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Abstract: The second law analysis of heat transfer of a non-Newtonian, laminar falling
liquid film along an inclined heated plate is investigated. The upper surface of the liquid
film is considered free and adiabatic. Velocity and temperature profiles are obtained
analytically and used to compute the entropy generation number (Ns), irreversibility ratio
(Ф) and the Bejan number (Be) for several values of the viscous dissipation parameter
(BrΩ-1), viscosity index (n) and the dimensionless axial distance (X). The Bejan number
increases in the transverse direction and decreases as the viscous dissipation parameter
(BrΩ-1) increases. The numerical results show that the Bejan number decreases as the
viscous dissipation parameter (BrΩ-1), Peclet number (Pe) and the viscosity index (n)
increase.
Keywords: Second law, Falling liquid film, heat transfer, Non-Newtonian fluids, Bejan
number.
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thermal diffusivity, m2 / s
Brinkman Number, µu2m / λ∆T
viscous dissipation parameter
Bejan Number
specific heat, J / kg K
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gravitational acceleration, m / s2
viscosity index
dimensionless entropy generation number
Peclet number, umδ / α
constant heat flux at the wall, W / m2
mass flow rate, kg / m s
entropy generation rate, W / m3 k
temperature, K
axial velocity, m
dimensionless axial velocity
axial distance, m
dimensionless axial distance
vertical distance, m
dimensionless vertical distance

Greek Symbols
δ
∆T
θ
Θ
k
µ
Ω
Ф
ρ

liquid film thickness, m
reference temperature difference, K
inclination angle, radian
dimensionless temperature
thermal conductivity, W / m K
dynamic viscosity, Pa. s
dimensionless temperature difference, ∆T / T0
irreversibility ratio
density of the fluid, kg / m3

Subscripts
m
0

maximum value
reference value

Introduction
The study of second law analysis of a non-Newtonian, laminar falling liquid film along an inclined
heated plate has many significant applications in thermal engineering and industries. Starting from
petroleum drilling equipment to various industrial exchanger systems, this type of geometry can be
observed. Meanwhile, the improvement in thermal systems as well as energy utilization during the
convection in any fluid is one of the fundamental problems of the engineering processes, since
improved thermal systems will provide better material processing, energy conservation and
environmental effects [1]. One of the methods used for predicting the performance of the engineering
processes is the second law analysis. The second law of thermodynamics is applied to investigate the
irreversibility in terms of the entropy generation rate. Since the entropy generation is a measure of the
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destruction of the available work of the system, the determination of the active sites motivating the
entropy generation is also important in upgrading the system performances. This method was
introduced by Bejan [2, 3], Bejan and Tien [4] and Bejan [5]. The method was followed by many other
investigators e.g. [6, 7].
Saouli and Aiboud-Saouli [7] applied the second law analysis for the Newtonian, laminar falling
liquid film along an inclined heated plate. They considered the upper surface of the liquid film free and
adiabatic and the lower wall fixed with constant heat flux. Their results show that the entropy
generation number and the irreversibility ratio decrease in the transverse direction and increases as the
viscous dissipation parameter (BrΩ-1) increases. Their results revealed the possibility of irreversibility
ratio Ф ≥ 1 i.e. the fluid friction irreversibility dominates over the heat transfer irreversibility.
Recently, Saouli et. al. [8] investigated the entropy generation in a laminar, gravity-driven conducting
liquid film along an inclined heated plate in the presence of a transverse magnetic field.
Entropy generation is closely associated with thermodynamic irreversibility, which is encountered in
all the heat transfer processes. Different sources are responsible for entropy generation such as the heat
transfer in the presence of temperature difference and the viscous dissipation [2, 3]. The analysis of
entropy generation rate in a circular duct with imposed heat flux at the wall and its extension to
determine the optimum Reynolds number as a function of the Prandtl number and the duty parameter
were presented by Bejan [3, 4]. Sahin [9] introduced the second law analysis to a viscous fluid in a
circular duct with isothermal boundary conditions. Sahin [10] presented the effect of variable viscosity
on the entropy generation rate for the heated circular duct. A comparative study of the entropy
generation rate inside ducts of different shapes and the determination of the optimum duct shape
subjected to the isothermal boundary condition was performed by Bejan [11]. Narusawa [12] gave an
analytical and numerical analysis of the second law for the fluid flow and the heat transfer inside a
rectangular duct. Mahmud and Fraser [13, 14] applied the second law analysis to fundamental
convective heat transfer problems and to a non-Newtonian fluid flow through channel comprising two
parallel plates.
The present investigation was undertaken in order to study the second law analysis of a nonNewtonian, laminar falling liquid film along an inclined heated plate. The velocity distribution was
determined by solving the momentum equation subject to an appropriate set of boundary conditions
and the initial conditions. The temperature distribution was determined by solving the energy equation.
The entropy generation rate was evaluated and the entropy generation number, irreversibility ratio and
the Bejan number were computed. The dimensionless parameters governing the problem are Brinkman
number and Peclet number. Brinkman number represents the ratio of the work done against viscous
shear stress to the heat transferred from the surface by fluid conduction. Peclet number is the ratio of
inertial forces to thermal diffusivity.
Mathematical Formulation and Analysis
Consider an inclined heated plate placed in a parallel stream of a hydrodynamically fully developed
non-Newtonian, laminar falling liquid film. Figure 1 shows the flow model and co-ordinate system.
Neglecting the inertia terms in the momentum equation compared with the body force term, the
momentum equation may be written as:
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µ ∂/∂y(∂u(y)/∂y)n + ρgsinθ = 0

(1)

Using the boundary conditions of no slip at the wall and free upper surface, we may write:
No slip condition: u(0) = 0
Free surface condition: ∂u(δ)/∂y = 0

(2a)
(2b)

Integrating the equation (1) with respect to y and using the boundary conditions (2a) and (2b), we
have:
u(y) = um [1 - (1 – y/δ)(n+1)/(n)]

(3)

um = [ρgsinθ / µ]1/n n (δ)(n+1)/(n) / (n + 1)

(4)

Q = 0∫δρu(y) dy = um ρ δ [(n +1) / (2n+1)]

(5)

where um is defined as:

The liquid mass flow rate is:

Eliminating um between equation (4) and (5) we obtain the liquid film thickness as function of the
mass flow rate, dynamic viscosity, fluid density, gravitational acceleration and the angle of inclination
of the plate:
um = Q (2n+1) / (n+1) ρ δ = [ρgsinθ / µ]1/n n (δ)(n+1)/(n) / (n + 1)
δ = {(2n +1) Q µ / n ρ2 gsinθ}(n)/(2n+1)

(6)

The governing energy equation is given by:
um[1- (1 – y/δ)(n+1)/(n) ] ∂T(x,y)/∂x = α ∂2T(x,y)/∂y2

(7)

The inlet and boundary conditions given by:
Inlet condition: T (0, y) = T0

(8a)

Constant heat flux at the wall: -k ∂T(x, 0)/∂y = q

(8b)

Adiabatic free surface: ∂T(x, δ)/∂y = 0

(8c)

Proceeding with the analysis, we define the following dimensionless variables:
X = αx/umδ2
Y = y/δ
U(Y) = u(y)/um
Θ(X, Y) = [T(x, y) – T0] / ∆T
where
∆T = qδ/k = reference temperature difference
X = dimensionless axial distance
Y = dimensionless vertical distance
U = dimensionless axial velocity
Θ = dimensionless temperature

(9)
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The energy equation may be written in a dimensionless form as:
[1 - (1 - Y) (n+1)/n]{∂Θ(X, Y)/∂X} = ∂2Θ(X, Y)/∂Y2

(10)

The transformed initial and boundary conditions may be written as:
Θ(0, 1) = 0

(11a)

∂Θ(X, 0)/∂Y = -1

(11b)

∂Θ(X, 1)/∂Y = 0

(11c)

Now we assume Θ(X, Y) = Θ1(X) + Θ2(Y)

(12)

Using the separation of variables, we have:
∂Θ1/∂X = λ
{∂2Θ2/∂Y2} / [1 - (1 - Y) (n+1)/n] = λ

(13)
(14)

Integrating the equation (13) with respect to X and using the boundary condition (11a),
we have:
Θ1 = λX

(15)

From equation (24) we may write:
∂2Θ2/∂Y2 = λ [1 - (1 - Y)(n+1)/n]

(16)

Integrating equation (16) and using the boundary conditions given by equation (11) and
using the entrance condition:
δ
0∫

Θ2 ∂Y = 0

(17)

we have:
Θ2 = {(2n+1)[Z2 / 2 – n2(Z)(3n+1)/n / (2n+1)(3n + 1)] / (n+1) –

_

(2n+1)[1 / 6 – n3 / (2n+1)(3n + 1)(4n + 1)] }/ (n+1) (18)
Substituting the value of λ into equation (15), we get:
Θ1 = (2n+1)X / (n+1)

(19)

Using equation (12) we obtain:
Θ(X, Y) = (2n+1)X / (n+1) + (2n+1)[Y(Y/2-1)] / (n+1) – [n2(1-Y)(3n+1)/n] /
(3n + 1)(n+1) - (2n+1)[1 / 6 – n3 / (2n+1)(3n + 1)(4n + 1) – 1/2] / (n+1)

_
(20)

The entropy generation rate per unit volume Sg‘‘‘ [W/m3 K] may be estimated
by writing the second law of thermodynamic as:
Sg’’‘ = k( T)2 / T02 + µ[∂u(y)/∂y]n+1 / T0
= k[(∂T(x, y)/∂x)2 + (∂T(x, y)/∂y)2] / T02 + µ[∂u(y)/∂y]n+1 / T0

_
(21)
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Figure 1. Flow Model and Co-ordinate system

Results and Discussion
The temperature distribution in the non-Newtonian, laminar falling liquid film is illustrated by
Figure 2 for n=0.5. At a given transverse distance from the surface, fluid temperature increases in the
longitudinal direction for a given value of the viscosity index (n).
Dimensionless temperature Vs Dimensionless vertical distance
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Figure 2. Temperature Profiles for n = 0.5
The viscous dissipation parameter (BrΩ-1) is defined as the product of the Brinkman number and the
inverse of dimensionless temperature difference. We have,
Brinkman number (Br) = µu2m / k ∆T
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Dimensionless temperature difference Ω = ∆T / T0
Viscous dissipation parameter (BrΩ-1) = µu2m T0 / k ∆T2
The viscous dissipation parameter is an important dimensionless number for the irreversibility
analysis. It determines the relative importance of the viscous effects for the entropy generation.
The entropy generation rate is given by:
Sg’’‘ = k {[∂T(x, y)/∂x]2 + [∂T(x, y)/∂y]2} / T02+ µ [∂u(y)/∂y]n+1 / T0
where Sg’’‘ = entropy generation rate per unit volume.
The dimensionless entropy generation number may be defined by the following relationship:
NS = kT02Sg’’‘ / q2 = NC + NY + NF
where
NC = {∂Θ(X, Y)/∂X} 2 / Pe2 = entropy generated due to heat transfer in the axial direction
= {(2n+1) X / (n+1)} 2 / Pe2
NY = {∂Θ(X, Y)/∂Y} 2 / Pe2 = entropy generated due to heat transfer in the transverse direction
={(2n+1) [Y(Y/2-1)] / (n+1) – [n2 (1-Y) (3n+1)/n] / (3n + 1) (n+1) - (2n+1) [1 / 6 – n3 / (2n+1) (3n
+ 1) (4n + 1) – 1 / 2] / (n+1)} 2 / Pe2
NF = (BrΩ-1)(∂U(Y)/∂Y) n+1 = entropy generation due to the fluid friction
= (BrΩ-1)(∂U(Y)/∂Y) n+1 = (BrΩ-1)[(n+1) (1-Y) 1/ (n) / (n)] n+1
Here, the dimensionless parameters are:
Pe = umδ / α
Br = µu2m / k∆T and
Ω = ∆T / T0 = (TW - T0) / T0 are the Peclet number, Brinkman number and dimensionless
temperature function, respectively.
The spatial distribution of the entropy generation number is plotted in Figures 3 and 4. We note that
the entropy generation rate decreases in the transverse direction and approaches zero asymptotically
because the upper surface of the liquid film is free and adiabatic. The entropy generation number
increases as the viscous dissipation parameter (BrΩ-1) increases and decreases as Peclet number (Pe)
and the viscosity index (n) increases.
In convection problems, both the fluid friction and the heat transfer contribute to the rate of entropy
generation. In order to assess whether the fluid friction or heat transfer dominates, a criterion known as
the irreversibility ratio is defined by the following equation:
Irreversibility ratio (Ф) is the ratio of entropy generation due to the fluid friction to the total entropy
generation due to heat transfer.
Ф = NF / (NC + NY)

(22)

For 0 ≤ Ф < 1, the heat transfer dominates the irreversibility ratio and the fluid friction dominates
when Ф > 1. The case where both the heat transfer and the fluid friction have the same contribution for
the entropy generation is characterized by Ф = 1.
In Figures 5 and 6, irreversibility ratio is plotted as a function of the transverse distance for
different values of the viscous dissipation parameter (BrΩ-1), viscosity index (n) and the Peclet number
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(Pe). The irreversibility ratio decreases in the transverse direction and increases with viscous
dissipation parameter (BrΩ-1).
Bejan number (Be) is the ratio of heat transfer irreversibility to the total irreversibility due to heat
transfer and fluid friction.
Bejan number = (NC + NY) / (NC + NY + NF)
= 1 / (1 + Ф)
In Figures 7 and 8, Bejan number profiles are shown as functions of the transverse distance for
different values of the viscous dissipation parameter (BrΩ-1), viscosity index (n) and the Peclet number
(Pe). The Bejan number increases in the transverse direction and decreases as the viscous dissipation
parameter (BrΩ-1) increases.
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Figure 3. Entropy generation number (Ns) for n = 0..25 and Pe = 1.00
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Entropy generation number Vs Dimensionless vertical distance
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Figure 4. Entropy generation number (Ns) for n = 2..00 and Pe = 1.00
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Figure 5. Irreversibility ratio (Φ) for Pe = 0.50 and n = 0.25
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Irreversibility ratio Vs Dimensionless vertical distance
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Figure 6. Irreversibility ratio (Φ) for Pe = 0.50 and n = 2.00
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Figure 7. Bejan number (Be) for Pe = 0.50 and n = 0.25
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Bejan Number Vs Dimensionless vertical distance
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Figure 8. Bejan number (Be) for Pe = 0.50 and n = 2.00

Concluding Remarks
This paper presents an application of the second law of thermodynamics to a non-Newtonian,
laminar falling liquid film along an inclined heated plate. The velocity and the temperature profiles are
obtained analytically and used to compute the entropy generation number, irreversibility ratio and the
Bejan number for several values of the viscous dissipation parameter (BrΩ-1), viscosity index (n) and
the dimensionless axial distance (X). The numerical results show that the heat transfer dominates the
irreversibility ratio when (0 ≤ Ф < 1) and the fluid friction dominates the heat transfer when (Ф > 1).
The case where both the heat transfer and the fluid friction have the equal contribution for the entropy
generation is characterized by (Ф = 1).
The Bejan number increases in the transverse direction and decreases as the viscous dissipation
parameter (BrΩ-1) increases. The numerical results show that the Bejan number decreases as the
viscous dissipation parameter (BrΩ-1), Peclet number (Pe) and the viscosity index (n) increases.
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