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Abstract: Rats use their whiskers as tactile sensors to sense their environment. Active whisking,
moving whiskers back and forth continuously, is one of prominent features observed in rodents.
They can discriminate different textures or extract features of a nearby object such as size, shape
and distance through active whisking. There have been studies to localize objects with artificial
whiskers inspired by rat whiskers. The linear whisker model based on beam theory has been used
to estimate the radial distance, that is, the distance between the base of the whisker and a target
object. In this paper, we investigate deflection angle measurements instead of forces or moments,
based on a linear tapered whisker model to see the role of tapered whiskers found in real animals.
We analyze how accurately this model estimates the radial distance, and quantify the estimation
errors and noise sensitivity. We also compare the linear model simulation and nonlinear numerical
solutions. It is shown that the radial distance can be estimated using deflection angles at two different
positions on the tapered whisker. We argue that the tapered whisker has an advantage of estimating
the radial distance better, as compared to an untapered whisker, and active sensing allows that
estimation without the whisker’s material property and thickness or the moment at base. In addition,
we investigate the potential of passive sensing for tactile localization.
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1. Introduction

Many animals have particular sensor systems to sense their environment. Bats are well known to
use echolocation system with ultrasonic sensors [1]. Weakly electric fish living in turbid water generate
electric discharge and read an image of electric field in order to catch their prey [2]. Sand scorpions
can detect surface waves of vibration caused by prey movement [3]. Rodents are known to use their
whiskers to recognize objects in the environment [4]. Harbor seals also use their whiskers to detect
water trails generated by their prey fish. [5-7]. Rats actively move their whiskers while the harbor seal
does not [8-11].

Rats use their whiskers for texture discrimination or feature extraction of nearby objects.
Many researchers have attempted to apply the whisking property into biomimetic systems by
designing artificial whisker sensors which could discriminate different textures [12,13], estimate radial
distances [14-19], object features [20,21] and terrain mapping [22].

In the attempt to mimic the ability of the rat’s texture discrimination, Fend et al. [23] used a
whisker sensor attached to a mobile robot in order to perform texture discrimination. Kim and
Moeller [24] also performed a texture discrimination task using a biomimetic whisker sensor.
Lepora et al. [12,13] attached a whisker sensor to a Roomba robot and swept the floor surface and
classified different types of surfaces using the whisker deflection measurement. The classification was
based on Naive Bayes algorithm.
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One of the most popular applications of the whisker sensor is radial distance estimation, which
estimates the Euclidean distance between the base of the whisker and the contact point with a target
object. Birdwell et al. [17] showed a method to estimate radial distance using a tapered whisker
deflection and a method using moment and angular velocity of the whisker. Novel methods for
estimating the radial distance were also made using the tapered whisker [18]. While many methods
for contact point estimation are based on the linearized Euler-Bernoulli equation, some methods are
based on the nonlinear Euler-Bernoulli equation. Methods based on the nonlinear Bernoulli-Euler
equation using torque and force measurements reconstructed the whisker shape, which allowed it to
find the radial distance. One study was implemented to measure radial distances of an object in 2-D
space [25], while another was for measuring radial distances of an object in 3-D space [15].

Also, the antenna of insects have been mimicked and a mathematical model was introduced
to describe the dynamics of the antenna sensor when sensing or estimating radial distance, where
the torque information is crucial [16,26-28]. Objects which have no sharp edges could often occur
longitudinal slip or lateral slip. Analysis of slip was given in the work by [19]. Solomon and Hartmann
proposed a method to estimate contact point location, even in situations where lateral slip exists when
a good estimation of the friction coefficient could be made [14]. They also have made an algorithm
which could account for longitudinal slip by constantly updating the contact positions using torque
information [21]. In these works, torque information was crucial as well. Instead of using torque
or force measurements, by measuring a deflection angle at a point of the whisker sensor, the radial
distance could be estimated even without knowing the rotational stiffness of the whisker [19,24,29].

The whisker sensors have an advantage over other proximity sensors including laser, sonar and
infrared sensors. They can be relatively easily designed with a cheap cost. They can provide a time
course of distance information in a sweeping mode and furthermore shape information [19]. In a close
distance, multiple whiskers can provide spatial information for the surrounding environment. The
tactile signals are invariant to the environmental conditions. In contrast, infrared or sonar sensors are
affected by what type of objects are probed, and their reflected signals may change.

Recently, there have been many studies to develop artificial whisker sensors, inspired by both
rat whisker and seal whiskers [30-32]. Interestingly, the whisker sensors with an undulatory form to
model harbor seal whiskers can reduce vortex-induced vibrations in the underwater [30].

Whisker sensors were also used in other applications, such as air flow measurements. Solomon
and Hartmann [20] have proposed that a whisker sensor array, where the individual whisker shaft’s
cross section is similar to a long rectangle, could accurately measure a stationary air flow velocity
when it is blowing perpendicular to the sensor shaft. Rooney et al. have attached an actively moving
whisker sensor on a moving underwater robot in order to guide the robot [33]. Schultz et al. [22] has
proposed various types of applications which may be appropriate for a hovering robot in Mars, such
as rover speed estimation, wheel slip detection, surface roughness measurement.

Many studies are also related with whisker morphology and the mechanical characteristics.
Towal et al. [34] quantified the morphology of rats’” whiskers using 3D and 2D scans. They set
up equations to approximate rat whiskers’ location and shape. Such approximation of whisker
array morphology into a set of equations, and such models could simulate how the rats will sense
objects. Also, the characteristics of the actual rat’s whiskers have been investigated. Hartmann et al.
investigated the mechanical characteristics of whiskers including the resonant frequencies depending
on each whisker [35] while Quist et al. have shown that Young’s modulus varies [36]. The rats are
known for their ability to discriminate different types of textures [37-39].

Figure 1 shows a schematic diagram for whisker contact with an object. Here, we assume that
there is a single point contact with a target object since the whisker has bending stiffness. If the target
object is round, the contact point on the whisker will shift during active whisking, and the contact
distance from the base will change. It may provide the shape information of the target. If the target
object has a sharp corner, the contact distance will be unchanged as the whisker slides over the object
surface. Here, we assume that the whisker has a point contact for distance estimation. Furthermore,
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a set of whiskers can collect more information about a target object or the surrounding environment.
Multiple whiskers are helpful to detect the distance of a target object and recognize its shape [19].
Interestingly, it is reported that there are parallel neural pathways for signaling multi-whisker signals
to the barrel cortex [40,41].

radial distance

Figure 1. The schematic of the active whisker sensor system. Radial distance is defined as ‘distance
between whisker sensor’s pivot point to whisker-object contact point. 6y denotes the protraction angle,
A is the deflection angle measured by sensors at position /, and the tangential angle at sensor 6; is
calculated as 01 = 6y — A.

Williams and Kramer [42] showed advantages of a tapered whisker. First, maximal deflection and
protraction of a tapered whisker were compared with a cylindrical (untapered) whisker and it was
concluded that tapered whiskers have a smaller maximum deflection angle, and a smaller maximum
protraction angle which may increase the spacial acuity. Also, the rotational stiffness was compared
with both types of whiskers. It was shown that the tapered whisker’s rotational stiffness changed more
drastically compared to the cylindrical whisker. Finally, it was shown that tapered whiskers’ natural
frequency varied less compared to the cylindrical whisker when both had a tip break.

In this paper, we handle tapered whiskers, which more closely resemble real animal whiskers,
and derive an analytic model to estimate the radial distance. We first check the noise robustness of
the analytical model which can estimate the radial distance under active sensing using two angle
information, protraction angle and deflection angle. We take a SNR test on the tapered whisker model
for noise sensitivity analysis. We apply the nonlinear Bernoulli-Euler equation for large deflection
angles, since the linearized equation assumes that the deflection is small. To quantify the error of radial
distance estimation, the analytical data will be compared with numerical nonlinear solutions even
with large deflection angles.

Here, we argue that tapered whiskers have advantages in the sense that they are more robust to
noise when estimating the radial distance. Noise robustness of the tapered whisker and the cylindrical
whisker will be compared in simulation experiments. We note that active sensing can play a crucial
role in estimating the radial distance. We also propose that by using two different deflections on the
whisker, it is possible to estimate the distance. Advantages of the tapered whisker will be discussed in
details by analyzing our results.
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2. Methods

Active whisking is one of interesting properties observed in real rodents. To analyze the radial
distance estimation of whiskers, we handle three types of whisker models. To see the deflection
property of the whisker depending on the contact distance, we use Bernoulli-Euler equation.

2.1. Linear Cylinder-Type Whisker

Using the protraction angle and deflection angle at the location of the sensor on the whisker,
the radial distance can be estimated [19,24,29]. This analytical model assumes that the whisker is
under active sensing, which means it rotates the whisker for contact. The distance from the base of the
whisker to the contact point of an object is called radial distance. The relationship with the tangential
angle at an arbitrary location x of the whisker or radial distance can be expressed as

I SR
Eltan 6 = 27" Tx+3Td 1)
where E is Young’s modulus, I is the moment of inertia, 6 is the tangential angle at x and 7 is the
bending moment (rotational force) at whisker base.

We denote the protraction angle as 6y and the tangential angle at sensor postion x = h as 6;
(where 61 = 6y — A, and A is deflection angle at a position &) and obtain the Equation (2).

tan0; (% B %
tanf, ‘242 d
We can choose another sensor position rather than the whisker base (x = 0). Two sensor positions
(x = h1, x = hy) can be applied to the Equation (1). Then

+1) 2

tan0; 3% — 6dhy + 24
tan 6y 3y — 6dhy + 242

®)

We need to note that the above linearized equation from Bernoulli-Euler equation only works for
small angles.

2.2. Linear Tapered Model of Whisker

The analytical linear model [19] is based on a cylinder shaped whisker. Here, we derive an
equation for a tapered whisker. The linear equation of deflection of a tapered whisker was given by
Birdwell et al. [17]. The relationship of bending moment at base, radial distance and tangential angle is

dy, _ L+2d 1,d+2L 1 M

Eagel=o= Eatan b0 = (== + 5 (e — 50 =g 7 @
dy _ L+2d-3h  1,d+2L 1 M

Euyhemn= Batan by = (Ser—=+ 5 (5 — 30— 3 ©)

where & = 71/4(rpas./4)* , L is the length of whisker, d is the radial distance, M is the moment at base
and # is the sensor position from the base. Dividing Equation (4) by Equation (5), we remove M and «.
The tangential ratio equation is derived as

tan @,  (L+2d —3h)/[6(L—h)*]+ 5((d+2L)/(6L?) —1/[3(L — d)])

tanfy (L+2d)/(6L3) + ((d +2L)/(6L?) —1/[3(L — d)]) ©
g —B- \/213;—741% @)

where A, B and C are the coefficients are defined below:
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4 tan6i/tanb 1 g L+3h 1 _ L3kl 1
B 3L3 3(L—h)3’ 6(L—h)3 6L 6(L—h)3 6L

®)

If there are two sensor positions, /11 and hy, we can still use the tangential ratio to estimate the
radial distance (see Appendix A) as follows:

tan6;  (L+2d —3hy)/[6(L— )%+ 5((d+2L)/(6L2) —1/[3(L — d))])
tan 6y (L +2d —3hy)/[6(L — hp)3] + 1((d +2L)/(6L2) —1/[3(L — d)])

©)

The sensor position iy = 0 leads to Equation (5).

2.3. Numerical Method of Whisker Simulation

Previous models are based on the linearized Bernoulli-Euler equation M/EI = d¢/ds = —d?y/dx>.
The actual Bernoulli-Euler equation can be written as follows:

1 M d¢ d?y/dx?
===t = (10)
r  EI ds [1+ (dy/dx)?]3/2

where the bending moment is proportional to the curvature, r is the radius of curvature, the
tangential angle of the beam is defined as ¢, and the curvature is given by d¢/ds where s is the arc
length along the beam. Since it is difficult to solve Equation (10), a numerical method is used. For
this, the whisker can be divided into N elements. In order to know how the whisker shaft will deflect,
M;/ El; for each element i should be given [21].

When a force and its location are given, the moment M for each point on the whisker can be
known, since M; = r; X F where M; is the moment on the i-th element, r; is the distance between the
force and the element, and [; is the moment of inertia of the i-th element. After calculating M;/EI; for
i=1,.., N, ¢ can be obtained as well by integrating M /EI over ds. Since ¢ is known, (x, y) position for
every element can be estimated. Hence, the whole deflection can be reconstructed. However, it should
be noted that when (x, y) position for each element changes, so will r; and ultimately M;/EI; will
change. Hence, this calculation should be done iteratively until the results converge. The results can be
validated by inserting x and y in —d?y/dx?/[1 + (dy/dx)?]?/? in equation (11) to see if it is identical
to %

2.4. Passive Sensing

Active whisking needs a rotational movement to sweep a whisker close at the base—see Figure 1.
In contrast, a point load (force) is applied to a static cantilever arm with fixed-free condition. This
condition is different from active sensing, but the deflection of the beam can be observed. We call it
passive sensing. If there are two sensors to measure the tangential angle or slope angle, the tangential
ratio can estimate the radial distance as follows:
(L —hp)3[L3(L — 3hy +2d) — (L — hy)3(L + 2d)]

tan6y dy dy B
tand, (a0 b)) = O R s 2 — (L2 Y

Also, the sensors can measure the deflection displacements at two positions. The ratio of the
measurement can produce the distance information.

d—L 1
+ +Cihy +C
Y(n) _ G —h? Pamy TMTC W
Y(hz) d-L ! 4+ Cihy + G

S T)? ALy

where C; and C; are constant parameters determined by boundary conditions and Y (x) is the vertical
displacement at a given position x (see Appendixes B and C).
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3. Experimental Results

We simulated the whisker deflection based on the models mentioned above using MATLAB 2011a
in a computer Intel Core (TM) i5-2500 CPU (3.30 GHz quad-core). The radial distance estimation based
on the linear models will be demonstrated and the estimation errors will be compared. We investigate
the noise sensitivity of a cylindrical whisker and a tapered whisker to see if there is any advantage of
one or the other type of whisker to estimate the radial distance. We will test if the tangential angles at
two sensor positions, that is, the tangential ratio is effective for tactile localization of a whisker.

3.1. Results with Linear Cylinder-Type Whisker

We initially tested a classical whisker model, a linear cylinder-type whisker. Figure 2a shows the
estimation of radial distance depending on the tangential ratio. The robustness to noise using the linear
model is shown in Figure 2b. It is shown in Equation (2) that two angle informations are sufficient
to estimate the radial distance. We note that when these angle values are noisy, the tangential ratio
will vary, giving an estimate with error. Interestingly, Equation (2) shows that without the moment
information and Young’s modulus, the radial distance can be estimated.

0.81 0.8
0.7/ 0.7/ s
x ¥ ~
**** /
0.6 0.6f &
= 05 = 05l @
8 8 @
~ 04 o ~ 0.4t
®'_ * ®1_ @
c 0.3r * c 0.3f
8 * S
0.2- * 0.2t
* ®
0.1 * 0.1t
8.2 0.4 06 0.8 1 8.2 0.4 0.6 0.8 1
radial distance radial distance
(a) (b)

Figure 2. Torque invariance characteristic of analytical model (a) x-axis: radial distance, y-axis:
tan 61 /tan 0y, (b) The variation of radial distance estimation with noise applied relative to the size
of each angle, 6y and ;. Using the given analytic equation, radial distance d can be estimated with
tan (61 + €)/tan (6 + €), where € is gaussian noise (sensor position & = 0.1).

The moment invariance characteristic in Equation (2) may only be valid because the system is
linearized; regardless of any bending moment, the distance can be estimated with the tangential ratio.
To see if the moment invariance characteristic holds even for cases where large deflection occurs, the
numerical method was used. For the analytical equation, the two parameters to decide the tangential
angle 61 are moment T and radial distance d. In contrast, the numerical method needs a force at the
point load P, and the point where the contact is held on the whisker.

Therefore, we first take numerical simulation by varying the position of point load and the
magnitude of load. From the point load, the whisker deflection can be estimated, and then we can
extract the actual radial distance, protraction angle and deflection angle. Hence, we can increase the
point load magnitude and change the protraction angle. It should be noted that actual radial distance
will generally becomes smaller as the point load magnitude is larger.

From the simulation results, we can extract the actual protraction angle and deflection angle. Since
it is assumed that the whisker sensor will only be given these two values, the estimated radial distance
was given by using these two information plugged into the linear model expressed in Equation (2).



Sensors 2017, 17, 1659 7 of 23

The estimated radial distance can be compared with the actual radial distance, and the estimation error
can be calculated. The radial distance estimation error is defined as

err(o0) — actuat = dest| 45 (13)

dactuul
where d,.4,,,; denotes actual radial distance and d.s; denotes estimated radial distance. In Figure 3, the
error relationship with protraction angle and the actual radial distance is shown. Because the radial
distance cannot be controlled to be constant, the data is discriminated with radial distance ranges.

12r
O 0.2 <radial distance < 0.35
10}/ * 0.35 <radial distance < 0.5
+ 0.5 <radial distance < 0.6 d

__ 8lf * 0.6 <radial distance < 0.7 oo
= 15 2 o 0.7 <radial distance < 0.8 5 $*
s T 6l 0.8 <radial distance < 0.9 oo #*
< 10 o *
g 5
o 5 put 4
S i)
2 0 g
1= =
? -5 )
o 1

40
0.5 20
. . . 0 10 .20 30 40
radial distace 00 protraction angle 6 protraction angle 60
(a) (b)

Figure 3. Linear model of cylindrical whisker’s estimation error analysis. The radial distance estimation
error (a) shown with protraction angle 6y and radial distance, and (b) shown with only protraction
angle 6. The larger the protraction angle, the larger the error becomes as expected (the estimation
error is calculated as (d,ctya — dest) / dactual)-

As expected, when the protraction angle is small, the radial distance estimation error is close
to zero. When the protraction angle increases, the magnitude of error will increase. The simulation
results also show that when the radial distance is smaller than a certain value, then the radial distance
will be overestimated while the other cases will overestimate it. Anyway, the linear model will be

quite accurate as long as the protraction angle is under approximately 15 degrees regardless of actual
radial distance.

3.2. Results with Linear Tapered Model of Whisker

We examined the whisker deflection using linear tapered model. Using the same information,
fp and 61, the radial distance can be estimated even with a tapered whisker. To verify if the derived
linear equation is correct, simulation results of the linear equation are compared with the numerical
method. Such validation is shown in Figure 4. We initially take numerical simulation for a point load
with position and magnitude, and estimate the deflection of a tapered whisker. After a numerical
simulation, the bending moment at base and the actual radial distance d can be extracted. Using these
two parameters, the deflection of a tapered whisker based on the linear model can be given. The
simulation results are compared and it is clearly seen that when protraction angle is small, the results
closely match but the gap increases as the protraction angle increases (or as the point load magnitude
increases). This simulation result validates the linear tapered model.
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Figure 4. Bending tapered whiskers. Comparison with numerical methods and linear methods. Several

cases with different moment values when radial distance is 0.3 are shown. The red dashed lines are the

result of linear simulation while the other colored solid lines are the results of the numerical method.

It is shown that for small protraction angle, the results are closely matched.

Figure 4 gives a rough idea of how the numerical method and the linear model differ for a tapered
whisker, and Figure 5 provides a more thorough comparative analysis. In Figure 5a,b, it is clearly seen
that the estimated radial distance is always overestimated regardless of protraction angle and radial
distance. Also, if the protraction angle and/or radial distance is small, the estimation error will be
small as expected.
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Figure 5. Comparison of results of linear model and numerical method for tapered whisker. (a) radial

distance (actual) vs. tangential ratio (b) radial distance (actual) vs. radial distance (estimated).

We checked how the parameters such as protraction angle and moment influence the radial
distance estimation as shown in Figure 6. The estimation error is involved with those parameters,
Figure 6a—d can reveal the main characteristics. Figure 6a,b give similar results since the actual
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radial distance and estimated radial distance are somewhat similar. From these figures, small angle
protraction and small radial distance will result in small estimation error. When protraction angle is
large, the estimation error will be large as well. It should be noted that for the tapered whisker case, as
the point load is given closer to the tip, the error will greatly increase. This is due to the fact that when
the point load is near the tip, the tip will bend significantly since it has a low moment of inertia value
which will make large gap between the linear model and numerical method.

20¢ 20;
X 15) X 15
5 5
o O 0~5deg S O 0~5deg
L 1 L
5§10 - 5~10deg| & '° < 5~10 deg
T 10~15deg © 10~15 deg
E 15~20deg| £ 15~20 deg
g 5/ 20~25 deg ‘g 5/ 20~25 deg
25~30 deg 25~30 deg
<1 30~35 deg <1 30~35 deg
Raiikain X * 35~40 deg DX * 35~40 deg
82 %04 " 0s 0.8 1 82 %04 """0s 08 1
radial distance (actual) radial distance (estimated)
(a) (b)
25 : : 257
O 0.3 <radial distance < 0.4 O 0~5deg
x 0.4 <radial distance < 0.5 x 5~10 deg
| + 0.5 <radial distance < 0.6 * 1 __ oot 10~15 deg
2 201+ 0.6 <radial distance < 0.7 |* . T, 2 0 <1<1 15~20 deg
g 0 0.7 <radial distince <0.8 |% . + +++++ g Q&* 20~25 deg
2157 - g% *+++++ X g157 ﬂqgﬂﬁig 25~30 deg
o) T [ < 5F <1 30~35 deg
S 2 y s ol # 35~40 deg
k) o 2 ST
© u] © :
£ o = o
@ o D
o O (O]
0 i

10 20 30 40
protraction angle 6g (degree) moment

(0) (d)

Figure 6. Linear model of tapered whisker’s estimation error analysis (legends in (a), (b), (d) indicate
protraction angles); radial distance estimation error shown with (a) radial distance (actual) (b) radial
distance (estimated) (c) protraction angle (d) bending moment at the whisker base (moment was scaled
by assuming E = 1 and ry,s, = 1).

Figure 6¢ shows interesting results. Most of the estimation error for radial distance is closely
related to the protraction angle. However, the estimation error will quickly escalate for large radial
distances. This result is consistent with Figure 6a,b. Figure 6d shows the relationship between bending
moment and estimation error, and the increase of bending moment generally decreases the estimation
error. Generally, for the same protraction angle, the larger the radial distance, the smaller the bending
moment will be. The high error cases occur where the radial distance becomes close to the whisker
length (the contact point close to the tip). For such cases, the moment at base would be small.

If the contact distance is small, large bending moment and small error can be expected. Small
protraction angle often has an advantage in maintaining small estimation error. Above all, the radial
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distance should be smaller than 0.4 times whisker length to keep less than 5% error. That is, if a target
object is relatively close to the whisker base, it can reduce the estimation error, although it may need
large moment. For an object with small radial distance, a large protraction angle can be allowed to
keep the small error. Sample points shown in Figure 6 were collected by changing the point load (force)
on many sample positions of the whisker. Subsequently the simulation determines the contact distance
and the bending moment as well as the curvature and protraction angle of the whisker. Many samples
of varying distances can be observed on the same protraction angle or the same moment as shown in
Figure 6.

3.3. Noise Robustness Comparison of a Cylindrical and a Tapered Whisker

In the previous sections, the inaccuracy occurrence due to large deflection has been quantified for
cylindrical and tapered whisker sensors. For real implementation, it is also very important for whisker
sensor systems to be robust to noise. In order to test such robustness for each whisker type, Gaussian
noise were added to both protraction angle 6y and tangential angle 6; described in Figure 1. Using
the two noisy angle information, the radial distance was re-estimated. All the simulations were based
on linear models. In order to assume that the simulation results are close to the actual system, the
protraction angle for all cases was fixed at 15 degrees.

For previous simulations, the sensor position was fixed. However, to see the effect of sensor
position as well as the radial distance, both parameters are changed. From Figure 7, it is shown that
as the radial distance increases, the estimation error increases for both cases. It can be intuitively
understood that the distance of a closer object could be estimated more accurately compared to that of
an object at a far distance.

0.2
0.15
0.1

0.05

standard deviation

—-O

702

0.5 01

radial distance 00 sensor postion

Figure 7. Error standard deviation as a function of radial distance and sensor position with tapered
whisker. All the simulations were done when protraction angle 6 = 15°.

Also, for both cases, the uncertainty or standard deviation will decrease as the sensor position
(distance from base) increases. This can be understood intuitively as well since if the sensor is very close
to the base, the protraction angle and tangential angle will be almost identical, not giving additional
information. However, the sensor position should not be too far or it would become impractical. The
difference between the tapered whisker and cylindrical whisker seems to be small in the perspective
of standard deviation, but the magnitude of the standard deviation of the tapered whisker sensor is
always smaller than of the cylindrical sensor, which means the tapered whisker is more robust to noise
when compared to the cylindrical sensor.
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In Figure 8a,b, different levels of noises were tested. For Figure 8a, Gaussian noise with o = 0.1
degree and for Figure 8b Gaussian noise ¢ = 0.5 degree. While the estimates for small noise, both
methods seem to be usable, while the passive sensing method (stationary whisker with object moving
towards the whisker sensor) with larger noise seems to be unreliable, unless an appropriate estimation

algorithm is employed with multiple measurements.

% ‘jjé %**‘;7
2 0.8 © 0.8}
[ [
S S
Rz @
So6 S06
= S
© e}
o )
804 3 0.4
© ©
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D D ,
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* passive 0 * passive
0 : : : : 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
actual radial distance actual radial distance
(a) (b)

Figure 8. Radial distance estimation using analytical models of active and passive sensing (a) tapered
case; Gaussian noise [0 = 0.1°] applied (b) tapered case; Gaussian noise [ = 0.5°].

Here, we derive an analytical model of a tapered whisker. Either passive or active sensing models
need at least two different angle information in order to estimate the radial distance without knowing
moment, rotational stiffness or force. For the active sensing case, only one deflection angle sensor on
the whisker is required if the DC motor has an encoder on it (encoder can measure protraction angle).
However, since there is no protraction angle in passive sensing case, at least two deflection angle
sensors are required. Putting the two sensor locations at /1; and /, and the corresponding tangential
angles as 61 and 0, the radial distance d can be estimated through the following equation.

(L —hp)3(L* = 3m L3 — (L — h1)3L) — k(L — hy)3(L* — 3hyL® — (L — hy)3L)

4= 2%(L — 1 )3(L3 — (L — hp)3) —2(L — p)3(L3 — (L — 1 )?)

(14)

where k = tan 67 /tan 6, the tangential ratio with 6; and 6.

Figure 9a compares the active and passive sensing using a cylindrical whisker sensor and Figure 9b
compares the active and passive sensing using a tapered whisker sensor. Figure 9¢,d summarizes the
statistical characteristics in distance estimation of the cylindrical and tapered whisker for nine intervals
of radial distances by drawing multiple boxplots. Since each boxplot is a summarization of an interval
of estimated radial distances, it is bounded to have at least a small value even if the estimated radial
distances are exactly the same as the actual radial distances. Nevertheless, the boxplots distinguish the
statistical characteristics of distance estimation for active and passive sensing.
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Figure 9. Comparing radial distance estimation using the cylindrical and tapered analytical model for

active and passive sensing (distance 1 indicates the tip position) (a) cylindrical whisker: Gaussian noise

[c = 0.25°] (b) tapered whisker: Gaussian noise [c = 0.25°] (¢,d) the mean and variance of the results

of (a,b).

From the results of Figure 9, the obvious conclusions are that the active sensing strategy is better
than the passive sensing strategy regardless of sensor type (cylindrical or tapered). Also, active tapered
whisker is slightly better than the active cylindrical whisker in terms of noise sensitivity, and the
passive tapered whisker is better than the passive cylindrical whisker.

3.4. Practical Considerations

While all the analytical models and numerical methods for tapered whiskers assumed that the
whisker is an ideal cone, either for actual animals and sensor manufacturing, such ideal shape cannot
exist. Even if one attempts to make one, the tip will break with great ease. Williams and Kramer [42]
measured the taper ratio of eleven types of animal whiskers, three whiskers for each animal and found
that some animals have small taper ratio whiskers (4 ~ 9) while other animals, including the rat and
the mouse, had large taper ratio (10 ~ 24), where the taper ratio is defined as ratio = rpas./74ip-
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In Figure 10, the relationship of radial distance - tangential ratio for various cases with different
taper ratio is shown. It can be seen that the taper ratio 1 (cylindrical whisker) to 5 differ greatly, 5 to
10 has a relatively small difference, and 10 to 1000 has a smaller difference. Hence, if the taper ratio
is approximately around 10, it could be regarded as a very close approximate of a tapered whisker
with almost zero tip width. We need to assume that the overall moment of inertia is similar for
such approximation.

1.2 ‘
1t Lk .
jfgfﬁg—m”ﬂf?
- 0.8r k A : 1
@ —s2a
§ 0§ -
& o p=1
< 0.4 =2
0.2 —p=5
——p=10
07/ k ——p=20
i p = 1000
085 0.4 0.6 0.8 1

radial distance

Figure 10. Simulations with different types of taper ratio. Taper ratio, defined as p = 45, /74, varies
from 1 to 1000. Taper ratio 1 means that it is a cylinder-type whisker, and taper ratio 1000 indicates a
high slope of a tapered whisker (tip radius being close to zero).

In Figure 11, the tangential angle 6; is given as a function of sensor position / and protraction
angle 0y. While Figure 11a, where radial distance is 0.5, the protraction angle could be extended to
approximately 45 degrees, and Figure 11b had radial distance 0.9 and the protraction angle could
be extended to approximately 10 degrees. From the simulation, we saved only the data when the
deflected whisker’s tip had the largest distance in the x-axis. When the radial distance was large, the
tip bended severely making the tip bend inside. Hence, Figure 11b only showed data for protraction
angle within 10 degrees.

T e TS B T
%0 % O o—

35

©

40 60

W
(=}

7
/

protraction angle 90
n
= T
3
/
/
S
protraction angle 8,

-
o o
N

n
4]
/
/
/
3
(2]
)
=)

IS

-
)]

OO

005 01 015 02 025 03 0 005 01 o015 02 025 03
sensor position: h sensor position: h

(a) (b)

Figure 11. Tangential angle when the protraction angle and sensor position vary. (a) radial distance
fixed to 0.5, (b) radial distance fixed to 0.9. The tangential angle shown in (a) monotonically increases
when protraction angle increases. The tangential angle may decrease at a certain point in (b).

From Figure 11, two conclusions could be made. First, tapered whiskers touching objects with its
tip would flick due to its small rotational stiffness. This result is consistent with the results by Williams
and Kramer [42]. Since the difference between protraction angle and tangential angle is very small
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when the radial distance is large, it would be more difficult to discriminate radial distances. In other
words, it is more vulnerable to noise.

3.5. Radial Distance Estimation Based on Deflection Displacement

One could estimate the radial distance with two different deflection measurements (vertical
deflection). The deflection at a point and the moment can be expressed, assuming the whisker is of
cylindrical shape, as
—Thy (h? — 3dhy + 24d2)

6d

Ely(x=h;) = (15)
—Thy (h3 — 3dhy + 24d2)
6d
where /11 and h; are arbitrary points on the whisker, d is the radial distance, y(x = h) is the vertical
deflection at x = h and 7 is the bending moment sensed at base. Using Equations (15) and (16), the

radial distance could be estimated from the following equation.

Ely(x = Iy) = (16)

y(x = hl) - hl (h% — 3d]’l1 +2d2)

= 17
y(x = hy) hz(h% — 3dhy + 2d?) {17)

Like the other methods, using deflection displacement could also cancel the moment term. For
this method, there should be two sensors along the whisker sensor for radial distance estimation.

4. Discussion

There are methods to estimate the radial distance of a cylindrical whisker. In this paper, we
introduce two active whisking methods of distance estimation for tapered whiskers. One method uses
two different angle information, protraction angle and deflection angle. This method seems similar
to the approach using a torque sensor and an angular sensor [20,28], while the method handles the
deflection angle. The other model is based on two different deflection measurements. The idea can be
applied to both active sensing and passive sensing. The potential or limitation of localization with
passive sensing has not been studied in detail. We explored the potential in this paper.

We show an approach which can evaluate the accuracy of linear models in large deflection angles.
Through simulations which compare active and passive sensing as well as cylindrical (untapered)
and tapered whiskers, it could be concluded that active sensing provides better accuracy and
noise-robustness for distance estimation than passive sensing, and a tapered whisker has an accuracy
of estimating the radial distance, compared to a cylindrical whisker. The distance estimation is based
on deflection angles at two different sensor positions, or the protraction angle and deflection angle.

The results may be consistent with the work of Michenson et al. [43] since the deflection
of the whisker is correlated with the bending force in the follicle. From the results, we argue
that tapered whiskers have more advantages than cylindrical whiskers both in engineering and
biological perspectives.

4.1. Tapered Whisker

Tapered whiskers are often found in animals including rodents. Such tapered structure with small
cross section area at whisker tip has many advantages; it allows the whisker to probe small surface
features, it maintains smaller deflection angle when whisker is passively sensing a moving object,
compared to an untapered whisker which cannot be expected to have a large curvature, and also it has
robustness in resonant frequency when the tip of the whisker breaks [42].

In our paper, we attempted to observe more advantages of a tapered whisker sensor in an
engineering perspective. We derived a new model for tapered whiskers. The model tested by
Birdwell et al. [17] estimates the radial distance by measuring the moment or the derivative of moment
at base. However, our model uses the protraction angle and a single deflection angle on the whisker
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shaft without measuring the bending moment. The model shows the radial distance can be predicted
without Young’s modulus information or moment related to the material property.

This model is based on a linearized Bernoulli-Euler equation, which means that the accuracy will
drop when the assumption of small angle approximation breaks. To see how well this linear equation
holds for large protraction angles, numerical solutions were compared with the linear model results.
The results showed that even when there is a difference between the linear model and numerical
model, the error could be predicted depending on the radial distance, and more accurate estimation
could be compensated in this way. To estimate the radial distance, possibly rodents might use an
analogy of the protraction angle and deflection angle rather than moment information dependent on
the material property of the whisker or the whisker shape.

Our experiments showed that tapered whiskers have better precision of distance estimation
in a noisy environment than cylindrial whiskers. The effect can be observed in both active and
passive sensing.

4.2. Active and Passive Sensing

In the experiments, active and passive sensing for two types of whiskers, cylindrical whiskers and
tapered whiskers were compared, respectively. Though the simulations are based on linear models,
it would still give insight of active and passive sensing. The results showed that active sensing is
more robust to noise for both of the whisker types. We note that tapered whiskers are better than
cylindrical whiskers in both active and passive sensing. Also, active sensing is beneficial in radial
distance estimation. Th results might provide a hypothesis of why rats actively move their whiskers
for tactile perception.

One may argue that rats sense the change of deflection angle rather than the deflection angle
itself, similar to the claim of Solomon and Hartmann [20] that rats would sense the change of moment
rather than the moment itself. Recently Merkel and slow adapting afferents in the follicle of rats have
sensitivity to bending moment and its rate of change [44]. The active tapered whisker model could be
differentiated with time to make a model based on the change of tangential angle.

%(tan 01)  sec?0; -6, (18)
%(tan 92) sec20; - 92
6

~ L (19)

)

From Equation (A38), it is shown that given the protraction angle, the tangential angle and their
change, the radial distance could be estimated. It should be noted that the above equation is based on
the assumption that the radial distance does not change with time. The detailed derivation is given in
the appendix.

For active whisking, measurements of tangential angle at two positions 1 and h; can determine
the radial distance. However, if they are too close, the tangential ratio becomes close to 1 and the
distance estimation can be inaccurate and sensitive to noise. If the two measurements of tangential
angles are different, more accurate estimation will be possible. However, if the two positions are too
far, the deflection estimation at a position far from the whisker base becomes inaccurate, which may
produce relatively large error in distance estimation. Recently it is reported that primary whisker
neurons encode whisker curvature, not whisker angle during active sensation [45] and also the Merkel
cells and slow adapting cells in the follicle respond to the bending moment and the rate of moment
change [44]. If h, = 0 is applied to the tangential ratio equations, 8, becomes the protraction angle and
it corresponds to the whisker angle. Possibly the tangential angle at another position along the whisker
arc could be measured and the tangential ratio could be estimated. There are many mechanosensors
inside the follicle, responding to the whisker deflection. The primary afferent neurons at two points
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along the longitudinal direction of the whisker shaft in the follicle might sense the whisker bending
observed at different arc positions of whisker above the skin. Possibly the ratio of the measurements
can determine the radial distance.

For passive sensing, deflection measurements at two different positions can estimate the radial
distance. In a passive sensing mode, the whisker is influenced by the external force, while active
sensing is involved with a torque or bending moment caused by self-generated movements. We
assumed the fixed-free condition of a cantilever beam for passive sensing, where the slope at the
whisker base is zero. However, the rat whiskers have a pivot point and different analysis may be
needed to explain the whisker bending of rat whiskers. Our analysis and results for passive sensing
may be quite different from those of biological whiskers.

4.3. Re-Tuning for Whisker Length and Thickness Change

If the length and thickness of the whiskers have no change, rats would be able to acquire
information from its whiskers in a consistent way. However, there will be cases when short whiskers
will grow longer due to whisker breakage or perhaps because the rat whiskers are not fully grown. For
either case, the whisker length and possibly the thickness of the whisker will constantly change in the
whisker growing process. Hence, if the rats actually use radial distance estimation methods based on
either moment or change in moment [20], tangential angle or change in tangential angle, then the rats
will need to re-tune its brain due to the characteristics change of the whisker.

Assuming that the growth of rat whisker will change only the length, or length and radius of
the base together, the robustness to such change could be analyzed using the deflection equation
for tapered whiskers. If the rats use radial distance estimation methods based on torque or change
in torque information, the variation will exist for both cases of variation (length only or length and
whisker base radius). For this method, if the length changes (but not the base radius), torque term
will become more dominant but since the whisker will become more slender, the torque or change
of torque at base will fall. Therefore, the re-tuning process would differ for case by case. If both the
whisker length and the base of radius change as well, the torque term will become less dominant, but
for this case as well, the whisker will become thicker which will make the torque value higher. For this
method, all the variables are intertwined making it inconclusive.

If the whisker used tangential angle information, and only the whisker’s length grow, than for
that case the tapered whisker will become more like a cylindrical whisker since the previous tip part
would become more thicker. If the radius of the base changes as well as the length (in the same ratio),
than the normalized results for both cases will be identical. For better analysis, the growth rate of the
actual whisker (for the length and base of diameter) would be acquired as well as the actual whisker’s
mechanical characteristics for numerical validation of the proposed hypothesis.

4.4. Radial Distance Estimation with Only Tangential Angle by Active Whisking

The radial distance method for tapered whiskers used protraction angle and a tangential angle,
assuming that the rat will be able to know both information. However, it could be assumed that the
rat could sense tangential angles from the follicle, but not the protraction angle. If this is the case, a
simple modification of the original tapered whisker model can be shown. Assuming that the follicle
can measure at least two tangential angles inside the follicle, the radial distance can be estimated as

L+2d -3 1(d+2L 1 )
tanf;  6(L—hy)> d 6L  3(L—d) 20)
tan 60, L+2d—3h2+l(d+2L_ 1 )
6(L—hy)® d e  3(L—d)
This equation implies that the ratio of two tangential angles at two different positions along the
longitudinal axis of the follicle can determine the radial distance without any information of elastic

property or thickness of whisker.
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4.5. Future Works

In this paper, we showed simulation results. Therefore, for future works, actual experiments
should be conducted in order to validate our results. Also, it could be better if analytical equations
could be derived from the nonlinear Bernoulli-Euler equation for results with high precision and fast
computation. Nevertheless, the results shown in this paper could be meaningful since it shows the
advantage of tapered whiskers in both engineering and biological perspectives.

The actual implement of whisker sensors is another issue. Since there are three different types of
radial distance estimation methods, each method could be chosen for user-specific needs. It might
be better to use a tapered whisker for more accurate results. There may be a case where deflection
measurement is easier than deflection angle. In such case, the third model in this paper could be used.

If one uses a tapered whisker sensor, there is a possibility that the tip will break, leaving the
remaining whisker damaged. However, since there may be a curvature change only within the contact
point, it is not an important issue whether the tip is broken or not. Even though a tapered whisker
sensor with a broken tip will no longer be able to measure the radial distance as far as before, the
radial distance estimation method does not change, since the distance estimation only depends on the
deflection angles at two different positions, or the protraction angle and deflection angle, not on the
material property of the whisker or the moment at base. .

Putting all the facts described above in mind, a practical algorithm which could allow the whisker
sensor to estimate radial distance in real time with high precision could be tested with biological and
artificial whiskers.

Rats normally use multiple whiskers for probing objects. The barrel cortex of rodents processes
multiple whiskers in parallel [40,41]. It seems that they collect information obtained from multiple
whiskers, and process the knowledge of environmental situation. The distance and texture information
can be more accurate if more whiskers probe the same object. For future work, we will see if multiple
whiskers can have more advantages of processing tactile signals. The analysis with multiple whiskers
may reveal a high level of tactile processing including shape recognition or texture discrimination. In
this paper, we showed an analysis of tapered whiskers and the simulation for radial distance estimation.
For future work, we can design artificial whiskers to test an advantage of the tapered whiskers.
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Appendix A. Radial Distance Estimation by Active Sensing with a Tapered Whisker

In this section, the radial distance estimation method using a tapered whisker with two different
angle information (protraction angle and tangential angle at an arbitrary point on the whisker)
is derived.

First, the linear deflection equation was derived in Birdwell et al. [17]. The following equations
summarize the derivation. First of all, the moment or torque on the whisker can be expressed as

M(x)=F(d—x) for0<x<d (A1)

where d is the contact distance and x is the measured position.
The area moment of inertia of an ideal tapered whisker can be expressed as

(A2)
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(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

Starting from Equation (A8), Birdwell et al. (2007) showed the analytical solution for a tapered
cantilever beam deflection when force and force location are given. While the analytical solution was
given in Birdwell et al. (2007) for force on cantilever beam (fixed - free boundary condition), we derived
an analytical solution for an active tapered beam. The active whisker or active beam is involved with
torque or rotational force as shown in the work [29]. For an active beam, two boundary conditions are

given as
(Dyx=0=0

(Z)yx:d =0

where d is the contact distance.

Using the the first boundary condition (see Equation (A9)) and Equation (A8), we obtain

F d-—L 1
F d-L 1

where L is the whisker length.
The the second boundary condition (Equation (A10)) and Equation (A8) leads to

F_d-L 1

y(x:d):5[6(L_d)2+2(L_d)]+C1d+C2:0
Fod-L 1 Fd-L 1
yx=d) = glem—ar Tag—al YO mle Tl =0

F, d—L 1 F 1
G = @%(L—d)z - 3(L—d)) B @[_2@*‘1)}‘

Differentiating Equation (A8) with x,

dy F L+2d—3x F L+2d—3x F d—L 1

dx Eax 6(L—x U7 Ea 6(L—xp +@(6(L—d)2_3(L—d))

(A9)

(A10)

(A11)

(A12)

(A13)

(A14)

(A15)

(Ale6)
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dy L+2d—-3x 1 .d+2L 1 M
Yo o= talerr Tam—a)la (A7)
Inserting x = 0 and x = h in Equation (A17) can lead to
dy _L+2d 1 d+2L 1 M
B =0 =% e ~sp=a)la (AL8)
dy _ L+4+2d-3h 1,d+2L 1 M
i 6(L—hp i ez T 3(L— d))]ﬁ (AL9)

where x = 0 is the whisker base position, x = & is the sensor position to measure the slope and M is
the bending moment.
Dividing Equation (A19) by Equation (A18),

L+2d—3h+1(d+2L_ 1 )
dy/dx|.—,  6(L—h)> d° el  3(L—d) (A20)
dy/dx|,—g L+2d 1 d+2L 1

( 613 3 612 _3(Lfd)))

Since dy /dx can be substituted with tan 6 for small angle, Equation (A20) can be represented as

L+2d—3h+1(d+2L_ 1 )
tanfy  6(L—h)° d eL* 3(L-—d) (A21)
tan 6y o (L+2d+l(d+2L_ 1 ))

6L3 " d' 612  3(L—d)

where tan 61 = dy/dx|; and tan 6y = dy/dx|o. The equation can be re-written into a quadratic equation

for parameter d. We can solve the solution for radial distance d while the whisker length L is fixed.
The distance estimation only depends on the protraction angle and deflection angle, not on the

material property of the whisker or the moment at base. We also note that the area moment of inertia

related with the thickness is not a cruicial factor when we assume that the tip width is close to zero.
Using Equation (A21), we can find the radial distance d as follows:

_RB_ 2 _
,_ B \/ZBA 4AC (A22)

where A, B and C are the coefficients defined as follows:

_ tan 6; /tan 6 1 L+3h 1 L2-3nL 1

A="3p T3L o PTe—np 62 “Tel—h? 6L

(A23)

If there are two sensor positions, iy and hy, not the whisker base, to measure deflection of the
whisker, the tangential ratio is given by

L+2d—3mn l(d—f—ZL_ 1 )
tanGz_L+2d—3h2 1(d+2L7 1 )
6(L—hy)® ~d' er?  3(L—d)

Appendix B. Passive Sensing with a Tapered Whisker

In this paper, passive sensing simulation for tapered whisker was used to compare it with active
sensing simulation. The analytic model for passive sensing is derived in this section. Starting from
Equation (AS8),
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F, d-L 1
y= a[ (L—X)Z +2(L—x)} +Cix+ G
and using the boundary conditions Z—Z |x—0 and y|,—o = 0, the constant can be found. C; = — ¢ Ix
and C; = — % [26LL+2d |. Finally, the equation can be written as

dy F L—3x+2d L+2d

ix " Eal 6(L—x)3  6L3 ]
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(A26)

Since the protraction angle will always be zero, we need two tangential angles measured from
the whisker shaft. Naming the position for each sensor as x = h; and x = hj and inserting them into

Equation (A26),
dl| B L[L—3h1+2d B L+2d]
dx =M T B U6 (L — hy)? 6L3
dl| B L[L—3h2+2d B L+2d]
dx =" 7 Ea6(L — p)3 6L3
tan 6, (L —hp)3[L3(L —3hy +2d) — (L — hq)3(L +2d)]

d d
= (Fleom)/ (o) =

tan 6, dx (L —h1)3[L3(L — 3hy + 2d) — (L — hp)3(L + 2d)]

d d
where we set k = (2£],—, )/ (5 |x=n,) = tan 61 /tan 6,.
The final equation for radial distance estimation for passive sensing can be expressed as

d:

(L —hy)3(L* —3h L3 — (L — hy)3L) — k(L — hy)3(L* — 3ho L3 — (L — hy)3L)
2k(L — 11 )3(L3 = (L = h2)?) = 2(L = h2)3(L? = (L — 1 )?)

Appendix C. Radial Distance Estimation Based on Two Deflection Measurements by
Passive Sensing

The derivation of the equation of radial distance estimation starts from the

1 1 1 1
Ely = —gx3Fu(x) + g(x —d)®Fu(x —d) + 8C1x3 + Eszz + C3x + Cq

where F = M/d. Inserting all the constants yields

1 1 1 - 2 _ 3dx + 242
Ely:—6x3%+§Mx2—§de: Mx(x 6;” )

Hence, by putting #; and h; in the above equation where hy # hy

—Mhy (h3 — 3dhy + 2d?)
6d

Ely(x =hy) =

—Mbhy(h5 — 3dhy + 2d?)
6d

Using the above two equations, a simple form without momentum can be obtained as

Ely(x = hp) =

(x = hl) . hl (h% — 3dh1 +2d2)

y(x = hz) ]’lz(h% —3dhy + Zdz)

<

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)
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From the above equation, the radial distance can be estimated with two different deflection
measurements. From Equation (A25), the deflection for a tapered whisker is given as

F. d-L 1
Y0 = gl = T2 =)

+ Cix+ Cy. (A36)

The ratio of Y(h1)/Y (hy) can be used to estimate the contact distance.

d—L 1
+ +Cihp +C
Y(i) _ G —n)? tamy TMTC )
Y (hy) d—L 1
[6(L P + 3L —hz)] +Cihy +C
Appendix D. Radial Distance Estimation from Angular Velocity by Active Whisking
9 (L+2d—3h1 1(d+2L_ 1 y o1
9 = L+2d—3h, _ 1,d+2L 1 "9 1
= (tan 0 =T 92 4 2 - ez
ar(tan €2) Cet—mp T2 "3T-a) 57
_ sec®0; -6y
sec®0, - 0y
01
~ 1 A38
6, (A38)
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