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Abstract 

An ecological optimization along with a detailed parametric study of an 
irreversible regenerative Brayton heat engine with isothermal heat addition have  been 
carried out with external as well as internal irreversibilities. The ecological function 
is defined as the power output minus the power loss (irreversibility) which is ambient 
temperature times the entropy generation rate. The external irreversibility is due to 
finite temperature difference between the heat engine and the external reservoirs 
while the internal irreversibilities are due to nonisentropic compression and 
expansion processes in the compressor and the turbine respectively and the 
regenerative heat loss. The ecological function is found to be an increasing function 
of the isothermal-, sink- and regenerative-side effectiveness, isothermal-side inlet 
temperature, component efficiencies and sink-side temperature while it is found to be 
a decreasing function of the isobaric -side temperature and effectiveness and the 
working fluid heat capacitance rate. The effects of the isobaric-side effectiveness are 
found to be more than those of the other parameters and the effects of turbine 
efficiency are found to be more than those of the compressor efficiency on all the 
performance parameters of the cycle.  

 
Keywords : Irreversible Modified Brayton Cycle, Isothermal Heat Addition, Regular 
Combustion Chamber, Conver ging Combustion Chamber. 

 
 
Nomenclature  

                                                                 
1The author to whom all the correspondence should be made 

A = Area (m2) 
C = Heat Capacitance rates (kW/K) 
E = Ecological function (kW) 
M = Mach number 
m = Mass flow rate (kg/s) 
N = Number of heat transfer units 

P = Power output (kW) 
p = Pressure (kPa) 
Q = Heat transfer rates (kW) 
R = Gas constant (J/K/mole) 
RT = Cycle temperature ratio 
rp = Cycle pressure ratio 
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rt = Isothermal pressure drop ratio  
S = Entropy (kJ/K) 
T = Temperature (K) 
U = Overall heat transfer coefficient 
(kW/m 2/K) 
V = Velocity (m/s) 
Vs = Speed of sound (m/s) 
1, 2, 3, 4, 5 = State points 
Greeks 
η = Efficiency 
ε   = Effectiveness 

α = Constant defined in Eq.(28) 
γ = Adiabatic exponent (Cp/Cv) 
Subscripts 
c = Compressor 
H, H1 = Hot side/heat source 
L = Sink/Cold side 
max = Maximum  
m = Corresponding to optimum  
R = Regenerator  
T = Turbine/temperature 
W = Working fluid 

 
Appendix 

Different parameters are given bellow: 
x = εH    y = εL    x1 = CH1 εH1/CW 
a1 = ηC+ (1-y) εR(1-ηC ) b1  = (1-y) (1-ε R) (1-ηC ) c1 = yTL1 (1-ηC ) 
a2 = (1-εR) (1-x) (1- ηT

-1) b2 = ηT
-1 + ε R (1-x) (1- ηT

-1) c2 = xT H1(1- ηT
-1) 

a3 = εR (1-y)    b3 = (1-εR) (1-y)  c3 = yTL 
a4 = (1-x) (1- ε R)  b4 = (1-x) ε R    c4 = xT H 
a5 = a1b2+a2b1-α-1(a3b4+a4b3)  b5 = b1b2 - α -1b3b4 c5 = c1c2 - α -1c3c4 
a6  = a1c2 + a2c1 –  α -1(a3c4 + a4c3)   b6 = b1c2 + b2c1 –  α -1(b3c4 + b4c3) 
a7 = CW {x (1-εR) + yε R + x1(1-x)(1-ε R)} b7 = CW {y (1-εR) + xεR + ε R (1-x)x1} 
A = a1a2 - α -1a3a4  B = a5T5+a6   C = b5T5

2 + b6 T5 + c5 
a8 = (a5a7 – 2Ab7)/a7  a9 = a5

2 - 4Ab5  a10 = a5a6 – 2Ab6 

a11 = a5
 - 2aa10/a9  a12 = a5

2 - 4ab5  a13 = a5a6 – 2ab6 

x0 = (1+t0/th)   x2 = εL(1/TL -1/T H)T0 x5 = a7x0 + x4 εL 

x6= b7x0 + (1-εR )x4    A1 = a12 - (a12/a11)2 B1 = a13 – a12 a13/a11
2 

C1 = A 6
2 - 4AC5 – (A13/A11)2  K1 = C W εHTH (1- ε H1)+CW  εH1TH 1+CW  ε LTL  

 
Introduction 
 

Thermal efficiency is an important performance characteristic of Brayton cycles and, 
in practice, has a major impact on operating cost. It is well known that reheating in gas 
turbine engines limits the extent to which an isothermal heat addition is approached. 
With respect to simple heat addition, when a compressible gas with subsonic velocity 
flows through a frictionless constant area duct with heat addition, the temperature of the 
gas increases along the duct. Also with respect to simple area change, when a 
compressible fluid/gas with subsonic velocity flows through a frictionless adiabatic duct 
with decreasing area, the temperature of the gas decreases along the duct. Based on the 
nature of these two flows, simple heat addition (Rayleigh flow) and simple area change 
(Isentropic flow) may be combined in such a way so as to yield an isothermal heat 
addition process [1]. The idealized isothermal process consists of a compressible gas with 
subsonic velocity flowing through a frictionless converging duct such that while heated 
all along the duct, any infinitesimal decrease in temperature due to simple area change is 
exactly compensated by the simple heat addition. It is noted that, since temperature of the 
gas is constant during the isothermal heat addition, the kinetic energy of the gas (and 
hence, the Mach number) must increase in order to satisfy the conservation of energy. 
The appropriate application of the idealized isothermal process is to gas turbine engines 
operating with air. It is equally desirable that the Brayton cycle be modified by the 
isothermal heat addition.  
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Vecchiarelli et al. [1] indicated that the hypothetical modification of gas turbine 
engines including two heat additions (rather than one) may result some efficiency 
improvement as compared with conventional engines. In recent years, Göktun and 
Yavuz, [2], Tyagi, [3], Tyagi et al., [4], Erbay et al., [5 and Kaushik et al, [6] have 
studied the effect of isothermal heat addition using open/closed cycle regenerative 
Brayton heat engines and showed that there is a significant improvement in the thermal 
efficiency (above 15%) of a Brayton cycle with isothermal heat addition over the 
conventional Brayton engine. 

Angulo-Brown [7] proposed an ecological criteria E = P - TLSgen for finite time 
Carnot heat engine where P is the power output, TL is the sink temperature and Sgen is the 
entropy generation rate in the cycle and found that the thermal efficiency of Carnot heat 
engine at maximum power output is the average of the Carnot and Curzon-Ahlborn [8-9] 
efficiency. Yan [10] proposed that it is more reasonable to use ambient temperature (T0) 
in place of the sink temperature (TL) when the sink temperature is not equal to the 
ambient temperature. Cheng and Chen [11-13] and Tyagi et al. [14] have studied the 
ecological optimization of endoreversible and irreversible heat engines and found some 
useful results for these cycles 

In this paper we have presented an ecological optimization along with a detailed 
parametric study of an irreversible regenerative closed cycle Brayton heat engine with 
isothermal heat addition. 

 
System Description 
 

The Schematic and T-S diagrams of closed cycle regenerative Brayton heat engine 
with isothermal heat addition are shown in Figs.1(a-b) respectively. The basic 
components of this cycle are the compressor, regenerator, regular combustion chamber 
(RCC), converging combustion chamber (CCC), turbine and the heat sink (LTHEX). The 
gas enters the compressor at state 1 and compressed to state 2 (really) and/or 2S (ideally). 
At state 2, the cold gas leaving the compressor enters the regenerator, where it is heated 
to 2R. In an ideal regenerator, the gas leaves the regenerator at the turbine exhaust (state 
5) i. e. T2R = T5. The isobaric heat addition process takes place between 2R-3 in RCC 
from an infinite heat capacity source at temperature TH. Further heat addition is 
accomplished in the CCC isothermally between state points 3-4 from a heat source of 
finite heat capacity whose temperature varies from T H1 to TH2. When the gas leaves the 
CCC at state 4 it has lower pressure than at state 3, but the velocity and hence, the kinetic 
energy of the gas has increased enormously due to the nature of CCC. The gas enters the 
turbine at state 4, expands nonisentropically to state 5 (ideally to state 5S). The hot gas 
leaves the turbine at state 5, enters the regenerator where it is cooled to state 5R at 
constant pressure, by supplying the heat to the regenerator. Finally the working fluid 
enters the LTHEX at state 5R and cooled to state 1 at constant pressure rejecting the heat 
to the heat sink at temperature TL thereby, completing the cycle. Thus we have 
considered here the theoretical model of a modified regenerative Brayton cycle 1-2-2R-3-
4-5-5R-1 with real processes. 

 
Thermodynamic Analysis 
 

Let QH, QL and QR are the heat transfer rates to and from the heat engine and the 
regenerative heat transfer rate respectively, then: 
QH = Q 2R-3 + Q3-4         (1) 
QL = Q 5R-1          (2) 
QR = Q 2-2R = Q5-5R         (3) 
where  
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Q2R-3 = C W (T3 - T2R) = UHAH (LMTD)H      (4) 
Q3-4 = m(V4 

2 - V3 
2)/2 = CH (TH3 -TH4)  = UH1AH1 (LMTD) H1   (5) 

Q5R-1 = C W (T5R -T1) = ULAL (LMTD)L      (6) 
QR = CW (T5 -T5R) = CW  (T2R -T2) = URAR (LMTD)R    (7) 
where CH is the heat capacitance rate in the external fluids on CCC, and CW is the heat 
capacitance rate of the working fluid. UHAH, UH1AH1, ULAL and URAR are the overall 
heat transfer rates and areas products between the external reservoirs and RCC, CCC, 
heat sink and in the regenerator respectively. V3 and V4 are the velocities of the working 
fluid at state points 3 and 4 respectively, m is the mass flow rate of the working fluid and 
(LMTD)’s are the Log Mean Temperature Difference between the cycle and external 
reservoirs and defined as: 
(LMTD)H = [(TH –T3) - (TH –T2R)]/ln[(TH –T3)/(TH –T2R)]    (8) 
(LMTD)H1 = [(T H1 –T3) - (TH2 –T3)]/ln[(TH1 –T3)/(TH2 –T3)]     (9) 
(LMTD)L = [(T5R -TL) - (T1 -TL)]/ln[(T5R -TL)/(T1 -TL)]          (10) 
(LMTD)R = [(T5 –T2R) - (T5R –T2)]/ln[(T5 –T2R)/(T5R –T2)]          (11) 

The isothermal heat addition during process 3-4 can also be defined in terms of Mach 
number (M) as: 
M = V/Vs          (12) 
where Vs is the speed of sound and for a perfect gas:  
Vs = (γRT)1/2          (13) 
where γ is the adiabatic exponent  and R is the gas constant. Using Eqs.(5, 9) and (13) we 
have: 
 Q3-4 = CW (γ-1)T3 (M4 

2 - M3 
2)/2       (14) 

From Eqs.(4-11) we have:  
Q2R-3 = C W (T3 - T2R) = CW  ε H (TH - T2R)      (15) 
Q3-4 = CW (γ-1)(M4 

2 - M3 
2)T3/2  = C H ε H1 (TH1 - T3)     (16) 

Q5R-1 = C W (T5R - T1) = CW ε L (T5R - TL)      (17) 
QR = CW (T5 - T5R) = CW (T2R - T2) = CW εR (T5 - T2)    (18) 
where ε’s are the effectiveness of the various heat exchangers and defined as: 
ε H = 1- exp(-NH)                 (19) 
ε L = 1- exp( -NL)            (20) 
ε H1 = 1- exp(-NH1)         (21) 
εR = N R/(1+ N R)         (22) 
where NH, NH1, NL and NR are the number of heat transfer units viz. NH = UHAH/CW ; NH1 
=  UH1AH1/CH; NL =  ULAL/CW and NR  = URAR/CW . The compressor and turbine 
efficiencies are defined as:  
ηC = (T2S -T1)/(T 2 -T1)         (23) 
ηT = (T4 -T5)/(T4 - T5S)        (24) 

Now from Eqs.(15-24) we get:  
T5R = (1 - ε R) T5 + εR T2        (25) 
T2R = (1 - ε R) T2 + εR T5         (26) 
T1 = (1- ε L) T5R + ε LTL         (27) 
T3 = (1- ε H) T2R + ε HTH        (28) 
T2S = (1- ηC) T1 + ηCT2        (29) 
T5S = (1- ηT

-1) T4 + ηT
-1 T5 ⇒ T5S = (1- ηT

-1) T3 + ηT
-1 T5    (30) 

But in this case for a Brayton cycle , we have:  
T2S/T1 = RT = (rp) (γ-1)/γ and T3 /T5S = T4 /T5S = (rtrp)(γ-1)/ γ     (31) 
where RT is the cycle temperature ratio, rt (= p4/p3 <1) is the isothermal pressure drop 
ratio and rp (= p2/p1 >1) is the cycle pressure ratio, p denotes the pressure. From Eq.(31) 
we have: 
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α  (T2S/T1) = T4 /T5S ⇒ T2ST5S = α-1 T4T1 = α -1 T3T1     (32) 

 where α = (rt)(γ-1)/γ. Substituting the values of T1, T2S, T3 and T5S from Eqs.(25-30) in 
Eq.(32) we get a quadratic equation in T2 (treating T5 as constant) as: 
A T 2 

2 + BT2 + C = 0          (33) 
which on solving for T2 gives: 
T2 = {- B ± √(B2 - 4AC)}/2A        (34) 
where A, B, C are constants and given in the Appendix. Now by the first law of 
thermodynamics, we have :  
P = QH - QL = Q2R-3 + Q3-4 - Q5R-1        (35) 

The objective function of ecological optimization proposed by Angulo-Brown [ 7] and 
modified by Yan [10] is defined as: 
E = P - T0Sgen           (36) 
where T0 is the ambient temperature and Sgen is the entropy generation rate. Considering 
the relationship between the heat transfer and entropy generation rate we have: 
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Substituting Eqs.(17) and (35) into Eq.(37) which on simplifying yields: 
E = x0 k1 + x2TL – x4T2 –  x5T5      (38)  
where different pa rameters are given in the Appendix. Substituting Eq.(34) into Eq.(38) 
we see that E is a function of a single variable T5 (as T2 is also function of T5). Thus 

maximizing E with respect to T5 i.e. 0   =   
T 
 

5∂
∂ E  yields: 

A1T5 
2 + B1T5 + C1 = 0        (39)  

Solving Eq.(39) for T5, we get the optimum value of temperature T5 as: 
T5, opt = {- B1 ± √ [B1

2 - A1C1]}/A1       (40) 
where the various parameters are given in the Appendix.  Substituting the value of T5,opt 
into Eq.(34) the value of T 2,opt and other parameters (viz. Emax, Pm and ηm) can be 
calculated for a given set of operating parameters. 
 
Discussion of Results 
 

In order to have a numerical appreciation of the results for an irreversible 
regenerative Brayton heat engine with isothermal heat addition, we have investigated the 
effects of different cycle parameters (TH, TH1, TL, CH1, CW , ε H, εH1, εR, εL, ηT and ηC) on 
the ecological function and the corresponding power output and thermal efficiency. The 
effects of each one of these parameters have been examined while the others are kept as 
constant  (viz. TH = 900 K, TH1 = 1250 K, TL = 300 K, T0 = 295 K, εH = εH1 = ε R = ε L= ηT 
= ηC = 0.80, C W = 1.05 kW/K and CH1 = 1.0 kW/K) and obtained the following results: 
 
Effects of the different effectiveness 

The effects of the hot-, regenerative- and the cold-side heat exchangers effectiveness 
on the maximum ecological function, power output and thermal efficiency are shown in 
figures -2(a-c). It is seen from these figures that the maximum ecological function, power 
output and thermal efficiency increase as the effectiveness on the isothermal-, 
regenerative- and sink-side heat exchangers increase while all the parameters decrease as 
the effectiveness on isobaric -side heat exchanger increases. The effect of the isobaric -
side effectiveness is found to be more than those of the others side effectiveness on all 
the performance parameters. 

Since, the higher values of (ε H, εH1 and ε L) decrease the external irreversibility on 
their respective side heat exchanger by forcing the  working fluid to transfer less heat to 
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and from the sink/sources reservoirs by decreasing the heat transfer times and/or the 
temperature differences. But higher value of ε L increases all the parameters than that of 
the higher value of εH1 while the higher value of εH decreases all the parameters. So it is 
desirable to have the relation ε L > ε H1 > εH for the better performance of the cycle and 
other similar cycles as well.  

Again, an irreversible regenerative Brayton cycle with an ideal regenerator is more 
efficient than that of with a real regenerator but it requires an infinite regenerative time or 
area, which is not the case in practice. Hence, it would be difficult to conclude new 
results in the investigation of an irreversible regenerative modified Brayton cycle if the 
regenerative losses were not considered in the analysis. 

 
Effects of the component efficiencies 

The effects of turbine and compressor efficiencies on the maximum ecological 
function, power output and thermal efficiency are shown in Fig.3(a-c). It is seen from 
these figures that the maximum ecological function, power output and thermal efficiency 
increase as the efficiency of the either component is increased. But the effects of turbine 
efficiency are more than those of the compressor efficiency on all the performance 
parameters for the same operating conditions.  

 
Effect of reservoir temperatures 

Figures-(4-5) show the effects of the different reservoirs temperature on the 
maximum ecological function, power output and thermal efficiency It is seen from these 
figures that the maximum ecological function, power output and thermal efficiency 
increase as the inlet temperature on the isothermal-side reservoir increases while all the 
parameters decrease as the temperature on the isobaric -side heat reservoir increases. On 
the other hand, the maximum ecological function increases but the corresponding power 
output and thermal efficiency decrease as the sink-side reservoir temperature increases. 
The effects of the isobaric-side reservoir temperature (TH) are found to be more than 
those of the isothermal-side inlet temperature (TH1) and the sink-side temperature  (TL) on 
all the performance parameters for the same set of operating conditions. 

Thus, from these results we can conclude that the temperatures on the isobaric-side 
and sink-side reservoirs should be low enough and the inlet temperature on the 
isothermal-side reservoir should be high enough for better performance of this modified 
Brayton heat engine cycle. 

 
Effect of heat capacitance rates 

The effects of working fluid and isothermal-side fluid heat capacitance rates on the 
maximum ecological function, power output and thermal efficiency are shown in Fig.6(a-
c). It is seen from these figures that the maximum ecological function and the 
corresponding power output and thermal efficiency increase as the heat capacitance rate 
of the isothermal-side external fluid increases, while the maximum ecological function 
and thermal efficiency decrease but the power output slightly increases as the heat 
capacitance rate of the working fluid increases.  

Since higher value of heat capacitance rate on the isothermal-side reservoir (C H1) 
decreases the external irreversibility by forcing the working fluid to transfer heat to and 
from the cycle by decreasing the heat transfer time and/or the temperature difference 
between the cycle and the external reservoir.  But the higher value of the working heat 
capacitance rate (CW) increases the external irreversibility on both the sides viz. the cycle 
absorbs and rejects more heat per unit time which means that a small increment in the 
power output while a large increment in the heat rejection rate (QL), resulting a loss in 
the thermal efficiency. Hence, it would be better to have higher CH1 rather than higher 
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CW (i.e. CH1 > CW) for the better performance of an irreversible regenerative modified 
Brayton heat engine cycle for a typical set of operating parameters. 

 
Conclusions 

 
An ecological function optimization of an irreversible regenerative Brayton cycle 

with isothermal heat addition along with the real processes has been carried out using the 
concept of finite time thermodynamics. The ecological function is maximized with 
respect to cycle temperatures and the values of the corresponding power output and 
thermal efficiency are calculated for the optimum operating conditions. The ecological is 
found to be an increasing function of the components efficiencies, the effectiveness and 
temperatures on the isothermal-, sink- and the regenerative-side heat exchangers while it 
is found to be a decreasing function of the working fluid heat capacitance rate and the 
temperature and effectiveness on the isobaric -side heat exchanger. It is found that the 
temperature on the isobaric -side heat exchanger should be less than that of the  
isothermal-side heat exchanger inlet temperature for the better performance of the cycle . 
Because the heat addition in the former increases the quantity of energy while in the later 
increases the quality of energy (as there is isothermal heat addition and the heat supplied 
by the later only increases the kinetic energy rather than the thermal energy unlike the 
former one). It is also found that the effectiveness on the sink-side heat exchanger and 
the heat capacitance rate on the isothermal-side heat exchanger should be more than 
those of the others side effectiveness and temperatures as well as the working fluid heat 
capacitance rate for the better performance of the cycle. Although an irreversible Brayton 
cycle with ideal regenerator is more efficient than that of with a real regenerator but it 
requires an infinite regeneration area or time, which is not the case in practice. Hence, it 
would be difficult to conclude new results in the investigation of an irreversible 
regenerative modified Brayton cycle if the regenerative losses were not considered in the 
analysis. Thus, the present analysis is useful to provide new improvements and 
modifications for improving the performance in the investigation of an irreversible 
regenerative modified Brayton heat engine cycle .  Some other options like inter-cooling, 
multistage turbines etc. can also be used for improving the performance of an irreversible 
regenerative modified Brayton heat engine and other similar cycles too. 
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Fig.1(a): Schematic of Regenerative Modified Brayton Cycle with Isothermal Heat Addition 
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Fig.1(b): T-S diagram of Regenerative Modified Brayton Cycle with Isothermal Heat Addition 
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Fig.2(a): Ecological function vs effectiveness 
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Fig.2(b): Power output vs effectiveness  

50 

100 

150 

200 

0.5 0.6 0.8 0.9 1.0 
Effectiveness 

P
ow

er
 o

ut
pu

t (
kW

) 

εH εH1 
 

εL εR 

Fig.2(c): Thermal efficiency vs effectiveness 
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Fig.3(a): Ecological function vs component efficiency 

-180 

-120 

-60 

0 

0.6 0.7 0.8 0.9 1.0 
Component efficiency (%) 

E
co

lo
gi

ca
l f

un
ct

io
n 

(k
W

) ηT ηC 
 

Fig.3(b): Power output vs component efficiency 
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Fig.3(c): Thermal efficiency vs component efficiency 
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Fig.4(a): Ecological function vs reservoir temperature  

-250 

-125 

0 

125 

250 

900 1050 1200 1350 1500 

Reservoir temperature (K) 

E
co

lo
gi

ca
l f

un
ct

io
n 

(k
W

) TH TH1 

Fig.4(b): Power output vs reservoir temperature 
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Fig.4(c): Thermal efficiency vs reservoir temperature 
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Fig.5(a): Ecological function vs sink temperature 
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Fig.5(b): Effect of sink temperature on power output and thermal efficiency 

18 

22 

26 

30 

290 295 300 305 310 315 320 325 

Sink temperature (K)  

T
he

rm
al

 e
ffi

ci
en

cy
 (

%
) 

96 

104 

112 

120 

P
ow

er
 o

ut
pu

t 
(k

W
) 

ηm Pm 

Fig.6(a): Ecological function vs heat capacitance rate 
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