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Abstract: The formalism for multi-state multireference configuration-based RayleighSchrödinger perturbation theory and procedures for its implementation for the second-order
and third-order energy within a multireference configuration interaction computer program
are reviewed. This formalism is designed for calculations on electronic states that involve
strong mixing between different zero-order contributions, such as avoided crossings or
mixed valence-Rydberg states. Such mixed states typically display very large differences in
reference-configuration mixing coefficients between the reference MCSCF wave function
and an accurate correlated wave function, differences that cannot be reflected in
state-specific (diagonalize-then-perturb) multireference perturbation theory through third
order. A procedure described in detail applies quasidegenerate perturbation theory based on
a model space of a few state-averaged MCSCF functions for the states expected to participate strongly in the mixing, and can be characterized as a “diagonalize-then-perturb-thendiagonalize” approach. It is similar in various respects to several published methods, including an implementation by Finley, Malmqvist, Roos, and Serrano-Andrés [Chem. Phys.
Lett. 1998, 288, 299–306].
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1. Introduction
The term “mixed electronic states” refers to states in which electronic structures of different types,
such as valence and Rydberg, or covalent and ionic, contribute strongly to the wave function. Moreover, the relative contributions of the different types tend to vary strongly with variations in the molecular geometry, as in the case of avoided curve crossings. In multireference electronic structure calculations for such states, the relative contributions of different reference configurations tend to differ
substantially between the reference (MCSCF) wave function and the final correlated wave function.
For example, the crossing point between the potential energy curves of the covalent and ionic configuration in alkali halides can vary by several Bohr between an MCSCF and a multireference CI calculation [1] (primarily because of the great difficulty in reproducing the electron affinity of the halogen
atom). Obviously, in the region between the MCSCF and correlated crossing points, the MCSCF solution provides the wrong zero-order functions for the multireference treatment. If the computational
model does not allow relaxation of the coefficients of the reference configurations in the correlation
treatment, a correct description of the mixing and of the potential energy surfaces cannot be expected.
Two examples of correlation treatments that are affected by the problem of incorrect mixing are internally-contracted CI [2–5] and state-specific multireference perturbation expansions (of the diagonalize-then-perturb variety) at second and third order, such as CASPT2 [6] and CASPT3 [7]. The reference (MCSCF) function does not interact directly with its orthogonal complement in the reference
space, and therefore the other eigenvectors of the MCSCF Hamiltonian do not contribute to a perturbation expansion before the fourth order in the energy. Solutions for this problem in the case of contracted CI have been introduced [5,8], in which contracted CI excitations based on more than one
MCSCF reference-space eigenvector are included. Similar ideas have been applied in multireference
perturbation theory, as discussed below, and one form of such an approach for second- and third-order
multireference Rayleigh–Schrödinger perturbation theory is described here.
Multireference perturbation approaches fall into two main classes: In quasidegenerate perturbation
theory [9–11], also referred to as “perturb then diagonalize,” a low-dimensional effective Hamiltonian
is constructed using a perturbation expansion for each of its matrix elements, and this effective Hamiltonian is diagonalized to obtain the desired solutions for one or more states. The principal difficulty
with this approach is the problem of intruder states, which can cause the perturbation series to diverge
or to converge extremely slowly. On the other hand, in state-specific perturbation theory, also called
“diagonalize then perturb,” a zero-order function is first constructed by diagonalizing the Hamiltonian
over the reference space, usually by an MCSCF calculation, and a single perturbation expansion is then
constructed over this zero-order function. The principal problem with this approach is the previously
mentioned lack of relaxation of the zero-order function before reaching the computationally demanding fourth order in the energy expansion.
The present paper discusses a form of multireference perturbation theory that can be referred to as a
“diagonalize-then-perturb-then-diagonalize” approach, which is designed to facilitate the relaxation of
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the reference function and thus deal with the mixed-states problem. It begins with a state-averaged
MCSCF [12,13] calculation to provide a small number of model-state zero-order functions, and applies
quasidegenerate perturbation theory to obtain an effective Hamiltonian in that small model space, followed by diagonalization of the effective Hamiltonian to obtain properly-mixed wave functions and
energies. The model states used to construct the effective Hamiltonian are a small subset of the eigenstates of the state-averaged MCSCF Hamiltonian, and if they can be chosen to be well-separated in energy from any other zero-order states the intruder-state problem can be reduced.
This approach has been proposed and implemented, in one form or another, by a number of researchers, including Malrieu and co-workers [14], Sheppard et al. [15], Lisini and Decleva [16], Nakano [17], and Roos and co-workers [18]. The current presentation includes the following specific features:
1. The choices of orbitals and zero-order Hamiltonian try to mimic the Møller–Plesset procedures
that have been found to be very effective in single-reference perturbation expansions.
2. The zero-order Hamiltonians need not be diagonal.
3. A non-Hermitian effective Hamiltonian is generated, based on the Bloch equation.
4. The method is formulated in configuration space, allowing flexibility in the choice of the reference space (including incomplete active spaces), and enabling easy implementation in a CI
program.
5. Uncontracted configuration state functions are used as a basis for the perturbation expansions.
6. Procedures for both second and third order in the energy are included.
The other presentations share many of these features and differ in various respects, such as in the use
of natural orbitals, Epstein-Nesbet partitioning, complete active spaces, diagonal zero-order Hamiltonians, Hermitian effective Hamiltonians, many-body methods, or limitation to second-order energies.
In order to introduce the notation and the overall approach, the fundamentals of Rayleigh–
Schrödinger perturbation theory are reviewed very briefly in a general form in Section 2, and the application to the state-specific multireference treatment is described in Section 3. The generalization for
mixed states is described in Section 4, followed by discussion in Section 5.
2. Rayleigh–Schrödinger perturbation theory for arbitrary zero-order functions
Conventionally, a perturbation treatment begins with the partitioning of the Hamiltonian,
Hˆ = Hˆ 0 + Vˆ ,

(1)

into a zero-order part Hˆ 0 , for which the solutions are known, and a perturbation Vˆ . Then the desired
solutions are expanded, order by order, in the eigenfunctions of Ĥ 0 . Here we shall use the alternative,
more general approach, in which the process is reversed, beginning with a given set of expansion functions and defining Ĥ 0 in terms of these functions. This approach clearly demonstrates the various op-
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tions available in the method, and is often followed in electronic structure presentations.

Given an orthonormal set of zero-order functions Φ1( 0) , Φ (20) , Φ 3( 0) , K, of which one, labeled Φ α( 0) ,

is an approximation for the state of interest, we define a zero-order Hamiltonian
Hˆ 0 = Φ α( 0) Eα( 0) Φ α( 0) +

∑

i , j ≠α

Φ i( 0) Eij( 0) Φ (j0) ,

(2)

(0)
≡ Eα( 0) and Ei(α0) = 0 (i ≠ α ) . We then have
with the Hermitian matrix E ( 0) defined so that Eαα

Hˆ 0 Φ α( 0) = Eα( 0) Φ α( 0) .

(3)

In principle, the choice of the Eij( 0) is arbitrary; however, an appropriate choice is essential, since it determines the convergence rate of the perturbation series. The perturbation is given by
Vˆ = Hˆ − Hˆ 0 ,

(4)

and the perturbation series for the state approximated by Φ α( 0) is
Φ α = Φ α( 0) + ∆Φ α(1) + ∆Φ α( 2) + K ,

(5)

Eα = Eα( 0) + ∆Eα(1) + ∆Eα( 2) + K .

(6)

We also define
n

n

i =1

i =1

Φ α( n ) = Φ α( 0) + ∑ ∆Φ α(i ) , Eα( n ) = Eα( 0) + ∑ ∆Eα(i ) .

(7)

The first-order energy is given in terms of the zero-order wave function,
∆Eα(1) = Φ α( 0) Vˆ Φ α( 0) , Eα(1) = Φ α( 0) Hˆ Φ α( 0) = EαREF .

(8)

The equation for the first-order correction to the wave function is
( Hˆ 0 − Eα( 0) )∆Φ α(1) = − (Vˆ − ∆Eα(1) )Φ α( 0) .

(9)

Expanding the first-order wave function in the zero-order functions,
∆Φ α(1) =

and applying Φ i( 0)

∑ Φ (j0) ∆C (j1α) ,

(10)

j ≠α

(i ≠ α ) from the left, the first-order equation becomes

∑

j ≠α

Φ i( 0) Hˆ 0 − Eα( 0) Φ (j0) ∆C (j1α) = − Φ i( 0) Vˆ − ∆Eα(1) Φ α( 0)

(i ≠ α ) ,

(11)
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resulting in a linear system of equations for the ∆C (j1α) :

∑ ( Eij(0) − Eα(0)δ ij ) ∆C (j1α) = −Viα

(i ≠ α ) ,

(12)

j ≠α

(1)
= 0.
where Vij = Φ i( 0) Vˆ Φ (j0) . Intermediate normalization is imposed by the choice ∆Cαα

In many cases it is convenient to choose an Ĥ 0 that is diagonal in the zero-order functions, putting
Eij( 0) = Ei( 0)δ ij , so that
Hˆ 0 = ∑ Φ i( 0) Ei( 0) Φ i( 0) ,

(13)

i

in which case the linear system has the explicit solution
∆C (j1α) = −

V jα
E (j0)

( j ≠ α).

− Eα( 0)

(14)

In either case, the second- and third-order energy corrections are given by

∆Eα( 2) = Φ α( 0) Vˆ ∆Φ α(1) =

∑Vαj ∆C (j1α) ,

(15)

j ≠α

∆Eα(3) = ∆Φ α(1) Vˆ − ∆Eα(1) ∆Φ α(1) =

∑ ∆Ci(α1) * (Vij − δ ij ∆Eα(1) ) ∆C (j1α) .

(16)

i , j ≠α

3. Multireference perturbation treatment with a single MCSCF zero-order wave function

A. The zero-order functions
An optimized MCSCF wave function in a reference-space of m configuration state functions
Θ1 , Θ 2 , K, Θ m is used as Φ α( 0) :
m

Φ α( 0) = ∑ Θ i Ci(α0) .

(17)

i =1

The m − 1 orthogonal-complement functions in the reference space (the other eigenvectors in the
MCSCF Hamiltonian diagonalization) will be designated Φ1( 0) , Φ (20) , K , Φ α( 0−)1 , Φ α( 0+)1 , K , Φ (m0) , while
all other (“external”) configuration state functions will be Φ i( 0) ≡ Θ i

(i > m) .

As a consequence of the diagonalization of the Hamiltonian in the MCSCF space,
H βγ = H ββ δ βγ

( β , γ ≤ m) ,

it is reasonable to choose the zero-order Hamiltonian in the form

(18)
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Hˆ 0 =

m

∑ Φ (β0)

β =1

E β(0) Φ (β0) +

∑

i, j >m

Φ i(0) Eij(0) Φ (j0) ,

(19)

so that the reference-space block of the E ( 0) matrix is diagonal. Therefore
V βγ = V ββ δ βγ

( β , γ ≤ m) ,

(20)

and the orthogonal complement functions Φ (β0) ( β ≠ α , β ≤ m) do not contribute to the first-order
wave function and to the second- and third-order energies and need not be obtained explicitly. The
same is true for all external functions that are higher than doubly excited relative to all the reference
configurations. Note that the indices α , β , γ are used to refer to the multiconfigurational functions
generated by diagonalization of the MCSCF Hamiltonian, while i, j usually refer to individual configuration state functions Θ i (including Φ i( 0) ≡ Θ i for i > m ). We also have
Vij = H ij − Eij( 0)

(i, j > m) ,

(21)

so that the calculations can be carried out in terms of the usual CI matrix elements H ij .

B. The zero-order Hamiltonian
Since Møller–Plesset partitioning is very effective in the single-reference case, it is reasonable to
make Ĥ 0 as close as possible to a suitably-chosen generalized Fock operator,

Fˆ = ∑ f pq Eˆ pq ,

(22)

p ,q

where Ê pq is a unitary group generator (excitation operator), and the summations are over the orbitals.
Therefore the energy parameters matrix E ( 0) is defined as
Eij( 0) = Φ i( 0) Fˆ Φ (j0) = ∑ f pq Φ i( 0) Eˆ pq Φ (j0)

(i, j > m or i = j = α ) .

(23)

p ,q

Elements of E ( 0) in which one or both indices refer to orthogonal-complement functions
Φ (β0) ( β ≠ α , β ≤ m) do not enter into the calculation of the first-order wave function and the second(0)
= 0 for
and third-order energy, and need not be specified in the present treatment (except that Eαβ

β ≠ α ). The principal difference between Ĥ 0 and F̂ is the omission from Ĥ 0 of any contributions
from Φ i( 0) Fˆ Φ α( 0) elements with i > m ; assuming Φ α( 0) is an optimized MCSCF wave function that
satisfies a generalized Brillouin theorem [19], it should be possible to choose the Fock operator so that
all or most such matrix elements vanish.
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For the MCSCF reference function the matrix elements of the Ê pq generators are just density matrix elements,
Φ α( 0) Eˆ pq Φ α( 0) = D αpq ,

(24)

and the zero-order energy is
Eα( 0) = ∑ f pq D αpq .

(25)

p ,q

For diagonal elements Eii( 0) (i > m), the Ê pq matrix elements simplify to
Φ i( 0) Eˆ pq Φ i( 0) = n p (Φ i( 0) )δ pq

(i > m) ,

(26)

where n p (Φ i( 0) ) is the occupation number of the p-th orbital in Φ i( 0) , so that
Eii( 0) = ∑ n p (Φ i( 0) ) f pp

(i > m) .

(27)

p

If the Fock matrix f is diagonal, so is the E ( 0) matrix, because
Φ i( 0) Eˆ pp Φ (j0) = n p (Φ i( 0) ) δ ij

(i > m) .

(28)

It has been argued [20–22] that for size consistency (see Section 5) in multireference PT the zeroorder Hamiltonian should include certain two-electron terms. The Ĥ 0 proposed by Dyall [20] includes the two-electron interactions between active orbitals in matrix elements connecting configuration state functions that differ only in their active-orbital part. Such terms do not add an unduly large
number of contributions to the matrix of Ĥ 0 , and do not substantially increase the computational effort
for the solution of the linear equations for the perturbed wave function.
C. Choice of the generalized Fock operator
The simplest choice for the generalized Fock operator is a generic (spin-averaged) form, with
f pq = h pq + ∑  [ pq; rs ] − 12 [ pr ; qs ]  Drsα ,

r ,s 

(29)

where
h pq = χ p hˆ χ q

and [ pq; rs ] = χ p (1) χ r (2)

1
χ (1) χ s (2)
r12 q

are one-electron and two-electron integrals over the MCSCF orbitals. This choice reduces to ordinary
Møller–Plesset partitioning in the single-reference closed-shell RHF case.
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A more elaborate choice involves the true MCSCF Fock matrix [23] (which becomes symmetric
upon convergence),
f pq =


1 
α
α 
∑ h pr Dqr + ∑ [ pr ; st ]d qr , st  ,
2  r

r , s ,t

(30)

where
α
(0)
d qr
, st = Φ a

1
(eˆ
+ eˆqr ,ts ) Φ α( 0)
2 qr , st

(31)

is a two-body density-matrix element and eˆqr , st = Eˆ qr Eˆ st − δ sr Eˆ qt . However, a different definition,
such as Eq. (29), is needed in this case for f pq elements involving virtual orbitals, since density matrix
elements involving at least one virtual orbital vanish. Other choices of the generalized Fock operator
and of Ĥ 0 have been discussed, e.g., by Hirao [24], Kozlowski and Davidson [25], Zaitsevskii and
Malrieu [26], Dyall [20], Andersson [27], and Roos et al. [18(a)], and are often aimed at providing a
better balance between the treatments of closed- and open-shell states, thus improving the calculation
of excitation energies.
Any linear transformation flexibility in the choice of the individual MCSCF orbitals can be resolved
so as to make the Fock matrix f as diagonal as possible. But even if f is not diagonal, the matrix E ( 0)
is very sparse, because F̂ is a one-electron operator and can have nonvanishing matrix elements only
between configuration state functions differing by at most one orbital. This property makes the solution of the linear system (12) relatively easy. A limited use of two-body terms in Ĥ 0 , as in Dyall’s
Hamiltonian [20], does not greatly increase the difficulty of this procedure.
D. Evaluation of the perturbation series in a CI program

The principal computational step in a direct CI program is the application of the Hamiltonian operator to a trial vector. This step can easily be used to calculate the first-order wave function and secondand third-order energies in the perturbation expansion.
Beginning with a trial vector cα( 0) in which the first m components Ci(α0)

(i = 1, 2, K, m) are the

coefficients of the reference configurations in the MCSCF wave function, Eq. (17), and all other components are zero, and noting that
m

V jα = Φ (j0) Hˆ Φ α( 0) = ∑ Θ j Hˆ Θ i Ci(α0) = (Hcα( 0) ) j

( j > m)

(32)

i =1

(where the matrix H is defined in terms of the original configuration state functions Θ j , with
Φ (j0) ≡ Θ j for j > m ), we obtain the ∆cα(1) vector of first-order coefficients by solving the linear
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equations (12) or, in the diagonal case, from Eq. (14). The computational effort of this step is quite
small, because the nonzero part of cα( 0) is very short. The first-order wave function is then
Φ α(1) = ∑ Θ j C (j1α) ,

(33)

j

where cα(1) = cα( 0) + ∆cα(1) and the first m components of ∆cα(1) are zero because of (20).
Once ∆cα(1) has been obtained, the second-order energy is easily computed from Eq. (15). An application of the Hamiltonian to ∆cα(1) , in the form

∑ (Vij − δ ij ∆Eα(1) ) ∆C (j1α) = [(H − E (0) − ∆Eα(1) 1)∆ cα(1) ] i

(i > m) ,

(34)

j >m

allows the evaluation of the third-order energy correction from Eq. (16). This last step is equivalent in
computational effort to one CI iteration. The multireference perturbation theory calculation can in fact
serve as an initial step in a CI treatment.
4. The treatment of mixed electronic states
Mixed electronic states are characterized by large changes in the relative contributions of the reference configurations in a well-correlated final wave function compared to the zero-order MCSCF function. Typically the reason for this behavior is that two or more zero-order wave functions are close in
energy and can mix strongly in the wave functions for the corresponding correlated electronic states.
Examples are provided by avoided crossing regions in potential energy curves and surfaces and by
states that involve mixing of valence and Rydberg character. The number of zero-order functions involved in the mixing is usually quite small, typically just a few multiconfigurational functions.
This problem can be dealt with by the use of quasidegenerate perturbation theory (QDPT) based on
a model space consisting of the few zero-order functions expected to mix strongly in the states of interest. These zero-order functions (“model states”) are a small subset of the multiconfigurational expansions obtained in the diagonalization of an MCSCF Hamiltonian over the reference space. An effective Hamiltonian is then constructed in second order and, if desired, third order and diagonalized to
provide improved energies and wave functions. While the reference space may be quite large, only a
few model states (each of which is an expansion over all the reference configurations) are used, and if
these model states can be chosen to be well separated in energy from other states, the intruder-state
problem common in QDPT treatments is not likely to be significant in this approach. However, it may
be difficult to maintain such a separation while avoiding discontinuities in the model space over a wide
range of geometries on a potential energy surface.
The procedure begins with a state-averaged MCSCF calculation in order to determine orbitals that
represent a compromise between those most suitable for each of the individual zero-order functions
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likely to be involved in the mixed states. The coefficients of the reference configurations obtained in
the MCSCF diagonalization for the contributing states provide a number of zero-order vectors
cα( 0)

(α = 1, 2, K , l , l << m) defining the corresponding model-state zero-order functions Φ α( 0) .

These functions are a small subset of the functions Φ (β0) , β = 1, 2, K , m , discussed in the previous
section, and like them, are orthonormal and noninteracting over Ĥ (and over Vˆ ). The cα(0) vectors are
collected into a matrix C ( 0) of l columns, in which at most the first m rows (corresponding to the reference configurations) are nonzero.
The zero-order Hamiltonian is chosen as in Eq. (19), with the whole reference block of E ( 0) taken
to be diagonal, so that we have
Hˆ 0 Φ α( 0) = Eα( 0) Φ α( 0)

(α = 1, 2, K , l ) ,

(35)

and elements of E ( 0) involving orthogonal-complement functions Φ (β0) , l < β ≤ m , do not enter into
the calculation of the first-order wave function and the second- and third-order energies.
The effective Hamiltonian Ĥ EFF is expanded as
Hˆ EFF = Hˆ 0 + Wˆ = Hˆ 0 + Wˆ (1) + Wˆ ( 2) + K ,

(36)

where Ŵ is known as the shift operator. Only the model-space part of these operators is needed, and
can be represented by l × l matrices,
H EFF = H 0 + W = H 0 + W (1) + W ( 2) + K ,

(37)

where the zero-order part is simply the diagonal model-space block of E ( 0) ,
(H 0 )αβ = Eα(0 )δ αβ

(α , β = 1, 2, K, l ) .

(38)

We also define
n

H ( n ) = H 0 + ∑ W (i ) .

(39)

i =1

The first-order effective Hamiltonian is simply the corresponding portion of the diagonalized MCSCF
Hamiltonian,
(1)
H αβ
= Φ α Hˆ Φ β = EαMCSCFδ αβ

(α , β = 1, 2, K , l ) .

(40)

The effective Hamiltonian is related to the original Hamiltonian by a similarity transformation
that decouples the model-space part from the rest of the Hilbert space,
CH EFF = HC ,

(41)
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where the l-column decoupling matrix C, which is a representation of the wave operator, has the order-by-order expansion
C = C ( 0) + ∆C (1) + ∆C ( 2 ) + K

(42)

in terms of the coefficient matrices defining the order-by-order expansions of the wave functions. As
before, the matrix H (unlike H 0 in Eq. (38)) is defined in terms of the individual configuration state
functions Θ i . Equation (41) is a representation of the Bloch equation [9] in the configuration-statefunction basis. Note that the first m rows of ∆C (1) are zero because of intermediate normalization and
the noninteracting nature of the functions Φ α( 0 ) (α ≤ m) .
The first-order wave operator is represented by the l-column matrix C (1) = C ( 0) + ∆C (1) constructed
from the first-order vectors cα(1) = cα( 0) + ∆cα(1)

(α = 1, 2, K , l ) calculated for each of the zero-order

functions by Eq. (12) or (14), analogously to the single-state calculations described in the previous section. The second-order non-Hermitian shift operator is then obtained as
( 2)
Wαβ
= Φ α(0) Vˆ ∆Φ (β1) = ∑ Vα i ∆C i(β1) = ∑ (Hcα(0) ) *i ∆Ci(β1)
i

(α , β = 1, 2, K , l ) .

(43)

i

Solution of the l × l non-Hermitian eigenvalue problem
H ( 2) X (1) = X (1) E ( 2)

(44)

provides the second-order energies in the diagonal matrix of eigenvalues E ( 2) and the expansion coefficients of the properly-mixed first-order wave functions
l
~
(1)
Ψα(1) = ∑ Φ (β1) X βα
= ∑ Θ j C (j1α)

β =1

(45)

j

by the transformation

~
C (1) = C (1) X (1) .

(46)

For the calculation of the third-order shift operator we note that Wigner's (2n + 1) rule does not apply to the off-diagonal elements of the non-Hermitian shift operator, and therefore W (3) cannot be
fully obtained from the first-order wave functions. Instead it is computed from the second-order wave
functions,
(3)
Wαβ
= Φ α(0) Vˆ ∆Φ (β2)

(α , β = 1, 2, K , l ) .

(47)

The complete second-order wave functions include contributions from triple and quadruple excitations
and from the orthogonal complement space

{Φ

( 0)

γ

(l < γ ≤ m )}. However, as seen from Eq. (47), only

those terms that interact (across Vˆ ) with the zero-order functions, i.e., the single- and double-
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excitation terms, are required. If we choose E ( 0) to have no off-diagonal elements coupling the higher
excitations with the single and double excitations, we can decouple the equations for the single- and
double-excitation coefficients from the others and solve for these from the linear equations system

∑ ( Eij(0) − Eα(0)δ ij ) ∆C (jα2) = − ∑ Vij ∆C (j1α) + ∆Ci(α1)Vαα
j >m

(i > m) .

(48)

j >m

In fact, in the diagonal case these coefficients are obtained directly from
∆Ci(α2) = −

1
Ei(0)

− Eα

( 0)

∑ (Vij − δ ijVαα )∆C (j1α)

(i > m) .

(49)

j >m

In either case, the principal computational step is the calculation of the matrix-vector products
(V − Vαα 1)∆ cα(1) = (H − E (0) − ∆Eα(1) 1)∆ cα(1) (α = 1, 2, K , l ) ,

(50)

so that the computational effort is not very different from l times the work required for the calculation
of the third-order energy for the single state case, Eq. (34).
The third-order shift-operator matrix elements are easily obtained by the contraction of vector pairs,
(3)
Wαβ
= ∑ Vα i ∆Ci(β2) = ∑ (Hcα(0) )*i ∆Ci(β2)
i

(α , β = 1, 2, K , l ) .

(51)

i

This step is followed by the solution of the non-Hermitian eigenvalue problem for the third-order effective Hamiltonian matrix H (3) to obtain the third-order energies Eα(3) . While a transformation matrix
~
X ( 2) is also obtained, and can be used to obtain the transformed coefficients matrix C ( 2) for the rele-

vant part of the second-order wave functions Ψα( 2) , it does not provide the complete second-order
wave function, because of the omission of the higher excitations and the orthogonal complement functions. Once the truncated second-order wave function has been obtained, the construction of the thirdorder effective Hamiltonian matrix and the diagonalization require little computational effort, and thus
the total effort is still about l times the effort in the single-state case.
An important aspect in which this treatment differs from the single-state case is the fact that it is no
longer possible to tailor the zero-order Hamiltonian to resemble closely an appropriate Fock operator
for each of the states in question, because of the use of state-averaged MCSCF. This aspect is the most
serious shortcoming of the approach, especially in cases in which the model states differ greatly in the
character of their orbitals. Furthermore, the most reasonable choices for the generalized Fock operator,
and thus for Ĥ 0 , are likely to involve more nonzero off-diagonal elements in E ( 0) and V, and to be
less analogous to the Møller–Plesset partitioning of single-reference perturbation theory. Nevertheless,
the E ( 0) matrix should remain very sparse, because it is the matrix representation of a one-electron
operator (the state-averaged Fock operator). Another potential problem is that it may be very difficult
to choose a model space that does not vary discontinuously over a potential energy surface.
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5. Discussion

The principal advantage of Rayleigh–Schrödinger perturbation theory over configuration interaction
is the extensivity of the energy in each order of perturbation, i.e., the proper scaling of the energy with
the extent of the system [28]. This property is a consequence of the true order-by-order nature of the
Rayleigh–Schrödinger perturbation expansion (unlike Brillouin–Wigner perturbation theory, in which
the infinite-order energy appears in each order of the energy expression). In a many-body formulation
extensivity can be determined by demonstrating the absence of unlinked-diagram terms in the energy
expressions. However, multireference many-body treatments using incomplete model spaces generally
contain some unlinked diagrams, and thus are not exactly extensive [29,30]. In the present, configuration-based treatment the diagrammatic analysis is not easily applied. As in the many-body approach, it
is to be expected that extensivity of the proposed method would depend on the choice of the model
space, but the true order-by-order nature of the expansion should help in providing approximate extensivity .
A related property is size consistency [31] (or strict separability [26]), which requires that the energy calculated for a system consisting of noninteracting fragments be equal to the sum of the energies,
calculated by the same model, for the separate fragments. This property ensures proper description of
bond breaking. However, a perturbation expansion cannot be size consistent, in general, unless the reference function is size consistent. In a Hartree–Fock-based single-reference perturbation expansion
(Møller–Plesset perturbation theory) size consistency usually requires the use of an unrestricted Hartree–Fock (UHF) reference function, which has undesirable consequences [32,33]. In multireference
methods size consistency is not easily defined because of the difficulty in specifying equivalent reference spaces for the total system and its fragments. Therefore, the approach normally used in describing bond breaking and other processes in multireference calculations is to treat the system as a single
unit in all its configurations, including its dissociation asymptotes. This procedure, called the supermolecule approach, usually produces satisfactory dissociation energies even in truncated CI calculations [34] (which are not size consistent by the usual definition), provided the reference function dissociates properly. In a single-state expansion based on an MCSCF zero-order function the reference
space can be chosen to ensure proper dissociation of that function and, using the supermolecule approach, of the order-by-order energy results (assuming there are no other approximations, such as
omission of terms from the summations). It is likely that the same statement can be applied to the procedure discussed here for mixed states.
There have been many formulations of multireference perturbation theory, both state-specific and
quasidegenerate [6,7,21,22,35–52]. Several (e.g., [21,22,52]) have focused specifically on achieving
extensivity and/or size consistency (see also [53,54]). The single-state treatment described in Section
3 is similar to the approach of Hirao [48], differing from it primarily in how the flexibility in the
choice of the MCSCF orbitals is used and, therefore, in the choice of the Fock matrix elements. Unlike
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CASPT2 [6] and CASPT3 [7], the present treatment does not assume a complete-active-space reference space. On the other hand, the CASPT methods expand the perturbed wave functions in contracted excited functions, rather than in the individual configuration state functions used in the present
approach, resulting in much shorter expansions (at the cost of a more complicated procedure). The
multi-state generalization shares some ideas with extensions to the contracted CI approach for dealing
with mixed stated [8]. The key elements in the approach described here are the attempt to mimic
Møller–Plesset partitioning and the use of just a few state-averaged MCSCF wave functions to define
the model space for a QDPT calculation of the second- and third-order energies. The method treats the
several mixing states symmetrically, and since it is configuration based rather than a many-body approach, it avoids the difficulties that the use of such model states would present for a diagrammatic
formalism. However, this gain is obtained at the probable cost of a less efficient procedure than may
be possible in a diagrammatic method.
A diagonal version of the single-state approach described in Section 3 was reported by Shavitt and
Stahlberg in 1991 [55,56] after implementation and testing in the COLUMBUS program system [57].
This implementation was later generalized to the nondiagonal case [57(b)]. The multistate formalism
has been implemented in a development version of the COLUMBUS program system. It differs from the
method of Roos and co-workers [18] in several respects: It is not limited to complete-active-space reference spaces; it expands the perturbed wave functions in uncontracted excited configuration state
functions instead of contracted excitation functions; and it includes the third-order capability. Test applications of this formalism have reproduced the second-order results of Roos and co-workers [18(b)]
for the avoided crossing in LiF and for the V-state of ethylene, and produced moderate improvements
in third order [58].
The idea of a model space focusing on just a few model states, much smaller in number than the
size of the reference space in which the model states are constructed, is also a feature of the intermediate Hamiltonian method of Malrieu and co-workers [41,59]. Among reviews of multireference perturbation methods are those by Malrieu and co-workers [59] and Hirao and co-workers [60].

References

1.

Kahn, L. R.; Hay, P. J.; Shavitt, I. J. Chem. Phys. 1974, 61, 3530–3546.

2.

Meyer, W. In Methods of Electronic Structure Theory; Schaefer, H. F., III, Ed.; Plenum: New
York, 1977, Chapter 11, p 413–446.

3.

Siegbahn, P. E. M. Int. J. Quantum Chem. 1980, 18, 1229–1242.

4.

Werner, H.-J.; Reinsch, E.-A. J. Chem. Phys. 1982, 76, 3144–3156.

5.

Werner, H.-J.; Knowles, P. J. J. Chem. Phys. 1988, 89, 5803–5814.

6.

(a) Andersson, K.; Malmqvist, P.-Å.; Roos, B. O.; Sadlej, A. J.; Wolinski, K. J. Phys. Chem.
1990, 94, 5483–5488. (b) Andersson, K.; Malmqvist, P.-Å.; Roos, B. O. J. Chem. Phys. 1992, 96,

Int. J. Mol. Sci. 2002, 3,

653

1218–1226.
7.

Werner, H. Mol. Phys. 1996, 89, 645–661.

8.

Knowles, P. J.; Werner, H.-J. Theor. Chim. Acta 1992, 84, 95–103.

9.

(a) Bloch, C. Nucl. Phys. 1958, 6, 329–347. (b) Bloch, C.; Horowitz, J. ibid. 1958, 8, 91–105.

10. (a) Brandow, B. H. Rev. Mod. Phys. 1967, 39, 771–828. (b) Brandow, B. H. Adv. Quantum Chem.
1977, 10, 187–249.

11. Primas, H. Rev. Mod. Phys. 1963, 35, 710–712.
12. Docken, K. K.; Hinze, J. J. Chem. Phys. 1972, 57, 4928–4936.
13. Ruedenberg, K.; Cheung, L. M.; Elbert, S. T. Int. J. Quantum Chem. 1979, 16, 1069–1101.
14. (a) Daudey, J.-P.; Malrieu, J.-P. In Current Aspects of Quantum Chemistry 1981. Carbo, R., Ed.
Elsevier: Amsterdam, 1982, pp. 35–64. (b) Spiegelman, F.; Malrieu, J.-P. J. Phys. B 1984, 17,
1235–1257, 1259–1279.
15. Sheppard, M. G.; Schneider, B. I.; Martin, R. L. J. Chem. Phys. 1983, 79, 1364–1368.
16. (a) Lisini, A.; Decleva, P. Chem. Phys. 1992, 168, 1–13. (b) Lisini, A.; Decleva, P. J. Phys. B
1994, 27, 1325–1339.

17. (a) Nakano, H. Chem Phys. Lett. 1993, 207, 372–378. (b) Nakano, H. J. Chem. Phys. 1993, 99,
7983–7992. (c) Nakano, H.; Nakatani, J.; Hirao, K. J. Chem. Phys., 2001, 114, 1133–1141.
18. (a) Roos, B. O.; Andersson, K.; Fülscher, M. P.; Malmqvist, P.-Å.; Serrano-Andrés, L. Adv.
Chem. Phys. 1996, 93, 219–331. (b) Finley, J.; Malmqvist, P.-Å.; Roos, B. O.; Serrano-Andrés, L.
Chem. Phys. Lett. 1998, 288, 299–306.
19. Levy, B.; Berthier, G. Int. J. Quantum Chem. 1968, 2, 307–319 (erratum ibid. 1969, 3, 247).
20. Dyall, K. G. J. Chem. Phys. 1995, 102, 4909–4918.
21. Mahapatra, U. S.; Datta, B.; Mukherjee, D. Chem. Phys. Lett. 1999, 299, 42–50.
22. Angeli, C.; Cimiraglia, R.; Evangelisti, S.; Leininger, T.; Malrieu, J.-P. J. Chem. Phys. 2001, 114,
10252–10264.
23. Hinze, J. J. Chem. Phys. 1973, 59, 6424–6432.
24. Hirao, K. Chem. Phys. Lett. 1992, 196, 397–403.
25. (a) Kozlowski, P. M.; Davidson, E. R. J. Chem. Phys. 1994, 100, 3672–3682. (b) Kozlowski,
P. M.; Davidson, E. R. Chem. Phys. Lett. 1994, 222, 615–620, 226, 440–446.
26. Zaitsevskii, A.; Malrieu, J.-P. Chem. Phys. Lett. 1995, 233, 597–604.
27. Andersson, K. Theor. Chim. Acta 1995, 91, 31–46.
28. Bartlett, R. J. (1981) Ann. Rev. Phys. Chem. 1981, 32, 359–401.
29. Sheppard, M. G. J. Chem. Phys. 1984, 80, 1225–1229.
30. Meissner, L.; Jankowski, K. Int. J. Quantum Chem. 1989, 36, 705–726.
31. Pople, J. A.; Binkley, J. S.; Seeger, R. Int. J. Quantum Chem., Quantum Chem. Symp. 1976, 10,
1–19.
32. Lepetit, M. B.; Pélissier, M.; Malrieu, J. P. J. Chem. Phys., 1988, 89, 998–1008.
33. Gill, P. M. W.; Pople, J. A.; Radom, L.; Nobes, R. H. J. Chem. Phys. 1988, 89, 7307–7314.

Int. J. Mol. Sci. 2002, 3,

654

34. (a) Del Bene, J. E.; Shavitt, I. Int. J. Quantum Chem. Quantum Chem. Symp. 1989, 23, 445–452.
(b) Del Bene, J. E.; Stahlberg, E. A.; Shavitt, I. ibid. 1990, 24, 455–466. (c) Del Bene, J. E.;
Shavitt, I. J. Mol. Struct. (THEOCHEM) 1991, 234, 499–508.
35. Löwdin, P. O. J. Math. Phys. 1962, 3, 969–982.
36. Huron, B.; Malrieu, J. P.; Rancurel, P. J. Chem. Phys. 1973, 58, 5745–5759.
37. Lindgren, I. J. Phys. B 1974, 7, 2441–2470.
38. (a) Kaldor, U. J. Chem. Phys. 1975, 63, 2199–2205. (b) Hose, G.; Kaldor, U. J. Phys. B 1979, 12,
3827–3855. (c) Hose, G. J. Chem. Phys. 1986, 84, 4505–4518. (d) Hose, G. In Many-Body Methods in Quantum Chemistry. Kaldor, U., Ed., Springer: Berlin, 1989, pp 43–64.
39. (a) Hegarty, D.; Robb, M. A. Molec. Phys. 1979, 37, 1455–1468. (b) Baker, H.; Hegarty, D.;
Robb, M. A. ibid. 1980, 41, 653–668; (c) McDouall, J. J. W.; Peasley, K.; Robb, M. A. Chem.
Phys. Lett. 1988, 148, 183–189.
40. (a) Sun, H.; Sheppard, M. G.; Freed, K. F. J. Chem. Phys. 1981, 74, 6842–6848. (b) Freed, K.F. In
Many-Body Methods in Quantum Chemistry. Kaldor, U., Ed., Springer: Berlin, 1989, pp 1–21.
41. Malrieu, J.-P.; Durand, P.; Daudey, J. P. J. Phys. A 1985, 18, 809–826.
42. (a) Wolinski, K.; Sellers, H. L.; Pulay, P. Chem. Phys. Lett. 1987, 140, 225–231. (b) Wolinski, K.;
Pulay, P. J. Chem. Phys. 1989, 90, 3647–3659.
43. (a) Kucharski, S. A.; Bartlett, R. J. Int. J. Quantum Chem., Quantum Chem. Symp. 1988, 22, 383–
405. (b) Meissner, L.; Bartlett, R. J. J. Chem. Phys. 1989, 91, 4800–4808.
44. (a) Cave, R. J.; Davidson, E. R. J. Chem. Phys. 1988, 88, 5770–5778, 89, 6798–6814. (b) Murray,
C.; Racine, S. C.; Davidson, E. R. Int. J. Quantum Chem. 1992, 42, 273–285.
45. Jeziorski, B.; Moszinski, R.; Rybak, S.; Salewicz, K. In Many-Body Methods in Quantum Chemistry. Kaldor, U., Ed., Springer: Berlin, 1989, pp 65–94.
46. (a) Murphy, R. B.; Messmer, R. P. Chem. Phys. Lett. 1991, 183, 443–448. (b) Murphy, R. B.;
Messmer, R. P. J. Chem. Phys. 1992, 97, 4170–4184.
47. (a) Hoffmann, M. R. Chem. Phys. Res. 1991, 2, 27–32. (b) Hoffmann, M. R. Chem. Phys. Lett.
1992, 195, 127–134.

48. (a) Hirao, K. Chem. Phys. Lett. 1992, 190, 374–380. (b) Hirao, K. ibid. 1993, 201, 59–66.
49. (a) Angeli, C.; Cimiraglia, R.; Persico, M.; Toniolo, A. Theor. Chem. Acc. 1997, 98, 57–63.
(b) Angeli, C.; Persico, M. ibid. 1997, 98, 117–128.
50. Celani, P.; Werner, H.-J., J. Chem. Phys. 2000, 112, 5546–5557.
51. Grimme, S.; Waletzke, M. Phys. Chem. Chem. Phys. 2000, 2,2075–2081.
52. Angeli, C.; Cimiraglia, R.; Malrieu, J.-P. Chem. Phys. Lett. 2001, 350, 297–305.
53. Heully, J. L.; Malrieu, J. P.; Zaitsevskii, A. J. Chem. Phys. 1996, 105, 6887–6891.
54. Mahapatra, U. S.; Datta, B.; Mukherjee, D. Mol. Phys. 1998, 94, 157–171.
55. Shavitt, I.; Stahlberg, E. A. (1991) State-specific multireference perturbation theory with Møller–
Plesset-like partitioning: second and third order, presented at the Symposium on Current Methods
and Applications in Quantum Chemistry, Youngstown State University, Youngstown, Ohio, Sep-

Int. J. Mol. Sci. 2002, 3,

655

tember 1991; presented at the 32nd Sanibel Symposium, St. Augustine, Florida, March 1992.
56. Stahlberg, E. A., Application of Multireference Based Correlation Methods to the Study of Weak
Bonding Interactions; Ph.D. Dissertation, Ohio State University: Columbus, Ohio, 1991.
57. (a) Shepard, R.; Shavitt, I.; Pitzer, R. M.; Comeau, D. C.; Pepper, M.; Lischka, H.; Szalay, P.;
Ahlrichs, R.; Brown, F. B.; Zhao, J.-G. Int. J. Quantum Chem. Quantum Chem. Symp. 1988, 22,
149–165. (b) Lischka, H.; Shepard, R.; Pitzer, R. M.; Shavitt, I.; Dallos, M.; Müller, T.; Szalay,
P. G.; Seth, M.; Kedziora, G. S.; Yabushita, S.; Zhang, Z. Phys. Chem. Chem. Phys. 2001, 3,664–
673. For information on the latest version and its availability see the COLUMBUS home page at
http://www.itc.univie.ac.at/~hans/Columbus/columbus.html.
58. Lischka, H.; Dallos, M.; Shavitt, I. Unpublished.
59. (a) Durand, P.; Malrieu, J.-P. Adv. Chem. Phys. 1987, 67, 321–412. (b) Malrieu, J.-P.; Heully.
J.-L.; Zaitsevskii, A. J. Phys. A 1985, 18, 809–826.
60. (a) Nakano, H.; Yamanishi, M.; Hirao, K. Trends Chem. Phys. 1997, 6, 167–214. (b) Hirao, K.;
Nakayama, K.; Nakajima, T.; Nakano, H. In Computational Chemistry; Lesczinski, J., Ed.;
World-Scientific: Singapore, 1999, pp. 227–270.

© 2002 by MDPI (http://www.mdpi.org).

