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Abstract: Quantum coherence is the most distinguished feature of quantum mechanics. As an
important resource, it is widely applied to quantum information technologies, including quantum
algorithms, quantum computation, quantum key distribution, and quantum metrology, so it is im-
portant to develop tools for efficient estimation of the coherence. Bell state measurement plays an
important role in quantum information processing. In particular, it can also, as a two-copy collec-
tive measurement, directly measure the quantum coherence of an unknown quantum state in the
experiment, and does not need any optimization procedures, feedback, or complex mathematical cal-
culations. In this paper, we analyze the performance of estimating quantum coherence with Bell state
measurement for a qubit case from the perspective of semiparametric estimation and single-parameter
estimation. The numerical results show that Bell state measurement is the optimal measurement
for estimating several frequently-used coherence quantifiers, and it has been demonstrated in the
perspective of the quantum limit of semiparametric estimation and Fisher information.

Keywords: quantum coherence; Bell state measurement; maximum likelihood estimation; quantum
measurement

1. Introduction

Quantum entanglement is one of the most subtle and most widely exploited effects in
the quantum world, which plays a central role as an essential resource in quantum infor-
mation science [1]. Bell states are special cases of bipartite maximally entangled states [2]
and have been widely studied and used. Bell state measurement (BSM) is itself entangling:
it is the projection onto the basis of Bell states and plays crucial roles in many quantum
information tasks such as quantum teleportation [3–5], quantum key distribution [6,7],
quantum dense coding [8,9], entanglement swapping [10,11]. In recent years, to study
quantum teleportation for complex quantum systems and develop high-efficiency quantum
information networks [12,13], a high-dimensional Bell state measurement has been realized
experimentally [14–16]. BSM mainly determines the efficiency of these quantum communi-
cation tasks; Therefore, BSM is of great significance in quantum information technology.
Furthermore, BSM can also as a collective measurement performed on the two-copy state
to achieve the direct measurement of quantum coherence [17].

Quantum coherence is a fundamental feature of the quantum system, which describes
the superposition of quantum states. Since it has been quantified within the framework of
resource theory, quantum coherence is a fundamental resource and is also closely related to
quantum entanglement [18–20], such as detecting coherence to witness multipartite entan-
glement and the conversion between coherence and quantum correlations in bipartite and
multipartite systems [21–23]. Like quantum entanglement, the application of quantum co-
herence in quantum information technology has also been widely studied [24]. In quantum
algorithms, the success probability of quantum algorithms is also related to the coherence
of quantum states [25]. In quantum channel discrimination, using the coherent state as the
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probe state can improve the success probability of discrimination [26]; in quantum com-
munication, using coherence helps to quantify key rate in quantum key distribution [27],
as well as applying it to quantum computation and quantum metrology [28]. Being a
fundamental property of quantum systems, coherence plays an important role in nanoscale
physics [29], transport theory [30], biological systems [31], and quantum thermodynam-
ics [32]. Especially in quantum thermodynamics, coherence enables power outputs that
greatly exceed the power of stochastic engines [33]. In addition, quantum coherence is also
related to quantum foundations, such as the study of the wave-particle duality [34,35] and
quantum uncertainty [36]; using coherence characterizes the wave nature of the quantons,
and coherence can be interpreted as a manifestation of quantum uncertainty.

Having identified quantum coherence as a valuable feature of quantum systems and a
fundamental quantum resource, it is important to develop methods for its rigorous quan-
tification. While quantum coherence has been extensively studied and various quantifiers
have been proposed [24], how to efficiently estimate coherence experimentally is still a
challenge, which also limits the application of coherence in quantum information process-
ing. Clearly, one can perform quantum state tomography and then use the derived density
matrix of state to calculate the amount of coherence, but this method contains redundant
information because the quantifier of coherence is not always related to complete informa-
tion about the systems. Actually, there are also some strategies to estimate the coherence
of unknown quantum states [37–43], such as using interference fringes [37], spectrum
estimation [38,39], and using a numerical optimization algorithm to estimate the coherence
based on limited experimental data [40]. Some of these methods only apply to the specific
quantifiers of coherence, and most theoretical methods estimate upper and lower bounds
for the coherence of unknown quantum states by mathematical calculations and numerical
optimizations, which are not very accurate. However, BSM can, as a two-copy collective
measurement, directly measure the quantum coherence of an unknown quantum state [17],
and does not need any optimization procedures, feedback, or complex mathematical cal-
culations. In this work, we adopt semiparametric estimation theory and single-parameter
estimation to analyze the performance of estimating quantum coherence with Bell state
measurement for the qubit, respectively. We find that BSM is the optimal measurement
for estimating several frequently used coherence quantifiers, and we demonstrate it from
the perspective of semiparametric estimation and Fisher information. In the framework
of semiparametric estimation theory [44], the mean-square error of the estimation reaches
the quantum limit. In the framework of single-parameter estimation, we use maximum
likelihood estimation to process data, and the mean-square error of the estimation can
reach the Cramér–Rao bound.

2. Estimation of Quantum Coherence with Quantum Semiparametric Estimation

Collective measurement scheme estimates the coherence of a quantum state ρ by
performing measurements on two-copy state ρ ⊗ ρ, which provides a simple method
to measure coherence, because the entire experiment can be performed in a single mea-
surement setup, and other estimation methods (e.g., tomography) typically require to
change the measurement setup many times. For single-qubit states ρ = 1

2 (I + r · σ) with
Bloch vector r = (rx, ry, rz), a collective measurement in the maximally entangled basis
|ψ±〉 = (|01〉 ± |10〉)/

√
2 and |ϕ±〉 = (|00〉 ± |11〉)/

√
2, i.e., BSM, which consists of four

POVM elements

E1 = |ψ+〉〈ψ+|, E2 = |ψ−〉〈ψ−|,
E3 = |ϕ+〉〈ϕ+|, E4 = |ϕ−〉〈ϕ−|,

(1)

performed on a two-copy state ρ ⊗ ρ. The corresponding outcome probabilities pi =
Tr[Eiρ⊗ ρ], and are denoted as
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p1 = Tr[E1ρ⊗ ρ] =
1
4

(
1 + r2

x + r2
y − r2

z

)
,

p2 = Tr[E2ρ⊗ ρ] =
1
4

(
1− r2

x − r2
y − r2

z

)
,

p3 = Tr[E3ρ⊗ ρ] =
1
4

(
1 + r2

x − r2
y + r2

z

)
,

p4 = Tr[E4ρ⊗ ρ] =
1
4

(
1− r2

x + r2
y + r2

z

)
.

(2)

For an arbitrary coherence, measure Cx of the qubit can be expressed as simple
functions of pi. For example, the `1-norm of coherence C`1 and the relative entropy of
coherence Cr are defined as [45]

C`1(ρ) =
i,j

∑
i 6=j

∣∣ρij
∣∣, (3)

Cr(ρ) = S(ρdiag)− S(ρ), (4)

where S(ρ) = −Tr[ρ log2 ρ] is the von Neumann entropy, ρdiag = ∑i |i〉〈i|ρ|i〉〈i|, and we
consider coherence with respect to the basis {|i〉}. For single-qubit states r = (rx, ry, rz),
both quantities can be expressed as [46]

C`1(ρ) =
√

r2
x + r2

y =
√

2(p1 − p2), (5)

Cr(ρ) = h
(

1 + |rz|
2

)
− h
(

1 + r
2

)
, (6)

with the binary entropy h(x) = −x log2 x− (1− x) log2(1− x) and the Bloch vector length
r = (r2

x + r2
y + r2

z)
1/2. According to Equation (2), |rz| and r can be expressed as |rz| =√

2(p3 + p4)− 1 and r =
√

1− 4p2, respectively. Therefore, directly substituting the
probability obtained from the experiment into Equations (5) and (6) can directly obtain the
value of coherence.

Quantum semiparametric estimation theory is especially relevant to the estimation
of a parameter that can be expressed as a function of ρ. We suppose that an experimenter
receives N quantum objects and estimates a parameter β as a function of ρ, and we let
β = Tr(ρY) and Y be given observables. The theory can provide the fundamental limit to
the precision of estimation for any measurement. For any measurement, the mean-square
error E of the estimation has a quantum limit given by [44]

E ≥ 1
N

Trρ(Y− β)2. (7)

Taking the estimating of the `1-norm of coherence as an example, according to Equation (5),
for simplicity, we set C2

`1
as the parameter β, and Y is expressed as Y = 2(E1 − E2). Here,

ρ is two-copy state. Using Equation (7), we can calculate the quantum limit of the mean-
square error of estimating C2

`1
, and finally use the error transfer formula to obtain the bound

of estimating C`1 .
Next, we numerically show the performance of estimating several frequently used co-

herence quantifiers Cx with Bell state measurement from the perspective of semiparametric
estimation. We consider a single-qubit state |Ψ〉 = sin θ|0〉+ cos θ|1〉, with θ ranging from
0 to π/2. Bell state measurement is performed on a two-copy state (|Ψ〉〈Ψ|)⊗2. The sample
size N is set to 6000. The estimation precision quantifier is the mean squared error (MSE)

∆2Cest
x := E[(Cest

x − Cx)
2], (8)

where Cx is the actual coherence value for a specific quantifier ‘x’, and Cest
x is the estimated

value. Firstly, the BSM is performed N times on N identically prepared states, and outcome
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j occurs nj times. We simulate and generate experimental data D = {n1, n2, n3, n4}; here,
N = n1 + n2 + n3 + n4. Next, probabilities Pj =

nj
N are calculated, and we substitute the

probability obtained from simulated experimental data into Equation (5) to estimate the
`1-norm of coherence C`1 . The result of the numerical simulation is shown in Figure 1. As
we see from the data shown in Figure 1, the mean squared errors reach the quantum limit
obtained by Equation (7).
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Figure 1. The result of numerical simulation for estimating C`1
with BSM in semiparametric estima-

tion. The mean squared error (MSE) for estimating C`1
of a family of qubit states |Ψ〉 is shown. The

sample size is N = 6000. Each data point is the average of 1000 repetitions, and the error bars denote
the standard deviation. The quantum limit of the estimation is shown as a red curve.

Similarly, we also estimate other coherence quantifiers for the qubit states |Ψ〉. In the
qubit case, the geometric coherence Cg is defined as [24]

Cg(ρ) =
1
2

(
1−

√
1− 4|ρ01|2

)
=

1
2

(
1−

√
1− C2

`1

)
, (9)

where ρ01 = 〈0|ρ|1〉 is the off-diagonal element of ρ in the incoherent basis, and note
that for all single-qubit states, we have C`1 = 2|ρ01|. We substitute the C`1 estimated
by semiparametric estimation into function expression Equation (9) to estimate Cg and
calculate the mean squared error. The bound of estimating Cg is obtained by the bound
of estimating C`1 and the error transfer formula. The numerical simulation result for
estimating Cg is shown in Figure 2. The mean squared errors of numerical simulation reach
the quantum limit.
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Figure 2. The result of numerical simulation for estimating Cg with the C`1
estimated by semipara-

metric estimation. The mean squared error (MSE) for estimating Cg of a family of qubit states |Ψ〉 is
shown. The sample size is N = 6000. Each data point is the average of 1000 repetitions, and the error
bars denote the standard deviation. The quantum limit of the estimation is shown as a green curve.

In addition, the coherence of formation C f also can be evaluated exactly. C f in the
qubit case is expressed as [24]

C f (ρ) = h

(
1 +

√
1− 4|ρ01|2

2

)
= h

1 +
√

1− C2
`1

2

. (10)

Similarly, we substitute the C`1 estimated by semiparametric estimation into function
expression Equation (10) to estimate Cg and calculate the mean squared error. The bound
of estimating Cg is obtained by the bound of estimating C`1 and the error transfer formula.
The result of the numerical simulation is shown in Figure 3.

Comparing Equation (10) with the geometric coherence of Equation (9), it follows that

C f = h(1− Cg), (11)

which holds for any single-qubit state. With this relation, we also use the result of Cg to
calculate C f and the corresponding quantum limit. Another important quantifier is the
coherence cost Cc, which is equal to the coherence of formation Cc = C f [24]. When the

qubit is a pure state, |rz| =
√

1− (r2
x + r2

y), Equation (6) is written as Cr = h

(
1+
√

1−C2
`1

2

)
,

the relative entropy of coherence Cr is equal to Equation (10) of coherence formation. There-
fore, the simulation results of these coherence quantifiers are the same as the simulation
results of C f .
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Figure 3. The result of numerical simulation for estimating C f with the C`1
estimated by semipara-

metric estimation. The mean squared error (MSE) for estimating C f of a family of qubit states |Ψ〉 is
shown. The sample size is N = 6000. Each data point is the average of 1000 repetitions, and the error
bars denote the standard deviation. The quantum limit of the estimation is shown as a red curve.
Only the results of estimating C f are shown here, as these quantities Cc and Cr are the same as C f .

3. Estimation of Quantum Coherence with a Single-Parameter Estimation

For the qubit states |Ψ〉 = sin θ|0〉+ cos θ|1〉 discussed in the simulation above, we
can also analyze the performance of estimating coherence Cx with Bell state measurement
from the perspective of single-parameter estimation.

Firstly, we demonstrate that Bell state measurement is the optimal measurement
for estimating several frequently used coherence quantifiers discussed above from the
perspective of Fisher information. Fisher information is derived from statistics and used to
quantify the estimation accuracy of parameters, such as the Cramér–Rao bound. It plays
an important role in quantum information technology, especially in quantum metrology.
We recall that quantum Fisher information of parameterized quantum states ρ = ρ(Cx) is
defined as

FCx = TrρL2
Cx

, (12)

where Cx is a parameter to be estimated, and LCx is the symmetric logarithmic derivative
determined by ∂

∂Cx
ρ = 1

2 (LCx ρ + ρLCx ). It can be calculated as [47]

FCx = ∑
jk

2
λj + λk

∣∣∣∣〈j| ∂

∂Cx
ρ|k〉

∣∣∣∣2 (13)

by spectral decomposition ρ = Σjλj|j〉〈j|. Quantum Fisher information sets a fundamental
bound to the attainable optimal estimation precision. Using Equation (13), we can obtain
the quantum Fisher information of this original state (|Ψ〉〈Ψ|)⊗2 concerning the parameter
C`1 is FC`1

= 2/(1− C2
`1
).

We suppose that with a series of measurement operators {Mj} independent of the
parameter, with Mj ≥ 0∀j, Σj Mj = Id, performed on the state ρ(Cx), the probability
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distribution is obtained as pj(Cx) = Tr(ρ(Cx)Mj). Therefore, the measurement-induced
Fisher information is defined as

FCx = ∑
j

pj(Cx)

(
∂

∂Cx
ln pj(Cx)

)2
, (14)

which is the classical Fisher information of the measurement-induced probability distribution.
If the estimation of parameter Cx is an unbiased estimator, the mean squared error is

lower bounded by the Cramér–Rao bound [48]:

N∆2Cx ≥
1

FCx

≥ 1
FCx

. (15)

Quantum Fisher information (QFI) is the largest Fisher information (FI) upon optimizing
the choice of measurement, i.e., FCx := max{Mj} FCx . It can be easily evaluated that classical
Fisher information of estimating parameter C`1 with BSM according to Equation (14) is

FC`1
=

2
1− C2

`1

. (16)

BSM-induced classical Fisher information reaches quantum Fisher information (FC`1
= FC`1

),
which implies BSM is optimal.

Similarly, by utilizing the functional relations between different quantifiers, the Fisher
information and quantum Fisher information for Cg and C f can be expressed as

FCg = FCg =
2

Cg − C2
g

, (17)

FC f = FC f =

 1

log2
1−Cg

Cg

2
2

Cg − C2
g

, (18)

where Equation (18)obtained using C f is a simple function of Cg in the qubit detailed as
Equation (11).

Next, we use numerical simulation to verify Equation (15). In the numerical simulation,
maximum likelihood estimation (MLE) is used to process data. Maximum likelihood
estimation is a method of estimating the parameters of an assumed probability distribution
given some observed data. We consider measurement of the coherence of state ρ = |Ψ〉〈Ψ|
with BSM {Ej}m

j=1 composed of m = 4 outcomes, and the probability of obtaining outcome
j is pj = Tr[Ejρ ⊗ ρ]. The quantifier of coherence Cx to be estimated is then contained
in the probability pj(Cx) because Cx is related to some parameters of the state ρ. If the
BSM is performed N times on N identically prepared quantum systems, outcome j occurs
nj times with ∑j nj = N. Now, we aim to infer the quantifier of coherence Cx from the
measurement data D = {n1, n2, ..., nm}. Maximum likelihood estimation searches for the
CML

x that maximizes the likelihood function [48] are

CML
x := arg max

Cx
L(D|Cx), with L(D|Cx) = ∏

j
p

nj
j , (19)

where L(D|Cx) is the likelihood of observing the data D. The parameter we solve is used
to maximize the value of the Likelihood function, which can be solved by derivation in
mathematical problems. In practice, it is more convenient to work with the log-likelihood
function, because the monotonically increasing nature of logarithmic functions ensures
that they do not change the extreme points, and taking the logarithm facilitates our subse-
quent derivation.
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We take C`1 as an example to demonstrate this method. We cnsider a single-qubit state
|Ψ〉 = sin θ|0〉+ cos θ|1〉 and BSM performed on the two-copy state. The corresponding
outcome probabilities pi = Tr[Ei(|Ψ〉〈Ψ|)⊗2] are expressed as

p1 =
1
2

C2
`1

, p2 = 0,

p3 =
1
2

, p4 =
1
2
− 1

2
C2
`1

,
(20)

where C`1 = sin 2θ. SWe suppose BSM is performed N times on N identically prepared
states, and the measurement data D = {n1, n2, n3, n4}. According to Equation (19), we
write the likelihood function as

L(n1, n2, n3, n4; C`1) = (
1
2

C2
`1
)n1(

1
2
)n3(

1
2
− 1

2
C2
`1
)n4 . (21)

We take the logarithm of Equation (21),

log L(n1, n2, n3, n4; C`1) = n1 log(
1
2

C2
`1
) + n3 log

1
2
+ n4 log(

1
2
− 1

2
C2
`1
), (22)

take the derivative of the above equation, let the derivative function equal to zero, and
solve CML

`1
as

CML
`1

=

√
n1

n1 + n4
. (23)

For the numerical simulation, the coherence of single-qubit states |Ψ〉 with θ ranging
from 0 to π/2 are estimated. The sample size N is chosen to be 6000. We substitute the
simulated measurement data D = {n1, n2, n3, n4} into Equation (23) to obtain the CML

`1
and calculate the mean squared error. The result of the numerical simulation is shown in
Figure 4. The mean squared error achieved by the maximum likelihood estimation reaches
the Cramér–Rao bound 1/(NFC`1

).
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Figure 4. The result of numerical simulation for estimating C`1
with BSM in single-parameter

estimation. The mean squared error (MSE) for estimating C`1
of a family of qubit states |Ψ〉 using

maximum likelihood estimation is shown. The sample size is N = 6000. Each data point is the
average of 1000 repetitions, and the error bars denote the standard deviation. The Cramér–Rao bound
is shown as a red curve.
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Similarly, we can also use maximum likelihood to estimate geometric coherence and
coherence of formation. According to Equation (19) and the maximum likelihood estimation
steps, the estimated value of geometric coherence CML

g is

CML
g =

1
2
− 1

2

√
n4

n1 + n4
, (24)

which also can be obtained by the relation Cg = 1
2

(
1−

√
1− C2

`1

)
. The numerical sim-

ulation result for estimating Cg is shown in Figure 5. The estimated value of geometric
coherence CML

f can be obtained by relation Equation (11). The result of the numerical
simulation is shown in Figure 6. Using the data processing method of the maximum likeli-
hood estimation makes the mean squared error (MSE) for estimating Cg and C f reach the
Cramér–Rao bounds. Although in the framework of single-parameter estimation, BSM is
also optimal for estimating coherence of the state |Ψ〉, it is worth mentioning that collective
measurements are unnecessary in general for single-parameter estimation.
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Figure 5. The result of numerical simulation for estimating Cg with BSM in single-parameter estima-
tion. The mean squared error (MSE) for estimating Cg of a family of qubit states |Ψ〉 using maximum
likelihood estimation is shown. The sample size is N = 6000. Each data point is the average of 1000
repetitions, and the error bars denote the standard deviation. The Cramér–Rao bound is shown as a
green curve.



Entropy 2023, 25, 1459 10 of 12

0 10 20 30 40 50 60 70 80 90
 (degree)

0

1

2

3

4

5

6

7

8

9

M
S

E
 (

C
f)

single-parameter estimation
C-R bound

10−5

Figure 6. The result of numerical simulation for estimating C f with BSM in single-parameter estima-
tion. The mean squared error (MSE) for estimating C f of a family of qubit states |Ψ〉 using maximum
likelihood estimation is shown. The sample size is N = 6000. Each data point is the average of
1000 repetitions, and the error bars denote the standard deviation. The Cramér–Rao bound is shown
as a red curve. The mean squared error (MSE) for estimating quantities Cc and Cr are the same as C f .

4. Conclusions

Quantum coherence is the most distinguished feature of quantum mechanics and plays
a critical role in emerging quantum technologies. While different quantifiers of coherence
have been proposed in the literature, their efficient estimation in today’s experiments
remains a challenge. BSM as a collective measurement performed on the two-copy state
can achieve the direct measurement for any coherence quantifier of a qubit. In this work,
we analyze the performance of estimating quantum coherence with Bell state measurement
for a qubit case from the perspective of semiparametric estimation and single-parameter
estimation, respectively. Using Bell state measurement, the mean square error of the
estimation reaches the quantum limit of semiparametric estimation theory. From the
perspective of single-parameter estimation, we use maximum likelihood estimation to
process data and the mean-square error can reach the Cramér–Rao bound. Our work
provides an alternative method for direct measurement of coherence and highlights the
application of BSM in quantum information processing.
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