Journal of

Risk and Financial

Management

Article

A Fourier Interpolation Method for Numerical Solution of
FBSDEs: Global Convergence, Stability, and Higher Order

Discretizations

T

Polynice Oyono Ngou and Cody Hyndman *

check for
updates

Citation: Oyono Ngou, Polynice, and
Cody Hyndman. 2022. A Fourier
Interpolation Method for Numerical
Solution of FBSDEs: Global
Convergence, Stability, and Higher
Order Discretizations. Journal of Risk
and Financial Management 15: 388.
https:/ /doi.org/10.3390/
jrfm15090388

Academic Editor: Alexandru M.

Badescu

Received: 20 May 2022
Accepted: 30 August 2022
Published: 31 August 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics and Statistics, Concordia University, 1455 Boulevard de Maisonneuve Ouest,

Montréal, QC H3G 1MS8, Canada

* Correspondence: cody.hyndman@concordia.ca

t A previous version of this paper was titled “Global convergence and stability of a convolution method for
numerical solution of BSDEs” arXiv:1410.8595v1.

Abstract: The convolution method for the numerical solution of forward-backward stochastic differ-
ential equations (FBSDEs) was originally formulated using Euler time discretizations and a uniform
space grid. In this paper, we utilize a tree-like spatial discretization that approximates the BSDE
on the tree, so that no spatial interpolation procedure is necessary. In addition to suppressing ex-
trapolation error, leading to a globally convergent numerical solution for the FBSDE, we provide
explicit convergence rates. On this alternative grid the conditional expectations involved in the time
discretization of the BSDE are computed using Fourier analysis and the fast Fourier transform (FFT)
algorithm. The method is then extended to higher-order time discretizations of FBSDEs. Numerical
results demonstrating convergence are presented using a commodity price model, incorporating
seasonality, and forward prices.

Keywords: forward-backward stochastic differential equations; numerical solutions; fast Fourier
transform
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1. Introduction

A variety of numerical methods for backward stochastic differential equations (BSDEs)
and forward-backward stochastic differential equations (FBSDEs) have been developed
recently. Different applications call for innovative techniques for the efficient resolution of
these systems. In finance and economics BSDEs are used for option pricing and hedging El
Karoui et al. (1997), reflected BSDEs are used for modeling American options El Karoui
et al. (1997), and quadratic BSDEs play an important role in continuous-time recursive
utility Duffie and Epstein (1992) and other utility maximization problems.

Following the establishment of the well-posedness of BSDEs by Pardoux and Peng
(1992) the first numerical procedures to emerge were partial differential equation (PDE)
based methods such as the finite difference approach of Douglas et al. (1996). The PDE
method is mainly devoted to coupled problems as is the spectral method of Ma et al.
(2008). More recent numerical methods based on machine learning (Beck et al. 2019; Han
and Long 2020; E et al. 2017, 2019, 2022) have been applied to the numerical solution of
BSDEs which, given the connections between the theory of PDEs and their representations
as BSDEs, in turn provides solutions to high dimensional PDEs. Spatial discretization
methods were initiated by Chevance (1997) with a quantization approach to conditional
expectations. However, it is only since Zhang (2004) and Bouchard and Touzi (2004) that a
sound time discretization of (decoupled) FBSDEs is available. The quantization approach
was then used in the multidimensional framework of Bally and Pages (2003); Bally et al.
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(2005) and the coupled FBSDE case of Delarue and Menozzi (2006). The theoretical basis
for a multinomial approach for BSDEs was introduced by Briand et al. (2001) and Ma et al.
(2002) and followed in practice by Peng and Xu (2011). Monte Carlo methods are the most
prolific approach for numerical solutions of (F)BSDEs. They include the backward scheme
of Zhang (2004), the Malliavin approach of Bouchard and Touzi (2004) and Crisan et al.
(2010), the least-square regression approach of Gobet et al. (2005) and the iterative schemes
Bender and Denk (2007) and Bender and Zhang (2008).

Additional approaches to numerical solution of BSDEs include the cubature method
Crisan and Manolarakis (2012, 2014), Fourier-cosine expansions Huijskens et al. (2016);
Ruijter and Oosterlee (2015, 2016), and the convolution method Hyndman and Oyono
Ngou (2017). In introducing the convolution method, Hyndman and Oyono Ngou (2017)
developed a local discretization error which includes an extrapolation error. The extrapola-
tion error component is exclusively produced by the fast Fourier transform (FFT) algorithm
and the underlying trigonometric interpolation used to compute conditional expectations.
To improve the performance of the convolution method it is desirable to eliminate the
extrapolation error, and improve the error bound, with an alternative implementation of
the FFT algorithm.

In this paper, we propose an alternative space grid for the convolution method,
instead of the rectangular grid in Hyndman and Oyono Ngou (2017), which eliminates the
extrapolation error, leads to a globally convergent numerical solution for the (F)BSDE, and
provides explicit convergence rates. We also apply the numerical method to the Runge—
Kutta schemes for FBSDEs proposed by Chassagneux and Crisan (2014). The tree-like nature
of the alternative grid avoids extrapolations and leads to a global error bound for the BSDE
approximate solutions. Further, the implementation of the convolution method originally
presented in Hyndman and Oyono Ngou (2017) is simplified by using an alternative
parametric transformation to enforce the necessary periodic boundary conditions.

The paper is organized as follows. Section 2 reviews the explicit Euler time discretiza-
tion of BSDEs, recalls the convolution method of Hyndman and Oyono Ngou (2017) for
computing the necessary conditional expectations, gives a description of an alternative
spatial discretization, and provides a generic implementation of the convolution method on
this grid using the discrete Fourier transform. The section ends with a global error analysis.
Section 3 extends the Fourier interpolation method to higher order time discretizations
of FBSDEs and includes the related global error analysis. Finally, Section 4 presents a
numerical implementation, in the context of a commodity price model, that illustrates the
theoretical results. Section 5 concludes.

2. The Fourier Interpolation Method

In this section, we introduce an alternative grid that removes extrapolation error of
Hyndman and Oyono Ngou (2017), after a quick presentation of the Euler scheme for
FBSDEs. Section 2.4 presents a global error analysis of the Fourier interpolation method on
this alternative grid and under the Euler scheme.

2.1. Time Discretization

Let (Q, P, F, {]:t}te[o,T]) be a complete filtered probability space generated by a
d—dimensional Wiener process W. We seek a numerical solution to the FBSDE

dX; = a(t, Xt)di' + O’(i', Xt)th
—dY; :f(t, X:, Y:, Zt)dt — Z;‘th (1)
Xo=x0, Yr=¢

The forward drift a : [0, T] x RY — RY, the forward volatility o : [0, T] x R? — R¥*4,

the driver f : [0, T] x RY x R x R? — R are deterministic functions. The initial condition is
xp € R? and the terminal condition takes the Markovian form & = g(Xt) where g : R — R.
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The FBSDE coefficients satisfy Assumption 1 so that existence and uniqueness of the FBSDE
solution (X, Y, Z) is assured.

Assumption 1. There exist positive constants Ky, Ko K3, and Ky such that the coefficients of the
FBSDE (1) satisfy

la(t, x1) —a(t, x2)| + [lo(t,x1) — o (t, x2) ]2 < Ki|x1 — x2 2
la(t,x)| + [lo(t, x) |2 < K2 ®)

|f(t,x1,,2) — f(t,x2,y,2)| < Ki|x1 — x2 )

f(txy1,21) = f(Ex,y2,22)| < Ki(lyn — y2| + |21 — 22) (5)

f(t,x,y,2)] < Ks(1+ [x[ + |y| + [z]) (6)

forany t € [0,T], x,x1,x2 € RY, y,y1,y2 € R, 2,21,20 € R%
Moreover o := oo™ is (uniformly) invertible, continuous and bounded

1o (t, )M l2 < Ky @)

forany t € [0,T], x € R4
In addition, the terminal value is square integrable

21122 == E|lg(Xr)[*] < eo. ®)

Remark 1. Assumption 1 makes no explicit assumption on g except square integrability. More
restrictive assumptions on g, namely that g is twice continuously differentiable, shall be specified
in the main results of Sections 2 and 3 which provide explicit rates of convergence for the Fourier
interpolation algorithms. However, similar to Crisan and Manolarakis (2012), see also Turkedjiev
(2015), it should be possible to consider g non-differentiable using a mollification argument on
the terminal condition.” However, we shall not follow this approach in this paper so as to keep the
focus on the main contributions which are the overall approach, implementation of the convolution
method on the tree-like grid, developing the Runge—Kutta discretization schemes, and explicit
convergence rates.

The time discretization of the FBSDE (1) on the time partition 7 = {fp =0 < t; <
... < t, = T} consists of the explicit Euler scheme given by

XE)T = X
Xg+1 = Xg +€l(ti,Xt7;[>Ai +U(ti1Xt7it)AWi

Zr =0, Y[ =" 9
77 = LE [YgHAwAfti}
YE =B |V |F] + £t XTLE YT

tit1

Fe | ZE)a;

with A; = t; 1 —t; and AW; = Wy, ., — W;,. Under an additional Lipschitz condition on the
function g we have, from Zhang (2004) and Bouchard and Touzi (2004), that the quadratic
discretization error

) 2| nol tis 2
E2:= max E| sup [¥i— Y| |+ LE [/ Z-7f| ds] (10)
0si<n | tefti ti) i=0 ti
is of first-order in time, i.e.,
E} = O(|n)) (11)

where
|7T| = max A;. (12)
1
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Following Hyndman and Oyono Ngou (2017) and Oyono Ngou (2014), the approx-
imate solution u; and the approximate gradient 1; at time node t;,i = 0,1,...,n — 1, are
given by

ui(x) = i;(x) + Aif (ti, x, 4;(x), o (t;, x)1;(x)) (13)
o (b, %)t (x) = %E (Y7 (s, XE) AW, XF = ]

= [ Bt i+ vl dy a9
where the intermediate solution i; is given by
7;(x) = E [Y[;l |XF = x}
= /]R"’ Ui (y + x)hi(y|x)dy, (15)
uy, = g and h; is a Gaussian density

1 1
hilylx) = (27) 7% [ Aw0?(t, %), ? exp (—Miy* (Uz(ti/x))l}’>/ (16)

and where y = y — A;a(t;, x) with characteristic function
. * 1 * 2
¢i(v,x) = exp| iAyv*a(t;, x) — EAZ'V o (t;, x)v ). (17)

Let § and ! denote the Fourier transform operator and the inverse Fourier transform
operator, respectively,

8"[9] (V) = /Rd Efix*ve(x)dx (18)
O] (x) = (2;)(1 /ﬂéd A0 (v)dv. (19)

The density function #; and the characteristic function ¢; satisfy the relations

1 ok
(o) = oz foe® il ) 0)
1 -
philyle) =~ iz fog e V(v
L C))

= Nja(t;, x)h;i(y|x) + /Rd e V'Y ivg; (v, x)dv (21)

(2m)?

Using the relationships between the characteristic function and the density function
(20) and (21) leads to the representation

7i(x) = F S [uiea] (V)i (v, x)] (x) (22)
i (x) = 0" (£, 0)F [§ i) (v)ive; (v, x)] (x) (23)

for Equations (14) and (15) under integrability condition on the approximate solution ;1.
In the sequel, we restrict the analysis to the one-dimensional case with d = 1.

2.2. Space Discretization

The space discretization is performed on a tree-like grid using three parameters: the
increment length [ > 0, the even number N € N* of space steps on the increment length,
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and the initial number Ny € N of increment intervals. Hence, the space step is constant and

uniform on the grid
l
N.
At the time node t;, i = 0,1, ...,n, the space domain is restricted on an interval of
length Njl centred at x¢ and discretized uniformly with N;N space steps where

Ax

(24)

N; = No+i (25)
giving the nodes
xik=x0—N7il+kAx, k=0,1,...,N;N. (26)
In particular, the relation
Xik = Xij 1ty k=0,1,...,N;N. 27)

holds since the restricted interval at each time node is obtained by evenly increasing the
previous one with an interval of length . If Ny = 0 then the space grid at mesh time f; is
composed of the single point

Xo0 = X0-. (28)

Figure 1 gives examples of alternative grids.

(b)yNo=1and N =2

(@) No=0and N = 2.

E O T S S L2:6- @ - - - - -
- 112’4. ..... (E1.$4.¢ P
321;2.; . . ..... .]30,2; 'Y - - - -
1’00:1'();. . . ..... l (EOJZIL'O; . . l

331;0.% . . ..... LE0,0; . o .- ..Y
P . .1112.0.+ ...... .ml.,o. ® - - - -
Y T2.0- ®
lo 3] to

to t1 to

Figure 1. Examples of alternative grids.

The convolution relations of Equations (22) and (23) call for a discretization of the
Fourier space as well. At each mesh time ¢;,7 =1,2,...,n, the Fourier space is restricted
on an interval of length L centred at zero (0) and discretized with N;N space steps. The
equidistant nodes are thus of the form

L
Uik:*E +kA1/i,k:O,1,...,NiN (29)

where Av; = N%N The Nygquist relation” holds whenever L is such that

Ll = 27N. (30)
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2.3. Implementation

In order to compute numerical approximations of Equations (22) and (23) at time node
ti,;i =0,1,...,n — 1, we introduce the generic functions §; : R — R, ¢ : R2 — C and
0i+1 : R = R such that

0,(x) = 5V 3(011] (V) (v, )] (x): 1)

We assume that the function 0;, satisfies the periodicity boundary value equalities of
Assumption 2.

Assumption 2. The generic function 0; 1 satisfies

0i1(xix1,0) = Oi1 (Xit1, NN, ) (32)
d0; 29;
81; L (Xip10) = Tl; L (Xi41, NN ) - (33)

Hence, the Fourier integral

00 .
§0al(v) = [0 (x)dx (34)
J —00
. . . N]+1l Nl+1l . . .
is restricted on the interval [xo — =5, x0 + 5] = [Xi11,0, Xit1,NN; +1] and discretized

using the grid points {xiH,k}]I:lBlN with a quadrature rule with weights {wk}llc\];BlN. As
to the inverse Fourier integral of Equation (31) we restrict it on the interval [— %, %] and
discretize it with lower Riemann sums at the Fourier space grid point {viH,k}]I(\Z*OlN.

Let D and D! denote the discrete Fourier transform and the inverse discrete Fourier

transform, respectively

N-1 ]. N-1 ~*k27'r
P k=5 L ¢V (35)
=0
1 N-1 N=! e
D M {x} o k=), e N x;. (36)
=0

Then the discretization procedure leads to the approximation

0i(xip1x) ~ (—1)* 07! [{IP(WH,]', Xi+1,k)D[9i+1]j}ﬁ61N_l}k (37)
where NNt
D[f;y1]; =D {{(—1)sws91'+1(xi+1,s)}s:'51 - L. (38)

and the weights {w}i\]g)lN_l are given by

Wy = Wy + wNi+1N5k,0. (39)
where ¢ stands for the Kronecker delta. The relation of Equation (27) allows us to write

0:(xi) ~ (—1) 17! [{IIJ(WH,]', xik)D[9i+1]j}]N:i6]N71}k+M (40)

fork=0,1,...,N;N.

In Equation (40), the generic function ¢ depends on the space node xj. If the re-
lation generalizes for all space nodes xj, k = 0,1,..., N;N, the function values 6;(x;),
k =0,1,...,N;N, can not be computed with a single direct FFT procedure. Instead, a
separate FFT procedure using the values of the generic function ¥ at x;; is needed to
compute the function value 6;(x;;). Nonetheless, the vector-matrix representation of the
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FFT procedure in Equation (40) allows the computation of all function values 6;(x;;) with a
matrix multiplication. In the vector-matrix representation, Equation (40) is

N A

0i(xix) = (=1)* 2 n¥ (xi) D[B;11]

where £, oy is the (k + & )th row of the N; ;1N dimension inverse FFT matrix F and ¥ (x;;)

is the N;; 1N dimension diagonal matrix built with the values {(v;,1,, xi) };.V:’B] N7 Let
O be the N;N dimension vector of the function values 6;(x;;) such that
®\), = 0;(xx) (41)
fork =0,1,...,N;N. The matrix representation gives
0 = ¥UID[6; ] (42)
where ¥() is the (N;N 4 1) x Nj 1 N matrix such that
& (i N _jk+5
¥ = GO ER T g ) (43)

with @; = 27NNk =0,1,...,NjNandj=0,1,...,N; ;1N — 1.
The requirements of Assumption 2 can easily be satisfied. Given a function 4 : [a,b] —
Randy € C 1 if we consider the transformation

U“’ﬁ(x) =7(x)+ ax® + Bx (44)

then the parameters « and  can be chosen such that the transform function and its deriva-
tive have equal values at the boundaries of any interval. The following lemma gives
a method to select the coefficients & and B for the transform of Equation (44) such that
Assumption 2 holds in general.

Lemma 1. Suppose the real function j € C'[a, b] is differentiable and let y*P be its transformed
function as defined in Equation (44). Then

I OEE 10

26—a) 45)
_ 1(a) —n(b)
B= e —a(b+a) (46)
solve the system of linear equations defined by
B — 0B
P (a) = P (b)
p @ 47
{a’gf (a) = 2% 0) )

Proof. The second equation of the system (47) gives Equation (45) in a straightforward
manner. Equation (46) is given by the first equation of the system. [

Hence, the numerical discretization may be applied on the transformation u?‘f ; attime
node t; but a correction must be performed so to recover the values of the intermediate
solution #; and the approximate gradient 1;. The next theorem gives the representation
under the transform of Equation (44).
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Theorem 1. Let uf‘fl be the alternative transform defined in Equation (44) of the approximate

solution u;,q. Then the intermediate solution ii; and the approximate gradient 1; in Equations (22)
and (23) satisfy

ii(x) =g [ﬂ“?fﬁ(ﬂ‘i’(vrxﬂ (x) — af(x + Aja(t;, x))* + Do (t;, x)]
— B(x + Aa(t;, x)) (48)
ui(x) = o(t;, x)F 1 [S[u?fl](v)ivﬂv, x)|(x) —o(t;, x)[2a(x + Aja(t;, x)) + B (49)

Proof. The proof follows the steps of Theorem 3.1 of Hyndman and Oyono Ngou (2017)
using the transformation introduced in Equation (44) and the relations (20) and (21) between
the density function k; and the characteristic function ¢;. O

Algorithm 1 details the numerical procedure on the space grid and produces numerical
solutions {uik}i\fg, {ﬁ,-k},](\];%] and {ulk}i\fg for the approximate solution u;, the intermediate
solution #; and the approximate gradient 1;, respectively, i = 0,1,...,n — 1. We next
consider error estimates under the alternative discretization.

Algorithm 1 Fourier Interpolation Method on Alternative Grid

1. Discretize the restricted real space [xo — NT”Z, X0+ NZ"I | and the restricted Fourier space

[—5, 5] with N, N space steps so to have the real space nodes {xnk},i\]:”é\] and {vnk}i\]:"(l)\]

Value uy (x,x) = g(xux)
3. Foranyifromn—1to0

N

(a) Compute « and § defining the transform of Equation (44), such that
6i1 = 1] (50)

and 6; 1 satisfies the boundary conditions of Equations (32) and (33).
(b) Compute 6;(x;) through Equation (40) fork = 0,1, ..., N;N with

P(v,x) = ¢i(v, x) (51)
and retrieve the values ii;;, as

i = 0; (i) — (i + Dja(ti, xig))* + 8o (i, xi)]
— B(xix + Aja(ti, xi)). (52)

(0 Compute 6;(x;j;) through Equation (40) for k = 0,1, ..., N;N with
P(v,x) = ivo (v, x)p;(v, x) (53)
and retrieve the values 1 as
e = 0;(xi) — o (t, xi) [20(xixe + Aja(ti, xix)) + B (54)
(d) Compute the values uj, as
wi = i + Aif (b, Xig, ik, thix) (55)
fork =0,1,...,N;N through Equation (13).

(e) Update the real space grid with Equation (27) and the Fourier space grid by

discretizing the interval [— %, %] with N;N space steps so to have the real space

nodes {xik};(\g(\]’ and {vik}lliz(\)].
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2.4. Spatial Discretization Error Analysis

Let {uik}llc\]j(\)j, {ﬁik};](\];%] and {ﬁik}i\ﬂ\)’ denote the numerical solutions obtained from
the convolution method at time node ¢; given the solution u; 1 at time ¢;1. For the Fourier
interpolation method on the alternative grid, we defined the local discretization error as

Eijp := [ui(xic) — wie| + [ (3x) — e (56)
fori=0,1,...,n—1and k=0,1,...,N;N.
Theorem 2. Suppose that the driver is f € C¥?([0, T] x R3), the terminal condition is ¢ € C*(R),

and Assumption 1 is satisfied. Then the convolution method yields a local discretization error of
the form

Ex = O(Ax) + O(e—K‘Ai"llz) (57)

for some constant K > 0 on the alternative grid and under the trapezoidal quadrature rule
with weights
1
wj =1- 5 (G0 + 0N N)-
Proof. We suppose the solution u; at time t; 1 is known. The solution u; 1 € C? is twice
differentiable since f € C? and g € C2. Furthermore, ;1 is square integrable with respect

to the Gaussian density.
By Theorem 1, we limit ourselves to the case where

Niql N;_ 1l
ui+1(x0— 12+1 ) = Uiy <x0+ 12+1 )

Ui (xo . Ni+1l> _ ity (xo + Ni+1l>

2 ox 2

so that the coefficients of the transform are « = g = 0. Let T; be the Fourier polynomial

interpolating u;,1 on {xo - N’;r 1l,x0 + N%ll} Then

Nip N
ST .
L= Y e (58)
k=— NHilN
Nji1l N4l
=uj1(x) + O(Ax), Vxe [xo - 1;1 , X0 + 1;1 (59)
where
i NipgN .
(=1)~72 d];NiHN = ]D)[ulqrﬂ]‘,] =0,1,...,N;;;N -1 (60)
2

when using the trapezoidal quadrature rule. We have that
i(xik) = / , i1 (i + y) i (y | xi ) dy + , Wip1 (i + y) iy |xix ) dy.
lyl<z lyI>z

Note that

l
[, sy = P IAXF] > 5IXE = i
lyl>3
2 lz

AXT > | X[
.= X;
402 (t;, xp) A i

=P
U(t/ xik)\/Ki
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T2
and that the random variable (L) has a non-central chi-square distribution with 1
o (txi)V/Ai

)\ 2
degree of freedom and non-centrality parameter A = (%) A;. Then for some constant
1

K > 0 which is inversely proportional to A; we have
_KJ2
/ ;i (Xie + y)hi(y|xi)dy = (9(@ K )
ly[>2

by the Cauchy-Schwarz and Chernoff inequalities since the solution ;1 is square inte-
grable. Hence

i (xjx) = /‘1 <! i1 (x + y)hi(y|xp)dy + O (e‘Klz)
Xik + y)hi(ylxi)dy + O(Ax) + O (efKﬂ) (by Equation (59))

2
_KJ2

(i + y)i(y i) dy + O(8x) + O (K

(by Chernoff inequality, since T; is bounded)

—/1
= JLT

H—lN

1727 (.
= / 2 d]'(i‘]Ni+1l( ”k+y)hi(y|xik)dy—|— O(Ax) + O(E*Klz)

z+1N

N;. 1N
i1
5 1

1727 . 2
= L (i) o ro(e )
1

__NigN
= 2

Ni1N-1 . 21 i N
= (DY Y (i xa) D] SV T 1 o (Ax)
j=0

+0 (eiKlz) (by Equation (60) when using the trapezoidal quadrature rule)
=i + O(Ax) + (’)(e_Klz).
Similar techniques show that
i (xg) = ag + O(Ax) + (’)(e_Klz) 61)

where K > 0 is inversely proportional to A;. The Lipschitz property of the driver f
completes the proof. [

As expected, the alternative discretization improves the local error bound by elimi-
nating extrapolation errors in Hyndman and Oyono Ngou (2017). The result of Theorem 2
establishes the consistency of the convolution method with respect to the approximate
functions u; and gradients 11;. Furthermore, the absence of extrapolation errors in the local
discretization allows us to develop a tighter bound for the global discretization error. The
following corollary proves helpful when deriving the global discretization error bound.

Corollary 1. Under the conditions of Theorem 2, there is C > 0 such that

sup Ejx = O(Ax) + O(e*C‘""”z). (62)
ik

We define the global error as

Ej px := sup e +sup éj (63)
ik ik



J. Risk Financial Manag. 2022, 15, 388 11 of 32
where

eix = |un—i(xK) — ty_ix| (64)

éik = [tin—i(xk) — ty_if (65)

fori =1,...,n with eg) = éy = 0. The next theorem describes the stability and conver-
gence properties of the convolution method.

Theorem 3. Suppose the conditions of Theorem 2 are satisfied. If the space discretization is such that

1
KZA
4 X K4Ax <1 (66)

sSup ma 7 ~
L OV TI N 2N

1
then the Fourier interpolation method is stable and the global discretization error Ej xy satisfies
Ejar = O(Ax) + O(efc‘""l’z) (67)
where C > 0 and Ky is the upper bound of Equation (7).

Proof. Let us first notice that

et < En—ip+ [Wy—if — thy_i|
< Ep_ij+ (14 AK) |8y — i + AK| Gy, — thy— k| (68)

where K > 0 is the Lipschitz constant of the driver f. Furthermore, we have that
éik < En_ige+ Qi — tiy_ikl- (69)
Furthermore, the construction of the Fourier interpolation method gives

~ ~ _ N, 1N—-1
[ — x| < ’9 ! [{<P(Vi+1,j, xig) Dl — ui+1,s]j}];51

[
k+5

1 Ni1N-1
< Ni+1N< ];) |P(visa,j, xik)’) s‘;p|ui+l(xik) — Uis1k|

(using the matrix-vector representation of DFTs)

Nj1N-1
1 i+1
Ni+1N< ];) ‘4)('/”1/]" xik)’) S‘;P €n—i—1k

IN

(Avigr) ! /
< ECEEEEE s .
~ NN thp(v, Xik)|dv S‘;P €n—i—1k

(70)

A
0
=g
jae]
S
=
L
|
-
-
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where the last inequality holds by Assumption 1. Similarly,

| — | < ‘9_1 [{IP(VM,]'/ xig) Dl — ui+1,s]j}?]:i51N_l} N ‘
1 NigN-1 - ’
S Ni+lN< ];) |1Vis1, 10 (Visr js xik)|> SUP Cu—i-1k
(using the matrix-vector representation of DFTs)
< (A]:;:lll)\]_l (/RW‘P(V/ xik)|dV> S‘;P Cn—i—1k
< K;i,x SUP €1 (71)

The inequalities of Equations (68), (70) and (71) lead to

1
Kidx Kdx) o
J2rh;, ;| SRk

eix < CoEjx + (14 2A;K) max

1
KiAx KyAx sup -
\/Z?Ai/ 7TA1 kp l*l,k

< CosupE;; + (14 2A;K) max
ik

where Cy > 0 and K > 0 is the Lipschitz constant of the driver f. Consequently,

1
Kidx Kybx)
Vard, mh; ) TPk

supe;r < Cosup Ej; + (14 2A;K) max
k k

L

< Cosup E;x + (1 +2A;K) supe; 1 (72)
ik k
since .
KZAx KyAx

sup max

; V2rA;] A | T
and the Gronwall’s Lemma yields

supe; < CerTK sup E; « (73)
k ik
from the inequality of Equation (72) for i = 0,1,...,n knowing that ey, = 0. The last
equation establishes the stability of the Fourier interpolation method for the approximate
solution u; since its error at any time step is absolutely bounded.
The inequalities of Equations (69), (71) and (73) lead to
A
supé;p < (Cl + xCerTK> sup E;
k A, ik
< (C1 + CerTK) sup E; i (74)
ik
for a positive constant C; > 0. Hence, the convolution method is also stable for the

approximate gradient i;. The result of Equation (67) follows by taking the supremum on
the left hand sides of Equations (73) and (74) over time steps and applying Corollary 1. [J

As for most explicit methods for PDEs, the convolution method requires a stability
condition as described in Equation (66). In general, Theorem 3 shows that the convolution
method converges when the space discretization is relatively as fine as the time discretiza-
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tion. Other numerical methods for BSDESs, and particularly Monte Carlo based methods,
have a stability and convergence condition. Indeed, error explosion occurs for fine time
discretizations in the backward methods of Gobet et al. (2005) and Bouchard and Touzi
(2004). In order to maintain stability and convergence, the space discretization has to be
refined by increasing the number of simulated paths.

3. Higher Order Time Discretization for FBSDEs

In this section, we discuss further extensions of the Fourier interpolation method on the
alternative grid. In particular, we apply the Fourier interpolation method to Runge-Kutta
schemes for FBSDEs proposed by Chassagneux and Crisan (2014). Rather than computing
the numerical approximation (YZI,T, ZZ,T) recursively backward in time fori = 0, ..., n the
Runge-Kutta method introduced in Chassagneux and Crisan (2014) for decoupled FBSDEs
uses p intermediate stages implemented between time partition points.

3.1. Runge—Kutta Schemes

The FBSDE of Equation (1) is discretized on the time partition 7. Following Definition 1.1
of Chassagneux and Crisan (2014) let g € N*, we consider the g-stage Runge-Kutta scheme
giving the following numerical solution at mesh time t;

ZT =K, lHqu Y A, Z,B]H“’ll s b X0, Y Z55) (75)
g+1

Y =By | YT+ A Y af (b XL YT Z5) (76)
j=1

for a set positive coefficients {'y]}q 1 suchthat0 =71 <... < 9441 = 1. The intermediate

solutions {( YZ, Zl”]) =2 , take the form

Pj
Zirrrj - Eti'f lH ﬁf’Y} 1+1 +A Z ‘B]k ’Y] k) Af( iks X, k'YZ kr ) (77)
/i =By, | Y, T A Z i f (tijer X0 Yo f,rk)} (78)
where
ti‘Zfi-i-(]—’yj)Ai,lSjSl]‘f‘l (79)
with (Y[}, Z2]) = (Y[, Z[ ), (Yl’f7 2l +1) = (Y, Z[) and terminal condition
Y4, Zs,) = (8(X1),0"(T, X1) Vg (XT)). (80)

The coefficients {oc]«};ill, {,Bj}?:l, {a]-k :1<j<q1<k<j}and {,Bjk :1<j<g1<

k < j} are all positive and satisfy

g+1

Y a=1 (81)
j=1

Bii=0 1<j<qg, (82)

j j—1
Yoap =Y Bix=7, 1<j<q (83)
k=1 k=1
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Let B™ denote the set of continuous and bounded functions on [0, 1] such that
1
B" = {cp €Cy: / skp(s)ds = Sy, k < mand k,m € N*}. (84)
0

The stochastic coefficient H, with t € [0, T) and A > 0 is defined as

1 t+A s—t
HY, = K/t q)(A>dWs (85)

with ¢ € B™ for some m € N*.
The above definitions give the g—stage Runge-Kutta and the method has a number of
advantages. The global error of the g—stage Runge-Kutta scheme £ is defined as

n—1
2 . 2 2
= amax |Yi, = ¥z + X A2~ 25

= max E “Yti - yér’z] + nilAiE “Zti — thitﬂ (86)
i=0

0<i<n

and is hence weaker than the error E,; considered for the Euler scheme. Nonetheless, the
global error & is easier to handle since it is strongly related to the local time discretization
error which simplifies the theoretical study in Chassagneux and Crisan (2014).

The scheme can be represented by the following tableau

Y1 X11 0 vee 0 0 161,1 0 cen 0

T2 Npq Q2o o o... 0 0 ,32,1 ,52/2 . 0

Yo | g1 Kg2 oo &gy O | Bg1 Bg2 oo Pag
e I T O

One can observe that if a;11 = 0 and aj; = 0,1 < j < g, then the g-stage Runge-
Kutta scheme is explicit. Otherwise, the scheme is implicit. For instance, the Runge-Kutta
schemes with tableau

0|0 O01fO

110 1|1
and the scheme with tableau

0|0 010

115 5|1

known as the Crank-Nicolson scheme constitute 1—stage implicit Runge-Kutta schemes.
The only 1—stage explicit Runge-Kutta scheme admits the tableau

00 0|0
111 0|1

In Chassagneux and Crisan (2014), the implicit and the explicit 1—stage Runge-Kutta
schemes are shown to be at least one-half (%) order convergent. The Crank-Nicolson
scheme, already studied in Crisan and Manolarakis (2014), presents a first-order of con-
vergence. Notice that the Euler schemes used in the previous section are not 1—stage
Runge-Kutta schemes since they do not lead to any consistent tableau. Nonetheless, their
structure is equivalent to the explicit 1—stage Runge-Kutta scheme and both schemes
display the same half () order of convergence. The following tableau gives a example
of explicit 2-stage Runge—Kutta schemes of first-order of convergence for 7, € (0,1] and
181 € [011]‘
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0 0 0 0] 0 0
72 721 (1) 0] 7 0
1 ‘ ~2,; 25 0O ‘ g1 1-p

3.2. Further Simplification

From the g-stage Runge—Kutta scheme for BSDEs, one notices that we have at least 2g
conditional expectations to compute at each time step. These conditional expectations can
be simplified and made more suitable for numerical implementation if we consider a rea-
sonable time discretization of the forward SDE. Hence, we make the following assumption.

Assumption 3 (Forward process discretization). The following are assumed throughout
this section.

1. The forward SDE is discretized with the piecewise constant process X’ such that for
t € [ti tiy1) we have X[* = X[ pathwise.
2. The forward SDE time discretization with global error Ex  is of order m > 0, i.e.,

Xy, — XF7|12 = O ™). (87)

2 —
EX,ﬂ.' = 2 —

ax
0<i<n
3. The forward SDE time discretization admits the conditional characteristic functions ¢; :

RYxR? — C
(Pi(V/ x)=E |:€11/ (Xtiﬂfxti) |Xt71T = x:| (88)

and ®;; : R x RY — €4

@ij(v,x) =E [Ht%, e (=58 1 — x} (89)
for0<i<mnandl <j<gq+1withg, 1= ¢1.
4. There are positive constants py, qo, so ,Ko and Cy > 0 such that

max( inf e *¢;(is, x), inf e_s*t<pi(—is,x)> < e_KoAi_SO‘t‘qo, (90)

+ +
sER; sER;

Vt € R, hence the discrete version of the forward process has conditional exponential
moments. In addition,

. . ~Po
[ loivldv+ | max [, ldv < Coa . 91)

It6-Taylor expansion based schemes are an example of SDE discretization satisfying
the conditions of Assumption 3. A more complete presentation of these schemes can be
found in Kloeden and Platen (1992). The next theorem gives a simplification of the BSDE
time discretization expressions.

Theorem 4. Under Assumption 3 (1), the solution of the g-stage Runge—Kutta scheme satisfies

(O ZENE, e (92)

ij7
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for 0 <i < n. Consequently, we can write

Z5 =Ey [H”% (Yt,H +AiBjaf(tiv, Xi, Y, Z ,H))} (93)

Yin E, [Yt LoD f(tiv, XEL YL Z ,H)}
+ A Z wief (tije X, Y30 ZT%) (94)
k=2

for0<i<mnandl <j<q+1where psi1 = @1, Bgr1,1 = P1and ag 1) = a.

ZT[

Proof. Clearly (Y[ ,;, i,q+1) =

and 0 < i < n, we have

(YZ{T, Z{f) € JFi, from Equations (75) and (76). For1 < j < g

j
YZ-Z- =E Yt7+ B AY Z wif(tik X{I_Tk, Y Z7%) |Xt (starting from Equation (78))
Ytzﬂ‘f‘A Z“]kf zert,k/ T 200 | XE
(by Assumption 3 since t;; € [t;,ti11))
=E, Yt+1 + A Z”‘ka tig X, ik’ 1er )]

=1

so that Y[; € Fy;. Similar arguments also show that Z7' ” € JF, starting from Equation (77).

Since{(Yl?;, Zi”]-)}qul € Fi,, we naturally get Equatlon (94) from Equations (78) and
(76). In addition, knowing that

Et |:Hljf(,yl 'Yk)Ai:| =0 ’ 1< k < ] (95)

leads to Equation (93) from Equations (77) and (75). O

As a consequence of Assumption 3, if the g—stage Runge-Kutta scheme and the
forward SDE time discretization are of order m > 0 then error of the FBSDE numerical
solution defined as £x  + & is of order m. We must hence choose the Runge-Kutta scheme
and the SDE scheme accordingly.

3.3. Fourier Representation

Following Theorem 4, the intermediate solutions {(u;;, ul])}jizl at mesh time f;,
0 <i < n, are given by

iy (x) = E[H! i1 (XF,,, Ba) IXTE = ] (%)
j
(%) = E g (XFai) | X = x| 85 Y aef (b %, i (), (%) (97)
k=2

for1 <j<g+1withg;11 = @1, Bg+1,1 = P1 and ay11x = k. The approximate solution
u; and approximate gradient 1; at mesh time t;, 0 <i < n, are then

ui(x) = ujgy1(x) (98)
ui(x) = tjg41(x) (99)

with
i1 (%, 0) = i1 (x) + Djef (tipq, %, uipq (%), igq (x)) (100)
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and
un(x) = g(x) (101)
iy (x) =0 (T, x)Vg(x). (102)
In this setting, we have that
i
Lli,j (X) =E [ﬁi-i-l (XZ;[H, “j,l) |X;;[ = X} + Ai Z D‘jkf(ti,k/ X, ui/k(x), L'li,k (X)) (103)
k=2

Note that

_ 1 i X[ _
E[ i1 (X, ;) X} = x] = Ef [an)d e 5 [ Gy ()

— (271I)d /]R , Ef [eiv*XZH } Sl txj,lﬂ (v)dv (using Fubini’s theorem)
1 .
= Gy /R e (v, 2)F [ 1 (1) ] (v)dv. (104)

Therefore, by (103) and (104), we have
uij(x) = F 1 [F[01 (a0 ] (V)i (v, 0)] (x)

j
+0; Y aef (i x, e (x), 1 e (x)) (105)
=2

whenever i 1 (., «) is Lebesgue integrable.
As to the intermediate solutions 1,0 < i<nand1l <j<g+1, wehave

. Qi ~
tyj(x) = E|HY) it (X, Ba) X =

95 1 WEXT
=E; [Htf,]mAi (2r)? /Rde g [“i+1(-//3]}1)](1/)d1/]

- (2711)11 /]Rd E {Ht(’;;,yineiv*X;’T'“}3[ﬁi+1(-/ Bj1)] (v)dv  (using Fubini’s theorem)
1 -

= /R e (v, 0)F [ (L Bia)] (v)dy

=3 [g[ﬁﬂl(-/“j,l)} (V)q)i,j(v,x)] (x) (106)

for an integrable function ;1 (., «).

Even if the expressions in Equations (105) and (106) appear too general, they are
implementable with the Fourier interpolation method for 4 = 1 in various particular cases.
One can retrieve the characteristics ¢; and ®; ; and also perform the corrections due to the
transform of Equation (44) for many SDE time discretizations. The following lemma helps
in retrieving the conditional characteristics.

Lemma 2. The conditional characteristics ®; ; are
. s Too_xn
®@;i(v,x) = Ej, {H;‘,jwew <Xti+1 t")} (107)

with
1 tit1 S—ti]'
H":—/ DoXF ;| — ) ds (108)
U yin Sy t1+1§0]< ’Yin>

where Ds X7 | is the Malliavin derivative of X;]TH given Xi7 = x.
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Proof. The lemma is proved by applying the duality formula and the chain rule succes-
sively to Equation (89). O

3.3.1. Half-Order It6-Taylor Schemes

The Euler scheme constitutes the main example of half-order It6-Taylor scheme
with step
X;Ll = XZ[ + a(tl-, ler)Al + (T(tl’, XZIT)AWI

In addition, we have that D;A; = 05,1 and DsAW; = 1,4 for s € (t;,t;11) where 0 and 1
are the zero matrix and the identity matrix, respectively. Hence,

DSXZ;[JA = U(ti/ Xg)

so we get, from Equation (107), that

o

ok Ty
ij(v,x) = 0" (t;, x)ivEj, [ew (Xfiﬂ Xti):| (since ¢; € B°),

= 0" (t;, x)ivg; (v, x). (109)

The conditional characteristic function is explicitly given by

¢i(v,x) = exp{Al- <iv*a(ti,x) - %v*az(ti, x)v> } (110)

since the increment has a Gaussian distribution.

Equations (105) and (106) along with the characteristics of Equations (110) and (109)
define the Fourier method under half-order It6-Taylor schemes and the method is imple-
mentable in one dimension (d = 1) with the procedure given in Section 2.3. The following
theorem generalizes the result of Theorem 1 to Runge-Kutta schemes under half-order
Ito-Taylor schemes.
Theorem 5. Let ﬁf‘fl (.,y) be the alternative transform defined in Equation (44) of the approximate
solution i 1(.,y). Then the intermediate solutions u; j and i; j in Equations (105) and (106) satisfy

wij(x) = § VSE0 (o aj0)) (V)i (v, 1)) (%)
—af(x + Aja(ty, x))* + A (t,x)] — B(x + Aja(t;, x))

]
+0; Y ef (tie %, (), 114 (%)) (111)
k=2
(%) = o (t, )3 Bl (L Bi0)] (v)ivgi(v, 1)) (x)
—o(t, x)[2a(x + Aja(t;, x)) + B (112)

under a half-order 1t6-Taylor scheme when d = 1.

3.3.2. First-Order It6-Taylor Schemes
Consider the first-order scheme

i+1

X7 :X{l_era(ti,X{f)Ai+a(ti,Xf)AWi+02(ti,Xf)/ ' /quth.
! ! Jt; Jt;

Then knowing that
t; t
Ds/ “/ AW, dW; = D(AW)), (113)
ti t;
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using the fundamental theorem of calculus where D(x) is the diagonal matrix composed
with the elements of x, for s € (t;,t;,1), the Malliavin derivative of the discretized forward
process is given by

DsXT, = o(t;,x) + o (t;, x)D(AW;). (114)

Equation (107) leads to
®; (v, x) = o (8, )iVEf {ei”* LR )}
+Ef [D(Awi)az(ti, x)iveiv* (Xgﬂxt’f)] (since ¢; € B°)

= 0" (t;, x)ivei(v, x) + Ef [D(ﬁ(t,»,x)iumwiei”* (Xf’fﬂxt’?)}

(I—D(0?(t;, x)iv)A;) o™ (t, x)ivei(v, x) (115)
since
Ej {AWieiv* L )] — o* (1, x) DE] {iveiv* (%7, 7 )}
+ D (2 (t, x)iv) AE} [Awiei”* (7, ‘Xt’f)}
using the duality formula, so that
Ej, [Awieiu* (Xg*lxg)} = Ci(v, x) A" (t;, x)Ef, [iwzi”* (X§+1Xf7>]
= Ci(v, x)Nio™ (8, x)ive; (v, x)

with
Zi(v,x) = (1= D(c?(t;, x)iv)A;) L. (116)

As to the conditional characteristic ¢, it can be easily derived as

N|—

01(v,) = det (G0, exp 310G 00T+ () ) (117)

where .
Ki(x) = a(t;, x)A; — E(Uz(ti/x)Ai + 1)1

knowing that Xj7 — X7, given X{ = x, is an affine function of a multivariate non-central
1 1 1

x? random variable with 1 degree of freedom and non-centrality parameters 1.

Equations (105) and (106) along with the expressions in Equations (115) and (117)
characterize the method under first order discretizations on the forward process. The
procedure introduced in Section 2.3 allows us to do the necessary computations given the
characteristics ¢; and ®; ; and using the following theorem.

Theorem 6. Let ﬁf‘fl (.,y) be the alternative transform defined in Equation (44) of the approximate

solution il 1(.,y). Then the intermediate solutions u; jand i; j in Equations (105) and (106) satisfy
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(%) = 3B (L ajn)] (V)i (v, 1)) (x)
|Gt s 202+ 8038, + 5030 ()
— B(x + Aja(ti, x)) + A; i i f (uix(x), ix(x)) (118)

i (x) = o (b, 2)F S (L B )] (V)ivgi(v, x)i(v, x)] (x)
—0o(t,x) [sz (x + Aja(t;, x) + Ajo?(t;, x)) + ,B} (119)

under a first-order It6-Taylor scheme when d = 1.

Proof. By the definition of the alternative transform, we must have that

() = &SI oy )] () (v, )] (x) — B (X, )2+ BXE,

-1
+ Ailgjsoy Y @i f (uir(x), g (x)). (120)
k=2
Notice that
Ej. [thﬂ} = x + Aja(t;, x) (121)

and

{(Xt,ﬂ) } = Ej, [Xt,ﬂ} + Varg [X[ |

ti t 2
(U(ti,x)AW,'—l-Oz(ti,x)/t H[ quth> ]

1
= (x + Ao (b, )2+ Do (t, x) + EAfa‘*(tl-, X). (122)

= (x+ Ma(t, ) + B}

Equations (120)-(122) lead to the expression for u;; in Equation (118).
The definition of the alternative transform also requires

i (x) = (1, )3 B[ (L Bi) | (V)ivgi (v, )i (v, 1)) (x)
—E} {H;”f o (WX )P+ BXT)]

(b, 2)F B (0 By (WG (v, )i (v, )] ()
— oty *)Ef [20(X],) + ]

— 2 (t, x)Ej, {AW- (Za(XZfH) + ,B)} (using the duality formula)
= o (t;, )F S8 (., Bi) ] (V)i (v, %) (v, 1)) (x)
—o(t;, x) [sz (x + Aja(ti, x) + Ao (4, x)) + /3} (123)

using the duality formula once again. [

The implementation of higher order time discretization for FBSDEs on the alterna-
tive grid is described in the following algorithm. Algorithm 2 produces the numerical
intern.lediate. solutions {”i,j,k}llc\z(\)[r {ﬁ,]k},i\];l(\)] ar.ld {ul]k}lzil(\]] at timfe step t;, 0 <i<nand
stage j, 1 < j < g+ 1 for the approximate solution u;, the intermediate solution #; and the
approximate gradient 1;, respectively,i =0,1,...,n — 1.
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Algorithm 2 Fourier Interpolation Method on Alternative Grid for g-stage Runge-Kutta

schemes

1. Discretize the restricted real space [xo — 1\12,,1 ;X0 + NT”I] and the restricted Fourier space
[—5, 5] with N, N space steps so to have the real space nodes {xnk}llc\]:"é\] and {vnk}i\]:"é\]

2. Value u,(x,x) = g(xux)

3. Foranyifromn—1to0

(a) Foranyj1<j<g+1
i Compute « and B defining the transform of Equation (44), such that
6i1 = 5 (. aj1) (124)

and 6; 1 satisfies the boundary conditions of Equations (32) and (33).
ii. Compute 6;(x;;) through Equation (40) fork = 0,1, ..., N;N with

P(v,x) = ¢i(v, x) (125)

and retrieve the values #; ; ; with the appropriate correction.
iii. Compute « and f defining the transform of Equation (44), such that

6i1 =15 (. Bjn) (126)

and 0,1 satisfies the boundary conditions of Equations (32) and (33).
iv. Compute 6;(x;j) through Equation (40) fork = 0,1, ..., N;N with

P(v,x) = @ij(v, x) (127)
and retrieve the values 1; ; ; with the appropriate correction.
v. Compute the values u; ;i as
i
ijg = i+ Di Y asf (b, Xi ko s o s k) (128)
s=2

fork =0,1,...,N;N through Equation (13).

vi. Update the real space grid with Equation (27) and the Fourier space
grid by discretizing the interval [—%, L] with N;N space steps so to
have the real space nodes {xik};ilg and {Vik};i%]-

(b)  Setu;y =u; i1k and g = g1k

Algorithm 2, as compared to Algorithm 1, contains intermediate solutions between

time discretization points, resulting from the the intermediate stages of the Runge-Kutta
method of Chassagneux and Crisan (2014). These intermediate solutions are computed
using the Fourier interpolation method on the alternative grid presented in Section 2. We
close this section by examining the spatial discretization error.

3.4. Spatial Discretization Error Analysis

We denote by {ui/jlk},]:];l(\)[ and {ui,j,k}llil(\)] the intermediate numerical solutions obtained

attimestep t;,i =0,1,...,n — 1 and stage j, 1 < j < g+ 1, from the Fourier interpolation
method on the alternative grid when using a §—stage Runge-Kutta scheme. In addition,

{u,-,j,k}lljjg and {ﬁz‘,j,k}i\f(\)] are the intermediate numerical solutions obtained at the inter-
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mediate stage j, 1 < j < g+ 1, of time step #; given the exact solutions ;1 and ;1 at t; 1.
We have from the notation previously used that the numerical solutions at t; write

Uik = Uig+1k (129)

Ujf = Ujgi1k (130)

and are computed from the intermediate solutions {ﬁi,k}llc\f(\)l, 0 < i < n where
il = Uin(Xp k). When the exact solutions u;1 and ;1 are known at t; 1, we also write

Wi = Wigy1k (131)
U = Wi g4k (132)

The local (space) discretization error has the form
Ej = |ui(x) — wipe| + [ (xpe) — i (133)

fori =0,1,...,n—1and k = 0,1,..., N;N. The next theorem gives a description of the
local (space) discretization error bound.

Theorem 7. Suppose that the driver f € CV2([0, T| x R?) and the terminal condition ¢ € C*(R)
and Assumptions 1 and 3 are satisfied, then the Fourier interpolation method yields a local space
discretization error of the form

sup Ej = O(Ax) + O (eKAi 501"0) (134)
ik

for some constant K > 0 on the alternative grid and under the trapezoidal quadrature rule for any
explicit g-stage Runge—Kutta scheme.

Proof. We follow the steps in the proof of Theorem 2. The truncation error when computing
the numerical solutions w; is

Xik | 7% 7. . T o.g.
t; [Htiljlryinul-&-l(tz—i-lfXt;+]'ﬁ],1)1|AX1?T|>%}
nE: !
Xik (Pj Xik 1
< KB [(wa) } B [1axr o

(using Cauchy-Schwarz inequality twice since ;1 (ti11, X{if+1 ;.) is sq. int.)

1. 1 .

< KA, *? Efi’k {1| AT > } * (since Hflp]] i is of Gaussian distribution)
_1 1

< KA, *? (Sn>1£ e_s%gb,-(—is) + s1r>1£ €_Sé¢i(is)) (by Chernoff’s inequality)
_1 =5

< KA; 2e Ko o1 (by Assumption 3)

< Ke*CA;SOIqO.

The Fourier interpolation leads to a first-order space discretization error when com-
puting the numerical solutions 1, j; since the driver f and the terminal condition g are
twice differentiable.

The same statements hold for the numerical solutions u; ,  using similar arguments.
By recursion and using the Lipschitz property of the driver f, the statements hold for
u;jr, 1 <j < g+ 1. Since the time step t; and the space node x;; are arbitrary, the space
truncation and discretization error bounds hold for any i and k. O
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Locally, the truncation error remains spectral. Nonetheless, it is of a unspecified index
qo in this general setting where the conditional characteristic function ¢; is itself unspecified.
For higher order time discretizations, one can expect g9 < 2 since the forward process
increment X{ — X[* has a heavy tail distribution. Indeed, the Gaussian distribution of
forward process increments and the quadratic exponential form of their characteristic
functions were the main reason for the spectral convergence of index 2 of the truncation
error in Section 2.4. The space discretization error though is unchanged with first-order
due to the second-order differentiability of the BSDE coefficients. However, the Fourier
interpolation produces a space discretization error with a higher order when the driver
f and the terminal function g have the required smoothness. In general, if f € C;”“ and
g€ Cg”“, we can expect a space discretization error of order m which is the convergence
order of the underlying Fourier interpolation.

We now turn to the global space discretization error defined as in Equation (63). The
next theorem gives its error bound.

Theorem 8. Suppose the conditions of Theorem 7 are satisfied. If the discretization is such that

C()Ax
su <1 135
atdE "

then the Fourier interpolation method is stable and yields a global discretization error Ej p, of
the form

Ejar = O(Ax) + o(e*K\"\’SWO) (136)

where K > 0 for any explicit q-stage Runge—Kutta scheme.

Proof. From the definition of the global space discretization error, we may write

ek < En—ij+ [Wo—if — k] (137)
bik < En_ije+ [Qp_if — th_ikl- (138)
Assume that the boundary values of the function #;;; and the sequence ;1 ; are

matched on the alternative grid so that we do not have to treat the alternative transform.
Under an explicit g—stage Runge-Kutta scheme, we have

) . _ _ _ NigN—1
‘ui,j,k - ”i,j,k’ = ‘9 ! [{Cbi,j(viﬂ,m,xik)ﬂ)[uiﬂ — sl L&N
NisyN-1
Yoo P (Vi m xie)| sup|iiis (xix, B
= Ni N kP i+1\Xiks P1,j
Ax _ _
< = / |y (v, xi ) |dv | sup|iit1 (xik, B1,j) — Bis1k
C()AX ~ ~ . .
< 5 sup|di 1 (Xik, B1j) — Hiy 1l (using Assumption 3)
27TAZ- k
C()Ax C Ax
< 1+ A;K)supe + ——-A;Ksupé
_ZﬂAfU( ) pn i—1k 27TA1 pn i—1k
(since f is Lipschitz and B, is bounded)
CoAx CoAx
<2 (1+A1<)supen 1k A (L AK) SUp ey (139)

2A
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Similarly, we get

N 3 3 NipyN—1
’ui,Z, S ”D ! [{Gbi(viﬂ,mrxik)ﬂ)[“iﬂ - Mi+1,s]m}m:+(1) }k+N
7
Ax . .
< = / |pi (v, xi ) |dv ) sup| i (xik, 1,0) — Fieq k|
m\Jr "
CoAx . N . .
< 55 SUp| il (Xik, @1,2) — g1k (using Assumption 3)
27‘[A1- k
C()Ax CQAX .
< 27Al (1+AiK) SUP en—i-1k + Apo (14 AiK) SukP €n—i-1k

so that we get

CQAX
APO

g i — 11 (1+AK) (140)

supe,_j 1k +2sup én—i—l,k}
k k

recursively for 1 < j < g+ 1 using the Lipschitz property of the driver f and the
boundedness of the Runge-Kutta coefficients. Equations (137) and (138) combined with
Equations (140) and (139) lead to

CoAx
supelk—i—supe,k < ZsupElk+ NG
T

i

- (1+ A, K) (Sup ej—1 +sup éil,k)
k k

<2sup Ej + §(1+4,-K) <Sup éj—1k + sup éil,k)
ik k k

}<C<L

sup ek + sup €ix < 2eTK sup Ejx
ik

where
CO Ax

sup
i | T4,

AP0

Gronwall’s Lemma then yields

(141)

so that the scheme is stable. The result of Equation (136) follows by taking the supremum
on the left hand side of Equation (141) over time steps and applying Theorem 7. [

In this general case, the global discretization error maintains the structure of the
local discretization error under a stability condition. Equation (135) indicates that the
space discretization has to be relatively as fine as the time discretization to ensure stability.
Hence, stability can always be reached for any time discretization by refining the space
discretization. However, the structure of the characteristic functions ¢; and ®;; determines
the relative refinement needed for the space discretization.

4. Numerical Results

We test the convergence properties of the Fourier interpolation method on Runge—
Kutta schemes with a problem of commodity derivative pricing under a model proposed
by Lucia and Schwartz (2002). We shall test the method’s convergence and behaviour on
smooth and unbounded FBSDE coefficients.

The commodity spot price X is defined by
S(H)+Vi

Xi=e (142)
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where the deterministic function S : R — R represents the seasonality component of the
commodity and V is the price diffusion following an Ornstein-Uhlenbeck process according
to the Vasicek (1977) model

AVy = —xVidt + cdW;. (143)

As indicated by Lucia and Schwartz (2002), the commodity spot price X satisfies the
stochastic differential equation

dX; = K(@(t) —1In Xt)Xtdf + o X dW; (144)
where )
1/0 S
o(t) = K<2+dt(t)) +8(0). (145)

We consider the commodity price as our forward process through equation (144).
When the risk-free rate r and the market price of risk A are both constant, the forward
(or future) price F; 1 := Y; = u(t, X;) with maturity T > 0 at time ¢ < T is given by

Y; = B2[X7]

oA

= exp (S(T) + (InX; — S(#))e T — —h(T — t,x) + gh(T —t, 2K)> (146)

with
h(t,x) =1—e"" (147)
where the expectation is taken under the equivalent risk measure Q. It can be shown that
the forward price solves a BSDE with linear driver
flt,x,y,z) = —Az (148)
and terminal condition
g(x) = x. (149)

Options on forward contracts can also be represented in form of BSDEs in this spot
price model but we limit our analysis to forward price estimation. From Equation (146) the
control process (or equivalently the forward price delta) is given by

Zy = aXtVu(t, Xt)
= ge T Du(t, Xy). (150)

That is, we wish to use the results of Sections 2 and 3 to numerically solve the FBSDE

adX; = K(B(f) —1In Xt)Xtdt + o X dW;
—dYy = —AZidt — ZdW;
Xo =x0, Yr = Xr

and compare our numerical solutions under different discretization schemes to the explicit
solution given by Equations (146) and (150).

The adjustment speed of the diffusion process is k¥ = 1.5 and the volatility of the
diffusion is set to be o = 0.065. The seasonality component is given by

S(t) = In P + 0.05sin(27t) (151)

and the initial spot price by
X = Pe" = 0.95P (152)

where we normalize the real value® of the commodity P = 1. Furthermore, the maturity of
the forward contract is T = 0.25 and we suppose a market price of risk of A = 0.25.
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The FBSDE is solved on an alternative grid centred at Xy with a uniform time mesh.
For a given number of time steps # and the initial number Ny = 1 of intervals, the length of

an increment interval is set as 18

] —
No+n

(153)

so that the truncated interval at time ¢, has length 1.8. This restriction keeps the space
nodes in the upper half plane knowing that the commodity price is a positive process.
Moreover, the number of space steps on an increment interval is N = 2.

We numerically solve the BSDE with the explicit 1—-stage Runge-Kutta scheme of
half-order and an explicit 2—stage Runge—Kutta scheme of first-order. Under the explicit
1—stage scheme, the commodity price is discretized with an Euler scheme whereas a
Milstein scheme is used for the forward process X under the explicit 2—stage Runge—Kutta
scheme. In addition, we use an explicit 2—stage Runge—Kutta scheme with tableau

0l0 0 0|0 0
2|2 2
11 3 010

Under both FBSDE discretizations, we compute two different types of error. The first
error E7y,, evaluates the maximal absolute error of the numerical solution with respect to
the true solution

E = max max |u(t;, x; + max max t, xp) — U 154
True 0<icn ngSNN,-l ( i zk) zk| 0<ion 0<k<NN, | ( i zk) 1k| ( )

where
i(t,x) = oxVu(t,x) = oe T Du(t, x). (155)

The second error Eg;,, is a simulation error. Given the numerical solution {Xt J ] 17
i=0,1,...,n—1with m > 0 simulated paths for the forward process, we compute the
numerical solution { (y,j, zr,,j) }J2; of the backward processes by linearly interpolating the

simulated paths through the BSDE numerical solutions {uik}i\gg and {uzk},](\i%] at each time
step t;. The error Eg;,, can be written as

1
1 & :
Esiyy = — max

" m]; 0<i<n

u(tilx ]/tl,]

(ZA (ti, XF; mﬂﬁ

We systematically use m = 1000 paths. Even if the errors E7,, and Eg;,, may be of
the same order, they are interpreted differently. The error E7,, gives the behaviour of the
maximal approximation error on the grid whereas Eg;,,, gives the behaviour of the error on
the relevant part of grid when solving the FBSDE numerically. Figure 2 displays the errors
under the explicit 1—stage Runge-Kutta scheme with n € {5,10,20,50,100} and Figure 3
shows the errors under the explicit 2—stage scheme.

The error graphs of Figures 2 and 3 look almost identical and confirm that the 2—stage
scheme is of first order and the 1—stage scheme of (at least) half-order. The extra-efficiency
of the 1—stage scheme may be attributed in this particular case to the simplicity of the
driver f and the terminal condition g.
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Figure 2. Log-log plot of errors using the 1-stage Runge-Kutta scheme. The sample standard
deviation of the error Eg;,, was less than 2 x 10~° for all time discretizations.
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Figure 3. Log-log plot of errors using the 2-stage Runge-Kutta scheme. The sample standard
deviation of the error Eg;,, was less than 2 x 107 for all time discretizations.

In Figure 4, we present the absolute errors along the simulated paths for the BSDE
solution. One notices that the maximal errors occur at the initial time ¢y = 0 for the forward
price (Y;) and at maturity T = 0.25 for the control process (Z;). Nonetheless, the simulation
errors are of the same order (10~%) for both processes. This information is confirmed by the
contour plot of Figure 5 not only along the simulated paths but on the entire grid.
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Figure 4. Simulation errors using the 2-stage Runge-Kutta scheme. The numerical solution is
obtained on a time mesh with n = 100 time steps and returns an forward price of 1.0121 and initial
value of 0.0453 for the control process. The exact values are 1.0123 and 0.0452, respectively.
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Figure 5. Contour plot of errors using the 2-stage Runge—-Kutta scheme. The numerical solution is
obtained on a time mesh with n = 100 time steps and returns an forward price of 1.0121 and initial
value of 0.0453 for the control process. The exact values are 1.0123 and 0.0452, respectively.

Moreover, the contour plot gives indication on the source of errors. Indeed, Figure 5
shows that the maximal errors mainly occur for the upper space node values on the alter-
native grid and they decrease for lower space node values. This is due to the unbounded
nature of the spot price process coefficients. Since the volatility of the spot price is a positive
and increasing function of the spot price*, higher spot price values lead to higher local
volatility. Hence, the fixed length of increment interval / may not be sufficiently large to
ensure accuracy for higher space node values. In general, the phenomenon is amplified
with the magnitude of the forward process coefficients as illustrated in the contour plot of
Figure 6 where we choose a higher value for the volatility o and keep the other parameters
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unchanged. Similar results can be obtained by selecting a higher value for the speed of
adjustment x as shown in Figure 7.
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b) Error on forward deltas Zt
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Figure 6. Errors using the 2-stage Runge-Kutta scheme with ¢ = 0.08. The numerical solution is

obtained on a time mesh with n = 100 time steps and returns an forward price of 1.0115 and initial
value of 0.0558 for the control process. The exact values are 1.0119 and 0.0556, respectively.
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Figure 7. Errors using the 2-stage Runge—Kutta scheme with ¥ = 3. The numerical solution is
obtained on a time mesh with n = 100 time steps and returns an forward price of 1.0238 and initial
value of 0.0316 for the control process. The exact values are 1.0257 and 0.0315, respectively.

We end this section with an efficiency study of our schemes. Using the parameters
initially given, the BSDE is solved on a uniform time grid withn € {10, 20, 40, 50, 60, 80,100}
time steps and N € {2,22,23,24} space steps and value the computation time. Figure 8
displays the results. First note that since the Fourier interpolation method performs matrix
multiplications, it is much slower than the convolution method of Hyndman and Oyono
Ngou (2017).
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Figure 8. CPU time (in seconds) of Runge-Kutta schemes.

As shown in Figure 8, the computation time of Fourier interpolation method increases
with the number of time steps leading to a trade-off between computation speed and
accuracy. The exponential nature of the curves suggests that preference has to be given to
the coarsest time discretization providing a satisfactory level of accuracy. Similarly, the
computation time also increase drastically with the number N of space steps. Coarse space
grids insuring accuracy are hence also preferable. Since a total number of 24 conditional
expectations are computed under a g-stage Runge-Kutta scheme, we can expect the 1-stage
scheme to run twice as fast as the 2-stage scheme. This is confirmed on Figure 8, especially
when looking at the computation times for n = 100.

5. Conclusions

In order to solve the problem of extrapolation errors in the initial implementation of
the convolution method, we proposed an alternative space discretization. The new tree-like
space grid naturally allows the usage of the FFT algorithm when computing the conditional
expectation included in the underlying explicit Euler scheme. The error analysis shows
that both the alternative grid and the (alternative) transform suit the periodic nature of
the FFT algorithm and help in producing a stable, consistent and globally convergent
numerical procedure for the FBSDE approximate solutions. The second part of the paper
deals with the implementation of the Fourier interpolation method with higher order
time discretizations of FBSDEs. When the forward process increments admit conditional
characteristic functions satisfying certain regularity conditions, it was shown that the
method is also consistent, conditionally stable and globally convergent under Runge-Kutta
schemes for FBSDEs. A challenging area of research is the implementation of the methods
of this paper in multidimensional and jump cases.
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Notes

This approach was suggested by an anonymous referee of an earlier version of this paper.
The minimum sampling rate to avoid aliasing.

The real value P can be considered as the production cost (per unit) of the commodity.

4 See Equation (144).
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