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Abstract: The properties of brushless DC motor (BLDCM) are similar to the fractional,
slot-concentrated winding of permanent-magnet synchronous machines, and they fit well for electric
vehicle application. However, BLDCM still suffers from the high commutation torque ripple in
the case of the traditional square-wave current control (SWC) method, where the current vector
rotates asynchronously with back-EMF. A current optimizing control (COC) method for BLDCM is
proposed in the paper to minimize the commutation torque ripple. The trajectories of the three phase
currents are planned by the given torque and the optimized result of the copper loss and motor torque
equations. The properties of COC are analyzed and compared with that of SWC in the stationary
reference frame. The results show that the way of making the current vector rotate synchronously
with back-EMF (back-Electromotive Force) can minimize the modulus and velocity of the current
vector in the commutation region, and reduce the torque ripple. Experimental tests obtained from an
82 W BLDCM are done to confirm the theoretical findings.
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1. Introduction

BLDCM with trapezoid wave back-EMF has been widely used in industry and civil equipment due
to its advantages of high torque and power density, and low inverter capacity demand [1]. BLDCM is
particularly suitable for applications with rigorous requirements on weight, space, and efficiency, such
as electric vehicles. Its properties are similar to fractional slot-concentrated winding permanent magnet
synchronous machines. However, BLDCM has the disadvantage of high commutation torque ripple in
the traditional square-wave current control method, which increases the operating noise and reduces
the torque control precision. These problems limit the application of BLDCM in electric vehicles and
servo systems.

The main studies on reducing the commutation torque ripple include overlap commutation,
two-phase and three-phase conduction modes combination, adding power supply circuits in front of
the three phase inverter, modifying power topology, decoupling control, and the sinusoidal current
supply [2–11]. Overlapping commutation and duty pulse width modulation (PWM) optimization
are adopted to reduce the torque ripple in [2]. Each period of PWM is divided into three segments
during commutation time, and it is selected properly to reduce the commutation torque ripple [3].
The commutation torque ripple is reduced by commutation control with the two-phase switching
mode or the three-phase switching mode [4]. The optimal switching status is generated according to
the established predictive model to reduce the commutation torque ripple [5]. A method of Z-source
inverter-fed BLDCM is proposed in [6], which can reduce the commutation torque ripple by regulating
the duty cycle of the shoot-through vector and the active vector. A novel inverter topology, which can
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supply higher dc-link voltage for the freewheeling phase and reduce commutation time, is presented [7].
In [8], the three-level inverter is combined with the single-ended primary-inductor converter (SEPIC)
to reduce the current and torque ripples. The electromagnetic torque can be controlled by the q
axis component of the current vector [9]. The work in [10] minimizes the torque ripple by selective
elimination of torque harmonics achieved through the supply of the motor phases with a sinusoidal-like
current waveform. The sinusoidal current supply outperforms the real square-wave current supply
over almost the speed range [11]. Summarizing the above studies, it can be concluded that the overlap
commutation and conduction modes combination will extend commutation time, increase switching
losses, and decrease efficiency [4]. Adding power supply circuits or modifying the power topology
will make the power current and control method complex, and decrease the reliability of the driver.
The trapezoidal phase back-EMFs of BLDCM are rich in harmonics. However, the characters of the
trapezoidal phase back-EMFs may not be reflected in the decoupling control, because the complex
process of decoupling for high order harmonics is usually neglected. It is worth mentioning that the
harmonic components of the back-EMF, apart from being the fundamental component, do not give any
contribution to the active electric power when the current is sinusoidal but just determine the torque
ripple of the BLDCM [11].

In the premise of the three phase inverter topology and the non-decoupling strategy, a current
optimizing control method for BLDCM is proposed in the paper to minimize the commutation torque
ripple. The trajectories of the three phase currents are calculated by the given torque and the optimized
result of copper loss and motor torque equations. Although other papers have already dealt with the
current optimizing method for BLDCM, the decoupling control involving the d q synchronous frame
is always adopted in analyses or experiments [12–16]. Unlike the work above, this paper provides a
current optimizing method in the natural a–b–c reference frame and its properties are compared with
the traditional method. Experimental results are carried out to verify the proposed method.

2. Description of the Traditional SWC

Torque equation of BLDCM is:

Tem =
eaia + ebib + ecic

Ω
(1)

where Tem is electromagnetic torque; Ω is electrical angular velocity of rotor; ia, ib and ic are three-phase
currents; and ea, eb and ec are three-phase back-EMF. With the changes of the back-EMF, the rotor
position can be divided into 6 sectors as shown in Figure 1. θr is electrical angle of rotor; Eφ is the
amplitude of back-EMF flat-topped wave.
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Figure 1. Ideal waveforms of back-EMF and phase current in square-wave current control (SWC).
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In SWC, only two phases are conducted simultaneously. When the rotor position locates in the
4th sector, ia = 0, ib = −ic, and eb = −ec = Eφ. The torque equation is written as:

Tem =
ebib + ecic

Ω
=

2Eφib
Ω

= −
2Eφic

Ω
(2)

Assuming CT = Eφ/Ω, ia, ib and ic can be expressed as:
ia = 0
ib = Tem/2CT = Tem · i∗b
ic = −Tem/2CT = Tem · i∗c

(3)

CT is a constant value. The per-unit values of three phase currents are:
i∗a = 0
i∗b = 1/2CT
i∗c = −1/2CT

5π/6 < θr ≤ 7π/6 (4)

Similarly, the per-unit values of three phase currents in the 5th sector are written as:
i∗a = −1/2CT
i∗b = 1/2CT
i∗c = 0

7π/6 < θr ≤ 3π/2 (5)

In SWC, ideal wave of per phase current is square and with 120◦ non-conduction interval as
shown in Figure 1. However, the non-commutation phase current will curve in for the different
change rates of upcoming phase current and outgoing current during the commutation region, and
the commutation torque ripple is induced. The difference is induced by limited current change rates
which are restrained by the winding inductance, current path and voltage of the DC source. The main
goal of overlap commutation and adding power supply circuits is to make the non-commutation phase
current constant by keeping the current change rates equal in the commutation region.

3. Theory of the Proposed COC

If phase currents can keep conducting and changing synchronously with back-EMF in the 120◦

non-conduction interval, the phase currents will be continuous. The continuous currents, which can be
realized by a lower current change rates, will avoid problems induced by the limited current change
rates in SWC. So, the commutation torque ripple would be reduced.

When the rotor position is in the 4th sector, ea, eb and ec can be expressed as:
ea = E(θr)

eb = Eφ

ec = −Eφ

5π/6 < θr ≤ 7π/6 (6)

The sum of three phase currents is zero. Then, from Equation (6), we can find that:

Tem =
E(θr)ia + Eφib + Eφ(ia + ib)

Ω
(7)

Assuming CT(θr) = E(θr)/Ω, the torque equation is written as:

Tem = (CT(θr) + CT)ia + 2CTib (8)

The copper loss equation is:
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pCu = R[i2a + i2b + (ia + ib)
2] (9)

where R is phase resistance. The partial derivative of ia and ib can be calculated as:{
∂(pCu)

∂ia
= R[2ia + 2ib

dib
dia

+ 2(ia + ib)(1 +
dib
dia

)] = 0
∂(pCu)

∂ib
= R[2ia

dia
dib

+ 2ib + 2(ia + ib)(1 +
dia
dib

)] = 0
(10)

From Equation (8) we find that: {
ia =

Tem−2CT ib
CT(θr)+CT

ib = Tem−(CT(θr)+CT)ia
2CT

(11)

With Equation (11), Equation (10) can be written as:{
pCu(ia)

′ = 2ia + 2ib(−
CT(θr)+CT

2CT
) + 2(ia + ib)(1−

CT(θr)+CT
2CT

) = 0
pCu(ib)

′ = 2ia(− 2CT
CT(θr)+CT

) + 2ib + 2(ia + ib)(1− 2CT
CT(θr)+CT

) = 0
(12)

From Equation (12), we get:
ia = Tem

CT(θr)

3CT2+CT(θr)
2 = Tem × i∗a

ib = Tem
3CT−CT(θr)

2(3CT2+CT(θr)
2)

= Tem × i∗b
ic = −Tem

3CT+CT(θr)

2(3CT2+CT(θr)
2)

= Tem × i∗c

(13)

The per-unit values of three phase currents are given by:
i∗a = CT(θr)

3CT2+CT(θr)
2

i∗b = 3CT−CT(θr)

2(3CT2+CT(θr)
2)

i∗c = − 3CT+CT(θr)

2(3CT2+CT(θr)
2)

5π/6 < θr ≤ 7π/6 (14)

When the rotor position is located in the 5th sector, the per-unit values of three phase currents can
be derived as: 

i∗a = − 3CT+CT(θr)

2(3CT2+CT(θr)
2)

i∗b = 3CT−CT(θr)

2(3CT2+CT(θr)
2)

i∗c = CT(θr)

3CT2+CT(θr)
2

7π/6 < θr ≤ 3π/2 (15)

When the rotor position is located in the 6th sector, the per-unit values of three phase currents can
be expressed as: 

i∗a = − 3CT+CT(θr)

2(3CT2+CT(θr)
2)

i∗b = CT(θr)

3CT2+CT(θr)
2

i∗c = 3CT−CT(θr)

2(3CT2+CT(θr)
2)

3π/2 < θr ≤ 11π/6 (16)

The per-unit values of the other 3 sectors can be calculated similarly. The waveforms of current
and back-EMF are shown in Figure 2. Three phase currents are continuous without step changes.
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4. Comparison of Commutation Torque Ripple

The commutation torque ripple of COC is analyzed and compared with traditional SWC in the
stationary reference frame.

4.1. Square-Wave Control

When the rotor position is in the 4th sector, the phase current equations shown in Equation (4) are
decomposed and considered as a vector in the stationary reference frame, then:

[
i∗α
i∗β

]
=

√
2√
3

[
1,− 1

2 ,− 1
2

0,
√

3
2 ,−

√
3

2

] i∗a
i∗b
i∗c

 =

√
2√
3

[
0√

3
2CT

]
(17)

Assuming current vector i∗
αβ

=
[
i∗
α
, i∗

β

]
, the modulus of i∗

αβ
is:

i∗m =
√

i∗α2 + i∗β
2 =

1√
2CT

= 0.707/CT (18)

The angle θs of the current vector is π/2. So, the angular velocity Ωs of the current vector is 0 in
the 4th sector.

Back-EMF in the stationary reference frame is written as:

[
eα

eβ

]
=

√
2√
3

[
1,− 1

2 ,− 1
2

0,
√

3
2 ,−

√
3

2

] E(θr)

Eφ

−Eφ

 =

√
2Ω√
3

[
CT(θr)√

3CT

]
(19)

Assuming back-EMF vector e f =
[
eα, eβ

]
, the modulus of back-EMF vector is:

em =
√

e2
α + e2

β =

√
2Ω√
3

√
3CT2 + CT(θr)

2 (20)

When θr is π in the middle of the 4th sector, em is minimum. While, when θr is 7π/6 in the
commutation region, em is maximum:{

em_min =
√

2ΩCT ≈ 1.414ΩCT
em_max = 2

√
2ΩCT/

√
3 ≈ 1.633ΩCT

(21)
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The angle of back-EMF vector is:

θ f = arg tan

√
3CT

CT(θr)
(22)

CT(θr) can be expressed as:
CT(θr) = 6(π −Ωt)CT/π (23)

The angular velocity of the back-EMF vector is:

Ω f =
18πΩ

√
3(3π2 + 36(π −Ωt)2)

(24)

When θr is π in the middle of the 4th sector, Ω f is maximum. While, when θr is 7π/6 in the
commutation region, Ω f is minimum:{

Ω f _max = 2
√

3Ω/π ≈ 1.103Ω
Ω f _min = 3

√
3Ω/2π ≈ 0.827Ω

(25)

The per-unit values value of torque can be expressed as:

T∗em = e f i∗
αβ

T/Ω = emi∗m cos(θ f − θs)/Ω =

√
2√
3

√
3CT2 + CT(θr)

2 1√
2CT

√
3CT√

3CT2 + CT(θr)
2
= 1 (26)

When the rotor is in the 5th sector, the three-phase current equation shown in Equation (5) is
decomposed in the stationary reference frame, then:

[
i∗α
i∗β

]
=

√
2√
3

[
1,− 1

2 ,− 1
2

0,
√

3
2 ,−

√
3

2

] i∗a
i∗b
i∗c

 =

√
2√
3

[
− 3

4CT√
3

4CT

]
(27)

Its modulus is the same as Equation (18). The angle θs of the current vector is 5π/6. The angular
velocity Ωs of the current vector is 0 in the 5th sector. However, Ωs will be infinite in the commutation
region for the step change of θs.

The similar study is carried out in the other sectors. The modulus, angular velocity and angle
of current and back-EMF vector with SWC are shown in Figure 3, which are got according to
the Equations (17)–(27). In the figure, the period of rotor electrical angle is set to 0.2 s, and the
corresponding velocity of rotor is 31.4 rad/s.

In SWC, the properties of current and back-EMF vector are shown as follows.

(1) The modulus of current vector is a constant.
(2) The modulus of back-EMF vector is continuous and fluctuates with the angle of rotor. It is

maximum in the commutation region, and minimum at the middle of sectors.
(3) The velocity of current vector is 0 in sectors, and infinite in the commutation region.
(4) The velocity of back-EMF vector is continuous and fluctuates with the angle of rotor. It is

minimum in the commutation region, and maximum at the middle of sectors.
(5) Current vector rotates asynchronously with back-EMF.

In the commutation region, the torque can be ripple-free if the modulus of current vector is
constant and its velocity is infinite. However, the constant modulus and infinite velocity can hardly be
satisfied for the limited current change rates restricted by the winding inductance, different current
path, the voltage of the DC source and the speed of controller. So, few paper focus on how to keep
the velocity of current vector infinite and the modulus constant to make the torque ripple free in



Energies 2017, 10, 1735 7 of 13

the commutation region, because the actual current change rates cannot be infinite. And at present,
most papers focus on keeping the change rates of currents equal to reduce commutation torque ripple.
However, these methods cannot make the torque ripple free or minimum. So, a new driver method is
necessary to solve the problems with SWC.Energies 2017, 10, 1735 7 of 13 
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Figure 3. The waveforms of vector modulus, angular velocity, and angle with square-wave current
control (SWC): (up) modulus of current vector (blue) and back-EMF (red); (middle) angular velocity of
current vector (blue) and back-EMF vector (red); (down) angles of current vector (blue) and back-EMF
vector (red).

4.2. Current Optimizing Control

When the rotor position is in the 4th sector, the phase current equations shown in Equation (14)
are decomposed in the stationary reference frame, then:

[
i∗α
i∗β

]
=

√
2√
3

[
1,− 1

2 ,− 1
2

0,
√

3
2 ,−

√
3

2

] i∗a
i∗b
i∗c

 =

√
2√
3

 3CT(θr)

2(3CT2+CT(θr)
2)

3
√

3CT
2(3CT2+CT(θr)

2)

 (28)

The modulus of the current vector is:

i∗m =
√

i∗2α + i∗2β =

√
3

√
2
√

3CT2 + CT(θr)
2

(29)

When θr is π in the middle of the 4th sector, i∗m is maximum. When θr is 7π/6 in the commutation
region, i∗m is minimum: {

i∗m_max = 1/
√

2/CT ≈ 0.707/CT
i∗m_min =

√
3/2
√

2/CT ≈ 0.612/CT
(30)

The angle θs of the current vector is the same as θ f shown in Equation (22), and the velocity Ωs of
the current vector is the same as Ω f shown in Equation (24).

The per-unit value of torque can be expressed as:

T∗em = e f i∗
αβ

T/Ω = emi∗m cos(θ f − θs)/Ω =

√
2√
3

√
3CT2 + CT(θr)

2
√

3
√

2
√

3CT2 + CT(θr)
2
= 1 (31)

From Equations (20) and (29), the modulus of current and back-EMF vector is in inverse proportion.
From Equations (22) and (24), the angle and velocity of current and back-EMF vector are synchronize.
The velocity and modulus of current vector are minimum at the commutation time From Equations (25)
and (30). From Equation (31), the dot product of current vector and back-EMF vector equals 1, and
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commutation torque is ripple-free. The modulus, angular velocity, and angle of current and back-EMF
vector with COC are shown in Figure 4, which are got according to the Equations (28)–(31). In the
figure, the period of rotor angle is also set to 0.2 s, the rotor angular velocity is 31.4 rad/s, the angular
velocity and the angles of current vector and back-EMF vector are the same (blue cannot be displayed).
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Figure 4. The waveforms of vector modulus, angular velocity, and angle with current optimizing
control (COC): (up) modulus of current vector (blue) and back-EMF (red); (middle) angular velocity of
current vector (blue) and back-EMF vector (red); (down) angles of current vector (blue) and back-EMF
vector (red).

In COC, the properties of current and back-EMF vector are shown as follows:

(1) The modulus of current vector is continuous and fluctuates with the angle of rotor. It is maximum
at the middle of sectors, and minimum in the commutation region.

(2) The velocity of current vector is continuous and fluctuates with the angle of rotor. It is maximum
at the middle of sectors, and minimum in the commutation region.

(3) Current vector rotates synchronously with back-EMF vector, the modulus of these vectors are in
inverse proportion, and the angles and velocities are the same.

When the angle of rotor is 7π/6 in the commutation point of the 4th sector, the properties of
current and back-EMF vector are shown in Table 1. Compared with SWC, the modulus of current
vectors is decreased by 13.4%, and the velocity accounting for 82.7% of Ω is limited in COC. The inner
power factor angle is π/6 in SWC, while it is 0 in COC.

Table 1. The properties of current vector and back-EMF when θr = 7π/6.

Type Modulus Velocity Angle

Current vector of SWC 0.707/CT +∞ π/2
Current vector of COC 0.612/CT 0.827Ω 2π/3

Back-EMF vector 1.633ΩCT 0.827Ω 2π/3

It can be seen that, the lowest modulus and limited velocity of current vector with COC in the
commutation region reduce the demands of high current change rate. The contradiction between
limited current change rate and the infinite velocity and higher modulus of current vector with SWC
in the commutation region can be avoided. So, COC method has a natural advantage in terms of
commutation torque ripple suppression.
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5. Experiments

5.1. Experiment Setup

The experiment platform shown in Figure 5 is consisted of BLDCM, driver board, voltage source,
computer, torque loading and power analyzer. The specifications of BLDCM are shown in Table 2.
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Table 2. Specifications of the brushless DC motor (BLDCM).

Specification Value

Rated voltage 24 V
Rated torque 0.2 Nm

Rated Velocity 3950 r/min
Rated current 5 A
Rated power 82 W

Torque coefficient 0.0475 Nm/A
Resistance of phase 0.49 Ω
Inductance of phase 0.16 mH

Numbers of pole pairs 2

In the experiment, the voltage of DC source is kept constant, the reference speed is set by computer,
and the load is regulated by torque loading. Torque is measured by sensor in torque loading. Current
waveforms and torque are recorded by power analyzer. In driver board, double closed-loop (velocity
loop outside, current loop inside) control strategy is adopted. Traditional PI control strategy is used in
the velocity loop. COC and SWC method are adopted in the current loop. The control diagrams of
COC and SWC are shown in Figures 6 and 7 respectively.

In Figure 6, the per-unit values of three phase back-EMF are calculated by the rotor position.
i∗a and i∗b are the per-unit values of given phase A and phase B currents, and they are calculated
according to the back-EMF. Multiplying the given torque Tset by i∗a and i∗b , the actual given current iaset

and ibset can be calculated. Tset is the output of velocity loop. Based on the PI regulator composed of
the actual given and feedback currents, ua and ub is produced. uc can be derived from ua, ub and bus
voltage. Six drive signals with dead band are produced by the PWM modular, and the signals drive
the BLDCM through power current.

In Figure 7, the given current iset is the output of velocity loop, and i f is the feedback current
calculated by the rotor position and two phase current. Based on the PI regulator composed of iset

and i f , the given signal of PWM modular is produced. Six drive signals is produced by logic modular
according to the PWM and rotor position. Power current is driven by the six drive signals.
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5.2. Experiment Result

In the experiment, load torque and bus voltage are set to the rated values. Switching frequency is
20 kHz. The reference velocities are set to 1500 r/min and 3000 r/min respectively.

When the reference velocity is 1500 r/min, the test waveforms are shown in Figure 8 with SWC
and Figure 9 with COC respectively.

In Figure 8, the phase currents are similar to square waves, and have two ripples during
conduction region for the non-ideal trapezoidal back-EMF. However, the non-commutation current
curves in during the commutation region. Commutation torque ripples 6 times every 20 ms.Energies 2017, 10, 1735 11 of 13 
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In Figure 9, the phase currents are continuous and similar to that of Figure 2. In the commutation
region, the phase current are smooth and commutation torque ripple is reduced. The torque
ripple also concludes elements affected by the sampling errors of phase current and non-ideal
trapezoidal back-EMF.
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When the reference velocity is 3000 r/min, the test waveforms are shown in Figure 10 with SWC
and Figure 11 with COC. In Figure 10, commutation torque ripple increases with the increasing of
velocity. While in Figure 11, commutation torque ripple is still reduced.
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Figure 11. Test waveforms at the speed of 3000 r/min with COC.

The waveforms of torque are enlarged in Figure 12. In SWC, torque ripples are affected
by commutation events, PWM, the sampling errors and non-ideal trapezoidal back-EMF.
The commutation torque ripple increasing with the rising of velocity is the main element. Other torque
ripples having little relation to velocity are the minor. In COC, the ranges of torque ripples are mainly
the same in both 1500 r/min and 3000 r/min. Commutation torque ripple is reduced. The results are
shown in Table 3.
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(down) with COC (red line: 3000 r/min; blue line: 1500 r/min).

Table 3. Torque ripple comparison of SWC and COC.

Type Velocity (r/min) Commutation Ripple (Nm) Other Ripple (Nm)

SWC 1500 0.115 0.008
COC 1500 0.014 0.008
SWC 3000 0.135 0.008
COC 3000 0.016 0.009

6. Conclusions

BLDCM has the disadvantage of the high commutation torque ripple, which limits its application
in electric vehicles and servo systems. Analysis shows that the torque ripple is induced by the
asynchrony of the current vector and the back-EMF vector in SWC. This is because the infinite velocity
and constant modulus of the current vector is demanded in the commutation region by the asynchrony.
However, the velocity is limited and the modulus is non-constant for the limited current change rates.
A COC method in the natural a–b–c reference frame is proposed in the paper, which can keep the
current vector and the back-EMF vector rotating synchronously. In COC, the modulus and velocity of
the current vector demanded are minimum in the commutation region. The current change rates are
reduced for the lowest modulus and the velocity of the current vector in the commutation region. The
commutation torque ripple is minimum. Finally, the experimental results show that the COC method
can reduce the commutation torque ripple in a wide speed range.
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