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1. Heating System Model 

This section deals with the equations that govern operation of the residential heating system. 

The model makes use of a mixed integer linear program. Reasons behind this choice are explained in 

the main article. The structure of the optimization problem can be summarised as: 

 Objective:  

o Minimise operating cost (For CHP this includes the revenue gained from electricity 

export) 

 Subject to: 

o Electrical load balance  

o Thermal load balance  

o Heat to power ratio (For CHP)  

o Thermal energy storage operation 

o Component operational limits  

Details regarding mathematical modelling of these constraints are presented below. Descriptions of 

the symbols used are presented in Appendix A. 

1.1. Objective 

For the electric heater and heat pump, this only consists of operating costs as shown in  

Equation (S1). 

λ = ∑(𝛽𝑡)

𝑡∈𝑇

 (S1) 

For micro-CHP units the objective includes revenue from the export of electricity as shown in 

Equation (S2). 

λ = ∑(𝛽𝑡 − 𝛾𝑡)

𝑡∈𝑇

 (S2) 

1.2. Operational Cost 

Operational costs are the cost of natural gas and electricity imported. The cost of natural gas 

includes a fuel cost and a carbon cost. For the electric heater this describes consumption of the boiler 

and the overall electrical demand including heater usage as shown in Equation (S3): 

𝛽𝑡 = (
𝐵𝑡

𝜂𝐵
) (𝛼𝑔𝑎𝑠 + 𝛼𝐶𝑂2𝑒𝑔𝑎𝑠) + 𝑃𝑡

𝑖𝑚𝑝
𝛼𝑡

𝑖𝑚𝑝 (S3) 

For the heat pump, only electricity is consumed as this does not include a boiler as shown in 

Equation (S4): 

𝛽𝑡 = 𝑃𝑡
𝑖𝑚𝑝

𝛼𝑡
𝑖𝑚𝑝 (S4) 

For the micro-CHP unit, gas is consumed by both the boiler and the micro-CHP unit. Electricity 

imported is added to cost as shown in Equation (S5): 

𝛽𝑡 = (
𝑃𝑡

𝑡ℎ

𝜂𝑡ℎ
+

𝐵𝑡

𝜂𝐵
) (𝛼𝑔𝑎𝑠 + 𝛼𝐶𝑂2𝑒𝑔𝑎𝑠) + 𝑃𝑡

𝑖𝑚𝑝
𝛼𝑡

𝑖𝑚𝑝 (S5) 
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1.3. Export Revenue 

Export revenue is the product of electricity exported and the export price of electricity summed 

over all periods as shown in Equation (S6): 

𝛾𝑡 = 𝑃𝑡
𝑒𝑥𝑝

𝛼𝑡
𝑤ℎ𝑜𝑙𝑒𝑠𝑎𝑙𝑒 (S6) 

1.4. Electrical Load Balance 

Generation and import are on the left side of the equation. Demand and export are on the right 

side of the equation. The components for the electric heater, heat pump and micro-CHP are shown 

in Equation (S7), Equation (S8) and Equation (S9), respectively: 

𝑃𝑡
𝑖𝑚𝑝

= 𝑃𝑡
𝐸𝐻 + 𝐷𝑡

𝑒𝑙 (S7) 

𝑃𝑡
𝑖𝑚𝑝

= 𝑃𝑡
 𝐻𝑃 + 𝐷𝑡

𝑒𝑙 (S8) 

𝑃𝑡
𝑖𝑚𝑝

+ 𝑃𝑡
𝑒𝑙 = 𝑃𝑡

𝑒𝑥𝑝
+ 𝐷𝑡

𝑒𝑙 (S9) 

1.5. Thermal Load Balance 

Generation and heat supplied by installed technology are on the left side of the equation. 

Demand and storage are on the right side of the equation. The components for the electric heater, 

heat pump and micro-CHP are shown in Equation (S10), Equation (S11) and Equation (S12), 

respectively: 

𝐵𝑡 + 𝜂𝐸𝐻𝑃𝑡
𝐸𝐻 = 𝐷𝑡

𝑡ℎ + 𝑅𝑡
+ − 𝑅𝑡

− (S10) 

𝐶𝑂𝑃𝐻𝑃𝑃𝑡
𝐻𝑃 = 𝐷𝑡

𝑡ℎ + 𝑅𝑡
+ − 𝑅𝑡

− (S11) 

𝐵𝑡 + 𝑃𝑡
𝑡ℎ = 𝐷𝑡

𝑡ℎ + 𝑅𝑡
+ − 𝑅𝑡

− (S12) 

1.6. Heat to Power Ratio 

This governs the relation between thermal and electrical power supplied by a micro-CHP unit 

as shown in Equation (S13): 

𝑃𝑡
𝑒𝑙 = 𝜂𝑒𝑙 (

𝑃𝑡
𝑡ℎ

𝜂𝑡ℎ
) (S13) 

1.7. Thermal Energy Storage 

These equations govern thermal storage operation. Current state of charge is a function of 

previous state of charge and the charging/discharging level in the current period as shown in 

Equation (S14). The storage unit is not allowed to charge and discharge simultaneously according to 

Equation (S15). Charging and discharging limits are governed by Equation (S16) and Equation (S17). 

The state of charge at the beginning of the planning horizon is the same as that seen at the end 

according to Equation (S18). Storage capacity is defined by Equation (S19): 

𝑆𝑡 = 𝑆𝑡−1 + 𝜂𝑐ℎ𝑅𝑡
+ −

𝑅𝑡
−

𝜂𝑑𝑖𝑠𝑐ℎ
 (S14) 

𝜙𝑡
+ + 𝜙𝑡

− ≤ 1 (S15) 

0 ≤ 𝑅𝑡
+ ≤ 𝑆𝜙𝑡

+ (S16) 

0 ≤ 𝑅𝑡
− ≤ 𝑆𝜙𝑡

− (S17) 

𝑆1 = 𝑆𝑇𝑒𝑛𝑑
 (S18) 

0 ≤ 𝑆𝑡 ≤ 𝑆 (S19) 
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1.8. Component Operational Limits 

Each of the components: boiler, electric heater, heat pump and micro-CHP have associated 

capacity limits. These are described by Equations (S20) to (S23): 

0 ≤ 𝐵𝑡 ≤ 𝐵 (S20) 

0 ≤ 𝑃𝑡
𝐸𝐻 ≤ 𝑃𝐸𝐻 (S21) 

0 ≤ 𝑃𝑡
𝐻𝑃 ≤ 𝑃𝐻𝑃 (S22) 

0 ≤ 𝑃𝑡
𝑒𝑙 ≤ 𝑃𝑒𝑙 (S23) 

1.9. Performance Indicators 

This study focuses on the comparison of economic and environmental performance. Economic 

performance is measured in terms of the Equivalent Annual Cost (EAC) which is defined by Equation 

(S24) for heating systems other than micro CHP and Equation (S25) for micro CHP: 

Φ = Ψ
𝑟

1 −  
1

(1 + 𝑟)𝐿

+ ∑ 𝑤𝑘 (∑(𝛽𝑡)

𝑡∈𝑇

)

𝑘∈𝐾

 
(S24) 

Φ = Ψ
𝑟

1 −  
1

(1 + 𝑟)𝐿

+ ∑ 𝑤𝑘 (∑(𝛽𝑡 − 𝛾𝑡)

𝑡∈𝑇

)

𝑘∈𝐾

 
(S25) 

Environmental performance is measured in terms of annual carbon emissions which is defined 

by Equation (S26) for heating systems other than micro CHP and Equation (S27) for micro CHP: 

𝛦 = ∑ 𝑤𝑘 (∑ (𝑒𝑔𝑎𝑠 (
𝐵𝑡

𝜂𝐵
) + 𝑒𝑒𝑙𝑃𝑡

𝑖𝑚𝑝
)

𝑡∈𝑇

)

𝑘∈𝐾

 (S26) 

𝛦 = ∑ 𝑤𝑘 (∑ (𝑒𝑔𝑎𝑠 (
𝐵𝑡

𝜂𝐵
+

𝑃𝑡
𝑡ℎ

𝜂𝑡ℎ
) + 𝑒𝑒𝑙𝑃𝑡

𝑖𝑚𝑝
− 𝑒𝑒𝑙𝑃𝑡

𝑒𝑙)

𝑡∈𝑇

)

𝑘∈𝐾

 
(S27) 

2. Data Used in the Simulations 

Capital costs of different generator types are from a tool developed by the UK government [1]. 

Lifespan values for generator types are from [2]. Future electricity system scenario assumptions such 

as energy mix, fuel prices and renewable output are the same as those used in [3], using the National 

Grid Gone Green scenario as a basis. The intensity of carbon emissions for electricity generation for 

the year 2035 is from the same National Grid reference [4] used in [3]. Natural gas prices are from the 

UK government’s projections for the year 2035 [5]. Carbon prices are based on the non-traded price 

of carbon data in the UK government’s valuation of energy use and greenhouse gas emissions [6]. 

The carbon intensity of natural gas is from a report on greenhouse gas reporting released by the UK 

government [7]. The uplift of wholesale price to give retail price is based on projections generated by 

the UK government [5]. Capital costs for heating technologies in the year 2035 are within the ranges 

specified in [8] and cross-referenced with the UK TIMES model [9]. Technology learning for the fuel 

cell, Stirling engine and heat pump has been discussed in existing literature [8,10,11]. As these 

learning curve forecasts tend to be especially optimistic about reduction in capital cost, this article 

makes use of realistic estimates used in the UK TIMES model [9]. Further details and individual 

values are presented in Table S1. 
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Table S1. Heating system parameters in the year 2035. Note that a complete fuel cell micro-CHP 

system requires a fuel cell, fuel cell reformer, TES and boiler. Likewise a complete Stirling engine 

system requires a Stirling engine, TES and a boiler. 

Parameter Description Units Range 
Chosen 

Value 
Ref. 

𝛼𝐶𝑂2 Non-traded price of carbon £/tonne 113 113 [6] 

𝛼𝑔𝑎𝑠 Natural gas price p/kWh 4.5 4.5 [5] 

𝜂𝐵 
Efficiency of natural gas 

boiler 
- 0.8-0.9 0.86 [12]–[16] 

𝜂𝑐ℎ, 𝜂𝑑𝑖𝑠𝑐ℎ 
Charging/discharging 

efficiency of TES 
- 0.4-0.97 0.9 [17]–[19] 

𝜂𝑒𝑙 (Fuel cell) Electrical efficiency  - 0.3-0.45 0.45 [20]–[22] 

𝜂𝑡ℎ (Fuel cell) Thermal efficiency  - 0.39-0.48 0.45 [20]–[22] 

𝜂𝑒𝑙 (Stirling 

engine) 
Electrical efficiency - 0.125-0.22 0.10 [23]–[25] 

𝜂𝑡ℎ (Stirling 

engine) 
Thermal efficiency - 0.6-0.8 0.80 [23]–[25] 

Ψ (Boiler) Upfront cost £ 2200-2500 2328.1 [26], [11], [9] 

Ψ (TES) Upfront cost £ 50-1300 415.4 [9], [27], [28] 

Ψ (Heat pump) Upfront cost £ 6653-35363 7587.3 [9], [8] 

Ψ (Fuel cell) Upfront cost £ 1775-15152 5037 
[21], [9], [8], [10], 

[29] 

Ψ (Fuel cell 

reformer) 
Upfront cost £ 240-3800 717.4 [9], [30], [31] 

Ψ (Stirling 

engine) 
Upfront cost £ 750-26500 4193.4 

[9], [11], [21], 

[32] 

𝐵 Capacity of natural gas boiler kW - 30  - 

𝐶𝑂𝑃𝐻𝑃 
Coefficient of Performance of 

the heat pump 
- 2-5.8 3 [33]–[35] 

𝑒𝑒𝑙 
Carbon intensity of electrical 

grid 

kgCO2/

kWh 
- 0.0753  [4] 

𝑒𝑔𝑎𝑠 
Carbon intensity of natural 

gas 

kgCO2/

kWh 
- 0.1840  [7] 

𝐿 (All heating 

options) 
Lifespan years 10-15 15  [20], [21], [23] 

𝑃𝐸𝐻 Capacity of resistive heater kW - 3.5  - 

𝑃𝐻𝑃  Capacity of heat pump kW - 27  - 

𝑃𝑒𝑙 
Electrical capacity of CHP 

unit 
kW - 1  - 

𝑟 Discount rate % - 3 - 

𝑆 
Capacity of thermal energy 

storage 
kWh - 5  - 
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Appendix A 

List of symbols 

SETS 
 

J Set of all generators 𝑗 ∈ 𝐽 

T Set of all time periods 𝑡 ∈ 𝑇 

K Set of all sample days 𝑘 ∈ 𝐾 

  

PARAMETERS 
 

𝛼𝑔𝑎𝑠 Natural gas price (p/kWh) 

𝛼𝐶𝑂2 Non-traded price of carbon (£/tonne) 

𝛼𝑡
𝑖𝑚𝑝 Retail price of electricity (p/kWh) 

𝛼𝑡
𝑤ℎ𝑜𝑙𝑒𝑠𝑎𝑙𝑒 Wholesale price of electricity (p/kWh) 

𝜂𝐵 Efficiency of natural gas boiler  

𝜂𝑐ℎ Charging efficiency of thermal energy storage 

𝜂𝑑𝑖𝑠𝑐ℎ Discharging efficiency of thermal energy storage 

𝜂𝑒𝑙 Electrical efficiency of CHP unit 

𝜂𝑡ℎ Thermal efficiency of CHP unit 

𝜂𝐸𝐻 Efficiency of resistive heater 

Γ𝑡 Feasible operating region of pumped storage in period t 

𝛦 Annual carbon emissions (kg) 

Π𝑗,𝑡 Feasible operating region of generator j in period t 

Φ Equivalent Annual Cost (£) 

Ψ Upfront cost of heating technology (£) 

Α𝑤ℎ𝑜𝑙𝑒𝑠𝑎𝑙𝑒 Mean value of wholesale price of electricity (p/kWh) 

𝐵 Capacity of natural gas boiler (kW) 

𝐶𝑂𝑃𝐻𝑃 Coefficient of Performance of the heat pump 

𝐷𝑡 Electricity demand in the dispatch model in period t (MW) 

𝐷𝑡
𝑒𝑙 Electricity demand in the heating system model (kW) 

𝐷𝑡
𝑡ℎ Thermal demand in the heating system model (kW) 

𝑒𝑔𝑎𝑠 Carbon intensity of natural gas (kg/kWh) 

𝑒𝑒𝑙 Carbon intensity of electrical grid (kg/kWh) 

𝑘𝑤ℎ𝑜𝑙𝑒𝑠𝑎𝑙𝑒 Ratio between wholesale price and retail price of electricity 

𝐿 Lifetime of heating technology (years) 

𝑃𝑒𝑙 Electrical capacity of CHP unit (kW) 

𝑃𝐸𝐻 Capacity of resistive heater (kW) 

𝑃𝐻𝑃 Capacity of heat pump (kW) 

𝑟 Discount rate (%) 

𝑆 Capacity of thermal energy storage (kWh) 

𝑇𝑒𝑛𝑑 End of the planning horizon for the heating system model 

𝑤𝑘 Weight of sample day k 
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BINARY VARIABLES 

𝜙𝑡
+ Charging mode indicator for thermal energy storage 

𝜙𝑡
− Discharging mode indicator for thermal energy storage 

  

CONTINUOUS VARIABLES 

𝛽𝑡 Operating cost of the heating system (£) 

𝛾𝑡 Export revenue generated by the heating system (£) 

λ Objective function in the heating system (£) 

Φ Equivalent Annual Cost of heating technology (£) 

𝐵𝑡 Thermal output of the boiler in period t (kWh) 

𝑐𝑗,𝑡
𝑐𝑎𝑟𝑏𝑜𝑛 Carbon cost for unit j in period t (£) 

𝑐𝑗,𝑡
𝐶𝑈 Capacity-utilization cost for unit j in period t (£) 

𝑐𝑤𝑖𝑛𝑑,𝑡
𝐶𝑈  Capacity-utilization cost for wind power in period t (£) 

𝑐𝑠𝑜𝑙𝑎𝑟,𝑡
𝐶𝑈  Capacity-utilization cost for solar power in period t (£) 

𝑐𝑗,𝑡
𝑓𝑢𝑒𝑙

 Fuel cost for unit j in period t (£) 

𝑐𝑗,𝑡
𝑂&𝑀 Operation and maintenance cost for unit j in period t (£) 

𝑐𝑗,𝑡
𝑠𝑡𝑎𝑟𝑡𝑢𝑝 Start-up cost for unit j in period t (£) 

𝛦 Annual carbon emissions (kg) 

𝑝𝑗,𝑘 Electricity generated by unit j at period t (MW) 

𝑝𝑡
𝑠𝑜𝑙𝑎𝑟 Electricity injected from solar sources in period t (MW) 

𝑝𝑡
𝑤𝑖𝑛𝑑 Electricity injected from wind sources in period t (MW) 

𝑃𝑡
𝑒𝑥𝑝 Electricity exported by CHP unit in period t (kW) 

𝑃𝑡
𝑒𝑙 Electricity generated by the CHP unit (kW) 

𝑃𝑡
𝐸𝐻 Electricity consumed by resistive heater in period t (kW) 

𝑃𝑡
 𝐻𝑃 Electricity consumed by heat pump in period t (kW) 

𝑃𝑡
𝑖𝑚𝑝 Electricity imported in period t (kW) 

𝑃𝑡
𝑡ℎ Thermal output of CHP unit in period t (kW) 

𝑞𝑡 Electricity released or consumed by pumped storage in period t (MW) 

𝑅𝑡
+ Charging of thermal energy storage (kW) 

𝑅𝑡
− Discharge from thermal energy storage (kW) 

𝑆𝑡 Storage level in the thermal energy storage (kWh) 
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