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Abstract: The finite-set statistics (FISST) foundational approach to multitarget tracking and information
fusion has inspired work by dozens of research groups in at least 20 nations; and FISST publications
have been cited tens of thousands of times. This review paper addresses a recent and cutting-edge
aspect of this research: exact closed-form—and, therefore, provably Bayes-optimal—approximations
of the multitarget Bayes filter. The five proposed such filters—generalized labeled multi-Bernoulli
(GLMB), labeled multi-Bernoulli mixture (LMBM), and three Poisson multi-Bernoulli mixture (PMBM)
filter variants—are assessed in depth. This assessment includes a theoretically rigorous, but intuitive,
statistical theory of “undetected targets”, and concrete formulas for the posterior undetected-target
densities for the “standard” multitarget measurement model.
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1. Introduction

Suppose that, attimes 4, ... , t;, asingle sensor collects a time-series zy : z1, ... , Zx of measurements
from a target with dynamically evolving state x. Then, the Bayes-optimal approach for tracking the
target is the recursive Bayes filter:

o =f1k=1(XZ1:4-1) =fik—1(XZ1:5-1) =fip(X|Z14) — ..

where fii(x|z1 %) is the probability distribution of the unknown state x at time t; where:

frk—1(Xlz14-1) = ffk|k—1(xlx')'fk—1|k—1(x'|21:k—1)dx', fire(Xlz15) o fi(zxlx) - fipo1 (Xlz1x-1) (1)

and where fir—1(x|x’) is the target’s Markov state-transition density and fi(z|x) is the sensor’s
measurement density. Suppose that these are linear-Gaussian:

fr—1(xIx") = Ng, (x = FxX'), fr(zlx) = Ng,(z - Hyx). ()

Then the family of linear-Gaussian distributions solves the Bayes filter in exact closed form. That
is, if the initial distribution is linear-Gaussian—i.e., if fojo(x) = Npy,(x —xop)—then [1]:

fik-1(X|z14-1) = Npyg_; (X = Xpgg-1), fi(Xlz1x) = Npy, (x — Xg) ©)

where ... — (Xg_1jk—1,Pr-1jk-1) = Xkj=1,Lijk-1) = ki Pix) — - - - is the Kalman filter. The family of
Gaussian mixture distributions also solves the Bayes filter in exact closed form [2].

An unexpected recent development has been the generalization of this approach to the multitarget
case. Let:

- = 1h=1 X1 Z1:x-1) =fip-1XIZ1:4-1) =fipe(X1Z1:6) — ...

be the multitarget recursive Bayes filter, where fix(X|Z1y) is the probability distribution of the
unknown multitarget state-set X and Zy:Z1, ..., Zi is the time-sequence of collected multitarget
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measurement-sets. Suppose that F is a family of parametrized multitarget distributions f(X|p)
with parameter p € 9. Then F solves the multitarget Bayes filter in exact closed form if
fklk—l(X|Z1:k—1) =f(X|Pk|k—1) andfk|k(X|Z1:k) :f(X|Pk|k) with Pklk-1,Pk|kE ©- In this case, the multitarget
Bayes filter can be replaced by an equivalent, but potentially computationally more tractable, filter: ...
= Pk-1jk-1Pklk-1Pklk = - - - -

Remark 1. References [3-9] employ the terminology “conjugate filter” rather than “exact closed-form filter.”
The latter usage is more accurate since “conjugate” refers specifically to exact algebraic closure of F with respect
tOfk(Zk|X) (and notfk|k_1 (X|1X’)).

Five such filters have been proposed (where the earliest-published papers are indicated):

1.  Generalized labeled multi-Bernoulli (GLMB) filter [8].
Labeled multi-Bernoulli mixture (LMBM) filter [10].
3. Poisson multi-Bernoulli mixture (PMBM) filter, in three distinct versions:

a. “Unlabeled” or U-PMBM filter [11].
b. “Label-augmented” or LA-PMBM filter [12].
C. “Hybrid labeled-unlabeled” or H-PMBM filter [4].

The purpose of this review paper is to provide an in-depth assessment of these five filters, especially
in regard to the following questions: Is this filter theoretically rigorous? Is it a true multitarget tracker?
Is it actually exact closed-form?

The basic issue distinguishing (3a, 3b, 3c) from (1, 2) is the form of the initial multitarget distribution
and the target-birth model: Poisson or non-Poisson? In particular, the Poisson component of the
PMBM distribution fi(X|Z1:x—1) is claimed to be a model of the “undetected targets” at time t,—i.e.,
those targets never detected at times f1, ... , t.

This physical interpretation forces us to address the following question: What is an “undetected
target”? This, in turn, requires the formal statistical theory of “undetected targets” developed in
Section 5. This theory results in the following formulas for the probability generating functionals
(PGFLs) of the measurement-updated random finite set (RFS) Zg and its associated detected-target

RFS ‘EZ|k and undetected-target RFS Eklk(Section 5.7):
. x OGkj—1
GlhlZ1x] o< | fe(ZklX) - (pph)™ - 6—X[h(1 - pp)]oX 4)
d . x OGx-1
lek [h|Z1:k] & fk (Zk|X) : (PDh) ’ 5X [1 _pD](SX ®)
u . x  0Gkk-1
Gk|k[h|zl:k] o | filZilX) - pp - W[h(l —pp)]oX. (6)

The major conclusions of the paper are as follows:

The GLMB, LMBM filters solve the labeled multitarget Bayes filter in exact closed form.
They are, therefore, true multitarget trackers.

The U-PMBM filter solves the unlabeled multitarget Bayes filter in exact closed form.
The “undetected-targets” interpretation of the U-PMBM filter appears to be valid.

It is theoretically impossible to prune U-PMBM distributions in a practical manner.

The U-PMBM, LA-PMBM and H-PMBM filters are not true multitarget trackers.

The LA-PMBM and H-PMBM filters are theoretically and physically questionable.

In particular, the H-PMBM filter does not solve the “hybrid” multitarget Bayes filter in exact
closed form.

® NS LD
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The paper is organized as follows: overview of FISST-based multitarget tracking (Section 2); the
GLMB and LMBM filters (Section 3); the three versions of the PMBM filter (Section 4); a theory of
undetected targets (Section 5); mathematical derivations (Section 6); and conclusions (Section 7).

2. Overview of FISST-Based Multitarget Tracking

This section summarizes those concepts necessary to understand the paper. Greater detail can be
found in books [13-16], tutorials [17-20], and a short survey of advances ca. 2015 [21]. Additionally,
systematic investigations of FISST vs. “point processes” can be found in [19,22] and of FISST vs.
measurement-to-track approaches in [23,24].

The section is organized as follows: Random finite sets (Section 2.1); multitarget calculus
(Section 2.2); important RFSs (Section 2.3); the multitarget Bayes filter (Section 2.4); and the PGFL form
of the multitarget Bayes filter (Section 2.5).

2.1. Random Finite Sets (RFSs)

Let I be a single-target state-space (e.g., a region of a Euclidean space) with x, x’ € J and let N be
the sensor measurement-space with z € N. Then the state of a multitarget system is represented as a
finite subset X = {xq, ..., x;} € J with X = @ for n = 0. The number of elements in X is denoted as |X|.
In a Bayesian approach, unknown states are random variables. Thus, an unknown multitarget state is
a random finite set (RFS) E C J.

Similarly, the “measurement” collected from the targets in X is a finite subset Z = {z1, ... , z;}
C N with Z = & for m = 0. Since measurement-sets are random, multitarget measurements will be
represented as random finite measurement-sets £ C N.

Remark 2. It is sometimes claimed that multitarget states can be rigorously modeled as variable-length
concatenated vectors (X, ... ,Xn) €Uy >0 I . This is not the case—see Section 2.4 of [19].

2.2. Multitarget Calculus

A multitarget density function is a function f(X) > 0 of the finite-set variable X C J such that the
units of measurement of f(X) are ¢ ~IXI where ( is the unit of measurement of J. The set integral of f(X) is:

f F(X)6X +Z f Fa(X, e X)X -+ s @)

n>1

where f,(x1, ..., xu) =f({xq, ..., X })/n! for distinct xq, ... , x, [14] (p. 361). Every random finite state-set
& has a multitarget probability distribution fz (X): f fz (X)0X = 1. The cardinality distribution of Z is:

pe(n) = Pr(|8] = n) = f fa(X ff“ X1, -, Xp})dXq -+ - dXy. (8)
IX| =n
The probability generating functional (PGFL) of & is, for “test functions” 0 < h(x) < 1
Gz[n] = f hX - f=(X)0X ©)
where hX = 1if X = @ and X = Iy cxh(x) otherwise. The simplest nontrivial PGFLs are:
slh] = fh-s(x)dx (10)

where s(x) > 0 is a density function on J. The power functional /¥ satisfies the generalized binomial
theorem [13] (Equation (3.6)):
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(h + 1) % Z W XY 11)
YcX

The intuitive definition of the functional derivative of Gz [h] is:
0Gx h . Gglh+¢e-0x] — Gg[H]

=1
6x[] :ﬁ)l €

(12)

where 0x(y) is the Dirac delta function concentrated at x. (For a rigorous definition see [13,18].) If
X =1{xq, ..., Xy} with |X|=n then the general functional derivative is Gz [h] if X = & and, otherwise:

6Gz 8"Gz 6 0" lGg
= = ——= ] = —— 7= 1. 1
6XH 6x1-~6xn[] 5xnéx1~-5xn_1H (13)

The PGFL and multitarget distribution of an RFS are related by:

=(X) = —=[0]. 14
fe(X) = 5 (0] (14)
The probability hypothesis density (PHD) of = is:

0Gxz
Dz(x ffu JUX)oX = W[ J- (15)

FISST includes an extensive “toolbox” of “turn-the-crank” rules for set integrals and functional
derivatives—see [14] (pp. 383-389) or [13] (pp. 69-80).

2.3. Important RFSs

Various RFSs of importance to this paper are most easily described using their PGFLs:

1.  Poisson RFS: Gz [h] = eP!"~1] where D[] = fh(x)-D(x)dx and where D(x) > 0is a PHD—i.e, a
density function on xe J.

2. Bernoulli RFS: Gg [h] =1—q + g-s[h] where 0 < g <1 and probability density s(x) are, respectively,
the existence probability and spatial distribution of a single target.

3. Multi-Bernoulli (MB) RFS: Gg[h] = Hf-vz 1 (1—=gi +g;i-si[h]) where 0 < g; < 1 and probability
density s;(x) are, respectively, the existence probability and spatial distribution of the i-th of
N targets.
Multi-Bernoulli Mixture (MBM) RFS: Gg[h] = Zf\’: 1 wll_[g\]’: L (U=qui+qui-s1:[h]).
Poisson Multi-Bernoulli (PMB) RFS: Gz[h] = ePP-UTIN_ | (1—g; +g;-s;[h]).
Poisson Multi-Bernoulli Mixture (PMBM) RFS: Gg[h] = eD[h_”):f]: 1 wll_[?[l: 1 (U=qui+aqui-s1[H]).

2.4. Multitarget Recursive Bayes Filter
As noted earlier, this is:
- i 1k-1(X1Z1k-1) —fik-1(XIZ1x-1) 2fik(XZ1x) — -
where:
fiak-1(X1Z14-1) = ffklk—l (XIX’, Z1g=1) * fre1jk=1 (X1 Z1:5-1)0X’ (16)
S (X1 Z1x) o< fil( ZilX, Z1j1) * frak—1 (X1 Z1:4-1) (17)

and where fix—1(X|X’,Z1.x-1) is the multitarget Markov state-transition density and f(Z|X,Z1.x-1) is the
sensor’s multitarget measurement density. It is usually assumed that fiy—1(XIX’,Z1:4-1) = fip—1(XIX")
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and f(Z|X,Z1x-1) = fxr(Z|X); but the original forms allow (for example) the target-birth process and the
clutter process, respectively, to be estimated from the measurements in Zj4_1.

In this paper we will be concerned with f;(Z|X) for only the “standard” multitarget measurement
model, which has PGFL:

GelglX) = f P S ZIX)S7 = el (1= ph 4+ 1) 8)

Here, at time t;, pX (x) is the sensor probability of detection, fi(zlx) = L& (x) is the sensor measurement
density, xi(z) is the intensity function of a Poisson clutter process, and Lk (x) f <(z) - fy(zlx)dz. For
notational simplicity we will usually suppress the time-index k—e.g., p’é( ) = pp(x),LE(x) = L,(x), etc.

Likewise, we will be concerned with fix_1(X|X") for only the “standard” multitarget motion model,
which has PGFL:

G [HIX'] = f I fgt (XIX)0X = G [ (1 -l 4 g™ (19)
Here, at time fy, plgk !(x’) is the target probability of survival, frk— 1(x|x’) = Mk‘k_l( ") is the target
Markov density, lek ![1] is the PGFL of a multitarget birth RFS, and Mklk ! = [h(x)" figr-1 (xIx’)dx.

For notational simplicity we will usually suppress the time-index k—e.g., pklk 1 = ps, le(lk b= My ete.

2.5. PGFL Form of the Multitarget Bayes Recursive Filter

The PGFL form of Equation (16) for the standard motion model is [14] (Equation (14.273)), [13]
(Equation (5.94)):

Grk-1MZ141] = Glgk_l (1] - Gr—1jk-1[1 = ps + psMylZ1.5-1]- (20)

The PGFL form of Equation (17) is [14] (Equation (14.280)), [13] (Equation (5.58)):

Sk 10 ] At
CurlhlZya] = 2% — ‘ —0 21
k|k[ | 1:k] - ﬂ[o 1] - 61:,([ ]] ( )
57 Y 52 &M, _on=1

where, for the standard measurement model [14] (Equation (14.290)), [13] (Equation (5.104)):

Filg,h] = 87 Gi_yy[h(1 - pp + ppLg)|Z1s-1]. (22)
In what follows, we will notationally suppress the dependence of these PGFLs on Z1.;_;.

3. The GLMB and LMBM Filters

The section is organized as follows: labeled RFSs (Section 3.1); important labeled RFSs (Section 3.2);
the GLMB filter (Section 3.3); and the LMBM filter (Section 3.4).

3.1. Labeled Random Finite Sets (LRFSs)

Track labeling (or, more generally, target identity) in an RFS context was first addressed in 1997
in [25] (pp. 135, 196-197) and in 2007 in [14] (pp. 505-508). However, the first implementations of RFS
filters did not take track labels into account because of computational concerns. Later implementations,
such as the Gaussian mixture cardinalized probability hypothesis density (GM-CPHD) filter, addressed
labeling heuristically [13] (pp. 244-250). The labeling issue was not addressed in a theoretically
rigorous and systematic fashion until 2011 in the labeled RFS (LRFS) papers of Vo and Vo [7,8].
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In LRFS theory, single-target states are assumed to have the form x = (u,f) € I X Ly whereu € J is
a kinematic target state-vector and ¢ is an element of a countable set L of target labels. The integral on
I x L is defined by:

ff(x)dx = ZfeLw f(u,€)du (23)
where, by assumption, f f(u,£)du = 0 for all but a finite number of £. The corresponding set integral is:
1
ff(X)(SX =)= Y, (&), (un, 6)})duy - duy, (24)
n>0 " (fy,..,0)eL"

Let X = {(uy,61), ..., (uy,ln)} € 8 X Ly. Then the set of labels of the targets in X is denoted as
X =1, ..., tn}. Given this, X is a labeled multitarget state-set if | Xy | = |X|—i.e., if its elements have
distinct labels, in which case targets are uniquely identified. An RFS E C J X L is a labeled RFS (LRFS)
if |5z | = |E] for all realizations = = X of . Consequently, the distribution of an LRFS E has the following
property: f=(X) =0if |X;| # [X].

In LREFS theory, labels ¢ are unknown random state variables, which must be Bayes-optimally estimated
along with the unknown random kinematic states uy, ..., u,. By way of contrast, in conventional
track-management approaches labels are deterministic, heuristic bookkeeping devices.

The LRFS approach requires appropriate definitions of p’;‘k_l (w, ), p’é(u, 6), fi(zlul)
and fig-1(wllw',£’) when (uf), W,0) € I x L. The primary distinction is that
fi—1(wlla’ ") = o ¢ fig—1(ulu’ £’ )—i.e., targets do not change labels. For purposes of multitarget
tracking and classification (see Remark 4), these quantities will usually depend on the labels. However,
for general tracking it can usually be assumed that plglk_l (w, ) = plglk_l (u’),ka(u, t) = prD(u),
felzhu,) = fi(zlu), and fyg— (ulu’ £') = g1 (ulu).

3.2. Important Labeled RFSs

These are most simply defined in terms of their PGFLs, where 0 < h(u,{) < 1 are labeled
test functions:

1. Labeled Multi-Bernoulli (LMB) LRFS: Gz [h] = Tl (1—q¢ + qe - s[h]) where ] C Ly is finite, 0 < g,
<1and s/[h] = fh(u,f)-s(x,f)du and sg[1] =1forall £ €].

2. Labeled Multi-Bernoulli Mixture (LMBM) LRFS: Gz[h] = YN_| willeej, (1= qe +qe - se[h]).

3. Generalized Labeled Multi-Bernoulli (GLMB) LRFS: Gz[h] = Y.oco Licr., Wo(L)I1ser So,c[h] where:
(a) O is a finite set of indices o; (b) s, ¢(u) = so(u,£) with f so,c(w)du =1 for each o,{ is the spatial
distribution corresponding to the target label £ and the index o; (c) w,(L) > 0 for all finite L C Ly;
(d) Z oe 0 = Lwo(L) = 1; and (e) so ¢[h] = [h(w,6)-5,(u,)du.

Any labeled multitarget distribution can be approximated by a GLMB distribution that has the
same PHD and cardinality distribution [26].

Remark 3. A Poisson RFS E C 3 X Lg is not an LRFS. For, let D(u,£) > 0 be a PHD on J X Ly—i.e., f
D(u,f)du = 0 for all but a finite number of € € Ly with p =%y f D(u,f)du. Let fz(X) be Poisson with PHD
D(u,?): fa(X) = e My e xD(u,f) and let Xg = {(uy,€p), - .., (uy, o)} with |Xo| = n. Then, fz(Xo) # 0 even
though the target with label £y has n different kinematic states.

3.3. The GLMB Filter

This filter was introduced in 2011 in [8] and elaborated in [6,7]. Suppose that Ly = {0,1, ... ,} X
{1, ... } and if £ = (ki) then t; is the time that track{ was initiated and i > 1 distinguishes it from any
other track created at time f;. At time #, a finite number of labels in Ly = {k} x {1, ... } are assigned
to hypothesized newly-appearing tracks. Thus, at time t;, the set Ljg,) of all currently assigned track
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labels is a finite subset of Lo, = {0,1, ..., k} X {1, ... }; and each such label is an unknown discrete
random variable ¢ € Ljg) which must be estimated.

Given this, the family of GLMB distributions solves the labeled multitarget Bayes filter in exact
closed form. In particular, at time #:

X
fa(X1Zua) = S Y, @b (x5 ) (25)

where the summation is taken over all (o, ... ,ax) € Ay X ... X Ay; where each a;:Lj;; — {0,1, ..., |Z;]}
is a label-to-measurement association—i.e., if @;(£) = a;(£’) > 0 then £ = {’; where sﬁlf ..... o (1, £) is a target
spatial distribution; and where A; denotes the set of all such associations «; at time #.

The GLMB filter is a true Bayesian multitarget tracker because it is guaranteed to propagate target
tracks with unique track labels (a “true” tracker), which in turn are realizations of unknown random
identity-variables (a “Bayesian” tracker).

Moreover, because it is an exact closed-form solution of the labeled multitarget Bayes filter, the
GLMB filter has provably Bayes-optimal track-management. At time t;_;, an (approximate) Bayes-optimal
multitarget state estimate Xj_q—1 is extracted from fi_qj—1(X|Z14-1). At time t;, a similar estimate Xj
is extracted from fi(X|Z1.x). If (u,f) € Xj_1k—1 and (u’,€) € Xy then (u,£) and (u’,£) both belong to the
track with label £. If (u’,{) € Xy for any u’ then track £ has been dropped. If (u,{) € Xy but (u’,£) €
Xj-1jk-1 for any u’ then a track with label ¢ has been initiated or reacquired.

Due to the number of association-vectors (a1, ... , ) increases without bound, the summation
in Equation (25) must be pruned at every time-step. The information loss due to pruning can be
characterized exactly—i.e., the L1 norm between the pruned and unpruned distributions is the sum of
the weights of the pruned terms [6] (Proposition 5).

Using Gibbs stochastic sampling techniques, the GLMB filter can be implemented with
computational order O(n?m) where m is the current number of measurements and # the current
number of tracks [5]. This is particularly advantageous when clutter is dense. The most recent
such implementations can simultaneously track over a million 2D targets in significant clutter using
off-the-shelf computing equipment [27].

Remark 4. Every target has a unique identity state variable [25] (pp. 135, 196-197). A track label is a
provisional identity assigned to a target in lieu of its actual identity. The GLMB filter can be generalized from
joint multitarget detection and tracking to joint multitarget detection, tracking, and identification. This is
accomplished by incorporating identity information into target labels [9].

3.4. The LMBM Filter

In [10] it was shown that the family of LMBM distributions solves the labeled multitarget Bayes
filter in exact closed form. The corresponding LMBM filter is, therefore, a true Bayesian multitarget
tracker with provably Bayes-optimal track management. It is somewhat less computationally expensive
than the GLMB filter, but also less accurate since LMBM distributions are less accurate approximations
of labeled multitarget distributions than GLMB distributions.

4. The PMBM Filter

There are at least three successive versions of the PMBM filter. The section is organized as follows:
the “unlabeled” PMBM (U-PMBM) filter (Section 4.1); the “undetected targets” interpretation of this filter
(Section 4.2); the “label-augmented” PMBM (LA-PMBM) filter (Section 4.3); “hybrid labeled-unlabeled”
RFSs (Section 4.4); the “hybrid labeled-unlabeled” PMBM (H-PMBM) filter (Section 4.5); and theoretical
issues with the H-PMBM filter (Section 4.6).
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4.1. Unlabeled PMBM (U-PBMB) Filter

In this original 2012 version [11], all RFSs are unlabeled—LRFSs are never mentioned.
k\k

All target-birth RFSs are assumed to be Poisson—in our notation, Glgk_l [h] = 111 for all k >
1—as is the initial RFS: Gop[h] = ePoo =11, Given this, the PMBM filter propagates PMBM distributions
in exact closed form. Specifically, Gyy—1[h] = P;:U( 1 h]- lek 1[h] and Gyy[h] = FZ|k[h] Filk[h] where
F;;LU( = ePrr-1l1=1] and F;{‘lk[h] = ePuli=1] are Poisson and where FZ|I< ,[1] and Fl‘flk[h} are MBM.
The demonstration of this fact in [11,12] is somewhat sketchy. The following PGFL-based verification
of it will be useful in the sequel.

U-PMBM Filter Time-Update. According to Equation (20) and substituting G]gk_l [h] = ePslh-1],
the PGFL prediction formula is:

Gral] = PP Gy [1+ psMy 4] (26)
where, by assumption, Gx_1j—1[h] is PMBM:

v N,
Gr-1p-1[h] = eD[h_”Zl . lei i L (U +qpi-sih=1]). (27)

Thus, predicted PGFL is easily seen to be PMBM:

Grpa [l] = Pl sz 1le (144"1;-5",ilpsMy-1]) (28)
where:
Dik-1(x) = Da(x) + DlpsMx] = DB(X)JFfPS(X')'fklk1(X|X')'D(X')dx' (29)
’ ’ i.i[psMx x|x")-sp;(x")dx’
71 = qi-siilpsl, §i(x) = Ssl[f[i,s]] = pt f)pj;k(‘};;s,z())s;; LS (30)

U-PMBM Filter Measurement-Update. Let Z = {z1, ... , z,,} with |Z| = m be collected at time #.
According to Equation (21) the measurement-updated PGFL is:

S5
S
=

Gl Z1x] = (31)

RE[R

[0,1]
where, by Equation (22), F[g,h] = eK[g_l]-Gk|k_1[h(1 + ppLg-1)] and, by assumption, Gy—1[h] is PMBM:

Grpa ] = PP 112171“]’1_[ (1 +qps1,ilh = 1]). (32)

Thus, F[g, h] = Y| _,w;-Fi[g, h], where:

N
Fi[g, h] = eK[8—1]+D[h(1+PDLg—1)—1]Hi ’= . (14 quspih(1+ PDLg—l) -1]) (33)
and the measurement-updated PGFL is:
Yi_qw
Gln) = == =Y. @ G (34)
Zl _ 1wy
where: o o
_ w B %o,

= , Gin = 2 . (35)
Y w20, 1] T M)
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Since each F;[g,h] has the same Poisson factor els=1+Dlh(1+p DLS*”_”, it is sufficient to show that

the measurement-update of a PMB PGFL is a PMBM PGFL Accordingly, in what follows we neglect
the index ! in Fy[g,h].

Two cases must be considered: N =0and N > 0. If the former, then F[g, h] = e
and so from the chain rule for functional derivatives [14] (Equation (11.280)), we find that Gyy[h]
is PMB:

x[g=1]+D[h(1+ppLg-1)-1]

Gilh] = LD T] ’:{((ZZ))J; %{Z;ﬁ]' )

Now assume N > 1. Applying the general product rule for functional derivatives [14]
(Equation (11.274)) to Equation (33):

zeZ

OF o N
A (some s Pl poLe) 1) TT 80 (14 gis[h(1 + ppLg-1) —1])  (37)
WoUW1U..UWN = Z i=1
8= - 5 N 58 (1+assih(1+ppLe-1)-1])
— (Mlg-1+Dl(1+ppLe 1) 1][1_[1 (1+qisi[h(1+ ppLg-1) — 1})]W X ZQWO i )Wllﬂlisi[h(l+pDng)—1] (38)
t= WUWU..UWN =

where 0(z) = x(z) + D[hppL,]. The i-th fraction in the rightmost product is nonzero only if W; is
empty or a singleton; and if W; = & then it is 1. Thus, each list Wy, Wy, ..., Wy is mathematically
equivalent to an association a:{1, ..., N}—={0,1, ... , m}—i (i.e., a(i) = a(i’) > 0 implies [ = i’. Setting
g =0, Equation (38) becomes, after some algebraic manipulations:

oG ,'Sih LZM
o 0 = eobe gy T 1+qls,[h<1—pD>—1]))[Hi:a(i>>o%’f(i))<”] (39)

where the summation is taken over all associations. Therefore, the measurement-updated PGFL for a
PMB predicted PGFL is:

gisilhpple, ;)] )

Ya (Hi:a(i) —o (I +qisi[h(1-pp) - 1]))(Hi¢“(i)>0 6(za(r))

Grlh] = Pl=1)(1-pp)] . (40)

qisilppLz, ;]
Yo (Mia) = 0 (1 - gisi [PD]))(Hi:a(i)w T(l))())

This can be rewritten as the PMBM PGFL:

Guplh] = Pl Z Wa H (1+¢q"s"i[h—1]) H Sa,i[M] (41)

a(i) = i:a(i)>0

where:
’ isi[1—
Dyk(x) = (1-pp(x))-D(x), q; = % (42)
, ~ (I=pp(x)) -si(x) - () La, ) (0)si(x)

i) = o 0 = ol @

qiSi [pDLZ ()}

(Hi:a(i) =0 (1 - %‘Si[PDD) Hla D>0 "0z, ) )

Wy = . (44)

qisilppLz, ;]
Yo (Miag) =0 (1- QiSi[PD]))(Hiza(i)w W(z))())
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4.2. Undetected-Target Interpretation of the U-PMBM Filter

The PMBM filter therefore, solves the unlabeled multitarget Bayes filter in exact closed form.
However, the PMBM approach goes beyond this to adopt a specific physical interpretation of PMBM
RFSs. Let:

[h] - Fy

klk (] (45)

N NFIk
urP _ _Dulh—1 klk klk 1 klk klk _
Gl = Pl T w1 (1 gsin-1)) = Fy

be the PMBM PGFL at time f;. It is clear from Equations (29) and (41) that the time-

and measurement-updates for the Poisson factors are, respectively, Dyj_1(x) = Dlgk_l (x) +
Dy_1jk-1 [pglk_lMﬁlk_l] and Dk'llf(x) = (1- p’l‘)(x)) - Di_1jk(x). The formulas for Dyj_1(x) and Dyp(x) thus
involve pfsll_l, 1- pg, and Mﬂ’_l, but not p;), L, ki, Z1.i-1,214.

This fact has led to the interpretation of Fl':lk [h] = ePuxl"=1] a5 a model of the “undetected targets” at
time #; [4,11,12]. According to [11] (p. 1103), these are “ ... targets that have never been detected”—i.e.,
not detected at times ¢4, ... , t. It was subsequently stipulated that “ ... detected targets cannot become
undetected targets” [4] (p. 246).

The primary justification for the PMBM approach is the following: “One significant benefit of
the inclusion of a Poisson component is in initialization of the tracker ... The Poisson distribution
provides a convenient mechanism for specifying a prior distribution on the number and position of
targets when little information is available” [12] (p. 1670).

However, this potential advantage is negated by a major theoretical obstacle: Poisson RFSs require
non-unique labels and so are not LRFSs (see Remark 3). Due to this, they cannot be used in any
theoretically rigorous, true multitarget tracker.

A more subtle obstacle is this: it is theoretically impossible to prune PMBM distributions in a practically
useful manner. When a GLMB distribution (Equation (25)) is pruned, the pruned distribution is a GLMB
distribution. When a PMBM distribution is pruned, however, it is usually not even a multitarget density
function. First consider an LMB distribution fz({x, ..., xx}) [14] (Equation (11.133)). Any term in it
has the form f;, . (x1,...,Xn) & fiy (x1) -+ fi,(xn) where xq, ..., x, are distinct, 1 < iy #... #i, <v,
and f1(x), ... , fv(x) are distinct density functions. Since f;,
xp—and therefore, not a multitarget density—neither is any other pruning of fz. Now, let fz be a PMB

T qi - 5i(Xa i)
[la q»]}i} Il 5= pem )

i=1 a ja(i)>0

i, (X1,...,X,) is not symmetricinx, ...,

.....

distribution:

fa(X) = ePlIDX

where a: {1,...,v} —= {0, 1, ..., n} is an association. Its terms have the same form as before, except
that the f; can be equal to D but those f; that are not D are distinct. Since f;,
whenf; =D forallj=1,...,n no pruning of fz other than this case is a multitarget density. What
is theoretically permissible is to prune an MBM (resp. PMBM) PGFL by eliminating one or more of
its MB (resp. PMB) PGFL terms. However, pruning the individual terms of the corresponding MB
(resp. PMB) distributions is not permissible—which is exactly what is required to eliminate specific
small-weight hypotheses.

i, is symmetric only

.....

4.3. “Label-Augmented” PMBM (LA-PMBM) Filter

As was noted at the beginning of Section 3.1, unlabeled RFS-based filters, such as the GM-CPHD
filter, can heuristically propagate tracks even though they are not true multitarget trackers. The U-PMBM
filter can propagate tracks using similar heuristics, but it—like the GM-CPHD filter—is not a true
multitarget tracker since it is unlabeled. Accordingly, in 2015 it was modified as follows: “ ... [the
Vo-Vo paper [7]] shows that the labelled case can be handled within the unlabeled framework by
incorporating a label element in to the underlying state space” [12] (p. 1675). That is, it was claimed
that the PMBM filter can be extended to the labeled case by replacing the unlabeled single-target state
space J with the labeled state space J X L.



Sensors 2019, 19, 2818 11 of 27

This modified PMBM filter will be referred to as the “label-augmented” PMBM (LA-PMBM) filter.
It must propagate PMBM RFSs of J x L with PGFLs:

N;
Gl = Pt Y T (gl -1)) = Ry li-Flgh, 47)

Now, however, the PHD Dy, and spatial distributions sfl.k

and sklk( ), where f Dk|k u,{)du =0 and f sklk £)du = 0 for all but a finite number of £ and where
k|k = ngsklk du = 1forallli.

There is a serious theoretical difficulty, however: the sk|
klk[ ]

must have the respective forms Dy (u,f)

K are not track distributions For if

otherwise, f Sl, u,f)du = 1would imply that s
physically meaningless.

Beyond this, the above claim—that “the labelled case can be handled within the unlabeled
framework”—is untrue. As was noted in Remark 3, a Poisson RFS on J X Lg is not an LRFS since
it requires nondistinct target labels. Consequently, it is not possible for the LA-PMBM filter to be a
true multitarget tracker. Instead, it “ ... is able to maintain track continuity implicitly based on the
information provided by metadata” [4] (p. 245)—that is, only heuristically.

>1,a contradlctlon Therefore, s appears to be

4.4. “Hybrid Labeled-Unlabeled” RFSs

Like the U-PMBM filter, the LA-PMBM filter is not a true multitarget tracker—a fact that was
pointed out in 2017 in [23] (Section XI-E). Apparently to address this issue, it was modified in 2018
as follows [4] (p. 246): A single common label—¢*, say—is assigned to all “undetected targets”
at all times, whereas “detected targets” are uniquely labeled as in LRFS theory. Additionally, the
“undetected-target” RFS at any time is assumed to be a Poisson RFS on J X {£*} (a slightly later
paper, [3], also appears to employ the H-PMBM approach, except that £* is implicit rather than explicit.)

No careful theoretical foundation for the hybrid approach was provided in [4]. It is, therefore,
necessary to construct one here. The label space is L = L\*U{£*) where L\ = L, — {¢*}. Given a finite
subset X = {(uy,{1), ..., (uy,fy)} € I X Ly, as usual let X; = {£q, ..., £} denote the set of labels in
X. Additionally, let X* = {(u,f) € X|¢ = ¢*} be the subset of X of targets that are “undetected”; and
let X\* = X — X* be the targets in X that are “detected.” Then it is assumed that the only legitimate
state-sets X are those such that |X\* = |X} — {£*}|—i.e., those for which the detected targets have distinct
labels other than ¢*. Let us refer to these as “hybrid state-sets.” Let Z be a “hybrid RFS”"—i.e., an RFS
of 3 x Ly whose instantiations are hybrid. Then it must be the case that fz (X) = 0 if X is not hybrid.
Thus, every distribution defined for hybrid X must include the factor 6\ x, —(¢y-

The goal of Sections XI-XIII of [4] is to apply the PMBM filter, Equations (28) and (41), to the hybrid
state space J x Ly. This will be addressed in the next section. First, however, we must reformulate
p];lk 1(u’, ), p’l‘)(u,f),fk(zlu,é’), Dlgk_l (u,£), and fik-1(u,flu’,¢’) when (u,f), (0’ ') € I X Ly are hybrid.
For “detected targets” (i.e., £ # €* and ¢’ # ¢*), the usual LRFS formulation applies. For “undetected
targets,” it is reasonable to define pklk YW, ) = pglk L), pio(u, ) = pk(u), and fi(zlu,£*) = fi(zlu).
It also makes sense to define Dlgk Y, b) = 6p 1 Dlgf (u) for some Dgf !(u) since, by definition,
targets that have just appeared cannot have been detected yet (to wit: “... these states of ... newborn
targets will be described by ... a Poisson RES ... [whose] elements have label [£*]”[4] (p. 247).

Finally, consider fi—1(u,flu’,t’) = pyr-1(€1a’ £’)-fyr—1(ulu’,¢,£’) when £ = £* or ¢’ = £*. “Undetected
targets” must retain the label £*, since they cannot become “detected targets” in the absence of a detection
process that has not yet occurred, and if £’ # £* then py_1(£*[u’,£’) = 0 since “ ... detected targets
cannot become undetected targets” [4] (p. 246). Thus, pyk—1(flw’,£*) = 07 ¢+prx—1(L*I0’,£*), in which
case it is reasonable to assume that py_1 (€*[u’,£*) = pi—1(€*|€*) = 1 and fip—1 (ulu’,0*,€*) = fyp—1 (ulu’).
(Note that if target identity is to be taken into account as per Remark 4, these simplifications are no
longer appropriate.)
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4.5. “Hybrid Labeled-Unlabeled” PMBM (H-PMBM) Filter

Now let:
_ Nk ke Kk ik
GHP[i] = ePudl 1]2 'ngwk (1445 h=1]) = F[h] - Fl[n] (48)

be the PGFL of a PMBM RFS E on 3 X Ly with ¢* € Ly, where the MBM factor in Equation (45) has
been replaced by an LMBM factor since “detected targets” are now assumed to be uniquely labeled;
and where Lklk are finite subsets of Ly and f s;(‘éf(u)du = f sflk(u, {)du = 1forall{ e L]ldk. Since the

Poisson factor F;(‘lk [h] = ePuxli-1] applies only to “undetected targets” with common label £*, it must

be the case that £* ¢ L;dk for every I = 1,., Ny and that Dy (u,£) = ¢ - Dzlk( u) for some Dklk( u). We
will refer to Equation (48) as an “H-PMBM PGFL”.

Given this, flflk(XdIZLk) and flflk(X“IZl:k) “ ... .can be propagated in parallel, in both cases by
carrying out a prediction step and an update step ... ” [4] (p. 248); where the undetected-target
distribution f,gfk(xu|zlzk) with X* € J x {¢*} is Poisson and the detected-target distribution XN Z14)
with X4 € J x (Lo — {£*}) is LMBM.

Moreover, the following claim is made about these two filters: “In the following development of
the prediction and update steps, we use the fact that the posterior pdf of the overall multitarget state
RFS ... factorizes as ... ” (in current notation):

klk(

far(X1Zx) = Fie(XZ04) - fije(X"1Z1)- (49)

However, Equation (49) is untrue. For by Bayes’ rule:

fek(X1Z1x) = fur(X, X"Z0x) = fipe(XUXY, Zag) - fif (X"1Z0) (50)
It then follows from Equation (49) that f]jk(Xle” Zix) = f]flk(xﬂzl t).  Likewise,
fklk(X”IXd, Zix) = klk(X”|Z1 «)- Thus, RFSs X* and X“ are statistically independent of each other. This

means that the filter for k|k(Xd|Z1 «) and the filter for fklk(X”|Z1 ) are statistically decoupled. However,
this is not the case, since “ ... the update step for X involves the prediction results for both X*
and X* ... 7 [4] (p. 248). (This is because the LMBM component of Gy[hlZ1] in Equation (41)
depends on the Poisson component ePri-1[h=1] of Gik-1[hZ1.k-1] via Ox(z) = x4(2)+Dyp—1[hppL,]. That

is, f]ﬁk(xdlxu, Zl:k) # f]gk(Xd|Z1:k)')

4.6. Theoretical Issues With the H-PMBM Filter

From Section 4.1 we know that the PMBM filter on J X L, is guaranteed to propagate PMBM
distributions on J x L in exact closed form. However, does it propagate hybrid PMBM distributions in
exact closed form? This does not appear to be the case.

Consider, for example, Equation (36) with k = 1 and with the single-target state space being J x
Ly (with £*€ Ly) rather than J:

HP (Dinlh-1] 1 Dy lhppL}] Dy [h=1] LS RT
Gt = U1 -g" + gt D= | = Pl (=g + - n). 6
ze/q DB [pDLz] z€Zq
Here, D)°[pLL1] = D}[pLL}] since p!, and L} are independent of labels, and:
, Dg”lpp ppL,] since p, and L, are independent of labels, and:

Dip(w,€) = (1-pp(w)) Dy’(u,¢) (52)
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10p 1 71
mn _ Dy, [ppLs] slll(u ) =
Iz = D1|0 1L1 / z ’ -
K1 (Z) + Bx [PD z]

ph(w)-L3 (w)-Dy° (w()
Dg. [PpL3]

(53)

Given that Dyo(u, ) = O¢p -Dgg(u), D1j1(u,€) has the correct form for an H-PMBM PGFL
However, the product is not an LMB PGFL This is because the individual Bernoulli factors are indexed
by the elements of Z;, not by labels in Ly.

Thus, as a heuristic workaround, a distinct label £,# {* is assigned to each z € Z;: “For each
measurement ... a new Bernoulli component is created, to which [a] unique label ... is assigned” [4]
(following Equation (107)); and: “ ... [e]ach measurement at each time step gives rise to a new
potentially detected target. That is, there is the possibility that a new measurement is the first detection
of a target, but it can also correspond to another previously detected target or clutter, in which case
there is no new target. As this target may exist or not, its resulting distribution is Bernoulli and we
refer to it as [sic] ‘potentially detected target’” [3] (p. 1885).

It follows that the labeled track distribution of the Bernoulli representation of the “potentially
detected target” corresponding to ze Z; must be s (u,¢,) = sil(u, &,).

This workaround results in at least three theoretical difficulties:

1. There is an inherent theoretical conflict between labeling using € Ly and labeling using z€ Z;.
Since sill(u, ly) o< Dgo(u, {;) and since Dgo(u, {) = 0if £ # ¢* and since ¢, # ¢*, it follows that
s (u,£;) = 0 identically for all z € Z;—a contradiction. One could sidestep this difficulty by
redefining sill(u, €,) o pp(u)-Li(u)- Délf (u, £), but this would be another heuristic workaround.

2. In[4] (pp. 245-246) the following was stated: “In cases of limited prior birth information, one
typically uses a heuristic to generate new Bernoulli components based on measurements from
the previous time step (Reuter et al. [28]). Such heuristics can be avoided with the MB-Poisson
model ... ” This is untrue on both counts. First, and as was noted following Equation (17),
approaches that dynamically estimate the target-birth process “based on measurements from the
previous time step”—i.e., based on Z.;—are theoretically permissible. Examples include [29]
and [30]—and [28]. Second, note that the “MB-Poisson model” employs a “heuristic to generate
new Bernoulli components based on measurements from”: the current time-step! Thus, how is it
conceptually different from the approach in [28]?

3. More seriously, the dynamical transition of undetected targets to detected ones occurs during
the measurement-update, as mediated by fi(Zx|X), rather than—as theoretically should be the
case—during the time-update, as mediated by fix—1(X|X’,Z1.x-1). Thus, fi(Zx|X) has been implicitly
assumed to have the form f;(Z|X,X")—which is not the case (see Equation (54)).

The H-PMBM filter therefore, does not appear to have a theoretically rigorous, closed-form
mechanism for assigning labels to newly-detected “undetected targets.” And this fact is a direct
consequence of the Poisson factor in Equation (48).

However, there is a far more fundamental theoretical and phenomenological difficulty: the hybrid
approach has no basis in physical reality. Targets are physically real entities regardless of whether or not
they are detected. They have distinct (but unknown) real-world identities and therefore, inherently
have distinct (unknown) labels. As was noted in Remark 4, target labels in L are provisional identities
assigned in lieu of more precise identifying information. LRFS labels are, therefore, not “artificial
variables that are added to the target states” [3] (p. 1884). Rather, they are standbys for the realizations
of a physically real random state-variable: target identity. The H-PMBM approach, by way of contrast,
requires targets with label £* to have multiple kinematic states simultaneously—a physical impossibility.

5. A Statistical Theory of Undetected Targets

The meaning of the “undetected target” concept is extremely unclear. Thus, the purpose of this
section is to devise a statistically rigorous—and yet intuitive—theory of undetected targets. As stated
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in the Introduction, our ultimate goal is to construct a concrete formula for the posterior “undetected
targets” PGFL GZ|k[h|Z1:k]' The argument presented is as follows.

1.  Section 5.1: We surmise that the “undetected target” concept is meaningful only at the instant
that an observation process—in the form of the standard multitarget likelihood function
SfilZx|X)—is applied.

Section 5.2: A more useful formula for fi{Z,|X), Equation (57).

Section 5.3: Thedetected-target likelihood function f]f (Zx, YIX), Equation (69).

Section 5.4: The detected-target density Ijk(YIZLk), Equation (75).

Section 5.5: The undetected-target likelihood function f*(Zy, VIX), Equation (83).
Section 5.6: The undetected-target density flfl‘k(VIZLk), Equation (90).

N oG »DN

Section 5.7: The measurement-updated PGFL and its associated detected-target and
undetected-target PGFLs, Equations (97), (100), and (101).

Section 5.8: Analysis of the “undetected target” interpretation.

9.  Section 5.9: The detected-target and undetected-target PGFLs when the prior PGFL is Bernoulli,
Equations (110) and (112).

*®

5.1. The “Undetected Target” Concept

At its most elemental level, the concept of “detected” vs. “undetected” target at time f; is
independent of previous measurement history. The multitarget predicted distribution fi.j1(X|Z1.x-1)
determines how probable any given multitarget state-set X will be at time tx. However, only the current
multitarget likelihood function f;(Z|X) determines which elements of X are detected vs. undetected at
time #.

The question then becomes: Given a finite subset X C I, which elements of X generated
measurements in Z; and which did not? The most that we can say is that, for each Y C X, there is some
probability pz(YIX) that all elements of Y C X generated measurements in Z;. The detected-target set
is, therefore, a discrete RFS EZ C X. Likewise, there is some probability p}/(V|X) that no elements of V
C X generated measurements in Z;. The undetected-target set is therefore, a discrete RFS &,/ C Xwith
B o= X- EZ. Given this, the following questions will be addressed:

1.  How dowe extend the discrete distributions pZ (YIX) and p}/ (VIX) to posterior probability densities
fi(Y1Z1y) and fif, (VIZ1y)?

2. What are the PGFLs G;jlk [1Z1] and Gy [ Z14] of flﬁk(Y|Z1:k) and fif, (VIZ1x)?

3. If Ggj—1l[hlZ1.k-1] has a given algebraic form, then what forms do Gzlk[hlzlzk] and Gzlk [hZ1 k] have?

5.2. The “Standard” Multitarget Likelihood Function

Thisis, for Zy =1{z4, ... ,zn} with|Z|=mand X ={xy, ... , x4} with |X| =, [14] (Equation (12.139)), [13]
(Equation (7.21)):

_ X Pl (i) Ly ) (i)
L7,(X) = f(ZdX) = e (1-pp)" ), [] o

—— (54)
o x))- .

acA; i:a(i)>0 1 PD(XZ)) Kk(za(z))
where a:{1, ..., n}—{0,1, ..., m} is a measurement-to-track association (MTA) and Ay is the set of all
such associations at time f;. That is, a is such that a(i) = a(i") > 0 implies i = i’. As usual, kx(z) denotes
the intensity function of the Poisson clutter process, Ay = f kk(z)dz, Lz (x) = fr(z|x) is the single-target
likelihood function, and p’é(x) is the state-dependent probability of detection. We will abbreviate

Ki(z) = x(2), Ak = A, P (x) = pp(x), and fi(zlx) = f(zx).
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Remark 5. In general a multitarget state-set X will be labeled. However, the labeled version of Equation (54) is
almost identical in form to Equation (54): fi(ZIX) = e=*«? if X is not labeled (not just if X = @). Additionally,
the “undetected target” concept was originally raised in the context of unlabeled RFSs. Thus, it is sufficient to
use Equation (54).

Choose a particular a € A. Then X% = {x; € X|a(i) > 0} is the set of x; € X that—according to the
hypothesis a—generated measurements in Z. Likewise, X"** = {x; € X|a(i) = 0} is the set of those that
did not. Now note the following;:

MTAs are in one-to-one correspondence with pairs (Y,7) where Y C X with |Y| < |Zi| and where
7Y = Z is a one-to-one function (i.e., 7(y) = 7(y’) implies y = y’).

For on the one hand, let us be given a. Then define the pair (Y,,7,) where Y, = {x; € X|a(i) > 0}
and 74(X;) = za(;) for x; € Y. On the other, let us be given a pair (Y,7). Then for eachi € {1, ..., n} define
agy,r)(i) = jif x; € Y and 7(x;) = zj; but a(y 1)(i) = 0 if otherwise—i.e., if thereisnoj € {1, ... , m} such that
T(x;) = z;. It is easily verified that the transformations & = (Y «,74) and (Y,7) = a(y,¢) are inverses of
each other.

Now define:

-1 .7 Y
L*Z(X) _ f;(Z|X) _ { e Keg/\»p;:Z:Z Pz ZZ Yyigg (55)

where the unitless ratio:
(56)

is a measure of how “target-like” vs. “clutter-like” the measurement 7(y) is (additionally, note that the

",

*”in “L7” and “f” no longer refers to the label “£*” in Section 4.4.)
Given this, note that the multitarget likelihood function can be rewritten as:

- Liy)(y) - .
1200 = MY, ¥, 0-p TR Gy = E (opol T (2, 57)
YTX 1:Y=Z -
If pp =1 then
f2(X) = Y 05T £(2Y) = £(ZIX). (58)
YcX

It therefore, follows that f fi(ZIX)6Z = 1 for all X. Thus,f; (Z|X) is the same thing as f;(Z|X),
but under perfect-detection conditions.
For future reference note that if Y = {yy, ..., y,} with |[Y| = n, then:

Lz (y1) Lz (y,) Lz, (y;) L
Yy _ 11 T n — 5l 2 \Y1) . 2 (V)
2 r )3 SE R D M i ©9)
TY=>Z (le .., Zn) e 7" . {21,....zn}€FK(Z)
|{le"'rz7’l}| =n

where the third summation is taken over all {z, ..., z,} C Z of cardinality n = |Y| < |Z].
5.3. The General Detected-Target Likelihood Function
Given these preliminaries, let X be a fixed finite subset of 3 and define:
Pi(Zi YIX) = 1% (1=pp)*ph - fi(ZelY) (60)

where, note, (1x)Y =1if Y € X and (1x)" = 0 otherwise. This is a continuous density in Z and a
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discrete distribution in Y:

[ wosz = 15 a-p) (61)
Y f Pz YIX)Z = Y (1-pp)"ph = (1-pp+pp)* =1 (62)
YcX YcX

where the final equation follows from Equation (11). Equation (61) is the probability that all of the
elements of the subset Y of X generated measurements; and is largest when pp(x) = 1 for x € Y and pp(x)
~ 0 for x € X — Y, where “~” denotes approximate equality. It is the distribution of the detected-target
RFSin X:

Pr(2! = Y|X) = 1%-(1-pp)* "p. (63)

Equation (57) has the following interpretation: Lz(X) is the unweighted average of hypotheses
pZ(Z, Y|X) regarding the likelihood that subset Y of X generated measurements in Z. The factor

(1- pD)X_Yp}S quantifies the “raw detectability” of Y, whereas f; (Z|Y) measures the degree to which
detectability is degraded by clutter under perfect-detectability conditions.

We need to transform pz(Z, Y|X) so that it becomes a continuous density f]f (Z,Y|X) with respect
to Y. This is accomplished as follows. For X = {x1, ..., x;} with [X| =nand Y = {yy, ..., y»} with
Y| = v, define:

1 if Y=o0
6X(Y) = ZT:{l:v}:{l:n} H;/: 1 6XT(1) (Y1) lf O<v<nm (64)
0 if v>n

where the summation is taken over all one-to-one functions 7:{1, ..., v} = {1, ..., n}. Thisis a
multitarget density function with respect to Y.
Note that Equation (64) can be rewritten in the same form as Equation (59):

X(Y) = Y Pe=v Y Suly)ou(y) (65)

TY=X {x1,--xv}€Fy(X)

where the first summation is taken over all one-to-one functions 7:Y = X and where we define
pr(y) = Or(y)(y)- Given this, in Sections 6.1-6.3 it is respectively shown that:

f ox(Y)5Y =2 (66)
fgx(Y)-f(X)(SX —ff(YUW)(SW (67)
B a-po)*ptor = 1 (68)

where Equations (66)—(68) are true for all finite X,Y C J and all multitarget densities f(X).
We are now in a position to define the general detected-target likelihood function:

f(Z, YIX) = ox(Y) - (1-pp) 7 pY - f(ZilY). (69)

It is the likelihood that, given a target-set X, the following are simultaneously true: Zj is the
measurement-set collected at time f; and Y C X is a subset of targets in X that generated measurements
in Zg. In Section 6.4 the following is verified:

f FZe YIX)SY = fi(ZidX) = Ly, (X). 70)
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5.4. The General Detected-Target Density

Let us be given the prior distribution fix—1(X|Z14—1). Since f,f(Zk, Y|X) does not depend on Z;4_1,
then ff (Zi, YIX) = f]f(Zk, Y|X, Z14-1) and so from Bayes’ rule and the total probability theorem
we obtain:

fH(Zi YN Zrger) = ff;f(zk/le)‘fk|k—1(X|ZLk—1)5X- (71)

This is the probability (density) that, at time t;, the measurement-set Z; will be collected, and that
the elements of Y C J generated measurements in Z.

Additionally, from Bayes’ rule, we get the general detected-target posterior density—i.e., the
probability (density) that all of the elements of Y C J generated measurements in Zj:

i FH(Zk, Y\ Z1x-1) FH(Zk, Y\ Z14-1)
feMZyy) = AV = : (72)
fi1(ZiZix) [ fH(Zi, WIZygo1)OW
It is the distribution of the general detected-target RF SEZM at time f;.
We thereby end up with the following specific formulas:
. 0Gijk—1
R (2o YNZasn) = F(ZulY) -plh-— =11 =po] 73)
oY oG klk 1
fi(ZilZ1x-1) i (ZilY) -pp - [1-pp] 6Y (74)
. Gy
’ F(ZY) - ph - =551 = pp]
fk (lel:k) = W 5Gpp1 . (75)
ff,:(ZkIW) ‘Pp - oW [1-pploW
For, substituting Equation (69) for flf(Zk, Y|X) and applying Equation (67):
FZ 0 = [ Fx(0)+ (1= po) B (ZY)  opea (XZ1s1)oX 76)
=ph 'f;(Zle)fgx(Y) (1=pp) ™" figer (XIZ14e-1)0X (77)
=5zl | (1=pp)Y) YUuViZ 14 78
pp- fe(ZilY) | (1=pp) " fie ( 1Z15-1)0 (78)
= b (@) [ (1= po)" fe (Y OVIZ1gc)oV )
. 0Gpk—1
= ph- fi(ZidY) - — =1 -pp] (80)

where the final equation follows from Equation (11.251) of [14].

5.5. The General Undetected-Target Likelihood Function

The detected-target RFS EZ C X was defined in Equation (63). By definition, the undetected-target
RFSin Xis &/ = X - EZ. Forall V C X, note that:

Pr(E/VIX) = Pr(EIX-VIX) = 1%-(1-pp) p5". (81)

(Note that (1x)" should be used rather than (1x)X"V—the latter is incorrect because it does not force V to
be a subset of X. For example, let V = {u} where x € X. Then it should be the case that Pr(”“{ HX) =
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However, if we instead use (1x)%"V, then since (1x)* ¥ = (1x)X =1 we would get the incorrect result
Pr(Z4{x}|X) # 0.

Additionally, note that Pr(ZV|X) is largest when pp(x) ~ 0 if x € V and pp(x) ~ 1 if x€ X — V—in
which case all of the elements of X — V should generate measurements in the manner described by
fi(Z|X = V). The undetected-target analog of Equation (60) is, therefore:

Pi(Z VIX) = 13- (1=pp) P fi(ZX = V). (82)

From here on, the analysis for & proceeds in the same manner as that for E,‘f. That is, replace
P(Zy, VIX) with:

(24 VIX) = 8x(V) - (1=pp) P - f(ZUX = V). (83)

This is the general undetected-target likelihood function—i.e., the likelihood that, given a target-set X,
the following are true: Zj is the set of generated measurements at time #;; and V C X is a subset of
targets in X that generated no measurements. Thus, by Equations (58) and (68):

f (Z,VIX)6Z = Bx(V)- (1-pp) ps (84)

Uz, VIX)6ZoV = | ox(V)-(1—pp) pS VeV = 1. (85)
k D

5.6. The General Undetected-Target Density

Let fig-1(X|Z14-1) be the predicted multitarget distribution at time f#. Since
Y Z, VIX) = f(Zy, VX, Z14-1), from Bayes’ rule and the total probability theorem we obtain:
k k Y p y

(2 VZign) = f F(Z1 VIX) - fieer (XIZ11 )OX. (86)

This is the probability (density) that, at time t;, the measurement-set Z; will be collected; and that
none of the elements of V C J generated measurements in Z;. Thus, the general undetected-target
density—i.e., the probability (density) that none of the elements of V C J generated measurements in
Zk—iSZ

fi(Zy, VIZ1x1) fi(Zy, VIZ1x1)
f(VIZyy) = & - : (87)
fe(ZKlZ1x1) | {42 WIZyg1)OW

This leads to the following specific formulas:

f(Zi VIZiga) = (1_PD)prg'f]:(Zk|u)‘fklk—l(VU UlZ1x-1)0U (88)
k|k 1
fi(ZKlZ15-1) ffk (ZlU) -pp - [1-pp] oU (89)
1- (ZU) - pY - VUUIZygq)OU
(V121 — (1-pp)" [ fr(zilD) ppécfkkikll( 14-1) | 00)
ffk Zk|W) W I [1 P}
For, using Equation (67):

F 2k VIZago) = f ox(V)-(1=p0) P - f(ZiX = V) - i (X1 Z151)0X (91)

f(l PD) P(VUU SfeZd(Vul) = V) - fyg-1 (VU UIZy 5 )0U (92)
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= (1_PD)Vng'f1:(Zk|u) S (VU UIZyg—q)0U (93)
and:
fi(ZZ1x-1) = f(l_PD)prg'f]:(Zk”l)'fklk—l(VU U|Z1x-1)0UdV (94)
= [# @ [a-pp)" fua (Vo Uz VS (95)
OGy—
— [ i S - polou 96)

where the final equation results from Equation (11.251) of [14].

5.7. PGFLs of the Detected/Undetected Target Densities

The PGFL corresponding to Y|Z14-1) (Equation (75)) is:

klk(

[FZlY) - (hpp)¥ - L1 - pplsY

WZg] = th-fd (Y|Z14)6Y = . (97)
k|k[ 1:k klk 1:k 5G
[ F(ZdW) - ply - =8 [1 - pploW

The PGFL corresponding to fk|k(Y|Zl 1) (Equation (87)) is simpler than fk|k(Y|Z1:k—1)¢

k|k[h|zlk] - fhv'f/?k(vlzlzk)év (98)

fPD fi(Zu) - (fhv (1-pp)” fik1 (VU U|Z1:k—1)6v)6u ©9)
oG
[ F(ZdW) - ply - =5+ [1 = ppJoW
oG
Zu) - pY - == h(1 -
ffk( k [h(1-pp)loU (100

OG
[ R(ZdW) - py - =51~ pploW

where the final equation results from Equation (11.251) of [14].
Finally, in Section 6.5 it is shown that:

. . u kalkl
Gl Z1x] = J Sz - po)~ (1~ po) ot (101)

[ £ (Zidw) 'P%v w_ [1-pploW

Thus, posterior PGFL at time t; is an amalgam of the undetected-target and detected-target PGFLs.
Note that if pp =1 (all targets are perfectly detectable) then G¥ [h|Z1] = 1 (there are no undetected

targets) and Gy [hlZ1] =

k|k[
k|k d [h|Z1,] (all targets are detected).
5.8. Analysis of the "Undetected Target” Interpretation

Let us now apply the preceding analysis to the “undetected-target” interpretation, in which:

1.  “undetected targets” are those that “ ... have never been detected ... ” [11] (p. 1103); and
. detected targets cannot become undetected targets” [4] (p. 246).

In what follows it will be demonstrated that the second claim leads to a contradiction, whereas
the first one appears to be consistent with the formal theory of undetected targets.

Claim (2) Leads to a Contradiction. According to Equation (100), G;{‘lk[hlzlzk] is the PGFL of
targets that are undetected only at time f;. According to Claim (2), if a target is undetected
at f; then it was also undetected at times t1, ..., f—1. Given this, it must be the case that

GulhlZix] = Fyln] = ePurl"=1_and, in particular, that Gy [hZ1] is always Poisson.
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However, this is not true. For, examine the first steps of the U-PMBM filter. Begin with
10
Goplh] = 1—i.e., no targets are initially present in the scene. Then Gy[h] = ePs =1 where D]13IO (x)

_ L [g-1]+Dy° [n(1+pL L}

is the PHD of the Poisson target-appearance RFS; and so F;[g, 1] g7 by

Equation (20); and so Gy [1|Z] is a PMB PGFL as in Equation (36):

x1(2) + D [hppLy]

plo 1
Giplh] = e Dy [(h=1)(1-pp)] . (102)
ez, k1(z )+D1|O[P1 L;]
In Sections 6.6 and 6.7 it is respectively shown that:
G* Th = Dlglo[(h 1)(1-pp)] 103
pll = e (103)
xi1(2) + D [hppLy]
Gy = ] = (104)

a7 wi(z) + DI pLLY

These equations are consistent with the “undetected targets” interpretation, Equation (45), since:

Ginlhz1) = Giyy[MZ1] - G{y[hZ1] = Fyy[h]-F{ [m] = Gl [h]. (105)

From Equation (20), the next predicted PGFL is PMB:

GM

I 5 -1 G +pE M |24 (106)

10 2y 20 V171
_ D 1D [(-pl )| H x1(z) + Dy [(1 +1;|; M phL ]
267, x1(z) + Dy [phL1]
It can be shown that G}, [11Z12] is PMB, not Poisson. The claim that “detected targets” cannot

become “undetected targets”, therefore, leads to a contradiction. The proof of this fact for general
h|Z1.;] will not be proved here, since it suffices to address the following informative special case.

(107)

2|2[

Let D2|l =0, pD = 1,and |Z1| = 1, so that Go1 [1|Z1] is Bernoulli. Then in Section 5.9 we will determine
Glz‘|2 [hllez} and G§|2 [11Z1.2] and show that the former is Bernoulli—i.e., not Poisson.

Claim (1) is Consistent with the Formal Theory of Undetected Targets. Alter the preceding argument

as follows. Instead of predicting Gi[1|Z,], predict its Poisson factor Gf,, hzi] = Fiy [h] to obtain

G“ [HZy] = eP B 1A-phrs ML) F‘z‘l1 [h]. Next, determine the undetected-target posterior PGFL of
F;‘m [h]—i.e., the PGFL of those targets undetected at times t1,f,. According to Equation (105), since
Fy, (1] is Poisson it is equal to Fy, [1]. Then predict F;, [1] to obtain the Poisson PGFL F3, [i]. Determine
the undetected-target posterior PGFL of Fg|2 [h]—i.e., the PGFL of those targets undetected at times
t1,t2, t3. According to Equation (105), it is equal to F” ;[1]. Repeat in this manner. At time fi, determine
the unpredicted-target posterior PGFL of the P01sson PGFL F}, _[h]. It is the PGFL of those targets

Klk—1
undetected at times #4, ... , fx and is equal to F [h].

klk

5.9. Undetected/Detected-Target PGFLs for a Bernoulli Prior

Suppose that Gg—1[Z1:4-1] =1 — g + g-s[h] is Bernoulli. Then the measurement-updated PGFL is
Bernoulli [14] (p. 520):

1= [PD] + queZk S[il(JzL)Z] q-qpp(x) + QZzeZk pD(—X)('ZL)Z(X)
= Tl = s, (109)
pDLZ] s[pDLz]

1-gslpp] + 4 ez, 105 1=gslpp] + 4X.zez, =~
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In Section 6.9 it is shown that the detected-target posterior PGFL is Bernoulli:

Gilhl = 1—¢" +¢*-s"[1] (110)
s[ppLes] pp(x)-Lz(x)
I ez iz Yoz, —x@)
g = = ) = (). (111)
1—qs[pD] +QZzeZk Zl(jz)z ZzeZk ZI(JZ)Z

In Section 6.8 it is shown that the undetected-target posterior PGFL is not Poisson:

G;{‘lk[h] =1-¢"+4"-s"[H] (112)
uo_ q—qs[PD] u . 1—pD(X)
= S[PDLz} , S (X) = m . S(X). (113)
I—gs [PD] + QZzeZk x(z)

Here, g" is the probability that the posterior undetected-target RFS is nonempty—i.e., it is the
target’s composite probability of undetectability. Note that g* + g% = q*.

Additionally, note that 4" parses the distinction between nonexistent vs. undetectable targets. If
g> 0 (the target exists) and pp = 0 (it is undetectable), then no information can be collected about it and
so its composite undetectability is g% = q. For example, if g = 1 then 4" = 1—i.e., if a definitely-existing
target is undetectable then it is compositely undetectable.

At the other extreme, if g = 0 (it does not exist) then g* = 0 (it is compositely detectable: 1 — g* = 1).
This seems counter-intuitive since a nonexistent target would seem to be inherently undetectable.
However, a nonexistent target is neither detectable nor undetectable. Whereas an existent target can
generate either an actual measurement z or the null measurement @, a nonexistent target cannot
generate any measurement. Thus, a nonexistent target has been “detected” if, as must be the case, it
has not generated any measurement. In this sense, all nonexistent targets are compositely detectable.

Now suppose that g = 1—i.e., that the target definitely exists. Then:

g = s[1 - pp] _ (114)

s[1=pp] + Yzez, S[Z?ZL)Z]

That is, the target’s composite undetectability 4 is a composite of its “raw undetectability” s[1 —
pp] and the degree to which clutter density impairs its detectability. It varies between 4" = 0 when
x =0and g% = 1 when x = co. That is, the composite undetectability of a definitely-existing target is 0 if
there is no clutter; and its composite detectability 1 — g* is 0 if the clutter density is infinite (and, thus,
the signal-to-noise ratio is extremely small).

6. Mathematical Derivations

6.1. Proof of Equation (66)

Recall that n!Cx| , is the number permutations of the elements of X taken 7 at a time; and that
Cix|,n is the number of subsets of X of cardinality n. Then:

— 1X]| n
féX(Y)cSY: Y af X (,H 57(1‘)(3’1‘)) dyy -+~ dy, (115)
n=20 {1l:n}={1:X|} i=1
1X] 1 1X] ol 1X] x|
= X Y 1 = Y %-Cxn= X Cxpn = 29 (116)
n=0 ©{ln}={1X]} n=0 n=20
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6.2. Proof of Equation (67)

Let v = [Y] and recall from Equation (65) that:

6X’I(1) (Y1) e 6x1(v) (YV) = ! Z 6’(1 (Y1) T 5’(1' (YV)

w{Lv)= (L) X0 XV EF (130 X))

where F, (X) denotes the set of subsets of X of cardinality v. Then:

-~ V! ) i
féX(Y).f(X)(SX = Zﬁf Z éWl(Yl)"'pr(YV)'f({X1/~--,Xn})dx1"‘dxn
nzv {Wl,...,W\/]GFV({Xl,...,X,,})
f Z Owy (¥1) 0w, (y,,) - fUW1, ., W, X1, o, Xy ) )W - - dWdXy - - - dXpy
n>1/ (W1, Wy teFy ({x1,0 X })

f[ Z 1] 'f({yl,...,yv,xl,...,xn_v})dxl e dXp—y

11>V 1Yy JEFu ({X1e0 X))
= Z fcnv : Y1/ Y X1, Xn— v})dxl “dXy—y
nzv
ff Y]/ . /ylell < Xp— V})dxl dx}’l 1%
n>v
_Z]'ff Vi Yo X1, ..,xj})dxl---dxj = ff({yl,...,yV}UW)éw.
j20
6.3. Proof of Equation (68)
Note that:
féx(Y)'<1—PD)X ppOY =(1-pp)™ [3x(¥)- () oY

X
— (1-pr)¥ 1 o) . _po(ya)
= (1=rp) néo"!fr:{1:n}§>{1;|X|}6xT(l)(y1> 6XT<”)(Y”) 1-pp(y;)  1-pp(y )dy1 Ay,

= (o) "EO %ff:{lzn}:mxn ‘5%(11)_(;;)(?3(y1) 6XT(’11)—(:;)(:S(YH) iy,
= @-po)” nlilo g {Lin)= (LX) f;éx&f()l))) 1%’&%)
= -por "EO " i x%an(X) Eroty * Tpota]

X

p \W p \W
= (-po)” nE‘OWQX,IZV‘VI = n(lf%) =4a _pD)Xw%X(lg%)

= (-p) 1+ £25)" =1

where the second-to-final equation follows from Equation (11).
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6.4. Proof of Equation (70)
Begin by noting that:

[ sy =[5 - b gz

LAl

7:.Y=>X T.Y=7
—~ Y
Z(1-pp) fz (pf’prT) 5Y
Y=z uy=x\ - PD

where p;, was defined in Equation (65). Apply Equations (59) and (65) to obtain:

e P (Yi) * Oun(y,) (Vi) * Le(y,) (¥:)
/\Kzf (2 YX)8Y = (1-pp) f Z Y 1 =Gon amy o

=0 n r[yl JZlyy, =X =1

X1 (12 N ey
:(1_PD)XIZ% Y, Y HPDYZ {Y;D(L’)(?’)dylmdyn

n=0 (21,020 }€F 0 (Z) (X1 oroXin }€F (X) | =

RGOV YD Y V€
oewy, B MG B IS
~ (- pD)anilo e H o T:(yZ):Zk H s ;Y);

After applying Equation (59) again we obtain, as claimed,

Y
~ - L () [ L o) = K-t Xt = s

YcX Y=2Z YcX Y=2Z

6.5. Proof of Equation (101)
The PGFL of fix(X|Z1.) is:

T f(ZiX) - figpe1 (X1 Z1-1)0X
[ F(ZdX) - figgor (XN Z1g1)OX

Substituting Equation (69) for f¢(Z|X) we obtain:

Gu[hlZ1x] =

e (f‘SX (1-pp)*"p fk(ZkIY)(SY) frk=1(X1Z1:4-1)0X
J(fox(¥)- (1=pp)**p} fk(Zle)fSY) k-1 (XIZ15-1)0X

Gl Z1x] =

/55 ) fk ZilY) (féX h(1-pp))* 'fklk—l(X|Z1;k71)5X)5Y
J (&) " f(Zly) ) ([ ox(Y) - (1=pp)* " figker (X1Z14-1)6X)5Y
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where, because of Equation (67):

f 5x(Y) - (M1 =pp))* figo1 (XIZ1ge1 )0X = f (h(1=pp))™ Y figpor (Y U UIZ1 4 )0U

= (h(1 _PD))Yf (h(1=pp)) - figer (Y U UIZ1 gy )0U

= (11 - po))" - A 1 )

where the final equation follows from Equation (11.251) of [14].
Then, as claimed:

()" fk<zkm (h(1-pp))" - = [0(1 - pp)JoY
[ f(zudY) - (1= pp)” - 2 b1 - pp)JoY

Gkl Zy1x] =

@) - ()" - S (1 - po) oY
T FZY) - py - S (1 - )oY

6.6. Proof of Equation (103)
Begin by noting that:
0Gij0
oY
Then, from Equation (100) the undetected-target PGFL is, as claimed:

[h(1-pp)] = Lh-pp)l . pY.

[ f(zau)-pg E’G”“[h(l pp)lsU [ fr(ZalU) - pld - ePlC—po)) . DUty
[ £ (Zalu) - pd- S 1 = pplou [ fi(Zalu) -pU - Pi-p0] . DU

h(1- PD]ff (zyu) - pH - DYsu
U=pol [ f+(z4)U) - pY - DUSU

1|1[h|Z1] -

_ Dl-1)(1-pp)]

6.7. Proof of Equation (104)
Begin by noting that:
0G1p

— — ¢ Dlrol. pY

From Equation (97):

[hIZ ] ff; Zl|u hpD)u bG_llO[] pD}(SU fff(zllu) . (hpD)u .g_D[pD] . Duéu
1] = —
% [ £zl -pl- 2571 ppJou [ F(Z:t) -pE Dol DU

_ f(ZT:U:Zl Pl{l) : (hpDD)uéu

f(ZT:u:>zl Pg) ) (PDD)U -ou
Abbreviate Dy, = hppD. Then, from Equation (59):

[ (Z iy ) oD ot = [ (X, (00" ou
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1 LZl( )D( ) LZl( n)'D(n)
-y Y e T Sy, ey,

n>0 (z1) €20 z1 0} = 1
Dy[Lz,]  DplLy] Dy [L,
DY h(zn Kh<zn> -y ) 1l Kh([z)]
120 {zy.,}€F,(Z1) n20 WCZy:|Z1| = nzeW
_ Dyl Dy[Ly)
=L 15 = H(” <(2) )

WCZi zeW z€Z4

where the final equation follows from Equation (11). Thus, as claimed:

Dy |L,
HzeZl (1+ ,?([Z)]) B H x(z) + D[hppLy)

(hZ1] = - _
Moz, 1+ 22)  iez, ¥(2) + DlpoLs]

1|l

6.8. Proof of Equation (113)

First note that:

5y gsy)  if Y =1y} .

@{h]:{l—quqs[h} if Y=0
0 if Y|>2

From Equation (100), the numerator of the undetected-target PGFL is:

f fi(zdu)-p- "'k = [h(1-pp)lou
§ § 0Gik-1
= fi (Z}|2) - Gy—1 [h(1 = pp)] + ffk (Zilty}) -po(y) - T [h(1—pp)dy
="M (1= g+ qs[h(1-pp)] ) - qs(y)dy
z€Z)
= e Mk . (1-g+gs[h(1-pp)] e Z"Z qs
zeZy,

Thus, as claimed, the undetected-target PGFL of a Bernoulli RFS is Bernoulli:

1_q+q5[h(1—pD)}+ y %
zeZy

k|k[h|Z1 k} =

1-gslpp] + L %
ZEZk

1—q+¢gs[h(1-pp)] qs[1—pp] s[h(1-pp)]

1 qslpp] + Z qi[szs] 1—gslpp] + Z qs:([;§z} s[1-pp]

=1-q"+q"s"[h].
6.9. Proof of Equation (110)
Due to Equation (160), the numerator of the detected-target PGFL is:

[ iz o) 2 - polou
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OG-
~ fi(2d2) - Gy [1 = po] + f fi(Zalty)) -ly) - poy) - =5 = 1= poldy

= e % (1-gs[pp)) f Z w(z) ") poly)-as(y)dy

z€Z)

— e (1= gsfpol) + e Y ELEDL]

ZEZk ( )
Thus, the detected-target PGFL is:
1-gs[pp] + ¥ gslhpple] qY slhppls] Y slhppLal
u x(z) 1—qS[pD} z€Z) x(z) z2€7Z) x(z)
Gl = ol ¢slppls] wlppla] v slppld
L-gslpol+ L == 1-gslol+ L =5 1-gslpol+ L =055 L =50
z€Z) z€Z z€Z) z€Z)

7. Conclusions
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3.
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(172)

This review paper has assessed and compared the following proposed exact closed-form solutions
of the multitarget Bayes filter:

Generalized labeled multi-Bernoulli (GLMB) filter [5-8].
Labeled multi-Bernoulli mixture (LMBM) filter [10].
Poisson multi-Bernoulli mixture (PMBM) filter, in three distinct versions:

a. “Unlabeled” or U-PMBM filter [11].
b. “Label-augmented” or LA-PMBM filter [12].
C. “Hybrid labeled-unlabeled” or H-PMBM filter [4].

It has been shown that:

The GLMB, LMBM filters solve the labeled multitarget Bayes filter in exact closed form.
They are, therefore, true Bayesian multitarget trackers.

The U-PMBM filter solves the unlabeled multitarget Bayes filter in exact closed form.
The “undetected-targets” interpretation of the U-PMBM filter appears to be valid.

The claim that detected targets cannot become undetected does not.

The equation fi(X|Z1) = fklk(XdIth) -fkbl‘k(X“IZLk) in [4] is untrue.

It is theoretically impossible to prune U-PMBM distributions in a practical manner.

The U-PMBM, LA-PMBM, and H-PMBM filters are not true multitarget trackers.

The LA-PMBM and H-PMBM filters are theoretically and physically questionable.

In particular, the H-PMBM filter does not solve the “hybrid” multitarget Bayes filter in exact

closed form.
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