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Abstract: The impedance change in an induction coil surrounding a metal tube adapter is investigated
using the truncated region eigenfunction expansion (TREE) method. The conventional TREE method
is inapplicable to this problem as a consequence of the numerical overflow of the eigenfunctions of
the air-metal multi-subdomain regions. The difficulty is surmounted by a normalization procedure
for the numerical eigenfunctions obtained from the 1D finite element method (FEM). An efficient
algorithm is devised by the Clenshaw—Curtis quadrature rule for integrals involving the numerical
eigenfunctions. The numerical results of the TREE and FEM simulation coincide very well in all cases,
and the efficiency of the proposed method is also confirmed.
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1. Introduction

A tube adapter is a component connecting two tubes of different diameters. The
standard analytical method of Dodd and Deeds [1] is unable to investigate the interaction
of an induction coil with a metal tube adapter due to the end effects involved in this problem.
The truncated region eigenfunction expansion (TREE) method, pioneered by Hannakam
and Tepe [2], and developed by Theodoulidis, Kriezis, and Bowler [3-9] for the modeling of
the eddy current nondestructive testing (EC NDT), is capable of analyzing the end effects
and establishing analytical models. However, the successful implementation of TREE for
the model of end effects depends on the solution of relevant eigenvalue equations, which
are transcendental, and complex roots should be determined. Conventionally, the Newton—
Raphson algorithm [10-13] or contour integral based on the Cauchy’s theorem [14-17] are
applied to solve the eigenvalue equations. A novel method based on the Sturm-Liouville
theory and Galerkin approach has been proposed recently [18-20], which greatly simplifies
the process of locating the complex eigenvalues.

However, the TREE method has hitherto been available only for problem of the
air-metal region of two subdomains. For a problem involving the region of three air-metal
subdomains, the source should be decomposed into the odd and even parts, if possible,
to reduce the problem to the two subdomains [6,8,21-23]. No solutions for the problem
involving regions of more subdomains have yet been found in the literature. The difficulty
lies in the fact that the symbolic piecewise eigenfunctions for regions of three or more
subdomains will become extremely clumsy, and more seriously, they are very prone to
numerical overflow with the complex argument, especially when the argument has a
relatively large imaginary part. Nevertheless, the issue of numerical overflow should not be
superficially ascribed to the multi-subdomain regions but rather to the formally constructed
eigenfunctions. By a proper normalization of the eigenfunctions, the overflow could be
evaded, and the TREE method should become applicable to problems of multi-subdomain
regions. In this work, the normalization of complex eigenfunctions is achieved based on
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the approach of [19], and a problem including regions of three subdomains (See Figure 1) is
solved with TREE.
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Figure 1. Side view of a metal tube adapter encircled by a coaxial coil.

In Section 2, the TREE solution is given for a metal tube adapter surrounded by a
coaxial coil. The permeability of the metal is not restricted to . In Section 3, a method
successful in dealing with the overflow issue is devised. The numerical eigenfunctions are
obtained by the 1D FEM solution of the Sturm-Liouville equations and normalized, and
the Clenshaw—Curtis quadrature is applied to the computation of the integrals involving
the numerical eigenfunctions. By this strategy, efficient computation of the matrix ele-
ments can be contrived. In Section 4, the TREE results are compared with those from the
FEM simulation.

2. Formulation

A metal tube adapter of conductivity o and permeability u = p, 1o (i, is supposed to
be constant) is encircled by a coaxial induction coil excited by a time harmonic current of
frequency w and amplitude I (See Figure 2). The geometry of the coil and tube adapter is
shown in Figure 1. A perfect electric boundary is imposed at z = 0 and z = b to discretize
the eigenvalues of this boundary value problem (BVP).

Figure 2. A metal tube adapter encircled by a coaxial coil.



Sensors 2023, 23, 8302

3of 14

The solution domain is divided into five regions along the r-axis (See Figure 1). The vector
potentials A; to As satisfy the Laplace or Helmholtz equations in the corresponding regions:

V2A15=0 1)

V2As54 = KAz )

where k = /iwo oy, is the wavenumber of the metal.
Only the ¢-component of the vector potential exists due to the axisymmetry of the
BVP, ie., A = Aey, and the vector Laplacian of Equations (1) and (2) is reduced to

VZ_i li_l iz
92 ror 12 922

®)

2.1. Vector Potential of the Source Coil

The formulation of the source vector potential can be obtained by the source expansion
of the Poisson equation [24,25]. The vector potential of the coil can be written in the form
outlined in Figure 3,

Aq(r,z) = ST(z)Il(cxr)Cge) (4a)
Aq(r,z) = ST(Z) [Il(ocr)Cée) + Kl((xr)Dée) + V(r)} (4b)
AU](T,Z) = ST(Z)Kl(OG’)Dée) (4C)
ZA
b I Il Il
Zt---
X
Lt ———
[ 2 >
0 L n r

O

Figure 3. Side view of an isolated coil with truncation boundary.

Where the source vector V(r) is

with the elements
vi(r) = x;L1(a;7) @)
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where «; = i7t/b, and L, (x) is the modified Struve function of order n, and

K = % sin[%(zl — zz)} sin{%(zl + zz)} (6)

Other matrices and vectors in (4a)—(4c) are

a7 0 .- L (aq7) 0 Ki(aqr) 0 s%n(lez)
a= |0 a -] Ii(ar) = 0 Li(agr) - , Ky (ar) = 0 Ki(agr) - , S(z) = sin(a,z) ,

where [;(x) and K, (x) are the modified Bessel functions of the first and second kinds of

order n, respectively, and Cge), Cée), Dée), Dge) are the coefficients to be determined. With
the interface conditions of B; and H, at r = r; and r = r,, the coefficients can be found:

19 = xilx(airr) — x(wir2)] (7a)
Cy) = —xix(wir2) (7b)
DY) = xin(wirr) (70)
DY) = xily(air1) — n(aira)] 7d)
where
x(x) = x[Kq (%) Lo (x) + Ko(%)Ly (¥)] (8a)
7(x) = x[ (x)Lo(x) — Ip(x)Ly (x)] (8b)

For the function x(x) used for the subsequent analysis, it is advisable to adopt an
alternative form for the practical evaluations, namely

» Mo /2 2m K " (
) %m§0 rgwr;/z) [r(ml(;)/z) + 2F’((m‘jrg}2)},x <15 o
X X) = - my l—Q 1/2 K p
N RO PR

Expression (9) is obtained by the Maclaurin and asymptotic expansions of L, (x) [26],
and high accuracy can be achieved by setting my = 23 and m; = 10, respectively.

2.2. Impedance Change in the Coil Encircling the Metal Tube Adapter
The vector potentials in the five regions of Figure 2 are expansible by the separation

of variables
Aq(r,2) = ST (2)I1 (ar)Cy (10a)
Ax(r,z) = FL(2)[I1(Py7r)Cy + Ky (P17)Dy] (10b)
Az(r,2) = GT(2) [l (P2r)Cs + Ky (P2r) Ds] (10c)
Aq(r,z) = H'(2)[I1 (P37)Cy + Ky (P37) Dy (10d)

As(r,z) = ST(2) {11(cxr)C§g) + Kl(cxr)D(ﬂ (10e)
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where Py, Py, and Pj are the eigenvalue matrices of regions 2, 3, and 4, respectively,

and

are the axial eigenfunctions satisfying the relevant Sturm-Liouville equations:

and

with

and

P, =

F(z) = | 2(P22)|, G(z) = |82(P22,2) |, H(z) = |M2(P32.2)

P11
0

P2 |, Pp=| 0 P22 o] Py=| 0 P32
fi(pi1,2) 81(p2,1,2) hi(ps1,2)

2.
%IZ(ZZ) — 1B (2)fi(z) = —p3,fi(2), £i(0) = fi(b) =0

2. z
T8 _ g (a0i(2) = —phigi(z), £:0) = i(b) = 0

d*h;(z)
dz2

_J kb <z<b
ka(z) = { 0, others

7

(11a)

(11b)

(11¢)

(12a)

(12b)

(12¢)

Taking account of the interface conditions of B, and H, at r = ay, r = ap, r = a3, and

r = ay, the following equations for the coefficients C, C3, C4, D1, Dy, and D3 can be derived

TgPl [10(P1a2>C2 — Ko(P1{12)D2] = Pz [Io(Pzaz)Cg — Ko(sz‘lz)D3]

T3 P, [Io(P2a3)Cs — Ko(Poaz) D3] = P3[I(P3a3)Cs — Ko(P3a3)Dy]

Ps[To(P3a4)Cy — Ko(Psas)Dy] = T} ax|Io(owa) €y — Ko(evas) DV |

Il(Plaz)Cz + Ky (Plag)Dz =T, [Il(Pgaz)Cg, + Kj (Pzaz)Dg,]

I; (P2a3)C3 + Ky (P2a3)D3 = T3[I; (P3a3)Cy + Ky (P3a3)Dy]

T4 (11 (P3as)Cy + Ky (P3as)Dy] =

b
Ell(aal)cl =T [Il (Plal)Cz + Kl(Plal)Dl]

T lp(exay)Cy = Py [Io(P1a;)Cy — Ko(Pra;)Dy)

NS

|:Il (0(!14)(156) + Kl (0(&14)D(S)}

(13a)

(13b)

(13¢)

(13d)

(13e)

(13f)

(13g)

(13h)
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where

b1
T, = /0 mF(z)GT(z)dz

Ty — /Ob VES(Z)G(Z)HT(z)dz

Ty = /Ob S(z)H'(z)dz

In (13a)—(13h), the orthogonalities of the eigenfunctions

b b
/0 S(z)S'(z)dz = EI

/ "l Re)FT()dz =1

! 2)
b1
/0 MG(Z)GT(z)dz =1
/Ob M(;(Z)H(Z)HT(Z)dz =1

have been adopted, where I is the identity matrix, and

(1) _ ,ur/ bl S zZ S b3
o (z) = { 1, others

(2) _ ,”r: bZ S 4 S b3
(z) { 1, others

(3) _ ,”r/ b2 S 4 S b4
o (z) = { 1, others

(14)

(15)

(16)

(17)

(18a)

(18b)

(18¢)

(18d)

(19a)

(19b)

(19¢)

The orthonormalization relations of (18b)—(18d) will be expounded in Section 3.

The matrix algebra of (13a)—(13h) yields the equation system

An Ap 0 0][C
Ay Apn Ax Ap| |D;
Az Az Azz Ay |Gy

0 0 Ayz Ay | Dy

mo o o

where
A1 = Uply(Pray) — PiIp(Pray)

Az = U1Ky (Pyay) + P1Ko(P1aq)

Agy = I (Poaz)Ms + Ky (Paaz) My

Az = I (Pa3)My + Ky (P2az) M,

(20)

(21a)

(21b)

(21¢)

(1d)
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Ay = —Tsl;(P3a3)
Ay = —T3K(P3a3)
As1 = T3Py [Ig(Paa3)M; — Ko (Paaz)My |
Az = T3P [Io(Poaz)My — Ko(Pra3)My]
Azz = —P31p(P3a3)
A3y = P3Ko(P3a3)
Ay = Ualy (P3ay) + P3Io(P3as)
Ay = UK (P3ay) — P3Ko(P3ay)
E = Tjo[lo(owns) + Ko(eas)K; ! (eag) Ty (ewag) | €1

with

2 _
Ul = ETF{O(IQ(O(lll)Il 1(0(011)T1

U, = %T}ocKo(oca4)K1_1(oca4)T4
M; = ax[X111 (P1az) — XoIp(P1az)]
M; = a3[X1K1(P1az) + Xo Ko (P1ap)]
M3 = a3[X311 (P1az) + XgIo(P1ap)]
M, = a2[X3Kq (P1a2) — X4Ko(P1az)]
Xq = Pplo(Pyan) T,

X = I;(Paap) T Py

X5 = P,Ko(Ppap)T, !

X4 = Kl (P2LZ2)TEP1

(21e)

(1f)

(21g)

(1h)

(21i)

(21j)

(21K)

(211)

(21m)

(22a)

(22b)

(22¢)

(22d)

(22e)

(22f)

(22g)

(22h)

(22i)

(22))

Solving Equation (20) will give the coefficients Cp, Dy, C4, and D4, and other coeffi-

cients can be found by

2__
Ci=.L !(oar) Ty (L (P1a1)Cp + Ky (P1a1) Dy

(23)
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Cs = M;3C, + MDD, (24)
D3 = M;C, + M;D» (25)
The coefficient required for the calculation of AZ is
_ 2
D) = K 1 (xay) { I (O(ll4)Cge) + ET4 [I1(P3a4)Cy + K (P3a4)Dy] } (26)
Accordingly, the coil impedance variation is given by
AZ =19 [ A® . Jav o
2iwN? S cos(anz1)—cos(anzy) _ (s)
N (”2*1’1)2(22721)2 n=1 ‘X% [X(Déni’z) X(“nrl)]dn

where the current density | has been omitted (letting | = 1) to simplify the expression.

3. Eigenfunctions and the Associated Integrals of the Multi-Subdomain Regions

In the conventional TREE models, symbolic piecewise eigenfunctions are used for the
air-metal multi-subdomain regions. With this approach, the TREE method is restricted
to the two-subdomain problems (apart from certain problems of three subdomains). For
problems involving air-metal regions of more subdomains, the overflow of the explicit
eigenfunctions is inevitable, which raises serious difficulties in the numerical evaluations.
Therefore, the eigenfunctions of (11a)—(11c) cannot be treated by the conventional TREE
method.

In [18-20], the eigenvalue problem of (11a)-(11c) is reformulated in terms of a Sturm—
Liouville problem. In accordance with [18-20], the eigenvalues of (11a) can be obtained by
the solution of a generalized eigenvalue equation

KU; = p1 ,WU; (28)

where K is the stiffness matrix with the elements

b
Ky = 0/ ]Al}(z) {dQI;Z(Z) dCP;Z(Z) +k%(z)q0m(z)gon(z)]dz (29)

and W is the damping matrix of the elements

b
Pm(z)pn(z)
Wy = | 220 gy (30)
0/ ! (2)

where ¢, and ¢, are the FEM functions consisting of the Lagrange polynomials defined on
the reference interval —1 < ¢ < 1 (the shape functions).

A sparse matrix K will be generated from the FEM basis. Hence, Equation (28) can be
solved by an efficient algorithm, such as Arnoldi iteration [27]. This solution provides both
the eigenvalues p; ; and the eigenvectors U;, which are the discrete eigenfunctions f;(z).
Moreover, denoting

U=[U,Uy,..|" (31)

and by virtue of the vector normalization

v-_—_9Y (32)

diag (UWUT)
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the eigenfunction normalization

b
[~ (33)
o M
can be established automatically. Equations (32) and (33) can be validated by inspecting
the diagonal entries of UWUT and taking Equation (30) into account. Consequently, the
orthonormality of (18b)—(18d) can be established.

The requirement of the accurate and efficient algorithm leads to the choice of high order
Lagrange polynomials for the FEM basis. Here, we choose the cubic Lagrange polynomials

r

No(8) = —(E—1)(32—1)(32+1)

Ni(8) = (& —1)(E+1)(3¢ — 1) 34)
N2 (&) =—%(E-1)(E+1)(3¢+1)

N3(&) = & (E+1)(38 —1)(3¢ +1)

The cubic interpolation of the eigenfunction is

3
= 20 uj,  Ne(2) (35)

where 1), is the successive four entries of U, and Ne(z) is obtained by (34) with the change

in the variable
2z —z5—zp

¢= (36)

Zp — Zg
where z; and z, are the mesh nodes corresponding to the reference interval. The numerical
overflow of f;(z) is eliminated by this procedure. They are consequently well adapted
for the subsequent integral computation. Furthermore, it appears to be very effective to
evaluate directly the integrals (14)—(17) with the Clenshaw—Curtis quadrature, which is
quoted here for completeness [28-30]

[ £ = ¥ s @
where the weights wy, are given by
wy = ‘%k (1 B L:_Z/? 4j2bf - cos(ijn/n)> (38)
and the quadrature nodes are
xk:cos<k:),k:0,1,...,n (39)
with .
Sk = { 2: ot;e(r);/\tlise (40)

‘ 1,j= %n
bj { 2, otherwise (41)
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It follows from Equations (37)—(41) that the matrix elements of T; can be computed by

b
Ty = fSil"l(D(iZ)fj(Z)dZ

_it 1sm[ {(1+3)| 501 +x)|ax (42)

=3
n
= %]EO wy sin(a;zg ) f(zk)
where b
zp = 5(1 + x¢) (43)

The matrix elements of T, are likewise given by

Ty = f L fi2)8j(z)dz
:ffl dz+mffl dz+fﬁ (44)
%kéo Wi fi (zk ))gj (z,(f )) + %éjo Wi fi (zk )g]- (z](cz)) + %k)éo W fi (z,(f’))gj (ZIES))

where

1 _ b
Zk 2

b b by —0b b+b b—b
(2):3+1+3 1 (3)_+3+ 3

—(1+4xg),z > 5 Xk zp ' = > 3

Xk (45)

The same analysis is also applicable to the matrix elements of T3 and T,. A flowchart
is provided in Figure 4 to present the process of the novel approach.

Analysis of TREE model Eigenfunction and eigenvalue
for uy >1

Introduce the truncated boundary
and set the boundary conditions

Establish Transform D'S\:\:Iirflilze Solve the
’ 1D Sturm- . matrix

Liouville | | LOUELS oq) R0 15q eigenvalue
Separate the Laplace and formulation scheme and genve

Helmholtz equations e FEM basis equation

|

A
Obtain TREE matrix according to Eigenvalues

the continuity conditions at Obtain the eigenvectors and eigenvalues
interfaces l

] Integrate the FEM eigenfunctions by
Clenshaw-Curtis quadrature

Solve the TREE matrices, obtain
AZ

Matrix elements

A
Verify by numerical
simulation

Figure 4. Flowchart of the TREE method enhanced by 1D FEM.

4. Numerical Validation

The proposed method will be verified with the parameters of the metal tube adapter
and the induction coil given in Tables 1-3. The nonmagnetic alloy UNS (Unified Num-
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bering System) C96400 (70-30 Copper-Nickel) and the magnetic stainless steels S31600
(austenitic) and S32760 (super duplex) [31] are used for the numerical validation. The coil
impedance variations are calculated and plotted for these metal materials with different
coil positions. The TREE results are compared with those from the FEM simulation of
Comsol Multiphysics®(COMSOL Inc., Stockholm, Sweden), shown in Figure 5, where the
theoretical and FEM data are denoted by solid lines and circles, respectively. The reactance
of the isolated induction coil is Xy = wLg, with Ly = 4.104132 mH, which can be found by
the method such as in [32].

Table 1. Metals used for the tube adapter.

Metal (UNS) Conductivity o (MS/m) Relative Permeability p,
C96400 2.9 1
531600 1.33 1.02
532760 1.25 29

Table 2. Geometry of the metal tube adapter.

Parameter Parameter
a; (mm) 5 b1 (mm) 40
ap (mm) 8 by (mm) 48
a3 (mm) 11 b3 (mm) 51
a4 (mm) 14 by (mm) 59
b (mm) 100

Table 3. Parameters of the induction coil.

Parameter
Inner radius rq (mm) 15
Outer radius r, (mm) 18
Axial length z; — z; (mm) 6
Number of turns 300
0.3 T T T r 0.8 T
o FEM
o FEM 210kHz 06 | — TREE Ltz
0.25 | — TREE ? ' —o— S$31600
o $31600 —— S32760
—— $32760 0.4 || —— C96400
02 | e C96400
- ° 02}
X
5 0.15 f X
< < ol
0.1
-02f
0.05 100kHz —o4l &, 100kHz_
100kHz
0 L L ~0.6 L I L L
0 5 10 15 20 25 0 5 10 15 20 25
g (mm) g (mm)
(@ (b)

Figure 5. Normalized impedance variations with the abscissa representing the parameter g. (a) The
resistance variation. (b) The reactance variation.

Further calculations are carried out for the coil impedance variation with respect to
the frequencies. For the alloys of lower p, (C96400 and S31600), the calculation frequency
ranges from 1 kHz to 100 kHz, for higher u, (532760), the frequency interval [100 Hz,
10 kHz] is chosen. The results are shown in Figures 6 and 7, where the TREE data are
plotted by solid lines in connection with the circles representing the data of the FEM
simulation. Other parameters are referred to in Tables 2 and 3.
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0.25

0.2r

0.15F

AR/X0

01t/

0.05 [~

° FEM
— TREE
—e— $31600
—e— 96400

—0af

—0.2F

AX/)(O

~0.3F

—0.4F

10° 10*
Frequency (Hz)

(a)

-05
10° 10°

— [
s g=5mm |
g=10mm

° FEM
— TREE
—=— $31600
—e— C96400 o= 16

10 10°

Frequency (Hz)

(b)

Figure 6. Normalized impedance variations with the abscissa representing the frequency. The alloys

are C96400 and S31600. (a) The resistance variation. (b) The reactance variation.

0.3

0.1r

0.051

° FEM
TREE
—e— $32760

g=15mm =" |

10 10°

Frequency (Hz)

(a)

° FEM
TREE
—e— 832760

10
Frequency (Hz)

(b)

10*

Figure 7. Normalized impedance variations with the abscissa representing the frequency. The alloy

is 532760. (a) The resistance variation. (b) The reactance variation.

Very good agreement is obtained between the TREE and FEM results in the numerical
comparisons. The calculations were implemented on a personal computer of a 4.2 GHz
processor (Intel® Core i7-7700K) and 16 GB RAM. Additional algorithm details are shown
in Table 4, where the frequencies, summation terms (matrix size), mesh elements, and
quadrature nodes used in the computation are listed. The execution time of the eigenvalue
and eigenfunction computation and the total execution time of the TREE evaluation are
also provided. No more than 1.5 s (including the time consumed by the calculation
of eigenvalues and eigenfunctions) are needed for a TREE evaluation. The satisfactory

algorithm efficiency provides evidence for this.

Table 4. Computation configuration and execution time of TREE method.

Execution Time of

Metal Frequency = Summation Terms Quadrature Nodes Mesh Eigenvalue and Total Execution Time
(UNS) Elements . . .
Eigenfunction Computation

10 kHz 30 80 510 0.19s 0.55s
531600 100 kHz 40 80 510 026 0.73s

1kHz 55 80 510 0.36 s 1.00s
532760 10 KHz 70 90 510 0545 130

10 kHz 30 80 510 0.19s 0.56 s
96400 100 kHz 50 80 510 034s 0.90s
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5. Conclusions

The interaction of an eddy current coil with a metal tube adapter has been investigated
using the TREE method. The numerical overflow for symbolic eigenfunctions of air-metal
multi-subdomain regions has been removed via the normalization of the eigenvectors, and
a satisfactory computational speed was achieved using the Clenshaw—Curtis quadrature
rule applied to the integrals associated with the numerical eigenfunctions. The calculation
accuracy has been verified by the numerical comparisons, and the efficiency of our approach
has also been confirmed. Considerable potential has been shown for the development of
new analytical models with the aid of the proposed approach.

Author Contributions: Conceptualization, Y.L. and X.Y.; methodology, Y.L.; software, Y.L. and X.Y,;
data curation, X.Y.; writing—original draft preparation, Y.L.; writing—review and editing, Y.L. and
X.Y. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Data sharing not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Dodd, C.V.; Deeds, W.E. Analytical solutions to eddy current probe-coil problems. J. Appl. Phys. 1968, 39, 2829-2838. [CrossRef]

2. Hannakam, L.; Tepe, R. Feldschwéchung durch leitende Rechteckzylinder im Luftspalt. Arch. Elektrotechnik 1979, 61, 137-144.
[CrossRef]

3. Theodoulidis, T.; Kriezis, E. Eddy Current Canonical Problems (with Applications to Nondestructive Evaluation); Tech Science Press:
Forsyth, GA, USA, 2006.

4. Theodoulidis, T. Model of ferrite-cored probes for eddy current nondestructive evaluation. J. Appl. Phys. 2003, 93, 3071-3078.
[CrossRef]

5. Theodoulidis, T.; Bowler, J. Eddy current coil interaction with a right-angled conductive wedge. Proc. R. Soc. A 2005,
461, 3123-3139. [CrossRef]

6. Bowler, J.; Theodoulidis, T. Eddy currents induced in a conducting rod of finite length by a coaxial encircling coil. J. Phys. D Appl.
Phys. 2005, 38, 2861-2868. [CrossRef]

7. Theodoulidis, T.; Kriezis, E. Series expansions in eddy current nondestructive evaluation models. . Mater. Process. Technol. 2005,
161, 343-347. [CrossRef]

8. Theodoulidis, T.; Bowler, J. Eddy-current interaction of a long coil with a slot in a conductive plate. IEEE Trans. Magn. 2005,
41,1238-1247. [CrossRef]

9.  Bowler, J.; Theodoulidis, T. Coil impedance variation due to induced current at the edge of a conductive plate. . Phys. D Appl.
Phys. 2006, 39, 2862-2868. [CrossRef]

10. Hannakam, L.; Kost, A. Leitender Rechteckkeil im Felde einer Doppelleitung. Arch. Elektrotechnik 1982, 65, 363-368. [CrossRef]

11. Hannakam, L.; Orglmeister, R. Induzierte Wirbelstrombelag an ausgepragten Massivpolen hoher Permeabilitit bei Wanderfelder-
regung. Arch. Elektrotechnik 1984, 67, 49-55. [CrossRef]

12.  Filtz, M.; Nethe, A. Bemerkung zur Losung des dreidimensionalen Wirbelstromproblems in Kreiszylindern endlicher Lange.
Arch. Elektrotechnik 1993, 76, 195-200. [CrossRef]

13. Filtz, M.; Nethe, A. Anregung dreidimensionaler Wirbelstrome in massiven Kreizylindern endlicher Lange durch ein homogenes
magnetisches Wechselfeld beliebiger Ausrichtung. Arch. Elektrotechnik 1990, 73, 227-237. [CrossRef]

14. Theodoulidis, T.; Bowler, ]. Interaction of an eddy-current coil with a right-angled conductive wedge. IEEE Trans. Magn. 2010,
46, 1034-1042. [CrossRef]

15. Delves, L.; Lyness, J. A numerical method for locating the zeros of an analytic function. Math. Comput. 1967, 21, 543-560.
[CrossRef]

16. Tytko, G.; Dawidowski, L. Locating complex eigenvalues for analytical eddy-current models used to detect flaws. Compel 2019,
36, 1800-1809. [CrossRef]

17.  Vasic, D.; Ambrus, D.; Bilas, V. Computation of the eigenvalues for bounded domain. IEEE Trans. Magn. 2016, 52, 7004310.
[CrossRef]

18. Yang, X.; Luo, Y,; Kyrgiazoglou, A.; Zhou, X.; Theodoulidis, T.; Tytko, G. Impedance variation of a reflection probe near the edge

of a magnetic metal plate. IEEE Sens. J. 2023, 23, 15479-15488. [CrossRef]


https://doi.org/10.1063/1.1656680
https://doi.org/10.1007/BF01574709
https://doi.org/10.1063/1.1543634
https://doi.org/10.1098/rspa.2005.1509
https://doi.org/10.1088/0022-3727/38/16/019
https://doi.org/10.1016/j.jmatprotec.2004.07.048
https://doi.org/10.1109/TMAG.2005.844838
https://doi.org/10.1088/0022-3727/39/13/035
https://doi.org/10.1007/BF01583929
https://doi.org/10.1007/BF01574731
https://doi.org/10.1007/BF01573692
https://doi.org/10.1007/BF01577703
https://doi.org/10.1109/TMAG.2009.2036724
https://doi.org/10.1090/S0025-5718-1967-0228165-4
https://doi.org/10.1108/COMPEL-03-2019-0130
https://doi.org/10.1109/TMAG.2016.2518993
https://doi.org/10.1109/JSEN.2023.3276367

Sensors 2023, 23, 8302 14 of 14

19.

20.

21.
22.

23.
24.
25.
26.
27.
28.
29.
30.
31.

32.

Yang, X.; Luo, Y.; Kyrgiazoglou, A.; Tytko, G.; Theodoulidis, T. An analytical model of an eddy-current coil near the edge of a
conductive plate. IET Electr. Power Appl. 2022, 16, 1017-1029. [CrossRef]

Theodoulidis, T.; Skarlatos, A.; Tytko, G. Computation of eigenvalues and eigenfunctions in the solution of eddy current problems.
Sensors 2023, 23, 3055. [CrossRef]

Stahlmann, H.D. Der Differentialtransformator als induktiver Stellungsmelder. Arch. Elektrotechnik 1983, 66, 277-281. [CrossRef]
Sun, H.; Bowler, J.; Theodoulidis, T. Eddy currents induced in a finite length layered rod by a coaxial coil. IEEE Trans. Magn. 2005,
41, 2455-2461.

Skarlatos, A.; Theodoulidis, T. Calculation of the eddy-current flow around a cylindrical through-hole in a finite-thickness plate.
IEEE Trans. Magn. 2015, 15, 6201507. [CrossRef]

Luo, Y. Field and inductance calculations for coaxial circular coils with magnetic cores of finite length and constant permeability.
IET Electr. Power Appl. 2017, 11, 1254-1264. [CrossRef]

Courant, R.; Hilbert, D. Methoden der Mathematischen Physik I; Springer: New York, NY, USA, 1968.

Abramowitz, M.; Stegun, A. Handbook of Mathematical Functions; US Government Printing Office: Washington, DC, USA, 1972.
Arnoldi, W.E. The principle of minimized iterations in the solution of the matrix eigenvalue problem. Q. Appl. Math. 1951,
9,17-29. [CrossRef]

Olver, E; Lozier, D.; Boisvert, R.; Clark, C. NIST Handbook of Mathematical Functions; Cambridge University Press: New York, NY,
USA, 2010.

Clenshaw, C.; Curtis, A. A method for numerical integration on an automatic computer. Numer. Math. 1960, 2, 197-205. [CrossRef]
Hildebrand, E.B. Introduction to Numerical Analysis; Dover Publications: Mineola, NY, USA, 1987.

Boniardi, M.; Casaroli, A. Rostfreie Edelstdhle. Available online: http://www.fa-fe.com/files/pdf/libri_articoli/de/1-Rostfreie_
Edelstahle.pdf (accessed on 15 August 2023).

Conway, T. Inductance calculations for circular coils of rectangular cross section and parallel axes using Bessel and Struve
functions. IEEE Trans. Magn. 2010, 46, 75-81. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1049/elp2.12208
https://doi.org/10.3390/s23063055
https://doi.org/10.1007/BF01452346
https://doi.org/10.1109/TMAG.2015.2426676
https://doi.org/10.1049/iet-epa.2016.0882
https://doi.org/10.1090/qam/42792
https://doi.org/10.1007/BF01386223
http://www.fa-fe.com/files/pdf/libri_articoli/de/1-Rostfreie_Edelstahle.pdf
http://www.fa-fe.com/files/pdf/libri_articoli/de/1-Rostfreie_Edelstahle.pdf
https://doi.org/10.1109/TMAG.2009.2026574

	Introduction 
	Formulation 
	Vector Potential of the Source Coil 
	Impedance Change in the Coil Encircling the Metal Tube Adapter 

	Eigenfunctions and the Associated Integrals of the Multi-Subdomain Regions 
	Numerical Validation 
	Conclusions 
	References

