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1 Introduction

One of the most important problems in coupled-cluster (CC) theory [1-7] is extension of the
standard single-reference CC approach to quasi-degenerate and excited electronic states. This
can be accomplished by developing the multi-reference generalizations of the CC theory. In this
paper, we focus on the genuine multi-reference CC (MRCC) theories, which are based on the con-
cept of effective Hamiltonian acting in a multi-dimensional reference or model space [4,6, 8-12]
and which use the exponential CC ansatz to parametrize the solutions of the generalized Bloch
equation [8]. The state-specific (SS) MRCC methods [4, 6], including the active-space CC ap-
proaches of Adamowicz, Piecuch, Bartlett, and their collaborators [13-26] and their more recent
excited-state extensions [27-29], the SSMRCC approach of Mahapatra et al. [30,31], and the
highly promising Brillouin-Wigner MRCC approach [32-37], will not be discussed in this work,
although the similarity of the wave function ansatz used in the genuine state-universal MRCC
theory [4,6,38-59], considered in this paper, and the form of the wave function exploited by the
SSMRCC and Brillouin-Wigner MRCC approaches of Refs. 30, 31 and 32-37, respectively, should
be noted.

The genuine MRCC theories classify as either the Fock-space or valence-universal (VU)
methods [4,6,60-99] or the Hilbert-space or state-universal (SU) approaches [4,6,38-59]. The
VUMRCC methods, which require a simultaneous consideration of ground and excited states of
a given many-electron system and its ions (different sectors of the Fock space), are excellent for
describing vertical excitation energies, vertical ionization potentials, and vertical electron affini-
ties. Unfortunately, the VUMRCC methods suffer from intruder states and unphysical multiple
solutions [98, 99], which, together with the requirement of considering different sectors of the Fock
space, make accurate VUMRCC calculations of larger portions of molecular potential energy sur-
faces (PESs) rather difficult. In spite of these formal and practical complications, the recent large
scale applications of the VUMRCC methods to realistic atomic and molecular problems (see, e.g.,
Refs. 88-92, 94-97) and the interesting new ideas, such as the idea of exploiting similarity transfor-
mations to separate eigenvalue problems for different valence sectors of the Fock space [93] and the
idea of using the VUMRCC concepts in the so-called similarity transformed equation-of-motion
CC theory [100, 101], show a lot of promise.

The SUMRCC approaches, which do not require a consideration of different sectors of the Fock
space, seem to be well suited for studies of molecular PESs. Indeed, as shown in Refs. 41, 43,
44, 46-50, 54, the PES and property function scans with the SUMRCC methods can be very
successful and highly accurate results can be obtained. The SUMRCC method is also capable of
providing an extremely accurate description of electronic energy separations in small molecular
systems, as has been illustrated by the calculations of the singlet—triplet (A 'A; — X 3By) [51,52]
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and singlet-singlet (2 'A; —11A;; 1 1A, = A 'A;) [50] energy gaps in methylene. For example,
the orthogonally spin-adapted (OSA) [102-106] two-reference SUMRCCSD (SUMRCC singles
and doubles) approach [39,41,45-50, 54] including all relevant direct and coupling terms [50],
which contrary to the statements made in Ref. 107 represents the most complete formulation
of this method to date, combined with the open-shell CCSD approach [108], gives 3133 cm™!
for the singlet—triplet separation Tj. This compares extremely well with the spectroscopically
derived value of T of 3147 £5 ecm™" [109]. There are open problems in the SUMRCC theory
(cf. the remarks below), but this and other examples show that the SUMRCC theory is a highly
promising formalism, which needs to be developed further. Unfortunately, apart from the earlier
advances in formulating, implementing, and testing the spin-adapted and spin-orbital SUMRCCSD
methods [4, 6,38-56] and apart from the recent activity in our group (see, e.g., Refs. 57-59) and
the group of Pal [110], who formulated the response SUMRCC theory, the development of the
genuine SUMRCC method has practically stopped, which is a situation that this paper hopes to
change (at least, to some extent).

There are several open problems in the SUMRCC theory that must be addressed if we wish this
method to become a useful alternative for routine and accurate ab initio calculations of ground
and excited-state molecular PESs. There are, for example, problems related to the existence of
multiple [47,57] and singular [41,46-49, 57] solutions, intruder states [46, 47,49, 57], and the exis-
tence of the so-called intruder solutions [57]. The latter solutions are related to a specific algebraic
nature of the generalized Bloch equation, on which the SUMRCC theory is based [111]. The exis-
tence of multiple intruder solutions of the SUMRCCSD equations may cause severe convergence
problems or, at the very least, a significant decrease in accuracy of the calculated electronic en-
ergies in regions of PESs where the electronic states of interest are no longer clearly separated
from the rest of the electronic spectrum [47-49,57]. There is also a long-standing problem of
generalizing the existing two-reference OSA SUMRCCSD theory [39,41,45-50,54] and its two
electron/two orbital spin-orbital analog [43,44] to larger reference spaces, which has not been
solved yet in a satisfactory manner. Our recent studies of the solutions of the generalized Bloch
equation [111] clearly demonstrate that the SUMRCC calculations would benefit from using larger
reference spaces. Unfortunately, it is not easy to propose an efficient computational scheme that
would allow us to perform routine SUMRCC calculations for larger reference or model spaces.
Part of the problem is the fact that the wave function ansatz of Jeziorski and Monkhorst [38], on
which all SUMRCC approaches are based, requires that a separate cluster operator 7' is assigned
to each reference configuration |®,) (p =1,...,M). Aside from various mathematical difficulties
that this assumption creates, the requirement of having a separate cluster operator T for each
reference configuration |®,) leads to an excessively large number of cluster amplitudes when the
dimension of model space (M) is large and when we are only interested in a few low-lying states.
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The present paper reviews some of our recent work that addresses the above problems. It is
evident from the results described in Ref. 48 and from the comments made in our recent work [111]
that the inclusion of higher-than—doubly excited clusters in the SUMRCC formalism should help
to eliminate at least some of the difficulties encountered in the SUMRCCSD calculations. The
existence of multiple and pathological solutions of the SUMRCCSD equations is largely related
to an asymmetric treatment of the excitation manifolds corresponding to different reference con-
figurations and to a nonlinear nature of the generalized Bloch equation [57,111], so that the
standard corrections due to triply [53] and other higher—than—-doubly excited clusters, based on
the multi-reference many-body perturbation theory (MRMBPT) [112-114], do not eliminate these
problems. As a matter of fact, the use of the standard, MRMBPT-based estimates of higher-order
corrections within the SUMRCC formalism is a rather risky procedure, since the MRMBPT ap-
proach suffers from intruder states in regions where the SUMRCCSD approach fails. In our view,
it is more important to examine first the mathematical relationship between the approximate and
exact SUMRCC formalisms, so that one can suggest new ways of systematically correcting the
results of the SUMRCC calculations, particularly in all these difficult cases where the conventional
MRMBPT arguments fail. Clearly, it would be highly desirable to have a simple method of cor-
recting the energies of electronic states obtained in the SUMRCC calculations in a state-specific
and non-iterative manner that would resemble the well-known noniterative a posterior: correc-
tions due to triples or triples and quadruples characterizing, for example, the popular CCSD(T)
method [115] and its CCSD(TQs) analog [116].

We have recently suggested an approach, termed the method of moments of the state-universal
multi-reference coupled-cluster equations (MM-SUMRCC), which provides us with simple recipes
for systematically improving the SUMRCCSD results by adding the state-specific noniterative
corrections due to triples and other higher—than—doubly excited clusters to the energies obtained
by solving the SUMRCCSD equations [117]. The MM-SUMRCC approach differs from the stan-
dard multi-reference approaches in that, in computing the energy corrections due to higher-order
clusters, in the MM-SUMRCC theory we rely on the explicit and rigorous relationship between
the energies obtained in the SUMRCC (e.g., SUMRCCSD) calculations and the exact energy
values. In the standard multi-reference methods, we can only hope that by adding sufficiently
many higher-order terms to the equations representing low-order approaches, one obtains better
results; the control over the choice of higher-order terms is limited by the fact that we use the
MRMBPT or similar arguments, which may not be sufficiently transparent in situations where the
MRMBPT approach suffers from intruder states. The MM-SUMRCC theory, which is a multi-
reference analog of the recently developed method of moments of the single-reference [7,118-121]
and equation-of-motion [121-123] CC equations, is overviewed in this paper.
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We also discuss the recently proposed SUMRCCSD(1) approach, which is based on the idea of
combining the SUMRCCSD method with the MRMBPT approach [59]. In the SUMRCCSD(1)
method, we approximate the doubly excited cluster amplitudes that carry only core and virtual
orbital indices by their first-order MRMBPT estimates. In addition, we assume that the singly
excited cluster amplitudes corresponding to core—virtual excitations vanish. As we discuss it in
this paper, both assumptions lead to a completely symmetric treatment of the core—virtual cluster
amplitudes of the SUMRCCSD theory, which in the SUMRCCSD(1) method no longer depend on
the reference label p. The more symmetric treatment of the excitation manifolds corresponding
to different reference configurations in the SUMRCCSD(1) method may have a positive effect
on the calculated energies, while offering us considerable savings in the computer effort. In the
SUMRCCSD theory, each individual core—virtual excitation is represented by as many independent
cluster amplitudes as the number of reference configurations, although in the intuitive description
we would only use as many independent cluster amplitudes for a given core—virtual excitation as the
number of electronic states of interest. In the SUMRCCSD(1) method, we simplify this situation
to the utmost by replacing many sets of cluster amplitudes carrying core and virtual orbital indices,
each labeled by the corresponding reference label p, by a single set. Moreover, instead of solving
for cluster amplitudes carrying only core and virtual indices, in the SUMRCCSD(1) approach
we approximate them by the simple first-order MRMBPT expressions. This leads to additional
savings in the computer effort. Since core—virtual excitations are known to be rather insensitive
to nuclear geometry [124], the molecular PESs resulting from the SUMRCCSD(1) calculations
should be virtually parallel to the SUMRCCSD PESs.

Whenever possible, we illustrate our new ideas with the examples of numerical calculations.
Some examples are taken from our recent work [59], while some other examples are new. We hope
that this overview of our recent efforts in the area of MRCC theory will stimulate further activity
aimed at the development of accurate and practical genuine MRCC methods of the state-universal
type that may one day be used in routine ab initio calculations.

2 The State-Universal Multi-Reference Coupled-Cluster Theory

As mentioned in the Introduction, the SUMRCC theory belongs to a wider category of methods
which are referred to as the genuine MRCC approaches. All genuine MRCC methods involve
three basic concepts, namely, that of the multi-dimensional model or reference space My, that of
the wave operator U, and that of the effective Hamiltonian H®T [4,6]. Alternative formulations of
genuine multi-reference methods, in which the effective Hamiltonians are obtained by similarity
transformations of the Hamiltonian (this frees us from the necessity of solving for the wave oper-
ator) can be developed [93,125] (cf., also, Refs. 9, 10, 40), but we do not use them here, since the
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SUMRCC theory of Jeziorski and Monkhorst [38] is based on the exponential parameterization of
the wave operator and solving the generalized Bloch equation for the wave operator represented
by the Jeziorski-Monkhorst ansatz.

The model space My,
Mo = {12, 1L, )

is spanned by a suitably chosen set of M configuration state functions |®,), p = 1,..., M, that
provide a reasonable zero-order description of the target space,

M =1s{],)}L, (2)

spanned by M quasi-degenerate eigenstates |V,,), = 1,..., M, of the electronic Hamiltonian H.
The wave operator U : My — M is defined as a one-to—one mapping between My and M. It is
usually assumed that U satisfies the intermediate normalization condition,

PU =P, (3)

where P is the projection operator onto My,
M
P=3% PP, PP =3,)(d, (4)
p=1

It is also assumed that U annihilates states belonging to the orthogonal complement Mg, so that
UQ =0, (5)

where
Q=1-P (6)

Equations (3) and (5) immediately imply that U? = U, so that the wave operator U, just like
operators P and (), is idempotent. However, unlike P and (), the wave operator U is not Hermitian,
U #Ut.

The wave operator U is obtained by solving the equation,

HU = UHU, (7)

which is known in the literature as the generalized Bloch equation [4,6,8-10,78]. Once the wave
operator is determined, the energies E,, of the electronic states |¥,), = 1,..., M, are obtained
by diagonalizing the effective Hamiltonian,

H" = H*Y(U) = PHU = PHUP, (8)
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within M. The corresponding wave functions |V,) are calculated using the formula,

where the zero-order states,
Xu) = PV,) € M, (10)
are the right eigenstates of H°%,
H|xu) = Eulxu)  (n=1,...,M). (11)

In the SUMRCC formalism, we use the Jeziorski-Monkhorst ansatz for the wave operator U,
i.e. [38],

M
U=> ¢"pw), (12)
p=1

where T is the cluster operator corresponding to reference configuration |®,). The intermediate
normalization condition, Eq. (3), requires that each TP) generates states belonging to Mg, when
acting on the corresponding |®,). The wave operator U, Eq. (12), reduces to the well-known
wave operator of the single-reference CC theory, USRCC = eT|®)(®|, when model space My is a
one-dimensional space spanned by a single reference configuration |®).

In order to define the remaining elements of the SUMRCC theory, we must specify the method
of constructing the model space M, and cluster operators T®). As in all multi-reference ab initio
methods, in order to define the reference configurations |®,), we divide all molecular spin-orbitals
into the three disjoint subsets of core, active, and wvirtual spin-orbitals. The core spin-orbitals
(designated by i, j, ...) are occupied and the virtual ones (designated by a,b,...) are unoccupied

in all reference configurations |®,), p = 1,..., M. The reference configurations differ in the
occupancies of active spin-orbitals (designated by I,J,... , for spin-orbitals occupied in a given
reference determinant |®,), and by A,B,... , for spin-orbitals unoccupied in this |®,)). All

possible distributions of active electrons among active spin-orbitals result in a complete model (or
active) space (CAS). The use of CAS is essential to obtain size extensive results [38], although it is
possible to formulate the size extensive SUMRCC method employing incomplete model spaces by
relaxing the intermediate normalization condition [126,127]. In this paper, we consider the CAS
formulation of the SUMRCC theory.

In analogy to the standard single-reference CC theory, each cluster operator 7 is a sum of
its many-body components 7). In the exact SUMRCC formalism,

N
7)) — Z W), (13)

m
m=1
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where NN is the number of electrons in a system under consideration. In the standard SUMRCC
approximations, the many-body expansion of each cluster operator T® is truncated at some (usu-
ally low) excitation level. Thus, if m4 is the excitation level defining a given standard SUMRCC
approximation, referred here and elsewhere in this work to as method A, the corresponding cluster
operators T®) have the following form:

my
¢ =3 1w, (14)
m=1

Note that the value of my4 is the same for all values of p. The SUMRCCSD method is obtained
by setting my = 2.

In a conventional SUMRCC theory of Jeziorski and Monkhorst [38], the system of coupled
nonlinear equations for the unknown cluster operators 7.%) is obtained by replacing Eq. (7) by the
equation HU|®,) = UHU|®,), where U is defined by Eq. (12), premultiplying this equation on
the left by e‘T(p), and projecting the resulting equation on the excited configurations relative to
|®,) belonging to Mp . The final equations for cluster operators T?) defining the exact SUMRCC
theory can be written as follows:

AP(PE)N = AP(PE)Y (p=1,...,M), (15)
where the left-hand side direct term is defined as
_(p) (p)
AP((PER)) = (@, |(PER) (7" He™™)|®,) (p=1,...,M), (16)

and the right-hand side coupling term, which reflects the multi-reference nature of the SUMRCC
theory, takes the form

M
_7®) (@) o
ANPEN) = 3 (@ [(WER) (77" |@) Hot  (p=1,...,M). (17)
q=1(g#p)

The operators ®) E are the excitation operators, generating the excited configurations relative to
|®,) belonging to Mj, when acting on |®,). These operators are also used to represent cluster
operators 1)

TP — Z Pt OB (18)
K
where coefficients Pt are the corresponding cluster amplitudes. Because of this representation,
the system of equations, Eq. (15), represents a system of coupled nonlinear algebraic equations for
cluster amplitudes ®¢z. For the complete model space M, the excitation operators ) Ex and
cluster amplitudes Pty carry at least one inactive (i.e., core or virtual) spin-orbital index [38].
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The H} quantities entering the coupling term AP ((PE)T), Eq. (17), are the matrix elements
of the SUMRCC effective Hamiltonian,

o o _7(a) (a)
HE = (@, |[HM|®,) = (@,|HU|D,) = (®,]e " H|3,) (19)

Once the system of equations, Eq. (15), is solved and matrix elements of the effective Hamiltonian
are constructed, we calculate the final SUMRCC energies F,, and the corresponding zero-order
states |x,), i =1,..., M, by diagonalizing the effective Hamiltonian matrix in model space My,
as described above [cf. Eq. (11)]. The SUMRCC wave functions |¥,) are obtained by applying
the wave operator U, Eq. (12), to zero-order states |x,). We obtain [cf. Egs. (9) and (12)],

M
(p)
“Iju> :Zcp#eT @) (n=1,..., M), (20)
p=1

where coefficients
Cpu = <(I)p|Xu> (21)

are determined by solving an eigenvalue problem involving H°T in My, Eq. (11).
The above equations defining the exact SUMRCC theory, particularly Eqs. (15)—(17) and (19),
can be rewritten in a somewhat more symbolic form, namely,

(p) e
Pl(He™) e — H|®,) =0 (p=1,...,M), (22)
M
QVHE o — S ™ POEMD) = 0 (p=1,..., M), (23)
q=1(q#p)

where subscript C' designates the connected part of the corresponding operator expression. In
deriving Eqgs. (22) and (23), we used the well-known fact that [4, 6, 7]

T HE T |@y) = (He!)o|@y). (24)

Operator P appearing in Eq. (22) is the projection operator onto M, defined by Eq. (4), whereas
operators Q) appearing in Eq. (23) are the projection operators onto the manifolds of excited
configurations relative to |®,) belonging to My that are generated by excitation operators ?) B
If Q) designates a projection operator onto the subspace of ./\/lé ) = QW My spanned by the
n-tuply excited configurations relative to |®,) that belong to Mg, we can write

Q¥ => Q. (25)
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In the exact theory, all manifolds of excitations MDL(p ), used to define cluster operators T®,

are identical, i.e., /\/lé(p) = Mgy for all p=1,..., M. This is a consequence of the fact that

i QY =Q" =Q, (26)
n=1

independent of the value of p. Because of this symmetric treatment of the manifolds of excitations
corresponding to different references |®,), the exact SUMRCC method is completely equivalent
to an eigenvalue problem for eigenstates |U,), p = 1,..., M [111] (see, also, Ref. 117). This is
no longer the case, when cluster operators T are truncated in a standard manner according to
Eq. (14). Indeed, in the standard SUMRCC approximations, the system of equations (22) and
(23) is replaced by a truncated system of equations for the many-body components 7/%) of cluster

operators T, namely,

Pl(HE e — HM[D,) =0 (p=1,..., M), (27)
M
QUHT e — S eI POFE| D) =0 (p=1,..., M), (28)
q=1(q#p)

where operators Tf(lp ) are defined by Eq. (14), HST is the effective Hamiltonian of the approximate
SUMRCC method A, and fo) is a projection operator onto the excited configurations used to
define Tf(,p), ie.,

Q=3 aQp. (29)
n=1

The manifolds of excitations /\/lé’ X)) = Qg’)/\/loL C My, used to define the truncated cluster
operators Tj{’ ), are usually different for different reference configurations |®,) (cf., e.g., the lists of
excitations P) Ex, corresponding to different references |®,) of the OSA SUMRCCSD formalism of
Refs. 39, 41, 45-50, 54, given in Ref. 47). As pointed out in Ref. 111, this asymmetric treatment
of the manifolds of excitations corresponding to different reference configurations causes that the
approximate SUMRCC schemes based on Eqs. (27) and (28) (including the existing SUMRCCSD
methods) are not equivalent to any Hermitian eigenvalue problem. This significant distortion of
the exact SUMRCC theory, resulting from the truncation of the many-body expansions of all
operators T'?) at the same excitation level my, leads to a number of pathologies in approximate
SUMRCC calculations based on Eqgs. (27) and (28). These pathologies include the existence
of an excessive number of real and complex solutions that lack physical interpretation and the
appearance of the intruder solution problem [57]. The multi-reference extension of the MMCC
theory, which we recently suggested in Ref. 117, and which we overview in the next section, offers
a possibility of reducing the severity of problems encountered in the standard SUMRCC (e.g.,
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SUMRCCSD) calculations by incorporating higher-order effects in the SUMRCC formalism and
by reinforcing the symmetric treatment of the ./\/lé, Ef) subspaces.

3 A New Type of the Noniterative Corrections to Multi-Reference Coupled-Cluster
Energies: The Method of Moments of the State-Universal Multi-Reference
Coupled-Cluster Equations

As mentioned in the Introduction, inclusion of higher-than—doubly excited clusters in the SUM-
RCC formalism should help to eliminate some pathologies that are encountered in the SUMRCCSD
calculations. Although one can suggest ways of improving the SUMRCCSD results by adding the
corrections due to triply excited clusters based on the standard MRMBPT theory [53], the use of
the MRMBPT arguments in constructing such corrections may, in general, be a risky procedure,
since the MRMBPT approach is often plagued by intruder states. Undoubtedly, it would be useful
to have an alternative method of correcting the SUMRCCSD results, which does not necessarily
rely on the standard MRMBPT arguments.

We have recently introduced a new, nonstandard method of correcting the results of various CC
calculations, termed the method of moments of coupled-cluster equations (MMCC) [7,117-123].
The main idea of the MMCC formalism is that of the noniterative energy corrections which, when
added to the energies obtained in approximate CC or equation-of-motion CC (EOMCC) [128-130]
calculations, such as CCSD or EOMCCSD, recover the exact (full configuration interaction or full
CI) energies of ground or excited states. It has been demonstrated that the MMCC formalism
allows us to renormalize the existing noniterative single-reference CC approximations, such as
CCSD(T) [115], CCSD(TQ) [116], and CCSDT(Qy) [116], so that they can correctly describe en-
tire ground-state PESs in situations where the standard arguments based on MBPT, on which the
CCSD(T), CCSD(TQy), and  similar  approximations are  based, completely
fail [7,26,117-121,131-133] (cf., also, Ref. 134 for a rederivation of the renormalized CCSD(T) ex-
pressions, published one year earlier in Refs. 7, 118, 119, and for some additional tests). It has also
been demonstrated that the EOMCC-based excited-state MMCC theory allows us to introduce
a new hierarchy of simple noniterative EOMCC approximations that remove the pervasive fail-
ing of the EOMCCSD and perturbative EOMCCSDT approximations in describing excited-state
PESs [122,123]. Clearly, the MMCC methodology provides us with new ways of systematically
improving the CC or EOMCC results by adding simple noniterative corrections to the CC or
EOMCC energies. Thus, it might be useful to investigate the possibility of extending the MMCC
formalism to a multi-reference case.

Encouraged by the remarkable performance of the single-reference MMCC approximations, we
have recently generalized the MMCC formalism to a multi-reference case by proposing the method
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of moments of the state-universal multi-reference coupled-cluster equations (MM-SUMRCC) [117].
The main idea of the MM-SUMRCC theory is that of the noniterative, state-specific energy
corrections

Su=E.,—E} (u=1,...,M), (30)

which, when added to energies E;:‘, obtained by solving the approximate SUMRCC (e.g., SUMR-
CCSD) equations, recover the exact (full CI) energies E,, of the electronic states of interest. The
main purpose of the approximate MM-SUMRCC calculations is to estimate corrections d,,, so that
the resulting energies Eﬁ + J,, remain very close to the corresponding exact energies F,,.

Each correction 9, is a nontrivial functional of the corresponding exact electronic wave function
|U,) and the generalized moments of the SUMRCC' equations, i.e., the SUMRCC equations pro-
jected on the excited configurations whose excitation level exceeds that defining a given SUMRCC
approximation. The precise mathematical definition of the generalized moments of the SUMRCC
equations, which is consistent with Eq. (28) and which is used in the MM-SUMRCC formalism
of Ref. 117, is as follows:

M
(p) _p(p) (a) e o (p)
TE (ma)|®,) = QP[(He™ )e — e T eT POH|®,) = [(He™ )

q=1(qa#p)
M ) 7a)
— Y el PO, 0, (m=1,...,N;p=1,...,M), (31)
q=1(g#P)
where [...],, designates the m-body component of the corresponding operator expression. The

generalized moments I'P)(m4)|®,), Eq. (31), can be viewed as the most fundamental quantities
of the Jeziorski-Monkhorst theory, as defined by Egs. (27) and (28), since the system of equations
for the many-body components of cluster operators Tflp ), p=1,..., M, Eq. (28), is immediately

obtained by imposing a requirement that the lowest moments I'®)(m4)|®,), with m = 1,... my,
vanish, i.e.,
T®(my)|®,) =0 (m=1,....ma; p=1,...,M). (32)

The generalized moments I'®) (m 4)|®,), which enter the formula for the noniterative corrections
04, Eq. (30), are those with m > my4. As shown in Ref. 117, the explicit formula for corrections

J

., in terms of moments I'®) (m4)|®,), is as follows:

(p)
Op = Ey — E Z Cpu Z Z e'd ) mFgg)(mA)@p% (33)

n=ma+1m= mAJrl

where ¢, = (®,|x;}) are the coefficients defining the model-space states

M
) = Dl @), (34)
p=1
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obtained by diagonalizing the effective Hamiltonian of the approximate SUMRCC method A in
M07
dA — <\I/M|\IJEUMRCC_A> (35)

m

is an overlap of the exact wave function |¥,) and the SUMRCC wave function

SUMRCC- A l T“’)
v, Z (36)

obtained with method A, and (eTf(\p))n,m is the (n — m)-body component of e
The derivation of Eq. (33) is based on considering the energy functional

AW, x] = (Y|[(HUA — UsHUA)|x)/(®|Ualx) = (¥[(HUA — UsH) %) /{¥|Ualx), (37)
where [cf. Eq. (12)]
Uy=Y 4 p) (38)

is an approximate wave operator obtained by solving the SUMRCC equations of method A, |y) is
a state belonging to My, and | V) is an N-electron wave function. For |¥) = |¥,) and for |x) equal
to the corresponding eigenstate |Xﬁ> of the effective Hamiltonian HS¥, we immediately obtain

AP, X, =E,— E} =6, (39)

The derivation of Eq. (33) proceeds as follows: First, we show the following general relationship
[117]:

AT, ] = ; §<\IJ\M£P> (ma)|@,) (Pp|x) /(U |Ualx), (40)
where
M (ma)|®,) = QP (HU4 — UsHGT)| ). (41)

Next, we prove that quantities M(P)(m4)|®,) can be expressed in terms of the SUMRCC moments
L) (m.4)|®y),

n

MP (ma)| @) = 3 (€70)n T (mg)|2,). (42)
m=1

The substitution of Eq. (42) into Eq. (40) and the use of the fact that in method A the lowest
moments ['P)(m4)|®,), with m = 1,...,my4, vanish [cf. Eq. (32)] allow us to write

A =2, 2 _i () DD ) @)@ UV (43)
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By setting |V) = |¥,) and [x) = |Xﬁ> in Eq. (43) and using Eqgs. (38) and (39), we obtain the
desired Eq. (33).

Equation (33) is the basic equation of the MM-SUMRCC theory. We can use it to improve the
results of approximate SUMRCC calculations in the following way: First, we solve the equations
of a given SUMRCC method, Eqgs. (27) and (28), to determine the cluster operators, Tf(‘p), p=
1,..., M, and the corresponding effective Hamiltonian, HI. Next, we construct the generalized
moments ['P)(m4)|®,) with m > my4 using Eq. (31). Finally, we use cluster operators Tf‘p ),

/‘:‘ = (cf‘u, . ,wa), to

generalized moments I'P)(m 4)|®,), and the right eigenvectors of HY, i.e., ¢
calculate corrections d,, with the help of Eq. (33).

We should also note the formal similarity of Eq. (33) and the single-reference MMCC energy
formula discussed in Refs. 7, 118, 119 (for a review, see Ref. 121). Indeed, in the single-reference
(M = 1) case, the d;} denominator term in Eq. (33) reduces to (\I/u|eTf(11) |®1), since the model-space
state | X;‘) becomes proportional to the reference configuration |®1). In addition, when M = 1,
the generalized moments of the SUMRCC equations, Eq. (31), reduce to the generalized moments

of the single-reference CC equations defined in Refs. 7, 118, 119. We obtain [cf. Eq. (31)],
T (m.)| 1) = QU (HE™ )o|1) = M (m.)| 1), (44)

where M,,(m)|®1) are the generalized moments of the single-reference CC equations. The sub-
stitution of Eq. (44) into the M = 1 variant of Eq. (33) leads to the following result:

N n
(1) (1)
Gu= D Do AWl ) M (ma)[@1) /(T [e"a | @1), (45)
n=ma+1m=my+1

which clearly is the single-reference MMCC energy formula, provided that we identify T f(ll) and
|®) with, respectively, the cluster operator and the reference configuration of the standard single-
reference CC method.

The exact form of Eq. (33) cannot be used in practical calculations, since we usually do not know
the exact (full CI) wave functions |¥,), p=1,..., M. However, we can calculate the approximate
values of corrections 0, which, when added to the SUMRCC energies E;‘, may give very good
estimates of the exact energies E,, if we use simple estimates of wave functions |V ,), provided
by one of the relatively inexpensive ab initio methods. Independent of the approximate form
of |¥,) chosen for such calculations, corrections 0, can be calculated in a state-specific manner.
Our belief that simple estimates of wave functions |¥,) may be sufficient to obtain accurate 9,
values is based on the success of the single-reference MMCC methods and their renormalized CC
analogs [7,26,117-123,131-134], in which simple perturbative or CI wave functions are used to

construct the relevant energy corrections.
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For example, we can use wave functions |¥,) obtained in truncated multi-reference CI (MRCI)
calculations (using, e.g., the popular MRCISD method or one of its approximate variants) and use
the resulting corrections d,, to improve the results of the SUMRCCSD calculations (the my = 2
case). We can also think of using the CISDt or CISDtq [7,120,122,123] approaches, in which
triply and quadruply excited configurations of the single-reference CI method are selected via
active orbitals, to construct wave functions |¥,) in Eq. (33). In either case, we should be able
to significantly improve the quality of the SUMRCCSD results and reinforce a fully symmetric
treatment of the manifolds of excitations corresponding to different reference configurations, which
is broken by the SUMRCCSD and other SUMRCC approximations. Indeed, when my, < N,
the ./\/lé (f) = Q%)M& C M subspaces spanned by the excited configurations relative to |®,)
are usually different for different p values. As mentioned earlier, this asymmetric treatment of
manifolds of excitations corresponding to different references |®,) causes that the conventional
SUMRCC approaches based on Egs. (27) and (28) are not equivalent to any Hermitian eigenvalue
problem which, in turn, leads to various problems in SUMRCC calculations. However, if we do not
truncate the summations over n and m in Eq. (33) in any arbitrary manner and if we simply let the
projection onto a suitably chosen approximate wave function |¥,) select terms in the summations
over p, n, and m in the numerator of Eq. (33), we will obtain a fully symmetric treatment
of the ./\/l(i Ef) subspaces corresponding to different references |®,). In order for this scheme to
work, we only have to assume that the CI expansions of wave functions |¥,) contain some Mg
configurations whose excitation level relative to at least one of the M references |®,) exceeds m 4.
This is certainly true for the MRCISD wave functions and their CISDt and CISDtq analogs if we are
interested in correcting the SUMRCCSD results. The projection onto |¥,,) in the numerator of Eq.
(33) will select precisely those subsets of the generalized moments I'®)(m 4)|®,) (usually, different
subsets of I'®)’s for different values of p) that are needed to restore a symmetric treatment of the
manifolds of excitations in the approximate SUMRCC (e.g., SUMRCCSD) calculations. Although
this particular way of improving the SUMRCCSD results by using the MRCISD, CISDt, or CISDtq
wave functions |¥,) in Eq. (33) has not been tested yet in actual numerical calculations, we believe
that we should be able to obtain significant improvements in the calculated SUMRCC energies,
particularly in regions plagued by intruder states or intruder solutions, where there is an apparent
need to incorporate higher—than—doubly excited clusters and have a more symmetric treatment of
the Mé ff) subspaces in the SUMRCC calculations.

We can also contemplate other ways of using Eq. (33). We can, for example, introduce the
multi-reference analogs of the MMCC(m 4, mp) approximations suggested in Refs. 7, 118, 119 (see,
also, Refs. 120-123). The multi-reference MMCC(m 4, mp) approximations [referred to as the MM-
SUMRCC(ma,mp) or MM-SUCC(m 4, mp) schemes| are obtained by truncating the summation
over n in Eq. (33) at n = mp, where my < mp < N. The multi-reference MMCC(m4, mpg)
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energy formula can be given the following form [117]:
Eu(mAamB) - E;?—f—éu(mA;mB% (46)

where

5, (ma, mz) = Z S (W) T ()], (47)

n ma+1lm=mu+1

As implied by Eq. (46), the MM-SUCC(m, mp) method uses moments ') (m 4)|®,) with m =
ma + 1,...,mp. For typical applications of Eq. (46) (e.g., ma = 2 and mp = 3 or 4), the
[P (m4)|®,) moments with m = m4 + 1,..., mp form a small subset of all ['?)’s

The simplest example of the MM-SUCC(m 4, mp) approximation is the MM-SUCC(2,3) scheme,
in which we use Eq. (46) to correct the results of the SUMRCCSD calculations (the m4 = 2 case).
In this case, the only generalized moments of the SUMRCC equations that need to be considered
are the ng)(2)|®p> moments. The MM-SUCC(2,3) energy expression is [117]

Eﬂ(27 3) = E;:l + 5M<27 3)7 (48)
where .
6u(2,3) = (RO 3T GMRCED T (2)] @), (49)
p=1
with
diUMRCCSD — <\I,H“I/EUMRCCSD> (50)

representing an overlap of the “trial” wave function |¥,) and the SUMRCCSD wave function [cf.
Eq. (36)] y
|WSUMRCCSD) _ ™ (SUMRCCSD oI+ D). (51)
p=1
The coefficients CSUMRCCSD p =1,...,M, are the components of the right eigenvector of the
SUMRCCSD effectlve Hamiltonian, whose matrix elements, designated here by H (2), are defined
as follows [cf. Egs. (19) and (24)]:

e (p) (p)
Hiy (2) = (@|(He H27) 0| @), (52)

Where T and Tg(p are the singly and doubly excited clusters of the SUMRCCSD approach. The

T ( )|®,) moments that appear in Eq. (49) can be expressed in terms of the projections of the
SUMRCCSD equations on the triply excited configurations relative to |®,). If i, 5.k, ... (a,b,c,...)
represent the spin-orbitals that are occupied (unoccupied) in the reference configuration |®,)
and if W E% = X°X;X"X; XX, are the excitation operators that generate the triply excited
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configurations relative to |®,) (X and X; are the usual creation and annihilation operators,
respectively), we can write

17k abc
MY@e,) = Y PN e, (53)
i>j5>k,a>b>c
where
(p) ,ij (p) ij T(P)+T(P) M (p) Uk 7(T(P)+T(P)) T(Q)+T(Q) eff
Fabc<2) = <(I)P‘ Eab(:(He ! 2 )C|¢P> - Z <(I)p| Ewabc6 ! 2 et 2 |(I)CI> qu (2)
q=1(a#p)

(54)
are the projections of the SUMRCCSD equations on triexcited configurations (? E%" represents

the hermitian adjoint to (p)Efjlf). In the case of the complete model space M, considered here,
at least one index among i, j, k, a, b, ¢ in Egs. (53) and (54) must be inactive.

The MM-SUCC(2,3) scheme described above represents a multi-reference analog of the single-
reference MMCC(2,3) method introduced in Refs. 7, 118, 119 (cf., also, Refs. 120-123). In analogy
to the latter method, it might be useful to consider the second-order MRMBPT [MRMBPT(2)]
wave function or, perhaps even better, an analog of the MRMBPT(2) wave function, obtained
by replacing the lowest-order Tl(p ) and T2(p ) estimates entering the MRMBPT(2) formula by their
SUMRCCSD values, as a source of wave function |¥,) in the MM-SUCC(2,3) energy expressions,
Egs. (48) and (49). The MRMBPT(2) wave function is the lowest-order MRMBPT wave function
that contains information about the Tg(p ) cluster components. The use of wave functions W)
of this type in Egs. (48) and (49) would lead to a multi-reference extension of the recently
proposed completely renormalized CCSD(T) [CR-CCSD(T)] method [7, 26, 117-119, 121, 132, 133].
The spectacular successes of the single-reference CR-CCSD(T) approach in calculations of ground-
state PESs involving bond breaking, where the standard CCSD(T) approach completely fails,
suggest that the multi-reference analog of the CR-CCSD(T) approach, obtained by inserting the
MRMBPT(2)-like wave functions |¥,) in Egs. (48) and (49), may provide excellent results,
particularly in difficult situations in which the use of the low-order MRMBPT theory alone to
estimate the higher-order (e.g., Tz,fp )) effects is not entirely appropriate due to the presence of
intruder states.

We realize, of course, that using the approximate CI or MBPT methods to calculate wave
functions |¥,) in Eq. (33) and considering the truncated MM-SUCC(m 4, mp) schemes will cause
the resulting energies to be no longer strictly size extensive (in a sense of introducing the un-
linked terms into the MM-SUMRCC energies). However, our experience with the Cl-based single-
reference MMCC methods [7,120,122,123] and the MBPT-based renormalized CC approaches,
such as CR-CCSD(T) [7,26,117-119, 121, 132,133], demonstrates that the presence of unlinked
terms in the MMCC approximations does not have an effect on the excellent performance of the
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approximate MMCC schemes. In fact, we have recently performed a number of calculations show-
ing that the CR-CCSD(T) approach provides approximately size extensive results, as long as we
remain within the range of general applicability of this approach, which is a single bond breaking
(cf., e.g., Refs. 133, 135). Moreover, a number of studies by the Paldus Waterloo group involving
the so-called reduced MRCCSD (RMRCCSD) approach indicate that using the relatively inexpen-
sive MRCI wave functions to estimate the higher-order contributions of the CC theory [6, 136-141],
at the risk of introducing unlinked terms into the calculations, tremendously benefits the CC re-
sults. The direct use of the final energy expressions in CC calculations, as is done in our MMCC
theory [7,118-123] and its multi-reference extension discussed here and in Ref. 117, which may
result in the introduction of unlinked terms, is also exploited in the Brillouin-Wigner MRCC
method [32-37]. As in the approximate MMCC case, the Brillouin-Wigner MRCC approach is
not size extensive. However, the Brillouin-Wigner MRCC results are excellent (even for molecular
systems containing heavier atoms), which is again suggesting to us that the presence of unlinked
terms in the approximate MM-SUMRCC energy expressions may not have a detrimental effect on
the final results. We should also keep in mind that all approximate MMCC methods (just like
the RMRCCSD approach of Paldus and Li) introduce unlinked terms in very high orders, so that
it is quite likely that the results of approximate MM-SUMRCC calculations will be very good, in
spite of the presence of unlinked terms in the approximate MM-SUMRCC energy expressions.

Clearly, the new ideas described in this section need to be implemented and tested numerically.
Work is under way in our laboratory towards implementing various MM-SUMRCC approxima-
tions. The results of this effort will be reported as soon as they become available.

4 The State-Universal Multi-Reference Coupled-Cluster Method with Perturbative
Description of Core-Virtual Excitations: The SUMRCCSD(1) Approach

One of the main problems that slows down further development of the SUMRCC method in
the direction of extending it to larger reference spaces is the fact that the Jeziorski-Monkhorst
ansatz requires that a separate cluster operator 7" is assigned to each reference configuration
|®,) (p=1,...,M). This requirement leads to an excessively large number of cluster amplitudes
when the number of reference configurations is large. In the Jeziorski-Monkhorst formalism, we
are forced to solve for all M T® cluster operators, even if we are interested in calculating a few
low-lying states. In particular, each individual core—virtual excitation is in the SUMRCC the-
ory represented by as many independent cluster amplitudes as the number of references. This is
somewhat counterintuitive, since ideally we should only be required to determine as many cluster
amplitudes for a given core—virtual excitation as is the number of electronic states under consider-
ation. For example, in the popular MRCISD approach, we are required to determine as many CI
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coefficient vectors as is the number of calculated states. The latter number is usually much smaller
than the number of reference configurations used in such calculations. As a matter of fact, at least
in the first-order MRMBPT, the values of the core—virtual amplitudes representing the doubly
excited clusters Tg(p ) do not depend on the reference label p [38]. It is, therefore, quite reasonable
to introduce an approximation, in which all core—virtual amplitudes of the SUMRCC theory are
approximated by their first-order MRMBPT estimates. This new approximation, referred to as
the SUMRCCSD(1) method [59], is discussed in this section.

As shown below, the SUMRCCSD(1) approach provides the results of the SUMRCCSD quality
at the fraction of the computer cost associated with the SUMRCCSD calculations. Alternative
ways of simplifying the SUMRCCSD scheme are possible by considering the state-selective meth-
ods employing the Jeziorski-Monkhorst ansatz (cf., e.g., Refs. 30-37). Although these new methods
are highly promising, in this paper we focus on simplifying the original SUMRCC method within
its conventional effective Hamiltonian formulation, which is exactly what the SUMRCCSD(1) ap-
proximation offers by reducing the number of cluster amplitudes that need to be determined by
the iterative procedure and by reducing the number of nonlinear equations that need to be solved.

Let WE¢ = X°X; and WE® = XX, X"X; (i > j,a > b) be the excitation operators generating
the singly and doubly excited configurations relative to reference |®,). In terms of these operators,
the singly and doubly excited clusters of the SUMRCCSD approach take the usual form,

T® — 3@y ) g (55)

i,a

Tz(p) = (n)4is @) Efjb, (56)
i>j,a>b

where P)t! and (p)tfjé) are the singly and doubly excited cluster amplitudes obtained by solving the
SUMRCCSD equations. Since we are assuming here that M, is complete, the operators ) E* and
(p)E%b and the corresponding cluster amplitudes ¢’ and (p)tﬁfl; must carry at least one inactive
(i.e., core or virtual) spin-orbital label.

In general, the "¢ and (p)tz, values depend on label p. Indeed, suppose the spin-orbitals
i, 7, ... and a, b, ... (commonly designated as the p, o, ... spin-orbitals) are obtained in the
canonical Hartree-Fock calculations and suppose the reference |®;) is the ground-state Hartree-
Fock determinant. Let us construct the remaining reference configurations |®,), p = 2,..., M,
in a usual way by choosing some occupied and some unoccupied spin-orbitals in |®;) as active
spin-orbitals and by promoting active electrons (electrons occupying active spin-orbitals in |®;))
to active spin-orbitals that are unoccupied in |®1). Let us also introduce the Fock matrix elements

Wfe =2+ > Vo (57)

i€occupied in |Pp)



Int. J. Mol. Sci. 2002, 3 695

where 27 = (p|z]o) and vy = (po|v|rw) — (po|v|wT) are the one-electron and antisymmetrized
two-electron molecular integrals defining the electronic Hamiltonian,

o 1 Tw o
H=Y2X"X,+~ > ¢ X XX,X,, (58)
ps0 £,0,T,w

and let us partition the Hamiltonian into the unperturbed operator

Hy =3} mf/(; XPXo =) € X'X, (59)
p,o p
and the perturbation
W = H — H,, (60)
where
€p = (Uf;;) (61)

in Eq. (59) are the molecular orbital energies obtained in canonical Hartree-Fock calculations.
With this partitioning of the Hamiltonian, one can perform the usual MRMBPT analysis of the
wave function cluster expansions and show, for example, that the first-order MRMBPT estimates
for the singly and doubly excited cluster amplitudes, Pt (1) and ®)¢* (1), respectively, are

D, (1) = (Pfs = V) /(e =€) = Pfa/ (6 = €a), (62)
Pta(1) = vih/ (i + €5 — €0 — ), (63)

where in Eq. (62) we used the fact that M) f = 0 (in general, for the canonical Hartree-Fock spin-
orbitals, the p = 1 matrix elements () fg vanish unless p = o). Clearly, the values of P)¢i (1) and
(p)tZ)(l) depend on p, since different spin-orbitals are occupied in different reference configurations
|®,). In addition, the (P)# (1) amplitudes vanish for p = 1 and are, in general, nonzero for p > 1.
The order-by-order analysis of the SUMRCCSD method demonstrates that differences between
cluster amplitudes associated with different references |®,) are even larger in higher orders of
MRMBPT [38].

Although the ¢ and (p)tz, amplitudes are, in general, p-dependent and should be treated
as independent parameters in the process of solving the SUMRCCSD equations, the first-order
core—virtual biexcited amplitudes, (p)t;jb(l), do not depend on label p. We have,

Pigp(1) =t (1) = v/ (6 + ¢ — €a — ). (64)

This observation suggests an approximation in which, instead of solving for the large number of
core-virtual amplitudes Pt . we simply estimate their values using the first-order MRMBPT
expression, Eq. (64) [59]. The first-order core-virtual monoexcited amplitudes P (1) depend
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on p, but they are usually much smaller than the (p)t;jb(l) amplitudes, so that we may simply
neglect the core-virtual ®¢! (1) amplitudes altogether and invoke an additional approximation in
which [59]

@ (1) =+t (1) = 0. (65)

In this way, we can reinforce the fully symmetric treatment of both singly and doubly excited
core—virtual cluster amplitudes. The significance of the symmetric treatment of the manifolds of
excitations corresponding to different reference configurations |®,), which are not treated sym-
metrically in the standard SUMRCCSD scheme, has been discussed in the previous sections.
Equations (64) and (65) define the SUMRCCSD(1) method [59]. Since the core—virtual ampli-
tudes are determined a priori by Egs. (64) and (65), in the SUMRCCSD(1) approach we no longer
consider the amplitude equations corresponding to core—virtual excitations. In other words, Egs.
(15)—(17) of the standard SUMRCCSD theory in which ¥ Ex = ®) E2 ®) £22 are simply ignored,
so that the number of equations and the number of unknown cluster amplitudes that need to be
determined in the iterative procedure are identical. As shown in Table 1, this considerably reduces
the computer effort involved, since in the SUMRCCSD(1) method we only consider a relatively
small subset of all SUMRCCSD amplitude equations corresponding to single and double excita-
tions that carry at least one active index, i.e., W Ex = @ Ep W EA PV EAP (a > b), W EEB (i > j),
PpE (I>J,a>b), PEAB (i>j A >B), WEB @E2B (1> 7J), WELE (A > B). We use
these equations to determine the relatively small subset of all ®¢ and ®¢% amplitudes that carry
at least one active index. Even for small systems, such as the methylene molecule, and even for
the simple two-reference (M = 2) singlet case, the savings in the computer effort are substantial.
For example, the total number of spin- and symmetry-adapted cluster amplitudes used in the
two-reference OSA SUMRCCSD calculations for the the lowest two 'A; states of methylene, as
described by the double-zeta plus polarization (DZP) basis set of Refs. 142, 143, is 1341 (720 for
|®1) and 621 for |Ps); see Table 1). The number of core—virtual amplitudes for each reference is in
this case 318, so that the total number of core—virtual amplitudes considered in the two-reference
OSA SUMRCCSD calculations for the DZP methylene molecule is 636. These 636 amplitudes are
estimated in the SUMRCCSD(1) method by the first-order MRMBPT expression, Eq. (64), and
by Eq. (65), and only the remaining 705 cluster amplitudes that carry at least one active orbital
index are determined iteratively by solving the relevant subset of all SUMRCCSD equations. A
similar ~ 50 % reduction in the number of amplitudes that have to be determined in the SUM-
RCCSD(1) iterative procedure characterizes the calculations for methylene employing a larger
[5s4p3d2f1g/3s2pld] basis set of Ref. 144 (cf., also, Ref. 52). In this case, the total number of
core—virtual amplitudes considered in the two-reference OSA SUMRCCSD calculations is 10432,
while the number of all singly and doubly excited cluster amplitudes is 22611 (see Table 1). The
10432 core—virtual amplitudes are estimated in the SUMRCCSD(1) calculations via Eqs. (64)
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and (65), whereas the remaining 12179 amplitudes are determined iteratively. This significant
reduction in the number of cluster amplitudes that have to be determined in the SUMRCCSD(1)
iterative procedure would be even larger for larger many-electron systems, since the number of
core—virtual amplitudes increases with the number of core electrons.

In order to test the SUMRCCSD(1) method, we performed a few benchmark calculations us-
ing the two-reference OSA SUMRCCSD(1) approach, which we implemented by modifying the
two-reference OSA SUMRCCSD code described in Ref. 50 (see Refs. 58, 145 for a parallel ver-
sion). Let us recall that in the two-reference OSA SUMRCCSD method of Ref. 50 (see Refs.
39, 41, 45-49 for earlier developments), the model space M, is spanned by two closed-shell con-
figurations |®1) and |®3) involving two active electrons and two active orbitals that belong to
different symmetry species of the spatial symmetry group of the system. The M = 2 model space,
Mo = span{|®),|Ps)}, is complete if we are only interested in the totally symmetric singlet
eigenstates of the Hamiltonian [39,41,45-50,54]. The explicit equations of the two-reference
OSA SUMRCCSD(1) theory, in terms of the OSA mono- and biexcited cluster amplitudes,
are a straightforward modification of the two-reference OSA SUMRCCSD equations presented
elsewhere [39, 41, 45, 50].

The results of the SUMRCCSD(1) calculations discussed in this section include the lowest two
'A; states of the DZP H4 model [146, 147] (see Table 2 and Fig. 1), the lowest two 'YX states of
the Liy molecule, as described by the double zeta (DZ) basis set of Refs. 148, 149 (see Table 3),
and the lowest two 'A; states of methylene, as described by the DZP basis set [142,143] and the
[5s4p3d/3s2p] [52] and [5s4p3d2f1g/3s2pld] atomic natural orbital [144] basis sets (see Table 4).
The results of the SUMRCCSD(1) calculations for H4 and CHy were reported earlier [59]. The
results for Liy are new.

We compare the SUMRCCSD(1) results with those obtained with the two-reference SUMR-
CCSD and MRMBPT(2) methods. The MRMBPT(2) results were obtained with the method
described in Ref. 150 and implemented in GAMESS [151]. It is useful to compare the MRMBPT(2)
and SUMRCCSD(1) results, since both approaches rely on the first-order MRMBPT corrections
to the wave function. Whenever possible, we also compare the SUMRCCSD(1) results with the
results of full CI calculations. The results of the two-reference SUMRCCSD and full CI calcula-
tions for the DZP H4 model can be found in Ref. 50. The SUMRCCSD results for the lowest two
1A, states of the DZP model of methylene can be found in Refs. 50, 58 (recall that the lowest
LA, state represents in this case the first-excited state; the ground state of CHy is 2By; cf. the
Introduction). The results of the two-reference SUMRCCSD calculations for methylene for the
[5s4p3d/3s2p| and [5s4p3d2f1g/3s2pld] basis sets were reported in Refs. 52, 58.

We begin our discussion with the H4 model, which consists of two slightly stretched Hy molecules
arranged in an isosceles trapezoidal configuration, with all nearest-neighbor H-H separations fixed
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at 2.0 bohr. The geometry of the H4 model is determined by a single parameter o € [0, %] The

1

a = 0 and a = ; limits correspond to square and linear conformations, respectively [146].

Table 1. Numbers of the spin- and symmetry-adapted singly and doubly excited cluster ampli-
tudes used in the two-reference OSA SUMRCCSD calculations for molecular systems discussed in
this work.?

p=1 p=2 p=1or2
Molecule  Basis set Ng Np Ng Np Ns@evy  Npev
H4Pb DZP¢ 14 229 12 233 6 55
Lis Dzd 13 279 13 279 8 167
CH,® [4s2p1d/2s1p]* 26 694 20 601 16 302
[5s4p3d/3s2p]# 57 3294 44 2867 35 1442
[5s4p3d2f1g/3s2pld]* 102 11715 84 10710 64 5152

* Ng and Np designate, respectively, the numbers of all singly and doubly excited
cluster amplitudes used in the two-reference OSA SUMRCCSD calculations. Ngv)
and Np(cv) designate, respectively, the numbers of singly and doubly excited cluster
amplitudes corresponding to core—virtual excitations.

b The H4 model of Ref. 146.

¢ The [2s1p] basis set taken from Ref. 147.

4 The [4s2p] contraction of the Dunning-Hay basis set of Ref. 148 (see Ref. 149).

¢ The lowest-energy molecular orbital (1a;) is kept frozen and the Cartesian compo-
nents of the d and (if present in a basis set) f and g orbitals are employed.

f The DZP basis set taken from Refs. 142, 143.

& Basis set taken from Ref. 52.

I Basis set taken from Refs. 52, 144.

By changing parameter o, we can continuously vary the degree of configurational quasi-degenera-
cy involving the ground-state RHF (restricted Hartree-Fock) reference configuration

1) = |(1ay)*(102)7| (66)
and the doubly excited configuration
|2) = |(1a1)*(2a1)7), (67)

obtained by promoting two electrons from the highest-energy occupied orbital (1b3) to the lowest-
energy unoccupied orbital (2a1). Indeed, in the v = 0 limit, the absolute values of the coefficients
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at configurations |®;) and |®,), which dominate the full CT expansions of the lowest two ! A; states
in this region, are identical. For @ = 0.5, the ground-state wave function becomes essentially non-
degenerate, with |®;) representing the leading configuration in the corresponding full CI expansion.

The results of our SUMRCCSD(1) calculations for the lowest two 'A; states of the DZP H4
model (the 1 'A; and 2 'A; states) are shown in Table 2 and Fig. 1. In the SUMRCCSD(1),
SUMRCCSD, and MRMBPT(2) calculations, we chose orbitals 1b, and 2a; as active. This choice
of active orbitals is justified by the dominant role of the |®;) and |®5) configurations, Eqgs. (66)
and (67), respectively, in the full CI expansions of the lowest two 'A; states of the H4 system.

As can be seen from Table 2 and Fig. 1, the SUMRCCSD(1) potential energy curves represent-
ing the lowest two ' A; states of are shifted by ~ 1 millihartree or less relative to the corresponding
SUMRCCSD curves. The errors in the SUMRCCSD(1) results, relative to full CI, range between
0.5 (« = 0) and 2.7 (o =~ 0.5) millihartree for the ground state and between 4.1 (o =~ 0) and 3.0
(o & 0.5) millihartree for the first-excited 'A; state. The errors obtained with the SUMRCCSD
method are virtually identical to those obtained with the simpler SUMRCCSD(1) approxima-
tion. The SUMRCCSD(1) and SUMRCCSD vertical excitation energies A corresponding to the
11A;, — 2 1A, transition agree to within 0.5-1.5 millihartree for all values of o. For comparison,
the MRMBPT(2) approach completely fails for a > 0.15 due to intruder states. The errors in
the MRMBPT(2) results for the 1 'A; — 2 'A; excitation energies, relative to full CI, are as
large as 172.8 millihartree in the o = 0.5 region. Even in the region of small a values, where the
MRMBPT(2) approach works best, the errors in the MRMBPT(2) results for the 1 1'A; — 214,
excitation energies are much larger than those obtained with the SUMRCCSD(1) method (cf.,
e.g., the 9.4 millihartree error in the MRMBPT(2) value of A at o = 0 with the 3.6 millihartree
error obtained with the SUMRCCSD(1) approach for the same value of «).

The excellent performance of the SUMRCCSD(1) approach is also observed in the calculations
for the DZ model of Liy. We considered three geometries in this case: the equilibrium geometry,
R = R. = 5.051 bohr (R is the internuclear separation), and two stretches of the Li-Li bond,
R =15R, and R = 2R,. For larger distances R, the ground and the first-excited states of the
IE; symmetry are dominated by the RHF configuration

1) = [(1og)*(10w)*(20,)°] (68)
and the doubly excited configuration
|@2) = [(1og)*(10w)*(20)°, (69)

so that it is prudent to choose the highest-energy occupied and the lowest-energy unoccupied
molecular orbitals, 20, and 20,, respectively, in our SUMRCCSD(1), SUMRCCSD, and
MRMBPT(2) calculations. The results of the two-reference SUMRCCSD(1), SUMRCCSD, and
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MRMBPT(2) calculations for Liy, using configurations |®;), Eq. (68), and |®s), Eq. (69), as
references, along with the corresponding full CI results, are shown in Table 3.

The results in Table 3 show that the SUMRCCSD(1) approach provides the potential energy
curves of Li, that are in excellent agreement with the high quality curves obtained with the
SUMRCCSD method. The SUMRCCSD(1) energies for the lowest two 'Y states of Li, are only
slightly above the corresponding SUMRCCSD energies [the difference between the SUMRCCSD(1)
and SUMRCCSD energies is ~ 2.5 millihartree, independently of the value of R]. In consequence,
the errors in the SUMRCCSD(1) results, relative to full CI, are very small (2.7-2.8 millihartree for
the ground state and 3.1-3.2 millihartree for the first-excited 'S} state). The errors in the 1 '¥F —
2 'X} vertical excitation energies (designated by A) obtained with the SUMRCCSD(1) method,
relative to full CI, are 0.4-0.5 millihartree, independently of the value of R. The SUMRCCSD
results for the 1 12;“ — 2 12; excitation energies are virtually identical to those obtained with
the simpler SUMRCCSD(1) approach. The two-reference MRMBPT(2) method works reasonably
well in the quasi-degenerate region corresponding to larger R values, where the lowest two 12;
states are dominated by configurations (68) and (69), but the SUMRCCSD(1) results are much
more accurate [cf., e.g., the 12.8 millihartree error in the MRMBPT(2) result for the vertical
excitation energy A at R = 2R, with the 0.3-0.4 millihartree errors obtained at the same value
of R with the SUMRCCSD and SUMRCCSD(1) approaches|. In the R ~ R, region, the ground
state is dominated by the RHF configuration |®1), Eq. (68), but the first-excited state of the '¥7
symmetry has significant contributions from configurations belonging to My. As a result, the
error in the MRMBPT(2) value for the vertical excitation energy A is as large as 54.0 millihartree
at R = R.. Remarkably enough, the errors in the SUMRCCSD and SUMRCCSD(1) results for
the 1 12; — 2 12; excitation energy are as little as 0.5 millihartree at R = R.. This clearly shows
that we can tremendously benefit from incorporating the MRMBPT ideas into the SUMRCCSD
scheme.

Our final example is methylene [59]. As mentioned in the Introduction, the OSA SUMRCCSD
approach provides excellent (~ spectroscopic) results for the very small energy gap between the
ground state, X ®By, and the lowest excited state of the ' A; symmetry, A'A; =1 'A4; [51,52]. The
OSA SUMRCCSD method is also capable of providing the excellent description of the singlet—
singlet (2 'A; — 1 'A;) energy separation [50]. For example, the full CI value of the singlet—
singlet energy gap in the DZP methylene molecule is 168.907 millihartree [143]. The two-reference
SUMRCCSD method gives 169.885 millihartree [50], in excellent agreement with full CI.

The success of the two-reference SUMRCCSD method in describing the 2 *A; — 1 A, energy
gap in methylene is largely (but not entirely) related to the quasi-degenerate character of the
lowest two 1A, states, which are both dominated by two closed-shell configurations,

|®1) = |(La1)*(2a1)%(1b2)*(3a1)?] (70)



Int. J. Mol. Sci. 2002, 3

‘[PP1 ‘2g] "syoy woly uoye) SOLIJOWI00S PUR oS SIseq

‘[¢g] "Joy WOy Uy e) SALIIOUWI09S puR Jos SIsey

(€71 ‘g¥1] "spoy woxy uese) syMsor [ [[1f PUR ‘SOLIJOUI0T ‘a8 SIseq] ¢

‘podordure o1om s[eIIqIO 6 pue [ (19s siseq ' ul juasald JT) pue p o1y Jo sjuouodurod

URIS9LIR)) 97} pue Uozogj jdoy sem [e}1qI0 IR[NIS[oWl ASIoUD-)S9MO[ 9, ‘GG ‘JOY Ul polIodal S)MNsSaI oY) U0 Paseq .,

VIGLYT  60%°L9T 90L°G9T T17268°8€-L89T106 8- 029650 6€-£6£L90°66- plP1dgse/ b1 zpedysg]

067671 192691 CL8LIT 072CL] 8E-£C0GR] ]E- TOSHH0"68-S26550"68- Sldzse/pedysg)

€96 LGT  €PS'OLT G88'69TL06'89T 6STSTS8E-6T0SGS 8E- 9L78CR'8E- COTIT0 6E-TI67C0 68~ €8TLC06E~  q/d15C/P1dTsT]

(@) LdgaWam (1)asns asns m md  (1)asns  asns g (1)asns  asns I g 108 stseq
Pon TR/ 7 ooney/(1yy ¢)d onprey/(1y ¢ T)d

o (POIYIRYIIW UL ‘Y7) ASIOU UOyR}OX0 1/ 7 «— T/ T 9} JO sonfea
ID [y pue “(g) LdGINGIN ‘ASOOUINAS (T)ASOOYINNS U} Pue dUSAYIOUL Jo s3e)s T/ | 0M) JSIMO[ B[}
10§ (ddagxey ur) sot8Iouo I Y pue ‘ASOOUINAS = ASAS (1)ASOOUNAS = (T)ASAS UL ¥ 2I9EL

01208 GGLL9  969°L9 007'L9 SSELISTI-6S6STSTI- TEGIIS VI~ CFIISS FI- GG9E88 VI~ TE6ESSTI- °UT
9€49°€9 009F7L T99FL OTTFL S9LSISTI-6FCICS TI- GL6ICS VI~ 89EE68 FT- TT6S68 F1- G80968 F1-"H G T
GGev0C G08'0ST 908°0ST 0TE0ST €S009LF1- F9STILFT- 80TEILFT- 8G80T6'FI- 0LEET6 F1-8TGET6 VI~ U

(¢)LJGINIIN (T)dsns asns o md (1)asns dasns 1o mmd  (1)asns  asns 1o 1mda Y

001} IRI[[TUI /7 oomrey/ (3, o) vomyrey/ ({3, 1)

(Cye=u
pue %G1 = ) puoq T-TT 9} JO SAYDIRIIS om) pue (Ioq [G0'G = Y = ¥) Y uoryeredss rT-IT oYy Jo
onpes wnuqrmbe oy 10J (S9I)IRYI[[IW Ul ‘Y/) SOIFIOUS UOIPRIIIXD WNH ¢ — mmwﬁ T 93 Jo sonyea ) [[NJ pue
{(2) LIAINIIN ‘ASOOUMINAS ‘(T)ASOOUINAS 943 Pue @] Jo [0pott Z(J 13 Jo s03e3s (X, OM} 3S0m0[ o1}
10§ (P0m)reY WD) SOISIOUS D) [[0J pUe ‘ISOOUINNS = ASNS (T)ASOOUNANS = (1)ASNS 2UL "€ dIqeL



Int. J. Mol. Sci. 2002, 3 703

and
|@a) = [(1a1)*(2a1)*(1b2)* (101)?], (71)

involving active orbitals 3a; and 1b;. Thus, by choosing orbitals 3a; and 1b; as active orbitals
in the SUMRCCSD calculations, we should (and we do) obtain excellent results for the singlet—
singlet energy separation. It is interesting to note though that the two-reference MRMBPT(2)
method does not provide very good results in this case, in spite of the apparently two-reference
character of the lowest two 'A; states. For example, the error in the 1 'A; — 2 'A; excitation
energy obtained with the MRMBPT(2) approach for the DZP methylene model, relative to full
CI, is 11.344 millihartree. This should be compared to a much smaller, 0.978, millihartree error
obtained with the two-reference SUMRCCSD method (see Table 4).

The results in Table 4 show that the description of the lowest two 'A; states of methylene
by the two-reference SUMRCCSD(1) approach is almost as good as that provided by its parent
SUMRCCSD analog. Although the differences between the SUMRCCSD(1) and SUMRCCSD
individual energies are somewhat larger than in the case of the H4 and Liy systems, the vertical
excitation energies corresponding to the 1 'A; — 2 'A; transition in methylene (the A values in
Table 4) obtained in the SUMRCCSD(1) and SUMRCCSD calculations are essentially identical,
independent of the basis set employed. Indeed, the differences between the A values resulting
from the SUMRCCSD(1) and SUMRCCSD calculations are 0.958 millihartree for the DZP ba-
sis set, 1.389 millihartree for the [5s4p3d/3s2p| basis set, and 1.503 millihartree for the largest
[5s4p3d2f1g/3s2pld]| basis set. The difference between the A values obtained in the SUMR-
CCSD(1) and full CI calculations with the DZP basis set is 1.936 millihartree, which should be
compared to a 0.978 millihartree difference between the SUMRCCSD and full CI values of A.

Thus, we can summarize this section by stating that the SUMRCCSD(1) approach provides a
viable alternative to the SUMRCCSD method. At least for the small molecular systems tested
in this work and in our original study [59], the SUMRCCSD(1) approach is capable of providing
the results of the SUMRCCSD quality at the fraction of the computer effort associated with the
SUMRCCSD calculations. We are encouraged by the preliminary results overviewed in this section
and we will work on generalizing the two-reference SUMRCCSD(1) approach of Ref. 59 to larger
model spaces.

5 Summary

We overviewed our recent results in the area of the genuine SUMRCC theory. We focused on a new
type of the noniterative corrections to the SUMRCC energies, obtained by extending the MMCC
formalism of Refs. 7, 117-123 to a multi-reference case, and on combining the SUMRCCSD and
MRMBPT approaches by replacing the cluster amplitudes of the SUMRCCSD method that carry
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only core and virtual orbital indices by their first-order MRMBPT estimates. We believe that
the multi-reference variant of the MMCC theory provides us with a systematic way of improving
the SUMRCC results by adding relatively simple, noniterative, state-specific corrections to the
SUMRCC energies. In particular, the multi-reference extension of the MMCC formalism sug-
gests simple ways of restoring the symmetric treatment of manifolds of excitations corresponding
to different reference configurations, broken by the conventional SUMRCC approximations, and
simple ways of incorporating higher-than—double excitations in the SUMRCCSD method. We
demonstrated that the SUMRCCSD(1) approach of Ref. 59, in which the core—virtual cluster am-
plitudes of the SUMRCCSD theory are approximated by the first-order MRMBPT expressions,
gives the results of the SUMRCCSD quality at the fraction of the computer effort associated
with the SUMRCCSD calculations. We believe that the SUMRCCSD(1) approach may allow us
to extend the existing two-orbital /two-electron SUMRCCSD approaches to larger active spaces,
since the SUMRCCSD(1) method eliminates one of the main bottlenecks of the SUMRCC theory,
which is the requirement of assigning a separate large set of core—virtual cluster amplitudes to each
reference configuration. Clearly, there may exist other ways of estimating the SUMRCC cluster
amplitudes via low-order MRMBPT expressions. We are currently exploring other MRMBPT-
based SUMRCC approximations. The results of these studies will be reported as soon as they
become available.

Acknowledgements

One of us (P.P.) would like to thank Professor Petr Cérsky for inviting him to write an article
in this special issue of International Journal of Molecular Sciences. This work has been supported
by the Chemical Sciences, Geosciences and Biosciences Division, Office of Basic Energy Sciences,
Office of Science, U.S. Department of Energy (Grant No. DE-FG02-01ER15228; P.P.).

References

1. Cizek, J. J. Chem. Phys. 1966, 45, 4256.

2. Cizek, J. Adv. Chem. Phys. 1969, 14, 35.

3. Cizek, J.; Paldus, J. Int. J. Quantum Chem. 1971, 5, 359.
4

. Paldus, J. In Methods in Computational Molecular Physics; Wilson, S.; Diercksen, G.H.F.,
Eds.; NATO Advanced Study Institute, Series B: Physics, Vol. 293; Plenum: New York, 1992;
pp- 99-194.

5. Bartlett, R.J. In Modern Electronic Structure Theory; Yarkony, D.R., Ed.; World Scientific:
Singapore, 1995; Part I, pp. 1047-1131.

6. Paldus, J.; Li, X. Adv. Chem. Phys. 1999, 110, 1.



Int. J. Mol. Sci. 2002, 3

705

Piecuch, P.; Kowalski, K. In Computational Chemistry: Reviews of Current Trends;

Leszczynski, J., Ed.; World Scientific: Singapore, 2000; Vol. 5, pp. 1-104.

8. Bloch, C. Nucl. Phys. 1958, 6, 329.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22,
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

Jorgensen, F. Mol. Phys. 1975, 29, 1137.

Soliverez, C.E. Phys. Rev. A 1981, 24, 4.

Durand, Ph. Phys. Rev. A 1983, 28, 3184.

Hubartubise, V.; Freed, K.F. Adv. Chem. Phys. 1993, 80, 465.

Oliphant, N.; Adamowicz, L. J. Chem. Phys. 1991, 94, 1229.

Oliphant, N.; Adamowicz, L. J. Chem. Phys. 1992, 96, 3739.

Oliphant, N.; Adamowicz, L. Int. Rev. Phys. Chem. 1993, 12, 339.
Piecuch, P.; Oliphant, N.; Adamowicz, L. J. Chem. Phys. 1993, 99, 1875.
Piecuch, P.; Adamowicz, L. J. Chem. Phys. 1994, 100, 5792.

Piecuch, P.; Adamowicz, L. Chem. Phys. Lett. 1994, 221, 121.

Piecuch, P.; Adamowicz, L. J. Chem. Phys. 1995, 102, 898.

Ghose, K.B.; Adamowicz, L. J. Chem. Phys. 1995, 103, 9324.

Ghose, K.B.; Piecuch, P.; Adamowicz, L. J. Chem. Phys. 1995, 103, 9331.

Ghose, K.B.; Piecuch, P.; Pal, S.; Adamowicz, L. J. Chem. Phys. 1996, 104, 6582.

Adamowicz, L.; Piecuch, P.; Ghose, K.B. Mol. Phys. 1998, 94, 225.
Piecuch, P.; Kucharski, S.A.; Bartlett, R.J. J. Chem. Phys. 1999, 110, 6103.
Piecuch, P.; Kucharski, S.A.; Spirko, V. J. Chem. Phys. 1999, 111, 6679.
Kowalski, K.; Piecuch, P. Chem. Phys. Lett. 2001, 344, 165.

Kowalski, K.; Piecuch, P. J. Chem. Phys. 2000, 113, 8490.

Kowalski, K.; Piecuch, P. J. Chem. Phys. 2001, 115, 643.

Kowalski, K.; Piecuch, P. Chem. Phys. Lett. 2001, 347, 237.

Mahapatra, U.S.; Datta, B.; Mukherjee, D. Mol. Phys. 1998, 94, 157.
Mahapatra, U.S.; Datta, B.; Mukherjee, D. J. Chem. Phys. 1999, 110, 6171.
Mach, P.; Masik, J.; Urban, J.; Hubac, I. Mol. Phys. 1998, 94, 173.

Masik, J.; Hubac, I. Adv. Quantum Chem. 1999, 31, 75.

Pittner, J.; Nachtigall, P.; Carsky, P.; Masik, J.; Hubag¢, L. J. Chem. Phys. 1999, 110, 10275.

Hubag, I.; Pittner, J.; Cérsky, P. J. Chem. Phys. 2000, 112, 8779.

Sancho-Garcia, J.C.; Pittner, J.; Carsky, P.; Huba¢, I. J. Chem. Phys. 2000, 112, 8785.
Pittner, J.: Nachtigall, P.; Cérsky, P.; Hubag, I. J. Phys. Chem. A 2001, 105, 1354.



Int. J. Mol. Sci. 2002, 3 706

38.
39.
40.
41.

42.
43.
44.
45.
46.

47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.
60.

61.
62.
63.
64.
65.
66.

Jeziorski, B.; Monkhorst, H.J. Phys. Rev. A 1981, 2/, 1668.
Jeziorski, B.; Paldus, J. J. Chem. Phys. 1988, 88, 5673.
Meissner, L.; Jankowski, K.; Wasilewski, J. Int. J. Quantum Chem. 1988, 34, 535.

Paldus, J.; Pylypow, L.; Jeziorski, B. In Many-Body Methods in Quantum Chemistry; Kaldor,
U., Ed.; Lecture Notes in Chemistry, Vol. 52; Springer: Berlin, 1989; pp. 151-170.

Kucharski, S.A.; Bartlett, R.J. J. Chem. Phys. 1991, 95, 8227.

Balkové, A.; Kucharski, S.A.; Meissner, L.; Bartlett, R.J. Theor. Chim. Acta 1991, 80, 335.
Balkové, A.; Kucharski, S.A.; Bartlett, R.J. Chem. Phys. Lett. 1991, 182, 511.

Piecuch, P.; Paldus, J. Theor. Chim. Acta 1992, 83, 69.

Paldus, J.; Piecuch, P.; Jeziorski, B.; Pylypow, L. In Recent Progress in Many-Body Theories;
Ainsworthy, T.L.; Campbell, C.E.; Clements, B.E.; Krotschek, E., Eds.; Plenum: New York,
1992; Vol. 3, pp. 287-303.

Paldus, J.; Piecuch, P.; Pylypow, L.; Jeziorski, B. Phys. Rev. A 1993, /7, 2738.
Piecuch, P.; Tobota, R.; Paldus, J. Chem. Phys. Lett. 1993, 210, 243.
Piecuch, P.; Paldus, J. Phys. Rev. A 1994, 49, 3479.

Piecuch, P.; Paldus, J. J. Chem. Phys. 1994, 101, 5875.

Li, X.; Piecuch, P.; Paldus, J. Chem. Phys. Lett. 1994, 22/, 267.
Piecuch, P.; Li, X.; Paldus, J. Chem. Phys. Lett. 1994, 230, 377.
Balkova, A.; Bartlett, R.J. J. Chem. Phys. 1994, 101, 8972.

Piecuch, P.; Paldus, J. J. Phys. Chem. 1995, 99, 15354.

Berkovic, S.; Kaldor, U. Chem. Phys. Lett. 1992, 42, 199.

Berkovic, S.; Kaldor, U. J. Chem. Phys. 1993, 98, 3090.

Kowalski, K.; Piecuch, P. Phys. Rev. A 2000, 61, 052506.

Piecuch, P.; Landman, J.I. Parallel Comp. 2000, 26, 913.

Kowalski, K.; Piecuch, P. Chem. Phys. Lett. 2001, 334, 89.

Coester, F. In Lectures in Theoretical Physics; Mahanthappa, K.T.; Brittin, W.E., Eds.;
Gordon and Breach: New York, 1969; Vol. 11B, pp. 157-186.

Lindgren, I. J. Phys. B 1974, 7, 2441.

Mukherjee, D.; Moitra, R.K.; Mukhopadhyay, A. Mol. Phys. 1975, 30, 1861.
Offerman, R.; Ey, W.; Kiimmel, H. Nucl. Phys. A 1976, 273, 349.

Lindgren, I. Int. J. Quantum Chem. Symp. 1978, 12, 33.

Mukhopadhyay, A.; Moitra, R.K.; Mukherjee, D. J. Phys. B 1979, 12, 1.
Kutzelnigg, W. J. Chem. Phys. 1982, 77, 3081.



Int. J. Mol. Sci. 2002, 3

67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
e
78.
79.
80.
81.

82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.

Pal, S.; Prasad, M.D.; Mukherjee, D. Theor. Chim. Acta 1983, 62, 523.

Haque, M.A.; Mukherjee, D. J. Chem. Phys. 1984, 80, 5058.
Kutzelnigg, W. J. Chem. Phys. 1984, 80, 822.

Stolarczyk, L.; Monkhorst, H.J. Phys. Rev. A 1985, 32, 725.
Stolarczyk, L.; Monkhorst, H.J. Phys. Rev. A 1985, 32, 743.
Haque, A.; Kaldor, U. Chem. Phys. Lett. 1985, 117, 347.
Lindgren, I. Phys. Scr. 1985, 32, 291.

Lindgren, I. Phys. Scr. 1985, 32, 611.

Haque, A.; Kaldor, U. Int. J. Quantum Chem. 1986, 29, 425.

Mukherjee, D. Chem. Phys. Lett. 1986, 125, 207.
Kaldor, U. J. Chem. Phys. 1987, 87, 467.
Lindgren, I.; Mukherjee, D. Phys. Rep. 1987, 151, 93.

Kutzelnigg, W.; Mukherjee, D.; Koch. S. J. Chem. Phys. 1987, 87, 5902.
Mukherjee, D.; Kutzelnigg, W.; Koch, S. J. Chem. Phys. 1987, 87, 5911.

707

Pal, S.; Rittby, M.; Bartlett, R.J.; Sinha, D.; Mukherjee, D. Chem. Phys. Lett. 1987, 157,

273.
Ghose, K.B.; Pal, S. J. Chem. Phys. 1988, 97, 3863.

Pal, S.; Rittby, M.; Bartlett, R.J.; Sinha, D.; Mukherjee, D. J. Chem. Phys. 1988, 88, 4357.

Mukherjee, D.; Pal, S. Adv. Quantum Chem. 1989, 20, 291.
Jeziorski, B.; Paldus, J. J. Chem. Phys. 1989, 90, 2714.
Lindgren, I. J. Phys. B 1991, 2/, 1143.

Kaldor, U. Theor. Chim. Acta 1991, 80, 427.

Stanton, J.F.; Bartlett, R.J.; Rittby, C.M.L. J. Chem. Phys. 1992, 97, 5560.

Malinowski, P.; Jankowski, K. J. Phys. B 1993, 26, 3035.
Jankowski, K.; Malinowski, P. J. Phys. B 1994, 27, 829.
Malinowski, P.; Jankowski, K. Phys. Rev. A 1995, 51, 4583.

Hughes, S.R.; Kaldor, U. Int. J. Quantum Chem. 1995, 55, 127.

Meissner, L. J. Chem. Phys. 1995, 103, 8014.

Roeselova, M.; Jacoby, G.; Kaldor, U.; Jungwirth, P. Chem. Phys. Lett. 1998, 293, 309.
Eliav, E.; Kaldor U.; Hess B.A. J. Chem. Phys. 1998, 108, 34009.

Landau, A.; Eliav, E.; Kaldor U. Chem. Phys. Lett. 1999, 313, 399.

Bernholdt, D.E.; Bartlett, R.J. Adv. Quantum Chem. 1999, 3/, 271.



Int.

98.

99.

100.
101.
102.
103.
104.
105.
106.
107.
108.
109.
110.
111.
112.
113.
114.
115.

116.
117.
118.
119.
120.
121.

122.
123.
124.
125.
126.

J. Mol. Sci. 2002, 3 708

Jankowski, K.; Paldus, J.; Grabowski, I.; Kowalski, K. J. Chem. Phys. 1992, 97, 7600; 1994,
101, 1759, Erratum.

Jankowski, K.; Paldus, J.; Grabowski, I.; Kowalski, K. J. Chem. Phys. 1994, 101, 3085.
Nooijen, M.; Bartlett, R.J. J. Chem. Phys. 1997, 106, 6441.
Nooijen, M.; Bartlett, R.J. J. Chem. Phys. 1997, 106, 6812.
Paldus, J.; Adams, B.; Cizek, J. Int. J. Quantum Chem. 1977, 11, 813.
Paldus, J. J. Chem. Phys. 1977, 67, 303.
Adams, B.G.; Paldus, J. Phys. Rev. A 1979, 20, 1.
Piecuch, P.; Paldus, J. Int. J. Quantum Chem. 1989, 36, 429.
Piecuch, P.; Paldus, J. Theor. Chim. Acta 1990, 78, 65.
Jankowski, K.; Meissner, L.; Rubiniec, K. J. Molec. Struct.: THEOCHEM 2001, 57, 55.
Li, X.; Paldus, J. J. Chem. Phys. 1994, 101, 8812.
Jensen, P.; Bunker, P.R. J. Chem. Phys. 1988, 89, 1327.
Shamasundar, K.R.; Pal, S. J. Chem. Phys. 2001, 11/, 1981; 2001, 115, 1979, Erratum.
Kowalski, K.; Piecuch, P. Int. J. Quantum Chem. 2000, 80, 757.
Brandow, B.H. Rev. Mod. Phys. 1967, 39, 771.
Lindgren, I. J. Phys. B 1974, 7, 2441.
Lindgren, I.; Morrison, J. Atomic Many-Body Theory; Springer: Berlin, 1982.

Raghavachari, K.; Trucks, G.W.; Pople, J.A.; Head-Gordon, M. Chem. Phys. Lett. 1989,
157, 479.

Kucharski, S.A.; Bartlett, R.J. J. Chem. Phys. 1998, 108, 9221.
Kowalski, K.; Piecuch, P. J. Mol. Struct.. THEOCHEM 2001, 547, 191.
Kowalski, K.; Piecuch, P. J. Chem. Phys. 2000, 113, 18.

Kowalski, K.; Piecuch, P. J. Chem. Phys. 2000, 113, 5644.

Piecuch, P.; Kowalski, K.; Pimienta, [.S.O. Int. J. Mol. Sci. 2002, 3, 475.

Piecuch, P.; Kowalski, K.; Pimienta, 1.S.0.; Kucharski, S.A. In Low-Lying Potential Energy
Surfaces; Hoffmann, M.R.; Dyall, K.G., Eds.; ACS: Washington, D.C., 2002; ACS Symposium
Series, Vol. 828, pp. 31-64.

Kowalski, K.; Piecuch, P. J. Chem. Phys. 2001, 115, 2966.

Kowalski, K.; Piecuch, P. J. Chem. Phys. 2002, 116, 7411.

Hirao, K. Int. J. Quantum Chem. Symp. 1992, 26, 517.

Meissner, L.; Nooijen M. J. Chem. Phys. 1995, 102, 9604.

Meissner, L.; Kucharski, S.A.; Bartlett, R.J. J. Chem. Phys. 1989, 91, 6187.



Int.

127.
128.
129.
130.
131.
132.
133.

134.
135.
136.
137.
138.
139.
140.
141.
142.
143.
144.
145.
146.
147.
148.

149.

150.
151.

J. Mol. Sci. 2002, 3 709

Meissner, L.; Bartlett, R.J. J. Chem. Phys. 1990, 92, 561.

Geertsen, J.; Rittby, M.; Bartlett, R.J. Chem. Phys. Lett. 1989, 16/, 57.

Stanton, J.F.; Bartlett, R.J. J. Chem. Phys. 1993, 98, 7029.

Piecuch, P.; Bartlett, R.J. Adv. Quantum Chem. 1999, 3/, 295.

Piecuch, P.; Kucharski, S.A.; Kowalski, K. Chem. Phys. Lett. 2001, 344, 176.

Piecuch, P.; Kucharski, S.A.; Spirko, V.; Kowalski, K. J. Chem. Phys. 2001, 115, 5796.

McGuire, M.J.; Kowalski, K.; Piecuch, P. J. Chem. Phys. 2002, 117, XXXX (in press; the
August 22, 2002 issue).

Meissner, L.; Bartlett, R.J. J. Chem. Phys. 2001, 115, 50.

Piecuch, P.; Kowalski, K. (unpublished).

Li, X.; Paldus, J. J. Chem. Phys. 1997, 107, 6257.

Li, X.; Paldus, J. J. Chem. Phys. 1998, 108, 637.

Li, X.; Paldus, J. Chem. Phys. Lett. 1998, 286, 145.

Li, X.; Paldus, J. J. Chem. Phys. 1999, 110, 2844.

Li, X.; Paldus, J. Mol. Phys. 2000, 98, 1185.

Li, X.; Paldus, J. J. Chem. Phys. 2000, 113, 9966.

Bauschlicher, Jr., C.W.; Taylor, P.R. J. Chem. Phys. 1986, 85, 6510.

Bauschlicher, C.W.; Taylor, P.R. J. Chem. Phys. 1987, 86, 2844.

Comeau, D.C.; Shavitt, I.; Jensen, P.; Bunker, P.R. J. Chem. Phys. 1989, 90, 6491.

Landman, J.I.; Piecuch, P. Fortran Forum 2000, 19, 16.

Jankowski, J.; Paldus, J. Int. J. Quantum Chem. 1980, 17, 1243.

Paldus, J.; Wormer, P.E.S.; Benard, M. Coll. Czech. Chem. Commun. 1988, 53, 1919.

Dunning, Jr., T.H.; Hay, P.J. In Methods of Electronic Structure Theory; Schaefer, I11, H.F.,
Ed.; Plenum Press: New York, 1977; Vol. 2, pp. 1-27.

Basis set was obtained from the Extensible Computational Chemistry Environment Basis
Set Database, Version 11/29/01, as developed and distributed by the Molecular Science Com-
puting Facility, Environmental and Molecular Sciences Laboratory which is part of the Pacific
Northwest Laboratory, P.O. Box 999, Richland, Washington 99352, USA, and funded by the
U.S. Department of Energy. The Pacific Northwest Laboratory is a multi-program laboratory

operated by Battelle Memorial Institute for the U.S. Department of Energy under contract
DE-AC06-76RLO 1830. Contact David Feller or Karen Schuchardt for further information.

Nakano, H. J. Chem. Phys. 1993, 99, 7983.

Schmidt, M.W.; Baldridge, K.K.; Boatz, J.A.; Elbert, S.T.; Gordon, M.S.; Jensen, J.H.;
Koseki, S.; Matsunaga, N.; Nguyen, K.A.; Su, S.J.; Windus, T.L.; Dupuis, M.; Montgomery,
J.A. J. Comput. Chem. 1993, 14, 1347.



