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Abstract: In the design phase of sensor arrays during array signal processing, the estimation
performance and system cost are largely determined by array aperture size. In this article, we
address the problem of joint direction-of-arrival (DOA) estimation with distributed sparse
linear arrays (SLAs) and propose an off-grid synchronous approach based on distributed
compressed sensing to obtain larger array aperture. We focus on the complex source
distribution in the practical applications and classify the sources into common and innovation
parts according to whether a signal of source can impinge on all the SLAs or a specific one.
For each SLA, we construct a corresponding virtual uniform linear array (ULA) to create the
relationship of random linear map between the signals respectively observed by these two
arrays. The signal ensembles including the common/innovation sources for different SLAs
are abstracted as a joint spatial sparsity model. And we use the minimization of concatenated
atomic norm via semidefinite programming to solve the problem of joint DOA estimation.
Joint calculation of the signals observed by all the SLAs exploits their redundancy caused
by the common sources and decreases the requirement of array size. The numerical results

illustrate the advantages of the proposed approach.

Keywords: off-grid; joint spatial sparsity; distributed sparse linear arrays; direction
of arrival estimation; concatenated atomic norm; semidefine program; distributed
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Abbreviation Name

CA-norm Concatenated atomic norm

CS Compressed sensing

DOA Direction of arrival

DOF Degree of freedom

DCS Distributed compressed sensing
JES Joint frequency sparse

JSS Joint space sparse

JSDP Joint semidefinite programming
LRMC Low rank matrix completion
MRLA Minimization redundancy linear array
SDP Semidefinite programming

SLA Sparse linear array

SSDP Seperate semidefinite programming
ULA Uniform linear array

VULA Virtual uniform linear array

1. Introduction

Direction of arrival (DOA) estimation using sensor arrays plays an important role in many applications
of radar, sonar, ultrasonic, acoustic, and communication systems to track and localize sources [1-4].
Conventional DOA estimation methods obtain high freedoms by using arrays with large aperture. The
increase in the demand of sensors enlarges the array aperture but also increases the cost of receiver
hardware and computational complexity. Co-arrays based method is an effective way to enlarge the
array aperture with no sensors added, which means the DOA information of the same sources can be
estimated by fewer sensors. Second-order statistics is unitized in the covariance matrix of observed
signals in the uniform linear array (ULA) to extend aperture, which achieves O(N) freedoms with O (V)
sensors [5—7]. Four-order cumulants and higher-order statistics have been also used to make the array
aperture larger [8,9]. The redundancy among the signals of common sources observed by every sensor
in different arrays is considered and two or more arrays of specific structure are combined to construct
a new virtual array with super large aperture [10-15]. MUSIC [16] and ESPRIT [17] were two famous
algorithms to solve the problem of DOA estimation with high resolution. Some new array geometries
except for ULA are proposed to further enhance this advantage. Minimization redundancy linear
array (MRLA) [18] was used in the sensor array [10] and the multiple-input multiple-output (MIMO)
radar [11] to obtain the larger array aperture. However, the implementation difficulty of MRLA blocks
the development of this method. Pal and Vaidyanathan nested two or more ULAs and provided a nested
array to solve the DOA estimations with high degrees of freedom, which is up to O(N?¥) with 2kN
sensors [12]. And then, they proposed a new approach for high resolution line spectrum estimation in
both temporal and spatial domain using a co-prime pair of samplers [13]. Two uniform samplers with
sample spacings MT and N'T" are used where M and N are co-prime and 7" has the dimension of space
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or time, which achieves O(M N) freedoms with A/ 4+ N sensors. The implementations of these two array
structures are easier than that of MRLA.

However, a more flexible structure of array like sparse linear array (SLA) is expected to estimate
the DOA of sources together and developed by the revolution of compressed sensing (CS) [19]. To
reduce the demand of sensors with no accuracy decreasing, a convex optimization method was used
to deal with the problem of DOA estimation [20-23]. Although, ¢y-norm of the incident signals is a
rigorous way to model the sparsity constraint on the spatial distribution of sources, the ¢y-norm-based
optimization problem is not convex, and it is NP-hard to solve it directly [24]. Thus, convex relaxation
is used to transform this problem into a convex one [22] and ¢;-norm is introduced to solve it via a
convex optimization process [20,21,25,26]. The recent development of CS theory [19] has verified
the effectiveness of the application of sparse recovery technique with convex optimization [27] to
DOA estimation with the same array structure. A sparse representation of signal in the space domain
and its corresponding covariance vectors are comprehensively studied in [28,29]. And, Liu and Sha
further extended their own wideband covariance matrix sparse representation method to focus on
DOA estimation of wideband signals, respectively [30,31]. However, these CS-based methods are all
constrained to study the sources sparse distributed on a pre-defined grid. Tan et al., used joint sparsity
reconstruction methods based on co-prime array to explore the underlying structure between sparse
signals and gird mismatch [14]. Based on the developing theory of super resolution, they utilized the
degrees of freedom for the co-prime arrays and proposed a sparse recovery method via total variation to
obtain higher resolution [15].

In the practical applications of multiple arrays (such as wireless array sensor network, partial
discharge location [32], volcano monitoring [33] and underwater monitoring [34]), the localized sources
for each array maybe different which makes the existing co-arrays based methods out of action. In
this article, we focus on the problem of joint DOA estimations for multiple distributed SLAs with the
coexistence of common and innovation sources. The sources are classified according to whether they
are observed by all the SLAs (The source observed by all the arrays named the common source and
that observed by a specific array named the innovation source). This situation has not been discussed
in the existing off-grid methods with co-arrays [15]. We can only obtain these DOA information
via the accurate estimation algorithms separately implemented in different arrays. No advantage of
joint calculation appears by using the process of centralized processing. But the observed signals of
common sources in different arrays have redundancy which brings about repeated calculations in the
DOA estimations. In our prior work, a joint frequency sparsity (JFS) model was built up and the
distributed compressed sensing (DCS) off the grid was studied [35,36]. We introduce this idea of off-grid
DCS into solving the problem of joint DOA estimation with distributed SLAs under the coexistence of
common/innovation sources. An off-grid synchronous approach is proposed to utilize the observed
signals in different arrays to estimate the DOA information together. We construct a virtual-ULA
(VULA) for each SLA and consider the observed signals in a SLA as the random measurements of
the observed signal in its corresponding VULA. The relationship between these two signals can be
described as a random linear map. As assumed that the observed signal ensemble of each SLA is
composed of sparsely distributed common and innovation sources, each ensemble is abstracted as a joint
spatial sparsity (JSS) model under continuous atomic basis and described by a concatenated atomic norm
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(CA-norm). Since the compressed linear relation, the problem of joint DOA estimation is reformulated
as the minimization of CA-norm. Semidefine program (SDP) is used to search the accurate solution
under the condition of under-sampling. By exploiting the continuous counterpart [37] of the JSS model,
off grid estimation results is achieved with no decreasing of freedom. Also, joint calculation exploits the
redundancy among the signals of common sources observed by different SLAs to decrease array aperture
size. Numerical results are given to illustrate the effectiveness of our approach and its advantage over
the conventional methods of separate DOA estimation, which indicate a significant reduction in array
aperture with the same estimation accuracy.

In this article, we use capital italic bold letters to represent matrices, and lowercase italic bold letters
to represent vectors. For a given matrix A, A* denotes the conjugate transpose of A, A” denotes the
regular transpose, and A” denotes the conjugate without transpose. For a given p, ||p|lo. ||p||: are the
(o and ¢; norms, respectively, p; to represent the i-th element in p. || - || 4 is the atomic norm and || - ||*
is the dual norm of it. We use ® to denote the Kronecker product of two matrices, and © to denote the
point-wise multiplication of two vectors with the same dimension.

2. System Model

2.1. Overview of System Model

In the problem of joint DOA estimation with distributed SLAs under the coexistence of common
and innovation sources, the utilization of signal redundancy of common sources is the key. Simple
combination of the observed signals in SLAs has no help for the existing SDP solution, though it has
high resolution [14]. Our proposed joint estimation approach can be divided into three phases, including
source classification, VLUA construction and random mapping.

In the phase of source classification, we implement the source classification and study the different
impacts of common and innovation sources on the observed signals. For simplification, we just
discuss the situation of the same sensor number and source number. A SLA can be seen as the
random sample measurements of a ULA with the same array aperture, so that we construct a VLUA
with the same structure corresponding to each SLA and build up a JSS model for the sparse spatial
distributed common and innovation sources with this VLUA. A continuous atomic basis is used to give
a more accurate solution. As the relationship of the signals observed by SLA and its corresponding
VLUA is described by a random linear map, the problem of joint DOA estimation is similar to
the problem faced with in DSC. We combine the observed signals into one and form a new joint
DOA estimation problem. Because the factors of common sources in JSS models with different
VLUAs are the same, they can be independent from the original observed signals and seen as one
item in the joint estimation problem. Therefore, we can choose a norm minimization to indicate the

problem and solve it via the optimization method.

2.2. A Multi-SLAs System with Common/Innovation Sources

Figure 1 shows a practical application of the typical array network system. The narrowband signals

of K sources, sparsely distributed in the space domain, with the same wavelength, say A, impinge on
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several SLAs. The signals of some sources can impinge on all arrays; but those of the others can only
impinge on the specific ones, which are classified into the common sources and the innovation ones. We
define the signal ensemble as the set of sources impinging on one array. There are .J signal ensembles
existing in the system. Let A = {1,2,..., J} denote the set of indices for the .J signal. The multi-SLAs
system consists of M sensors with J SLAs placed according to the philosophy of MRLA, where each
SLA contains M; = M /.J sensors with the inter-element spacing being times of the half wavelength and
the smallest inter-array spacing between the two consecutive SLA centers is larger than the largest size
of SLA.

In the j-th ensemble, K. common sources and K; innovation sources simultaneously impinge on the
j-th SLA. The common sources, of which the wave signals are denoted as s.(t), k = 1,..., K., mean
the sources in the ensemble impinge on all the SLAs. And the innovation sources, of which the wave
signals are denoted as s.;(t),7 = 1,..., Kj,j € A, mean the sources in the ensemble impinge on only
one SLA. Therefore, there are X' = K.+ )
powers are respectively

jen KK sources in all to be localized in the system. Their

{O-c,k}i;(:cp {Ul,k}kK:lla cey {O-J,k}i(:le

and the sources are sparsely distributed in the space domain with DOAs of

{Qc,k}kK:cp {el,k}szlp cony {QJ,k}kK:Jy

Figure 1. A practical multi-SLAs system with partly common sources.
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2.3. Joint Spatial Sparsity Model Based on the Virtual ULA

For simplicity, we assume that all the signal sources in noiseless environment are far-field and
temporally uncorrelated. To build up a complete JSS model, we first construct a VULA as a reference
array with N(N > M;) sensors shown in Figure 2, of which the inter-element spacing is the half
wavelength. Each SLA in the system is regarded as M; random samplings of these /N sensors. The first
sensor of the first SLA in the system coincides with the first sensor in the VULA, defined as the reference
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element in the system. The array aperture of VULAs must be no smaller than the cumulative sum of the

apertures of SLAs, i.e.,

> L.
Jmax {dn} = max  {dm, }

where, d,, is the spacing between the n-th sensor and the reference element; d,;,; is the spacing between

the m-th sensor in the j-th SLA and the reference element.

Figure 2. The structure of VULA for common/innovation sources.
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Here, we give J signal ensembles corresponding to JJ SLAs in the system. Considering the signals of
K. common sources and K; innovation sources simultaneously impinge on the j-th SLA in the practical
system, we assume now they impinge on the VULA in the j-th signal ensemble. On the other hand,
the sensors in the VULA in the j-th ensemble can sense the signals of K. + K sources. Except for
the signals {s..(t)}+c, of the common sources, these sensors in one ensemble can only sense those
{sj,k(t)}fil of the innovation ones. Thus, the signal observed by the n-th sensor in the j-th ensemble is

expressed as

K. K;
Tin(t) = Z sc,k(t)e_j%d%sm(e@’f) + Z Sjvk(t)e—j%%”s'm(%,k) (1)
k=1 k=1
Since the inter-element spacing of the ULA is half length of the wave, i.e., d, = (n — 1)\/2,
n=1,..., N, Equation (1) is expressed as
K. K;
Lja(t) = Y sen(t)eITOTIICD) LN g ()e I 2)
k=1 k=1

The signals observed by the VULA with N sensors in the j-th ensemble have the vector form of

x;(t) = Acs.(t) + A;s;(t) 3)
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where, s, = [80,1,.--,SC,K6]T is the common sources from K, different directions, and s; =
[Sj1y -5, Kj]T, J € A is the innovation sources from K different directions. The matrix A, is the

steering matrix of the first array for the common sources

A, =la.0:1),a.(0.2),...,a.(0.k.)]

1 1 e 1
e—jﬂ' sin(fe,1) e—j7r)\ sin(fe,2) o e—j7r)\ sin(0c, k)
= 4)
e—j7r(N—1) sin(fc,1) e—j7r(N—1) sin(6c,2) e—j7r(N—1) sin(f¢, k)
where a.(0.;) = [1,e ™= Dsin@er)  e=im(n=sine)]T  The matrix A; is the steering matrix in
the j-th ensemble for the innovation sources.
A;=la;(t;1),a;(0;2), ..., a;(0;x,)]
1 1 e 1
eI sin(6;,1) e Im sin(6;,2) o e—jWSin(ej,Kj)
= ()
e—Im(N=1)sin(6j1) —jm(N—1)sin(0)2)  —in(N=1)sin(6) ;)
where aj(ej k) — [1’ e—jw(n—l)sin(ej,k)’ o 7€—j7r(n—1)sin(9j’k)]T.
As assumed that the sources are uncorrelated, the common source correlation matrix and the
innovation source correlation matrix should be diagonal, namely, R,,. = diag(o.1,...,0.k,.) and
R, ; = diag(c;1, ..., 0} k,). Then the correlation matrix of the j-th ensemble is given by

R,.; = E[z;(t)z;(t)"]
— AR, A+ AR, A

K. K;
= Z Uc,kac<ec,k)a2(ec,k) + Z 04 kQj (90,k)a;(ec,k) (6)
k=1 k=1
After vectorizing the correlation matrix R, ;, we have
V; = VCC<R$I7]') = <I>c(€c’1, ce 780,Kc)o-c + (I)j(ej,ly PN 70j,Kj)0-j (7)

where,

(I)c(ec,la o 790,KC> - A: O, Ac
= [ac(QI)H ® ac(el)a SR ac(eKc)H ® ac(‘ch)}

®;(0;1,....0;k,) = A; O A
= [aj(Hl)H ® aj(el)a cee >aj(9Kj)H ® aj(eKj)]

. . . . T . T
The signals of interests respectively become o, = [0c,1,...,0.k.]" ando; = [0j1,...,0;K,]".
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As we extend the signals observed by the ULA in the j-th ensemble to those observed by the new
array with N2 sensors, the signals observed by the n-th sensor in the new array is given by

K K;
_ Z O,C(k,)efjﬂ(nfl) sin(0c. k) + Z o, (k>efj7r(n71) sin(Gj’k)’ n = 1’ o ,N2 (8)
= k=1

And the vector form is

S ou(k) + S, oy (k)

v; = SR oo(k)emImImler) 4 SN g (k)e IS Ek) 9)

Zk:cl Uc(k)e_j”(NLl)Sin(ec”“) + 2221 o; (k)e—jﬁ(N2_1)Sin(9j,k)

Actually, the vector v; has N? elements but only 2N — 1 non-repeated values, which means the
corresponding array has at most N — 1 degree of freedoms [12,13,16]. Thus, the SLA with M; < N
sensors can localize at most O (V) sources via CS [19,27].

With the consideration of the causality of system, we give a straightforward change of variables.

Letting &, = %ﬁwk) € [0, 1] for all k, the linear model of Equation (11) can be transformed into

L — eIy,
Ti=¢ v;

D hey (k) + Zfil (k)

= SR ae(k)e ek £ S g (k) eIk (10)

| Y (k) IOk 4 T ()i N e

The sources in the system have JSS, which means each element of the vector 7; is generated as a
combination of two DOA sparse components (i) a common component z., which is common for all the
array ensembles; and (ii) an innovation component z;, which is unique to the corresponding ensemble.

The vector 7; can be expressed as

7 =@ty Core)Te+ @€, EiKs)05, ) €N (11)

Due to the spatial sparsity of o. and o, r; is a JSS setting. The components in each ensemble is
denoted by Z = [z}, 2], ..., z%|". These combine additively, giving r; = 2. + 2z;,j € A. And the two
component can be expressed as
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Zkil oe(k)

ZC — ¢CO'C — Zk,‘ 1 Uc( )67]‘27‘-56&
Zk L 0e(k)e72m(NF = 1)kek

P 1%( )

z;=®;0; = > Uj(’f)efﬂ’rgj*’“ (12)

D1y o5 (e N
2.4. Random Linear Map from VULA to SLA

Actually, we attempt to design SLAS in the system by reducing the number of sensors equipped with
their own corresponding VULA for low cost of system. M; sensors are active in every SLAs with the
inter-element spacing of random times of the half wave length. And the number of sensors in each SLA
is equal, i.e., My = M; = M/J. Every SLA corresponding to the j-th ensemble has its K. common
sources and K ; innovation sources. We can get the signals in the ensemble collected by sensors the j-th

SLA, i.e.,
K;

sin(6c. k) +Zsjk e —j2m G Js1n(9]k) (13)
k=1

27r
Yjm, (t E Sex(t)e™

and the vector form of which is given as

K. K,
k= °1Sek(t) + 22020 sin(t)

o diq .
ZKZC Sc,k( )6 —j27 J)\ sin(6. ) + Z S k(t)e—]%rJT' sin(6;,x)
y;(t) = h=t L cCM  (14)

dijj

sin(6;,x)

I .
L ZkK:cl Sek(t)e” jan™ sinfe) 4 Zk L Sk(t)e 7T

Obviously, the data collected by a SLA can be considered as a random sampling of that sensed by
its VULA shown in Figure 3, where some of sensors in ULA is not used in the practical SLAs, named

virtual sensors. The relationship of linear map can be expressed as
y](t) = @]w](t) € CMj (15)

where, different measurement matrix ©; € CM*¥ corresponding to different choice of sensors is a
random linear map from VULAs to SLAs. Obviously, ®; is a random unit matrix. Therefore, the

correlation matrix among the j-th ensemble can then expressed as

Ry, ; = E[yj(t)yj(t)*]
_ ©,R,,,©" (16)
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Figure 3. Random linear map for VULA to SLA.
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We spread the first row and the first column as a new vector according to the following rule
u; = [Ryy,j(oa M; — 1),..., Ryy,j((): 1), Ryy,j(oa 0), Ryy,j(la 0),.--, Ryy,j(Mj -1 0)]T 17)
The vector u; € C*Mi~! is also a random sampling of the vector v; in Equation (11) given as
u; = \I’j’Uj (18)

where, ¥; € CEM;—DxN * is a new random linear map. This matrix contains the N + 14+ (dj1—djm,)-th
row (1 < m; < M;) of a N> x N? unit matrix. By straightforward changing of variables, the linear
model of Equation (18) is reformulated as

W (& Eik) = ¥iri(Eers k) (19)

Let W = [w?,...,wi]* € CM/ R = [rt,...,r%]" € C'V°, and ¥ = diag(¥y,...,¥,) €
CRM=J)xJN? ‘The joint linear model of SLAs in the system is given as

W =VvR (20)
3. SDP Based Joint DOA Estimation Algorithm

3.1. CA-Norm of JSS Model

The ill-posed inverse problem was studied by Chandrasekaran [38] and a general framework was
provided to convert notions of simplicity into convex penalty functions, resulting in convex optimization
solutions to linear undetermined inverse problems. Considering a simple model with a nonnegative

combination of a few sensors from atomic set, signal x € R” can be formed as follows:

K
=) ca,a;€Ac>0 (21)
i=1
where A is a set of atoms that constitutes simple building blocks of general signals. And x is assumed
simple so that K is relatively small. Then, the definition of atomic norm was given as [38]

||$||A=inf{z :mzz:caa,cazOVaeA} 22)

acA acA
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And the support function of A is given as:
x|’ = sup{(x,a) : a € A} (23)

Equipped with a convex penalty function given a set of atoms, a convex optimization method can
be used to recover a “simple” model given limited linear measurements. With a known linear map
® : R” — RY, linear information about * formed according to Equation (21) from a set of atoms is
given as:

y=>x (24)

The convex formulation to reconstruct & given y:
T = arg mgﬂin ||| 4 s.t. y=®x (25)
The dual problem of Equation (25) is given as follows:
mzaxyTz s.t. |®*z||% <1 (26)

Obviously, Equation (20) is such an ill-posed inverse problem, when the number of available sensors
of SLAs is smaller than the number of sensors in VULAs, i.e., M; < N. We can construct J + 1 atoms
sets for the JSS model in Equation (11), respectively corresponding to the signal of common source s.(t)

and the signal of innovation source s;(¢), which take the same form of
A=A{a;(§n): €€01], nel0,L,....,N 1]} 27)

where, (&, n) = e 927D The sets of variables Q, = {£.x 15, and Q; = {¢;,}?, can lie anywhere
on the unite circle, such that &, &; 5, are continuously valued in [0, 1].

In the prior work, we have considered a joint frequency sparsity (JFS) model and extended the atomic
norm to JFS setting [35]. To develop a norm description of the JSS, we also extend the atomic norm
to JSS setting and give the definition of CA-norm of JSS. The “/y-norm” type atomic norm [38] is

defined as .
7| 40 = inf {s r=) aka(fk)} (28)
k=1

and it convex relaxation, the atomic norm [38], is defined as

K
|7||4 = inf {Z O T = Zaka(fk)} (29)
i k=1

where, o, > 0 as it is denoted as the power of signal.
The “/y-norm” type CA-norm of signal from VULA is defined as

IRllca0= inf{Hzc”A,O + > Nzilao: ze+ 2 =755 € A} (30)
jeA
With the consideration of Equation (20), the goal of DOA estimation problem becomes the

minimization of || R||c.4 0 satisfying the measurement a-priori

Hléll HRHC.A,O s.t. w; = \Ilj'l"j,j eA (31)
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We study the spark of continuous dictionary ® in Equation (20). The quantity spark of ®, denoted by
spark(®), is the smallest number of atomic of ® which are linearly dependent. spark(®) = spark(®.) +
> jca spark(®;) € [2, M + 1]. Considered as a distributed model of [39], r; = S owa; (&), 5 € A
is the unique optimizer to Equation (31) if

K- spark(®,) + > spark(®;) — 14>~ rank(w;)
2

where, the atomic decomposition above ia the unique one satisfying that K = |[|R]|[40. It is the

(32)

theoretical guarantees of the “/y-norm” type CA norm minimization in Equation (31).

3.2. Joint SDP Based CA-Norm Minimization Algorithm

In this subsection, we describe how to use a joint SDP (JSDP) approach to solve the DOA estimation
problem. The optimization problem in Equation (31) is computationally infeasible given the infinite
dimensional formulation of the “/y-norm” type CA norm in Equation (30). We attempt to provide a
finite dimensional formulation in the following results. The goal of DOA estimation problem || R||c.4 0
in Equation (29) equals the optimal value of the following rank minimization problem [39]

u,g,ltijnzo rank(U) st. U= d-to;lz(u) f ] (33)
where, Z = [2%, z7;. .., z%]", d-toep(u) is the block diagonal matrix
diag (toep(u..), toep(uy), . .., toep(uy))
composed of toeplitz matrices generated from complex vectors u = {u.,u;,j € A}; toep(u) is a

symmetric toeplitz matric generated by the vector u; and U > 0 means that U is positive semideninite.
It follows that is equivalent to the following low rank matrix completion (LRMC) problem [40]

o1
min o (rank(toep(uc)) + Z rank(toep(w)) (34)
JEA
d-t Z
s.1. [ O;Ii(u) ] = 0,w; = ¥,(z.+ 25),j €A
n

Due to the NP-hard nature of rank minimization problem, solving the “/; norm” type CA-norm
minimization would become computationally intractable. An alternative approach is to consider its

convex relaxation, CA-norm, defined as

| Rca = inf { Izlat Yzl 2425 =75 € A} (35)
JEA
The atomic norm defined for single vector in Equation (29) is actually a special case of CA-norm for
J = 1. And the similar study of total variance norm is introduced in [15]. In this work, we propose to
solve the following CA-norm minimization problem to achieve accurate DOA estimations of the off-grid
sparse spatial signals
m}%n | R||ca s.t. w; =¥,x; jeA (36)
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which is proved in [35]. Therefore, Equation (36) can be expressed as the following computationally
tractable SDP

1 1
gnzlr}l oN (tr(toep(uc)) + Z tr(toep(w)) + gn

JEA

= 0,w; = W, (2, + 2,), € A (38)

ot [d—toep(u) Z
z" n

We can get accurate Z by using SDP solver. The trigonometric polynomials about the DOAs

information of common and innovation sources are given as

Pean—a(e777) = |o* — [(Alze) (&) = |oef? Z U T2 g = ch,nzc,n,i (39)

piav-2(e77) = o |? = [(A;2) () = |o[* - Z U;ze G sz,nij,n—z‘ (40)

Pe2 N,g(e‘ﬂ”&) and p; o N,Q(e_ﬂ“éj ) have at most 2n — 2 roots, respectively [37]. Since construction
D2 N_Q((TJ27ré ) is a real-valued and nonnegative trigonometric polynomial, it cannot have single roots
on the unite circle since the existence of single roots would imply that p N_Q(e_ﬂ’ré ) takes on negative
values. Therefore, poy_o(e™7 2m¢ ) is either zero everywhere or has at most N — 1 roots on the unit circle.

The accurate DOASs of the sources can be estimated as

f =261 (41)

3.3. Dual Certificate

Dual problem is studied to check the successful reconstruction of the optimization [38]. Let R*
denote the optimal solution to Equation (36) and Q = [q7, ..., ¢}]", where ¢; € CMi. Then the dual
problem of Equation (36) is given as

mgx(@*Q,R*>R st. [|[®°QIi4a <1 (42)
where || - |5 4 is the dual norm of CA-norm, and
[2°Qllca = sup (2°Q, R)p
[ Rllca=1
= sup O gz + () ®iq; 20w
Hz<:||A+Zj llz5ll.a=1 jEA jEA

= sup (%(Z ‘I);q]wa(fc»ﬂ% + <Z (b;qj’a(fj)m)

UC+ZQ7' U'j::l,fc,fjé[o,l] ]EA ]EA

= sup m{ (" ®jq.a()],max [(@g,.a <f>>|} @)

fe[orl] jEA
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Strong duality simply holds since Equation (36) is only equality constrained and thus satisfies Slater’s
condition [27]. Based on this certification, a dual certificate to the optimality of the solution of
Equation (36) can be obtained. And we proved its uniqueness [35] and provide it as a guide for the

construction of dual polynomials.

4. Numerical Experiments

In this section, we evaluated the proposed approach by performing numerical experiments. We choose
the probability of success as the major performance. The DOA estimation is considered as successful if
the DOA estimation error of each source satisfies the following condition

Ac - Ge ) ik — & <10_4 44
e { g (16— oalle), gm0 — e} | < 4

We focus on the key impact factor of array aperture size and evaluate the demand of sensors in each
SLA via different DOA estimation methods with multiple parameter settings. DOAs were generated
uniformly random on [0, 1] with an additional constraint on minimum separation A as follows

: . / 1
A=l 2 A @

The inter-element spacings of SLAs were generated uniformly random on [A\/2,40(\/2)], which is
integer multiple of the half wavelength. JSDP in Equation (38) was solved via SDPT3-4.0 toolbox [41].

Firstly, we compare the proposed JSDP with the original separate-SDP (SSDP) approach in the ULAs.
SSDP means joint calculation of the observed signals without any co-arrays methods. We set K. = 4,
K; = 2 in each signal ensemble. We performed Monte Carlo experiments for A/; from 2 to 18 and
J =1,2,4,8, and recorded the probability of success from 2000 trials. The number of sensors in the
VULA in JSDP is assumed as /N = 40 to ensure that all the sources for SLAs in system can be localized.

Figure 4 shows the performance curves.

Figure 4. The impact of the number of sensors per SLA on probability of success DOA

estimation with various numbers of SLAs compared between the joint SDP and separate one.
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The JSDP approach exhibits a definite advantage over its separate counterpart. In SSDP, one SLA

requires at least 7 sensors to possibly localize 6 sources, and the increase of array number brings about
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larger calculation errors so as to decrease the probability of success. JSDP is equality to SSDP when
J = 1, which requires approximately 11.7 sensors to successfully localize 6 sources with high
probability. The JSDP approach achieves exact DOA estimation after M/; exceeds a certain threshold,
which is the demand of approximately 8.9 sensors in each SLA for J = 2, while at least 12.6 sensors
per SLA are required for SSDP to achieve comparable performance. The gap increases with the increase
of J, implying the promise of application to multi-arrays systems. When J = 4 and J = &, JSDP
respectively requires approximately 7.1 and 6.4 sensors to address the requirement of successful DOA
estimations; SSDP respectively requires at least 15 sensors. Obliviously, JSDP makes the sensors in all
the SLAs virtually construct a larger array to implement the DOA estimation of common sources which
brings about larger degrees of freedom. In other words, we can use the arrays with smaller aperture size
via JSDP to satisfy the same demand of sources localized via SSDP. The increase of .J decreases the
aperture requirement and system cost of SLAs.

Then, we discuss the parameter impact of source number in detail. The number of common sources is
the key object in the research closely related to the performance of JSDP. In the case of 4 SLAs system,
4 signal ensembles with 2 innovation sources are assumed. We performed Monte Carlo experiments for
M; from 2 to 18 and the number of common sources K. = 1,2, 4,8, and recorded the probability of

success from 2000 trials. The performance curves are shown in Figure 5.

Figure 5. The impact of the number of sensors per SLA on probability of success DOA
estimation with various numbers of common sources.
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When J = 1, approximately 6.2 sensors per SLA can successfully localize all 9 sources with high
probability. As the increase of number of common sources, JSDP with original array aperture cannot
obtain so many successful estimation and more sensors are required to allow more sources localized. In
the situation with more localized sources, the sensors In short, an increasing number of common sources
will increase the workloads of SLAs. The increase of J decreases the increment of sensors in each
SLA. The total amount of sensors in the system is approximately proportional to the number of common
sources according to the simulation results. We believe there has a relationship of the number of sensors
and common sources. The theoretical bound will be studied in our next work.
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Of course, the impact of the number of innovation sources should also be studied to fully prove
the high efficiency of JSDP. We discuss a SLAs system with 8 innovation sources in all, which means
J x K is a constant set as 8. Thus, J = 1,2, 4, 8, corresponding to K; = 8,4,2,1. And the number of
common sources is still 4. We performed Monte Carlo experiments for M; from 2 to 25 and recorded the
probability of success form 2000 trials. The number of sensors in the VULA is assumed as N = 80 to

ensure that all the sources for SLAs in system can be localized. Figure 6 shows the performance curves.

Figure 6. The impact of the number of sensors per SLA on probability of success DOA
estimation with various numbers of innovation sources.
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As the average number of common and innovation sources per SLA is isocon descending with the
number of SLAs, the demand of sensors per SLA is approximately proportional to the number of SLAs
too. The demand of sensors when J = 1 is twice times as that when J = 2, and so on. The results
fully indicate that all the sensors undertake the equal number of estimation task for common sources. On
the other hand, the array aperture size is closely related to the number of sources in each SLA, which
supports the definition of degree of freedom.

From the above simulation results, we can draw a conclusion that one source need about 2.3 sensors
to estimate its DOA, which is similar to the conclusion in [37] to require at least two samples for a spike.

Moreover, we also discuss the demand of sensors for the aperture size assumed in the VULA. We set
K. =4, K; = 2 in each ensemble. We performed Monte Carlo experiments for M; from 2 to 18 and
N =40, 80, 160, and recorded the probability of success from 2000 trials. The number of SLAs is set as
J = 4. Figure 7 shows the performance curves.

Similar to all kind of DOA estimation methods, the aperture size of VULA has a threshold for enough
degree of freedoms, in terms of the largest spacing difference of any two sensors in a SLA. If the
array aperture addresses the requirement, the performance enhancement of algorithm becomes slow. Of
courses, the ULA with larger aperture has higher degree of freedoms. However, the estimation accuracy
is depended on the solution methods. In JSDP, the minimum resolution is determined by sensor numbers
described in Equation (45). The finer resolution makes the DOA information in the case of two sources

with a small DOA difference estimated more accurate so as to increase the probability of success.
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Figure 7. The impact of the number of sensors per SLA on probability of success DOA
estimation with various numbers of sensors in the VULA.
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5. Conclusions

The array aperture size is one of the most important parameters in array signal processing, highly
effecting the accuracy of DOA estimations and the cost of location system. In this article, we discussed
the application of multiple distributed SLAs with the coexistence of common and innovation sources,
which was not referred to in the existing co-arrays methods. The separate algorithm for each SLA brings
about the repeated calculations of DOA estimations for the common sources. The redundancy of the
signal of common sources motivated us to address this problem with a joint DOA estimation method. All
the sources for each SLA were classified into the common sources and the innovation ones. The common
source was defined as the signal of which can imping on all SLAs in the system and the innovation one
was defined as that can only imping on a specific SLA. Considering that the sources are sparse spatial
distributed, we can use a JSS model to describe the problem of joint DOA estimation. We constructed a
VULA for each SLA to obtain O(/N) freedoms with M, sensors, and considered the signals observed by
SLAs as the samplers of those observed by their corresponding VULAs. The relationship between these
two kinds of signals is a random linear map. An off-grid synchronous approach was proposed to combine
the observed signals in all the SLAs and jointly estimate the DOA information of all sources. A CA-norm
was used to reformulate the problem of joint DOA estimation into the minimization problem, which was
solved via JSDP. By exploiting the continuous counterpart of the JSS model, the DOAs of all sources can
be simultaneously estimated with off-grid estimation accuracy. And the sources are localized with the
arrays of smaller aperture in terms of the decrease of sensors via JSDP. From the numerical results, we
can find the joint approach has more advantages than the existing separated one. All the estimation tasks
are shared by all the SLAs which brings about at least 20% decrease of demand of sensors per SLA.

Of course, in this article we did the initial researches on the joint DOA estimation with distributed
SLAs. Some more complex conditions such as the noise environment and different number of sensors
per SLA (like co-prime arrays) should be considered in our next works. Although we conclusion the

impacts of SLA number, source number and sensor number per VLUA on the demand of sensors in the
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SLAs, the formulation indicating the relationship between sensor number and the above parameters will
be studied in detail.

Acknowledgments
This work was supported by NSFC under grant number 61171171.
Author Contributions

The original idea was proposed by Yujie Liang and Zhenqi Lu. The further data analysis was realized
by Yujie Liang under the supervision of Rendong Ying and Peilin Liu. Yujie Liang wrote the manuscript,
and all the authors participated in amending the manuscript.

Conflicts of Interest
The authors declare no conflicts of interest.
References

1. Krim, H.; Viberg, M. Two decades of array signal processing research: The parametric approach.
IEEE Signal Process. Mag. 1996, 13, 67-94.

2. Zhang, X.; Huang, J.; Song, E.; Liu, H.; Li, B.; Yuan, X. Design of Small MEMS Microphone
Array Systems for Direction Finding of Outdoors Moving Vehicles. Sensors 2014, 14, 4384-4398.

3. Daneshmand, S.; Sokhandan, N.; Zaeri-Amirani, M.; Lachapelle, G. Precise Calibration of a GNSS
Antenna Array for Adaptive Beamforming Applications. Sensors 2014, 14, 9669-9691.

4. Chang, J.C. DOA Estimation for local scattered cdma signals by particle swarm optimization.
Sensors 2012, 12, 3228-3242.

5. Jafar, S.A.; Vishwanath, S.; Goldsmith, A. Channel capacity and beamforming for multiple
transmit and receive antennas with covariance feedback. In Proceedings of IEEE International
Conference on Communications (ICC 2001), Helsinki, Finland, 11-14 June 2001; Volume 7,
pp. 2266-2270.

6. Stoica, P.; Sharman, K. Maximum likelihood methods for direction-of-arrival estimation.
IEEE Trans. Acoustics Speech Signal Process. 1990, 38, 1132-1143.

7. Gershman, A.B.; Mecklenbrauker, C.F.; Bohme, J.F. Matrix fitting approach to direction of arrival
estimation with imperfect spatial coherence of wavefronts. [EEE Trans. Signal Process. 1997,
45, 1894-1899.

8. Chevalier, P.; Albera, L.; Ferréol, A.; Comon, P. On the virtual array concept for higher order array
processing. IEEE Trans. Signal Process. 2005, 53, 1254-1271.

9. Chevalier, P.; Ferréol, A.; Albera, L. High-resolution direction finding from higher order statistics:
The-music algorithm. [EEE Trans. Signal Process. 2006, 54, 2986-2997.

10. Ruf, C.S. Numerical annealing of low-redundancy linear arrays. IEEE Trans. Antennas Propag.
1993, 41, 85-90.



Sensors 2014, 14 21999

1.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

Chen, C.Y.; Vaidyanathan, PP. Minimum redundancy MIMO radars. In Proceedings of IEEE
International Symposium on Circuits and Systems (ISCAS 2008), Washington, BC, USA, 18-21
May 2008; pp. 45-48.

Pal, P.; Vaidyanathan, P. Nested arrays: A novel approach to array processing with enhanced
degrees of freedom. IEEE Trans. Signal Process. 2010, 58, 4167—4181.

Pal, P; Vaidyanathan, P. Coprime sampling and the MUSIC algorithm. In Proceedings of
Digital Signal Processing Workshop and IEEE Signal Processing Education Workshop (DSP/SPE),
Sedona, AZ, USA, 4-7 January 2011; pp. 289-294.

Tan, Z.; Nehorai, A. Sparse Direction of Arrival Estimation Using Co-Prime Arrays with
Off-Grid Targets. IEEE Signal Process. Lett. 2014, 21, 26-29.

Tan, Z.; Eldar, Y.C.; Nehorai, A. Direction of Arrival Estimation Using Co-Prime Arrays: A Super
Resolution Viewpoint, 2013. ArXiv E-Prints 2013, arXiv:1312.7793.

Schmidt, R.O. Multiple emitter location and signal parameter estimation. [EEE Trans. Antennas
Propag. 1986, 34, 276-280.

Roy, R.; Kailath, T. ESPRIT-estimation of signal parameters via rotational invariance techniques.
IEEE Trans. Acoustics Speech Signal Process. 1989, 37, 984-995.

Moffet, A. Minimum-redundancy linear arrays. [EEE Trans. Antennas Propag. 1968, 16,
172-175.

Donoho, D.L.. Compressed sensing. IEEE Trans. Inf. Theory 2006, 52, 1289—-1306.

Fuchs, J.J. On the application of the global matched filter to DOA estimation with uniform circular
arrays. IEEE Trans. Signal Process. 2001, 49, 702-709.

Malioutov, D.; Cetin, M.; Willsky, A.S. A sparse signal reconstruction perspective for source
localization with sensor arrays. IEEE Trans. Signal Process. 2005, 53, 3010-3022.

Hyder, M.M.; Mahata, K. A robust algorithm for joint-sparse recovery. IEEE Signal Process. Lett.
2009, 76, 1091-1094.

Sawada, H.; Mukai, R.; Makino, S. Direction of arrival estimation for multiple source
signals using independent component analysis. In Proceedings of IEEE Seventh International
Symposium on Signal Processing and Its Applications, Paris, France, 1-4 July 2003; Volume 2,
pp- 411-414.

Natarajan, B.K. Sparse approximate solutions to linear systems. SIAM J. Comput. 1995,
24,227-234.

Tropp, J.A. Just relax: Convex programming methods for identifying sparse signals in noise. /[EEE
Trans. Inf. Theory 2006, 52, 1030-1051.

Tropp, J.A.; Wright, S.J. Computational methods for sparse solution of linear inverse problems.
Proc. IEEE 2010, 98, 948-958.

Boyd, S.; Vandenberghe, L. Convex Optimization; Cambridge University Press: Cambridge, UK,
2009.

Yin, J.; Chen, T. Direction-of-arrival estimation using a sparse representation of array covariance
vectors. IEEE Trans. Signal Process. 2011, 59, 4489—-4493.


http://arxiv.org/abs/1312.7793

Sensors 2014, 14 22000

29. Wang, W.; Wu, R. High Resolution Direction of Arrival (DOA) Estimation Based on Improved

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Orthogonal Matching Pursuit (OMP) Algorithm by Iterative Local Searching. Sensors 2013,
13,11167-11183.

Liu, Z.M.; Huang, Z.T.; Zhou, Y.Y. Direction-of-arrival estimation of wideband signals via
covariance matrix sparse representation. /EEE Trans. Signal Process. 2011, 59, 4256—4270.

Sha, Z.; Liu, Z.; Huang, Z.; Zhou, Y. Covariance-Based Direction-of-Arrival Estimation of
Wideband Coherent Chirp Signals via Sparse Representation. Sensors 2013, 13, 11490-11497.
Xiaohu, X.; Yongfen, L.; Xiao, T.; Peng, C.; Yanming, L. Re-locatable Ultrasonic Array and UHF
Combined Sensor Applied to PD Location in Oil. IEEE Sens. J. 2014, 14, 357-361.
Werner-Allen, G.; Johnson, J.; Ruiz, M.; Lees, J.; Welsh, M. Monitoring volcanic eruptions with
a wireless sensor network. In Proceedings of IEEE the Second European Workshop on Wireless
Sensor Networks, Istanbul, Turkey, 31 January—2 February 2005; pp. 108-120.

Yang, T. Distributed Underwater Sensing: A Paradigm Change for the Future. Adv. Mater. 2014,
152,261-275.

Lu, Z.; Ying, R.; Jiang, S.; Zhang, Z.; Liu, P.; Yu, W. Distributed Compressed Sensing off the Grid,
2014. ArXiv E-Prints 2014, arXiv:1407.3064.

Lu, Z.; Ying, R.; Jiang, S.; Zhang, Z.; Liu, P.; Yu, W. Spectral Compressive Sensing with Model
Selection, 2013. ArXiv E-Prints 2013, arXiv:1311.6916.

Candes, E.J.; Fernandez-Granda, C. Towards a Mathematical Theory of Super-resolution.
Commun. Pure Appl. Math. 2014, 67, 906-956.

Chandrasekaran, V.; Recht, B.; Parrilo, P.A.; Willsky, A.S. The convex geometry of linear inverse
problems. Found. Comput. Math. 2012, 12, 805-849.

Yang, Z.; Xie, L. Continuous compressed sensing with a single or multiple measurement vectors,
2014. ArXiv E-Prints 2014, arXiv:1405.6544.

Candes, E.J.; Recht, B. Exact matrix completion via convex optimization. Found. Comput. Math.
2009, 9, 717-772.

Toh, K.C.; Todd, M.J.; Tiitiincii, R. SDPT3 Version 4.0 (beta)-A MATLAB Software for
Semidefinite-Quadratic-Linear Programming, 2009.  Available online: http://www.math.nus.
edu.sg/ mattohkc/sdpt3.html (accessed on 13 November 2004).

(© 2014 by the authors; licensee MDPI, Basel, Switzerland. This article is an open access article

distributed under the terms and conditions of the Creative Commons Attribution license

(http://creativecommons.org/licenses/by/4.0/).


http://arxiv.org/abs/1407.3064
http://arxiv.org/abs/1311.6916
http://arxiv.org/abs/1405.6544

	Introduction
	System Model
	Overview of System Model
	A Multi-SLAs System with Common/Innovation Sources
	Joint Spatial Sparsity Model Based on the Virtual ULA
	Random Linear Map from VULA to SLA

	SDP Based Joint DOA Estimation Algorithm
	CA-Norm of JSS Model
	Joint SDP Based CA-Norm Minimization Algorithm
	Dual Certificate

	Numerical Experiments
	Conclusions
	Acknowledgments
	Author Contributions

