Article

On Transmitted Complexity Based on Modified
Compound States

Noboru Watanabe

check for
updates

Citation: Watanabe, N. On
Transmitted Complexity Based on
Modified Compound States. Entropy
2023, 25,455. https:/ /doi.org/
10.3390/ 25030455

Academic Editors: Andrei

Khrennikov and Francesco Buscemi

Received: 20 February 2023
Revised: 2 March 2023
Accepted: 2 March 2023
Published: 5 March 2023

Copyright: © 2023 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Information Sciences, Tokyo University of Science, Noda City 278-8510, Chiba, Japan;
watanabe@is.noda.tus.ac.jp

Abstract: Based on the classical dynamical entropy, the channel coding theorem is investigated.
Attempts to extend the dynamical entropy to quantum systems have been made by several researchers
In 1999, Kossakowski, Ohya and I introduced the quantum dynamical entropy (KOW entropy) for
completely positive maps containing an automorphism describing the time evolution. Its formulation
used transition expectations and lifting in the sense of Accardi and Ohya and was studied as a
measure of the complexity of quantum mechanical systems. This KOW entropy allowed the extension
of generalized AF (Alicki and Fannes) entropy and generalized AOW (Accardi, Ohya and Watanabe)
entropy. In addition, the S-Mixing entropy and S-mixing mutual-entropy were formulated by Ohya
in 1985. Compound states are an important tool for formulating mutual entropy, and the complexity
was constructed by the generalized AOW entropy. In this paper, the complexity associated with the
entangled compound states in the C* dynamical system based on the generalized AOW entropy
based on the KOW entropy is investigated to lay the foundation for the proof of the theorem of
channel coding for quantum systems. We show that the fundamental inequalities of the mutual
entropy are satisfied when the initial state is transmitted over the channel changes with time.

Keywords: quantum dynamical mutual entropy; quantum entanglement; quantum compound system

1. Introduction

Shannon [1] paid a lot of attention to the mathematical treatment of communication
systems, including the entropy of the system and the mutual entropy determined by the
relative entropy of the joint probability distribution between input and output estimated
by the channel and the direct product distribution between input and output. He intro-
duced information measures and formulated information theory. Based on information
theory, various researchers have studied the efficiency of information transmission through
communication channels from input systems to output systems. In order to rigorously
investigate the information transfer efficiency in optical communication, it is necessary to
formulate a quantum information theory that can describe quantum effects.

The study of extending entropy to quantum systems was started by von Neumann [2]
in 1932, and quantum relative entropy was introduced by Umegaki [3] and extended to
more general quantum systems by Araki [4,5], Uhlmann [6] and Donald [7]. One of the key
problems in quantum information theory is to investigate how accurately information is
transmitted when an optical signal passes through an optical channel. To achieve this, we
need to extend the mutual entropy determined in classical systems to quantum systems.

The mutual entropy of classical systems is defined using the joint probability distribu-
tion between the input and output systems, but it has been shown that joint probability
distributions generally do not exist for quantum systems [8]. In order to determine the
quantum mutual entropy in the quantum communication process, Ohya introduced a
compound state (Ohya compound state [9,10]) that expressed the correlation between the
initial state and the output state for the quantum channel. Using the quantum relative
entropy, Ohya [9,10] formulated the quantum mutual entropy [9-19]. This quantum mutual
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entropy has been proved to satisfy the Shannon type inequality. This quantum mutual
entropy was defined by Ohya in a C* dynamical system as the C* mixing entropy [13,20],
which was extended and completely proven as the C* mixing Rényi entropy in [21]. These
entropy properties have been studied in the literature [12,14,21-23]. Various studies have
been conducted on the channel capacity [16,17,24] of quantum systems based on quantum
mutual entropy. Entangled states [25,26] are one of the important themes in studying
quantum information theory, and one of these notable results in discussing entangled
states is Jamiolkowski’s isomorphism [27]. Important discussions have been made on
the relationship between classical channels, including Gaussian channels, and quantum
communication theory [28].

The study of dynamical entropy of quantum systems was started by Emch [29], Connes
and Stermer [30], and various research works have been developed [29-38].

Based on Accardi’s transition expectation and lifting, the KOW entropy [36] was
defined, and the AOW (Accardi, Ohya and Watanabe) and AF (Alicki and Fannes) entropies
were generalized by the formulation of the KOW (Kossakowski, Ohya and Watanabe)
entropy. Transmitted entropy [19] is defined based on the compound state. The generalized
AOW entropy defines the transmitted complexity [39] with separable compound states. We
introduced the hybrid compound state in [19]. This compound state did not use the possible
decomposition of all states (see Section 3). Therefore, we introduced a new compound state
called a modified compound state in [19]. We discussed the transmitted complexity for the
modified compound states in dynamical systems described by the Hilbert spaces [40].

In this paper, in C* dynamical systems, we define the transmitted complexity by the
modified compound state. We show the inequalities of the transmitted complexity for the
C*-system.

2. Quantum Channels and Entropy and Mutual Entropy for General Quantum Systems

Let A; (respectively, A,) be a C*-algebra and G(.A;) (respectively, S(.A;)) be the set
of all normal states on A; (respectively, Ay). We describe the input (respectively, output)
quantum system by ( Ay, G(A;) ) (respectively, (A, §(Az)). A is a linear mapping from
Aj to Ay with A(Ip) = I, where I is the identity operator (i.e., Al = [ A = A, (VA € Ay))
in Ay (k =1,2). The dual map A* of A is a linear quantum channel from S(.A;) to S(.A4;)
given by A*(¢)(B) = ¢(A(B)) for any ¢ € &(A;1) and any B € A;. If A holds

n
Y AfA(BBj)A; >0
ij=1

forallm € N, all Bj € A and all A; € A; is called a completely positive (C.P)
channel [12,14,17,18,41,42].
We here briefly explain the S-mixing entropy of general quantum systems [10,13,14,18,20,23,42].
Let A be a C*-algebra, we denote G(.A) the set of all normal states on A. We express
a weak* compact convex subset of G(A) by S. For any state ¢ € S there is a maximal
measure y pseudosupported on exS such that

= du, 1
9 /<exs)“’” (1)

where exS is the set of all extreme points of S. Let y be a measure satisfying the above
decomposition. It is not unique unless S is a Choquet simplex. Let M, (S) be the set of all
such measures and D (S) be a subset of M (S) such that

Dy(S) = {My(S); Jux CRY and {@} C exS

st Yy me=1 p= Zuka(svk)}, @)
k k
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where §(¢) is the Dirac measure centered on the initial state ¢. Let H be the function

H(p) = — ) piclog py 3)
k
for the measure y € Dy(S). The S-mixing entropy of a state ¢ € &(.A) with respect to S is
defined as (10 ()}
Sion inf{H(p); u € Dy(S
57(9) = { oo if Dy (S) = 2. @

It describes the amount of information of the state ¢ measured from the subsystem S.
For example, if S is given by &(.A), the set of all states on .4, then describe S®(4) () by
S(¢), which means the natural extension of the von Neumann entropy [2]. If A is given by
B(H) and any ¢ € S(.A), given by ¢(-) = tro(-) with a density operator p, then
S(¢) = —trplogp.

Here, I briefly review the mutual entropy of the C*-system defined by Ohya [13].
Forany ¢ € § C 6(A;) and quantum channel A* : §(A;) — &(Ap), the compound
states are defined as

Q = 9RAg,
Y = / w® N wdp.
" (exS) ¥
The compound state CD‘E generalizes the joint probabilities of the classical system

and shows the correlation between the initial state ¢ and the final state A*¢. The mutual
entropy with respect to S is defined as

1% (; A") = limsup{ [T (9;A"); € Fy(S)
where IP‘,S (¢; A*) is the mutual entropy with respect to S and u described by
IS (¢; A) = S(®5, @p).
S (@f , dDO) represents the quantum relative entropy according to Araki [4,5] or Uhlmann [6].

) - [ {1ED(8)55(9) < H(p) < 55(p) + € < +oo
R ={ e e T

Then, the following fundamental inequalities are satisfied [13]
0 < I%(g; A*) < S%().

In the above discussion, we only mentioned the separable compound state to define
the mutual entropy. In the next section, we define the compound states more generally
and discuss the formulation of the transmitted complexity and its behavior in quantum
dynamical systems based on C*-systems.

3. Compound States

Based on [19], we briefly review the constructions of entangled compound states.
For an initial state ¢ and a quantum channel A*, the compound state ® satisfies the
marginal conditions:

trp® = ¢  (marginal condition 1),
tri® = A*¢ (marginal condition 2).
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We introduced formulations of entangled compound states q)I(SA) in [19]. They are not
sufficient representations of the compound state. This compound state dose not use the
possible decomposition of all states. Therefore, we introduced a new compound state called
a modified compound state in [19] and investigated whether the fundamental inequality of
mutual entropy held.

For any normal state ¢ € &(.A;) of A; = B(#H1), there exists a density operator
p € &(Hq) (ie., the set of all density operators on 7{1) satisfying

p(A) =trpA, (VA € Ay),

where H; is the Hilbert space of the initial system. Let }_,co A« En be a Schatten decompo-
sition [43] of p with respect to ¢; then, we have

p(A) =tr Y AEnA =Y Aptrwgn(A), (VA € Ay),
neQ neQ

where E,, = |x;,) (x| is the trace class operator associated with w;,, € &(A;)
wWnn(A) =trE, A

forany A € A;.
(1) The separable compound state CTDSSJ)\* of ¢ and a CP channel A* from &(.A;) to
S(Ap) is given by
F6(1 %
q)y,}(E,/)\* = Z AWy @ A (w”k/”k)
neeQ
for p € F(S) of ¢.

HS(Q)

(2) The full entangled compound state ® of ¢ and a CP channel A* is denoted by

wEN;
=6
BhR = L Ly Aoty @ A ()
TZ,EQI’!]'EQ

for p € Fi(S) of ¢.

Modified Compound State through Quantum Markov Process

Based on [19], the modified compound state through a quantum Markov process [44] is
formulated as follows. Let Q be a partition of the index set Q of the Schatten—von Neumann
decomposition of p for the initial state ¢ such as

A = {AcQ #A)#o (je)),

j€l
We denote Ap and A; by
Ay = {Aje A #(4) =22 (je))}
A1 = {Aje A #(A) =1 (je])},
A= A1 UA,,
Let J;, and J; be
Jo = {me€]; #Ay)=1(>2)}
]1 - {nz € ]/ #(Anl) = 1}
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Let Ay and A be the subsets of the index set Q by

UAn/ A_UAK/ Q\A:UAni

n;€Jy i€y

(3) The hybrid compound state ® (E) A+r,m Of ¢ and a CP channel A* is denoted by

q>yEA*Fm_ Y ) \//\Ttl\/g

nEAn [SAY

12 2 Hw”z”/ |x1k> x1k| HA (w””) |y]1><]/]1|)

S 1w fm k=
61111 ® ® eimim ® ejljl e ® ejmjm

+ F A ¥ TTenn(xi)@D) L TIA @) (1300

ﬂkEQ\A 11 ,,,,, im k=1 jl ,,,,, im =1
61111 Q- Cimin ® Efljl Q- ® ejrﬂfnl'

This compound state does not use the possible decomposition of all states. Thus, we
introduce the modified compound state. We put

AA = U AA//
(=2

where Ay, is the subset of A, such that
Ap, ={Aje A #(A) =L (je])} C Ay,
Let P(Q) be the set of all partitions of the total index set Q by

P(Q) = {AA=AUANVYALA(F# @) e A(i #)),

AnAj=2,Q=U4=U| U A || U Ay
j€J (=2 \n;€jy S

on H; and (E”iEAn[
| ) € 6(H1), where {|x;,) } isa CONS (complete orthogonal

VAl 5) W Ene, [y {5

systems) in H, we express a linear functional w,, ,, on A; and w Ang A, € S (A1) by

By wusing the trace class operator |xni><xn/_
1

A

Wryn!, (A) = trlxy,) <xn§

forany A € A;.

Let A* be the CP channel A* given by A*(¢)(-) = ¢(V*(-)V) for any ¢, satisfying
V*V = Iand A*(Wpm)(A) = Sumwnm (V*(A)V) forany A € A;.

Based on the Jamiolkowski isomorphic channel [27], the modified compound states is
defined as follows.
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(4) The modified compound state &)Z(E‘ [)\* r.m Dy means of partitions A of the total
index set Q with respect to the Schatten decomposition of p of the initial state ¢ and the CP
channel A* is given by

=L L T T i/,

(=2n,€]y n; EAW n]eAné

)IEDY Hwnzn, i, ) (x3.]) HA*(wnn) i) (i)

1o ]1r ;]m

€iyip &+ @ €y, @ %’1 @ D€,

+ Z A Z Hwnknk(|x1k><xlk’) Z (w”knk)<’yjk><yjk‘)

nEQN\A Medmk=1 i, jm 1=1
Ciyiy Q- Cimim ® e]l]l Q- ® 6‘]

m]m .

4. Transmitted Complexity for the Modified Compound States in Dynamical Systems
We discussed the transmitted complexity for the modified compound states in dynam-
ical systems described by the Hilbert spaces [40]. In this paper, we discuss these problems
on the C*-systems.
We here define the bijection Z; from &(.A;) to &(H1) by

for any density operator p € &(H;).

Let My (respectively, M:i) be the set of all 4 x d matrices of an input and output
systems, respectively.

We use the state Z; (¢)r ,, on @' M. Then,

n
El((P)r,m = Z H<xik’ El(go)xik>el‘1i1 ® ® eimim’

iy ig k=1

where ey is diagonal elements of M. Assume that Z;(¢) is a density operator on #1, then
we have the state &, (q))f-\,,m € 6(®'M)) as

B ( =) H(yﬁ, (E1(9))yj )€}y ® - @65,
Jrejm 1=

where e] i € S (M)). For the initial state ¢ € S(A;), the generalized AOW entropy
Sm( )(<p, 7, 0) with respect to vy, 0 and m is defined by

57,1(“4)(4» 7,0) = 5(31(¢)r,m)-

For the initial state ¢ € S(A;), the generalized AOW entropy §Z1(A)((p; 7v,6) with
respect to 7, 6 is defined by

ST A (g; 7,0 )—hmsup 57( )(GD}’)’/G)-

m—o0
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Then, the trivial compound state through quantum Markov chains is given by

CD(()m) = El(q))l",m ® El(q)){"\:m
n n
= Y Y [T Ele)xi) [Ty A" (Eile))y;,)
il---im jl---jm k=1 =1
(eilil ® ® elmlm) ® ( ]1]1 ® ® ]m]m)

For the modified compound state &3;1(]54 /)\*,F,m’ the transmitted complexity I;YZ(A) (@; A¥,

7,7, 0,0") with respect to A*, 7, 7/, 6, 0" and m is defined by

A *
1 (g; A%, y,7,6,0)) = supS( H(E,)\*rm,éém))

7(A)
yEA*Fm

through quantum Markov chains with respect to p, A*,7y, ', 0,0 and the decomposition of ¢ is
defined by

Definition 1. The quantum dynamical mutual entropy for the modified compound state ®”

TW(A)((;);A*,% v,6,0") = limsup %I;,Q(A)(go; A, v,7,0,0). 5)

m—o0

Then, we have:

Theorem 1. Let },,co AnEn be a Schatten decomposition of E1(¢). For the modified compound

state CDIZ(E /)\* r,m With respect to a partition A of the index set Q and the CP channel A*(Eq(¢@)) =
V(E1(@))V* for any E1(¢) € S(H1) with V*V = I, two marginal conditions hold

¥ ) r = A*
try,...j CDV(EJ)X rm = Z1(@)rm and  tri .. CDV(EI)\ T = S1(P)

—- A*

and the transmitted complexity with respect to 1A and @ém = E1(@)rm © E1(@)p

1EN* T,m
fulfills the fundamental inequalities:
0< T (g;A%,7,7,6,0') gmin{g“Y( )(937,0), 57 (g; A",/ 9)}

7(A)

Proof. Applying the partial traces for ®['K, and for ®]'K; with respect to <I>y EA* T

CDZ(]? /)\* 1, holds two marginal conditions.

&7 (A)
7 (epx, )q)y E,A*Tm
= ) tr(u1 L, ‘.i1|2)ei1i1 Q- & €y,
i1 eslm
= E‘l((P)Fm

and

r. )
Jmlm—1--J1

2
]‘fjlh Q- &,
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S (QDZ(E /)\* T q)ém)) is denoted by

The second term is written as

*

A — — * —_ —_ —_ * _
)N 1108 (1 (@) © E1 (@) = 11 (@)1, 108 Z1 (@)1, + rE1 (9)1, o8 Ea (@)1
The first term is described by

H7(A)
tr®, b A<

- r Lt

11 ,eeesim jl ----- ] m L{=2ny€]y

Z f\/gnw” inj |xlk <xlk|) H (w”i”/‘) (|yjk><yjk|)

n; EAW JGA”Z

+ Z A”kHwnk”k(|xlk><xlk| HA wnk”k)(|y]k><y]k|)] log

nrEQN\A k=1

&7(A)
log qDy,E,A*,F,m

2 )

(= 21’1[6][

fﬁnwnn |x1k xzk’)n (w””)(|ylk><y]k‘)

nj EAH[ n]eAnC

+ Z A ﬁw”k"k<’xik><xik’) ﬁA* (wnk"k) (|yjk><yjk‘>]

meEQNA k=1 1=1

Since S (E (¢)F,m> is written by

5(31(§0)r,m)
- —iz )3

Jim jl ----- ]m =2 1’146]/

\/71\/71—[6‘)”” |xlk x1k| HA*(w"") |y/k <y]k‘)

n; GAW njeAn(

+ Z )‘"kﬁwﬂk”k(|xik><xik|)f{A*(wﬂk”k)(|yjk><]/jk|) log

meQ\A k=

1)

neQ k=
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then one can obtain
(A) (m)
S(CDZEA* rqu)om )
~~(A - - A*
= trdDZ(E /)\* rm 108 q’Z,(E,/)\*,r,m +5 (C‘l((P)F,m) +5 (ﬁl ((P)r,m)

= s@me)+ L LD

i1 yeeslt Jloeerfm LE=210E€ ]

f\/gnwnn] |xlk <X1k| H (w"i”j)(|yjk><yjk|)

+ Z A”kHw”k”k |xlk <xlk| HA w”k”k)(|y]k><y]k|)

l’lkGQ\A k=1

n; GA,,[ ]EAV![

®1 Cljme

log
Zjl ,,,,, m ®lmr Cgme
- A
s(=1(e)t),

IN

where

®;

m, ril,jrn,“‘ ,jl

= Z 2 2 f\/znw””] }x1k> xlk| HA*((‘)””> |y]k><y]k|)

{=2ny€]pn; EAn, nj€Ay,

+ Z Ay H Wryny, (‘xik><xik ‘) EA* (w”k”k) (’yjk><yjk ’)

meEQNA k=1

Since S (E (q))r, ) is described by
S (51 ((P)I/}’Tm)
:122@2

im jl jm (=2 néeh

ﬁf Hwn,n, ) (i ]) H () (3w ])

+ Z )‘”kHwnk”k |xlk <xlk| HA w”k”k)(|y]k><y]k|) log

neQ\A k=1

2 A H Wryny, (|xik><xik |)

n,eQ k=1

n; GAV,/ ]EA”/
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then we have
(A) (m)
S<¢ZEA* rm'q)om )
A - = :
= trdDZ(E /)\* r.m 108 (DZ(E 1)\ mtS (&1((P)r,m) +5 (al (q’)l/}/m)

= S(orm) + 2 Z [2 2

i1eeesliny J1seeerfm 2n¢€]y

fﬁnwn oy (133) <xlk|>H *(wnn ) (193) w3 )

n; GA,,[ JGAW

+ Z A”kHw”k”k |xlk <xlk’ HA w”k”k)(|y]k><y]k|)

nrEQN\A k=1

G)l Agme

log >
1,

< S(Elup)r,m)

Therefore, we get the following inequality:

lmr : ll/]rnr“'rjl

0 < 5 (q)Z(E 1)\* I,m’ qDém)) S min{S(pr’m), S (P{“\’,m) }
Applying the supremum of E of both sides of the above inequalities, one has
0 < I (g; A", 7,7,6,6') < min{SL(A)(qv; 7,0), Sh (¢ A, 9/, 0) }

Thus, we have the inequalities taking a limsup,, ,, % of both sides of the above inequali-
ties:
0< 1" (g;A%,7,7,6,0') < min{ 5 (g;7,6), 57 (9;A%,7,6') }.

O

5. Conclusions

Ohya’s quantum mutual entropy for CP channels and quantum communication pro-
cesses was shown to be effective in C* dynamical systems. The transmitted complexity for
the modified compound states in dynamical systems described by the Hilbert spaces was
discussed in [40]. In this paper, we discussed these problems on the C*-systems. Based
on the generalized AOW entropy formulated by the KOW entropy in the C* dynamical
system, we investigated the complexity associated with the entangled compound states.
It was shown that the fundamental inequalities were satisfied when the mutual entropy
of the initial state transmitted through the CP channel changed with time (steps m). Note,
however, that this result does not assert the validity of the modified compound state given
by the entangled state, since the efficiency of the information transmission of the initial state
alone decreases with time. This means that the inequalities of the complexities based on
the modified compound state are not satisfied in all cases. For example, their inequalities
are not satisfied at the initial situation (see [19]).
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