2. Case Study 2

The BRKGA and other three multi-objective optimization techniques were tested on another set of
benchmark problem instances, involving a system with 10 up to 100 generation units and considering,
in each case, a horizon of 24 h. The base case of the 10 generation unit system problem was originally
proposed by [30]. For problem details, e.g., see [61] and the reference therein. Subsequentially,
the 20, 40, 60, 80 and 100 generators systems were obtained by replicating the base case system
(i.e., the 10 generators system) and the load demands are adjusted in proportion to the system size.
Here, in all cases, the spinning reserve is kept at 10% of the hourly demand. In Figure 3, we have
plotted the non-dominated solutions for all four methods. As it can be seen, the NPGA is clearly
dominated by the other three methods. Regarding the remaining methods, from Figure 3 it can be seen
that the non-dominated solutions of the NSGA are almost always dominated by the ones obtained by
the BRKGA and SPEA2.

Figure 3. Pareto-optimal fronts obtained from different algorithms in a single run for 10 units.

From the results reported in Tables 12–15 it can be concluded that the non-dominated solutions of
SPEA2 cover relatively higher percentages of the other solutions. In addition, BRKGA is the second
best algorithm, in terms of coverage performance. Although the BRKGA front often dominates higher
percentages of the corresponding NPGA and NSGA-II fronts, BRKGA non-dominated solutions rarely
cover SPEA2 solutions. Nevertheless, this is not always the case since, for example, considering
the problem with 100 thermal units, we can observe in Table 12 that, on average, the BRKGA
front dominates on average 35.5% of the corresponding SPEA2 front, while the non-dominated
set produced by SPEA2 dominates only 16.3% of the non-dominated BRKGA solutions. Moreover,
the non-dominated set obtained by BRKGA dominates 82.6% of the non-dominated solutions found by
NSGA II, while the front obtained by NSGA II dominates less than 0.4% of the non-dominated solutions
produced by BRKGA. Finally, the BRKGA front dominates on average 57.9% of the corresponding
NPGA front while the non-dominated set produced by NPGA do not cover any solutions produced
by BRKGA.
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Table 12. Percentage of Non-dominated Solutions coverages of set B covered by those in set A.

10 Units

Set A/Set B BRKGA NSGA II NPGA SPEA2

BRKGA - 75.5 69.5 31.5
NSGA II 12.7 - 44.5 0
NPGA 23.8 38.5 - 2
SPEA2 54.4 97 90 -

20 Units

BRKGA - 46.3 50.5 46.5
NSGA II 34.6 - 56.8 53.5
NPGA 28.6 33.3 - 35.5
SPEA2 48.1 29.5 42.3 -

40 Units

BRKGA - 75.8 62.5 64.8
NSGA II 3.9 - 38.1 16.3
NPGA 4.8 56.1 - 27.4
SPEA2 13.6 76.6 56.1 -

60 Units

BRKGA - 75.2 55.6 24.3
NSGA II 0.6 - 54.6 0
NPGA 0.15 37.8 - 5.7
SPEA2 35.7 100 92.6 -

80 Units

BRKGA - 80.3 77 0
NSGA II 0 - 64.6 0
NPGA 0 28.1 - 0
SPEA2 99.4 100 100 -

100 Units

BRKGA - 82.6 57.9 35.5
NSGA II 0.4 - 50.2 0
NPGA 0 36.8 - 0
SPEA2 16.3 98.2 99.7 -

The convergence performances of different algorithms are also emphasized in Table 15 where
we can see that the most of the non-dominated solutions obtained by SPEA2 are closer to the true
Pareto-optimal solutions since their contribution relatively to another approximation approach is,
in general, greater than 50%. This also the case for the BRKGA, except when compared with the
SPEA2. However, BRKGA outperforms the other three techniques in terms of the diversity and
extent indicators. As it can be seen in Table 13, in general, the average spacing measure values,
over 10 optimization runs, are smaller than NSGA-II, NPGA, and SPEA2 spacing measure values,
which means that the BRKGA non-dominated solutions are more uniformly distributed than other
non-dominated solutions obtained by NSGA-II, NPGA, and SPEA2. Moreover, Table 14 shows that
BRKGA has the largest extent in all cases.

Table 13. Spacing average measures over 10 optimization runs.

Method/Units 10 20 40 60 80 100

BRKGA 25,748 24,719 24,289 33,963 28,341 13,350
NSGA II 31,245 22,638 32,695 31,628 32,111 8329.6
NPGA 14,780 29,055 35,476 43,853 42,637 9987.9
SPEA2 34,167 25,959 42,436 25,413 41,035 7282.4
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Table 14. Extent average measures over 10 optimization runs.

Method/Units 10 20 40 60 80 100

BRKGA 710.2 1124.3 1659.7 2063.8 2417.7 3580.6
NSGA II 692.9 1061.1 1536.9 1927.6 2232.7 3525.8
NPGA 683.3 1050.3 1505.2 1910.2 2231.8 3512.6
SPEA2 658.9 1089.6 1512.9 1928.7 2261.1 3514.2

Table 15. Contribution measure percentages.

10 Units

Con(A, B) BRKGA NSGA II NPGA SPEA2

BRKGA – 83.2 95.4 38.9
NSGA II 16.8 – 58.7 2.7
NPGA 4.6 41.3 – 3.8
SPEA2 61.1 97.3 96.2 –

20 Units

BRKGA – 49.4 68.2 43.3
NSGA II 50.6 – 79.1 75.2
NPGA 31.8 20.9 – 36.9
SPEA2 56.7 24.8 63.1 –

40 Units

BRKGA – 78.3 79.8 60.6
NSGA II 21.7 – 59.1 24.6
NPGA 20.2 40.9 – 18.9
SPEA2 39.4 75.4 81.1 –

60 Units

BRKGA – 69.3 83.1 26.5
NSGA II 30.7 – 80.8 0
NPGA 16.9 19.2 – 2.8
SPEA2 73.5 100 97.2 –

80 Units

BRKGA – 71.4 75.4 0.3
NSGA II 28.6 – 71.2 0
NPGA 24.6 28.8 – 0
SPEA2 99.7 100 100 –

100 Units

BRKGA – 91.2 95.4 62.7
NSGA II 8.8 – 92.6 1.7
NPGA 4.6 7.4 – 0.1
SPEA2 37.3 98.3 99.9 –

In addition, the Wilcoxon rank-sum test is performed on the data of the coverage results to
check its significance. Table 16 gives the p-values of Wilcoxon rank-sum tests of HBRKGA versus
SPEA2 coverage measures. Here, H0 : µcov(BRKGA,SPEA2) = µcov(SPEA2,BRKGA) is the null hypothesis,
HA represents the alternative hypothesis, µcov(BRKGA,SPEA2) is the population mean of the percentage
of non-dominated solutions obtained from BRKGA covering the SPEA2 non-dominated solutions,
while µcov(SPEA2,BRKGA) is the population mean of the percentage of non-dominated solutions obtained
from SPEA2 covering the BRKGA non-dominated solutions. It should be noted that in all paired
comparisons, the p-values are less than 0.05 (significance level) except for the 20 units instance. In this
case solely, the null hypothesis is not rejected.
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Table 16. Results of Wilcoxon Rank-Sum Tests.

Units p-Values HA

10 0.0044 µcov(SPEA2,BRKGA) > µcov(BRKGA,SPEA2)
20 0.1894 µcov(BRKGA,SPEA2) > µcov(SPEA2,BRKGA)

40 0.0007 µcov(BRKGA,SPEA2) > µcov(SPEA2,BRKGA)

60 0.0001 µcov(SPEA2,BRKGA) > µcov(BRKGA,SPEA2)
80 8× 10−5 µcov(SPEA2,BRKGA) > µcov(BRKGA,SPEA2)

100 0.00587 µcov(BRKGA,SPEA2) > µcov(SPEA2,BRKGA)

Finally, we note that all GAs were implemented on Matlab and executed on a 2 processors
Xeon X5450, 3.0 GHz and 4.0 GB RAM. This is a server machine and therefore several jobs are usually
running in parallel.

6. Conclusions

A compromise between the unit operating costs and the level of pollutants emission implies the
consideration of a multi-objective problem. In this paper, a new multi-objective Biased Random
Key Genetic Algorithm approach (BRKGA) is used to provide Pareto optimal solutions for the
environmental/economic unit commitment problem. The proposed algorithm is combined with
the non-dominated sorting procedure and crowded comparison operator used in NSGA II technique.
The algorithm maintains a finite-sized archive of non-dominated solutions, which is continuously
updated in the presence of new solutions based on the concept of Pareto dominance. The proposed
approach has been assessed through a comparative study, for the two case study problems, with the
other multi-objective optimization techniques by resorting to benchmark problem instances. The best
results are obtained for BRKGA and SPEA2 approaches. Comparatively to the SPEA2, the BRKGA
algorithm has best diversity performance. The results show that the BRKGA can be an effective
method for producing tradeoff curves with a small CPU-time requirement. Tradeoff curves such as
those presented here may give decision-makers the ability to make environmentally friendly decisions.
Moreover, the best diversity performance of the BRKGA in the second case study allows the decision
maker to have more choices in the selection of the solution. Given that these approaches have similar
decode procedures, the improvement in performance is most likely due to elitism. Elitism also
guarantees that no good solutions are lost.

As possible future work, it would be of high relevance to include in our framework the
uncertainties due to the load stochastic demand as well as the uncertainties due to renewable sources
of energy such as wind or solar.
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Nomenclature

Decision Variables
yt,j Thermal generation of unit j at time period t, in [MW]
ut,j Status of unit j at time period t (1 if on; 0 otherwise)

Auxiliary Variables
Ton/o f f

j (t) Consecutive time periods unit j has been on-line/off-line until time period t, in [hours]
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Parameters
T Time periods (hours) of the scheduling time horizon
t Time period index
N Number of generation units
j Generation unit index
Rt System spinning reserve requirements at time period t, in [MW]
Dt Load demand at time period t, in [MW]
Yminj Minimum generation limit of unit j, in [MW]
Ymaxj Maximum generation limit of unit j, in [MW]
Nb Number of the base units

Ton/o f f
min,j Minimum uptime/downtime of unit j, in [hours]

Tc,j Cold start time of unit j, in [hours]
SDj Shut down cost of unit j, in [$]
Set,j Start-up emissions of unit j, at time t in [ton-CO2] if CO2 or [mg/Nm3] if nitrogen oxides

∆dn/up
j Maximum decrease/increase output level in consecutive periods for unit j, in [MW]
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