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Abstract: We present a new experiment demonstrating destructive interference in customers’ esti-
mates of conditional probabilities of product failure. We take the perspective of a manufacturer of
consumer products and consider two situations of cause and effect. Whereas, individually, the effect
of the causes is similar, it is observed that when combined, the two causes produce the opposite effect.
Such negative interference of two or more product features may be exploited for better modeling of
the cognitive processes taking place in customers’ minds. Doing so can enhance the likelihood that a
manufacturer will be able to design a better product, or a feature within it. Quantum probability has
been used to explain some commonly observed “non-classical” effects, such as the disjunction effect,
question order effect, violation of the sure-thing principle, and the Machina and Ellsberg paradoxes.
In this work, we present results from a survey on the impact of multiple observed symptoms on the
drivability of a vehicle. The symptoms are assumed to be conditionally independent. We demonstrate
that the response statistics cannot be directly explained using classical probability, but quantum
formulation easily models it, as it allows for both positive and negative “interference” between events.
Since quantum formalism also accounts for classical probability’s predictions, it serves as a richer
paradigm for modeling decision making behavior in engineering design and behavioral economics.

Keywords: customer decision making; product design; non-classical information processing;
interference

1. Introduction

We present the results of an experimental study demonstrating that the conjunction
of two causes, a and b, each individually in favor of event d, can together decrease the
probability of d. A study by Zheng et al., [1] shows that prior experience interacts with
causal information in a non-trivial way. In our study, we show that multiple causes of
the same type can also interplay in a way not supported by the classical information-
processing paradigm. It is well-known that causal information can aid decision making
by providing supporting reasons for a choice, clarifying the valuation of options [2–4].
However, as we show in this paper, causation in decision making can have peculiarities
such as destructive or constructive interference of the causes. To mathematically model
this interference of probabilities, we construct a quantum probabilistic model. The use of
quantum-like modeling is also supported by theoretical classical probabilistic analysis.

Motivation for our experimental study came from the area of design of complex
systems or products, such as an automobile or an airplane. Such design-projects, which
are inherently decision-making processes, involve balancing many characteristics ranging
from technical features to manufacturability, while keeping the voice of the customer in
mind [5–7]. Design engineers themselves have preferences which reflect themselves in
the design-decisions they make, both in terms of tradeoffs between attributes and the
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various decisions under uncertainty. The more aligned these preferences are with the
voice of the customer, the higher the likelihood of the success of the product is. Thus, the
psychology of designers and customers has to be seriously taken into account in product
development projects.

Notwithstanding survey design issues, it may be tempting to ascribe, or even re-
quire, mathematical consistency in the decision-making behavior of the stakeholders.
Contrastingly, it can be equally valuable to understand and model deviations from ex-
pected behaviors and other psychological specialties. Doing so can open up new avenues
for improvement in product attributes and lead to improved customer satisfaction. It has
been known that mathematical models with underlying assumptions different from what
we encounter in real life can still be extremely valuable for both normative and descriptive
purposes. One such example is preferential and utility independence of the multiple consid-
ered attributes [8]. This allows us to aggregate the technical and economic characteristics
of alternatives into a single utility function in a relatively straightforward way. While
these independence assumptions can be violated, the model is invaluable in its widespread
applications [9]. Alternative methods of engineering decision making such as AHP, Pugh’s
method, simple weight, and rate methods while inviting critique from some sources, still
enjoy significant prevalence in engineering practice from their relative ease of use [10–12].
In engineering design and decision making under uncertainty, we often see the assumptions
of normality or independence of random variables. It is commonly observed that these
assumptions make problems tractable, allowing us to gain insights not possible otherwise.

More recently, there has also been much emphasis placed on the cognitive aspects in-
volved in the design process and also those encountered during the use of products [13]. For
example, Maier et al., [14] discuss cognitive-assistant (CA) facilitated design ideation groups
where they compare and contrast human-assisted and CA-facilitated design.
Brownell et al., [15] discuss the impact of individual team member proficiency in design.
Ahmed and Demirel, [16] examine human-centered prototyping strategies in early stages
of engineering design. Chou et al., [17] present a stakeholder agreement metric (SAM),
which is based on the distance between the designs produced using different preference
structures. Ahmed et al., [18] compare different prototyping methods in the early stages
of product design when uncertainty effects are more pronounced. Autonomous products
require users to relinquish decision-making control to some degree, and trust issues become
a challenge in their adoption. Along these lines, Liao and MacDonald, [19] investigate the
effect of manipulation of users’ trust in autonomous products. Slon et al. [20] investigate the
challenging task of fast-paced decision making by engineers with conflicting preferences in
manufacturing systems in the context of Industry 4.0. Changarana et al., [21] investigate
designers’ ability to understand the thoughts, feelings, and psychological behavior of cus-
tomers. Clearly, if human cognition affects and is affected by the design decisions, it merits
investigation regardless of whether accepted normative processes are always followed.

In this paper, we cater to the existing literature on engineering design and customer
experience by presenting experimental evidence on topics related to personal vehicle-
related assessments. Our results show that these assessments are subject to inconsistencies
and can exhibit destructive interference in decision-making probabilities. Subsequently,
we propose a quantum-like (QL) model to describe the data, using the formalism of
quantum mechanics. In our QL model, the uncertainty states and observables (questions)
are represented as vectors and operators, respectively, in an abstract complex Hilbert
space. We argue that in situations when multiple attributes or symptoms in the system
are not independent, QL models can naturally accommodate the peculiarities such as the
question-order effect (see, e.g., Pandey and Basieva, [22]). It is also demonstrated that
complex-valued probability amplitudes admitting positive or negative interference are
well-suited to reflect complicated dependence between the system attributes or symptoms
that need to be reconciled together.

Our paper also contributes to the rapidly developing stream of research on applica-
tions of the formalism and methodology of quantum theory outside of physics, especially
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to decision making. This framework is known as quantum-like modeling to distinguish
it from extended research on the coupling of cognition and consciousness with genuine
quantum physical processes in the brain (see, e.g., [23–25]). In the quantum-like framework,
humans are considered macroscopic quantum information processors. One of the sources of
informational quantumness is contextuality of human perception, attention, and emotions.
We recall that contextuality is one of the basic features of quantum theory, which is actively
investigated in quantum information theory. Contextuality is closely coupled with another
distinguishing feature of quantum observables—the presence of incompatible observables
(or, generally, the Bohr’s complementarity principle). Such observables generate events,
for which the logical operation of disjunction—if at all applicable—can lead to behavioral
inconsistencies and paradoxes. By rapidly moving from one cognitive context to another,
the decision maker prefers to transfer information in the state of superposition of a few
alternatives. The resolution of superpositions and construction of a classical probability
model can be time-consuming and have high demand on computational resources. Such
processing of superpositions—updating corresponding quantum states and not probability
distributions—is valuable from the viewpoint of information processing, especially in
the situation of information overload generated by the complexity of the decision pro-
cess and time constraints [26]. The latter is especially important in engineering, where
projects have strict deadlines, and product alternatives must be evaluated over multiple
competing objectives.

The framework of Contextuality-By-Default [27] can account for virtually any statis-
tical data. It provides individual labels for variables in every context and then analyses
the magnitude and consistency of the context’s influence. In contrast, we focus on a
“combination” of contexts and their influences on the statistics.

During the last few years, quantum-like approaches flourished by attracting re-
searchers from various fields, cognition, psychology, decision making, economics, game
theory, and (as in the present paper) engineering, as well as physics and mathematics (See,
e.g., [28–45]) For example, quantum interference effects and conditional probabilities in
decision making have been analyzed in [46,47] in the framework of quantum-like Bayesian
Networks to model “irrational” decisions. We would like to note that it is conditional
probabilities that we have in mind when we speak about the “causes” of some phenomena.
We do not consider causality in time nor causal mathematical probabilistic frameworks as
was proposed by Pearl [48].

As a final note for this section, it may be tempting to think that the events whose
probabilities we are considering are necessarily subjective in nature. Classical probability
has been used successfully in many design-projects under uncertainty settings, where
problems are well understood and probabilities of events and their conjunctions can be
calculated exactly [49,50]. However, for most engineering problems, subjective assessment
of probability is still a major ingredient. This is particularly true for systems with many
connections and interactions between its constituents. Two examples that best serve to
explain this point are the Tenerife air disaster and the GM ignition switch issue [51]. For
complex systems such as air transportation and automobiles, it is not always possible
to assess joint probabilities of events and their impact on the system as a whole. In
quantum information theory, philosophical considerations of limited access to probabilities
stimulated the creation of the subjective probability interpretation of quantum mechanics,
Quantum Bayesianism (QBism), see, e.g., Fuchs. Applications of QBism in decision making
were discussed in [52].

This paper is organized as follows. In the following section, we present the background
discussion and the motivation behind the proposed approach. Section 3 presents the
mathematical formulation for the quantum-like model that we propose. This is followed in
Section 4 by the design of the survey and analysis of the results. Section 5 concludes and
provides avenues for future research.
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2. Background and Motivation

Rational decision makers are expected to estimate probabilities and update their
preferences according to Kolmogorov’s axioms and the Bayes rule of classical probability
theory (Oaksford & Chater, 2009) [53]. A thorough analysis of cognitive processes and
biases of rational agents on multiple levels can be found in [54,55]. Simply put, for the case
where there is some value from a design at stake, monetary or otherwise, being “rational”
can be defined as making decisions that maximize expectation value (or utility) from the
outcome. Mathematically speaking, it has been advocated that a customer or a designer
should seek to maximize a performance function, usually their utility function (or its
expectation when uncertainty is present) while making decisions:

x∗ = argmax
x

(E[U(Y(x, q))]) = argmax
x

(∫
D

U(y(x, q)) fQ(q)dq
)

(1)

where x is the vector of decisions, Q is the vector of uncertain parameters, q is its realization,
while D is the support of the distribution of Q, i.e., the set of values where the pdf is non-
zero. Y(.) is the vector of attributes and U(.) is the utility function. It is often seen that
decision makers deviate from the above tenet of formal decision making.

Naturally, people may have other values and interests apart from the attributes directly
under consideration as described above. It is not always possible to frame a decision
problem such that all externalities are made irrelevant. It is also possible that decision
makers do not properly apply probability theory or simply make mistakes when calculating.
Furthermore, there is also the case of limited resources, limited information, and bounded
rationality, all of which affect decisions. The resulting seemingly “irrational” behavior
gives rise to “paradoxes” that have been thoroughly investigated in the field of cognitive
psychology and behavioral economics [56–58].

Quantum-Like (QL) approaches have also been widely used in describing these para-
doxes [29,30,59–61]. The approach is used to calculate probabilities and describe statistics
collected in the experiments are described by the mathematical formalism of quantum
mechanics. It is important to note that QL approaches are an operational formalism and
should be distinguished from the idea that “free will” and choices of a person have their
foundation in the actual quantum physical processes in the brain.

Quantum-like formalism is naturally suited to model deviations from classically pre-
dicted behavior because, basically, it is richer than classical probability theory. For example,
it admits an interference term in the law of total probability (LTP) when formulated us-
ing quantum formalism. In Equation (2), we consider LTP for a probability of a decision
(A = a) conditioned upon two possible disjoint events/causes (b0, b1):

p(A = a) = p(A = a|B = b0)p(B = b0) + p(A = a|B = b1)p(B = b1) + Inter f erence Term (2)

In quantum formalism, probabilities are calculated as squared norms of ψ-function
projections, as given by the Born rule, e.g., [62]. Probability amplitudes have associated
phases that can lead to both negative and positive interference between terms. It has
been shown that non-commuting observables account for the question order effect which
explains how respondents give different answers based on the order of questions asked [39].
In Haven and Khrennikova, [63] QL models were used to describe a violation of LTP in
financial decision making by investors. It was also shown that the projection postulate of
QM easily accommodates an update from zero prior [64]. The main convenience is that
QL models use explicit rules for the state update, not only for the probability update. In
classical probability theory, Kolmogorov axioms and Bayesian update rule are used. In
principle, if we postulate a rule for updating our (classical) state following disturbance
provided by the measurement (say, by giving an answer to a previous question), we would
be able to produce absolutely the same results as quantum formalism [65]. Alternatively,
any single experiment can be thought of as taking place in its own unique context and
possessing its own unique set of random variables, the so-called Contextuality-by-Default
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notion [66]. No classical joint probability distribution can be assigned to the variables from
mutually incompatible contexts. The literature on CbD usually considers joint measurement
of a few pairs of questions, one question playing the role of context for the other. A cycle
of pairwise joint measurements is needed to pinpoint the presence of incompatibility. In
contrast, in the present work, we consider not joint but sequential measurements and
study the effect of combination of a few conditioning questions. Let us revisit the possible
violation of the law of total probability as described in Equation (2). It is possible to design
an experiment where an unconditional choice is not a weighted sum of the few conditional
choices. The quantitative measure of this violation is the interference term. Furthermore,
it has been shown in recent work that the interference term even in quantum formalism
has its own restrictions. This phenomenon becomes more interesting with an increasing
dimensionality of the problem state space [67].

In its strongest form, this effect presents itself as a violation of Savage’s Sure Thing
Principle [68]. In Equation (2), even if we admit that the probability distribution p(B) is
different in the LHS and the RHS, the LTP is still found to be violated. That is, judgement
about A in the state of uncertainty about B (LHS) is very different from both cases on
the RHS, where either B = b0 or B = b1 are guaranteed. A well-known example of
the violation of the “sure thing principle” is the prisoner’s dilemma, where each of the
two prisoners is motivated to betray the other if they know the other’s action. In either
case, the rational choice is to betray. However, it has been seen that when a prisoner
does not know the other’s decision, they do not betray. An interesting treatment of this
problem was given in [34]. The authors consider dynamics of the mental state via classical
Kolmogorov equations, as well as quantum evolution under some Hamiltonian. They
demonstrate that the former cannot lead to the observed probabilities. A unitary evolution
of quantum pure states is eternal, not quenching oscillations between “yes” and “no” as
predicted from the work. A more sophisticated evolution under the Lindblad equation
can account for stabilization of opinion [69–71]. Apparently, it is also possible to construct
a more sophisticated classical equation, with more parameters and taking into account
other motives of the participants. In this paper, we do not consider the dynamics of mental
states and limit our considerations to the simplest case of projections and pure initial states
with the goal of illustrating the effect of complex probability amplitudes amplifying or
quenching each other.

The objective of this work is to highlight some of the cognitive inconsistencies that
can occur in engineering decision making and apply a QL formalism for their description.
For this purpose, we perform a survey where we ask the participants simple engineering
questions. It is shown in the results that quantum formalism can explain the responses we
received, while straightforward classical probability calculations are not suitable. Consider
two events. In a classical measure-theoretical model, if each of the events independently
increases the probability of some third event, then their combination should increase this
third event’s probability even more in line with Bayesian probability update. This is not
necessarily the case in quantum formalism, and our experiment is designed to illustrate
this point.

A related example comes from quantum computing, for example, in Shor algorithm.
An entangled state obtained after the application of a function to the superposed (but
factorizable) initial state can be considered a combination of disparate ways to achieve the
same outcome. These ways may be combined in the way of both positive and negative
interference. In decision making, two motives or incentives for the same decisions, or
two pieces of information, each one favoring the same outcome, may work the opposite
if considered together. This fits the negative interference feature, provided by quantum
formalism but not by classical probability.

The goal of the survey experiments we conducted was not merely to pinpoint possible
“fallacies” in engineering decision making. They are unavoidable and have been ignored so
far, seemingly without much consequence. So, our aim is not to try to show the inapplicabil-
ity of classical probabilistic models. We argue that another simple and linear mathematical
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model based on quantum formalism can be a prospective tool for analysis and even, hope-
fully, prediction of these ubiquitous “paradoxical” effects. Hopefully, someday we will
be able to say in advance that certain experimental settings are prone to certain type and
magnitude of “inconsistencies”. Research in this domain may contribute to the refinement
of the parameters of the quantum probability framework which at the same time need to be
sufficiently robust to be applicable in a significantly wide range of experiments. This may
lead to better techniques for capturing the preferences of decision makers and predicting
their actions under different operating scenarios. As a result, better products, systems, and
services could be designed by engineering firms.

3. Preliminaries

Consider an engineer attempting to troubleshoot a possible problem with a vehicle
given some limited information. Throughout the paper, we consider only binary variables.
Furthermore, consider two possible independent causes or symptoms, a and b, to some
end effect that is observed, such as the malfunction indicator light (MIL), also referred to as
the “check-engine light”, on the dashboard. We denote this end-effect by d. We can write:

p(d|a)p(a) = p(d ∩ a) = p(a|d)p(d) (3)

Similarly:
p(d|b)p(b) = p(d ∩ b) = p(b|d)p(d) (4)

From the independence of the two, we have:

p(a ∩ b) = p(a)p(b) (5)

Importantly, for our discussion we assume that a and b conditioned on d are also
independent. The survey does not collect data to test this assumption. We can reasonably
assume this in certain cases, e.g., low gas and low oil are independent conditions, including
the case when there is an unknown light indicator on the dashboard. Therefore:

p(a ∩ b|d) = p(a|d)p(b|d) (6)

p(d|a ∩ b)p(a ∩ b) = p(d|a ∩ b)p(a)p(b) = p(a ∩ b|d)p(d) = p(a|d)p(b|d)p(d) (7)

Individually, a or b increasing the probability of d implies:

p(d|a) > p(d), p(d|b) > p(d) (8)

Hence:
p(a|d) > p(a), p(b|d) > p(b) (9)

Substituting in (7), we obtain p(d) < p(d|a ∩ b) , which implies p(a ∩ b|d) > p(a ∩ b).
We have shown that for conditionally independent a and b, if both a and b increase

the probability of d, then their intersection a ∩ b also increases the probability of d. This is
true for classical probability space but not for quantum. Below, we will provide a quantum
model which exhibits different behavior. In real life, it is easy to imagine situations when
each of the causes increases the probability of some event, but taken together, two causes
cancel each other out and may even result in a probability lower than the original one. For
example, if we consider potential causes for the check-engine light, one cause is enough to
provide confidence about the meaning of the indicator, but two or more causes can have
“negative interference”, which may be so large that it would leave the engineer even more
confused than they were originally.

Let us now briefly consider the following question: How safe is our assumption of
conditional independence? We could look out for alarming signs.

Let us denote negation of d by d.
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Lemma 1. The inequality
p(d|a ∩ b) < p(d) (10a)

is equivalent to the inequality
p(a ∩ b|d) < p

(
a ∩ b

∣∣∣d). (10b)

Proof. Set x = p(a ∩ b ∩ d) and y = p(d). Then, (10b) can be written as: x/y < (p(a ∩ b)− x)/
(1− y), i.e., x < p(a ∩ b) y or x/(a ∩ b) < y. The latter inequality coincides with (10a). This
works the other way, too, from (10b) to (10a). �

If inequality (10b) holds, then one can easily construct a classical probability space
accounting for the situation:

p(d|a) > p(d), p(d|b) > p(d), p(d|a ∩ b) < p(d) (10c)

On the other hand, violation of (10b), i.e., validity of inequality:

p(a ∩ b|d) > p
(

a ∩ b
∣∣∣d) (10d)

definitely makes the situation (10c) impossible.
The crucial point is that the Lemma holds true only within the classical probability

model. In the quantum probability model, conditions (10a) and (10b) are not equivalent.
Even under condition (10d), opposite to (10b), we can obtain situation (10c).

Let us now consider a quantum-like model. Let us now assign to the symptoms the
projectors A, B, D, such that AB = BA is also a projector, [A, B] = 0, [AB, D] 6= 0. Then,
for a pure initial quantum state ψ, we have:

pψ(AB|D) = ||ABD ψ ||2/||D ψ ||2

pψ

(
AB
∣∣D) = ||ABD ψ ||2/||(I − D)ψ ||2

pψ(D|AB) = ||DAB ψ ||2/||AB ψ ||2

where the index ψ denotes the probability with regard to the pure quantum state ψ.
The LTP (2) now takes the form: ||AB ψ ||2 = ||ABD ψ ||2 + ||ABD ψ ||2 + ∆ , where the

interference term is ∆ = ||AB ψ ||2 − x− ||ABD ψ ||2 , and we introduce as before
x = ||ABD ψ ||2 and y = ||D ψ ||2 . The interference term is closely connected to the ques-
tion order effect. If we define order effect as:

OE(D, AB) = p(D|AB)p(AB)− p(AB|D)p(D) = ||DAB ψ ||2 − ||ABD ψ ||2

we can see, e.g., Pandey and Basieva [22] that ∆ = OE(D, AB) + OE
(

D, AB
)
.

Now, pψ

(
AB
∣∣D) = ||AB ψ ||2−x−∆

(1−y) and inequality (10b) can be written as:

x
y
<
||AB ψ ||2 − x− ∆

1− y
, or x(1− y) <

(
||AB ψ ||2 − x− ∆

)
y, or

x
||AB ψ ||2 − ∆

< y.

We want to compare this inequality with (10a), which can be written as:

||DAB ψ ||2
||AB ψ ||2 < y

We see that both numerators and denominators of (10b) and (10a) are different unless
AB and D commute. Hence, generally inequality (10b) does not imply (10a).

The corresponding counterexample from quantum probability calculus is presented
in Figure 1, where magenta line p(D|AB) lays higher than the unconditioned black p(D),
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while the dashed black p(AB|D) is higher than dotted blue p(AB|NotD). Figure 1 demon-
strates that even if we pay attention to avoiding the warning sign p(a ∩ b|d) < p(a ∩ b

∣∣∣d) ,
we can still account for the “paradoxical” situation (10c).

Entropy 2022, 24, x FOR PEER REVIEW 8 of 15 
 

 

We see that both numerators and denominators of (10b) and (10a) are different unless 𝐴𝐵 and 𝐷 commute. Hence, generally inequality (10b) does not imply (10a). 
The corresponding counterexample from quantum probability calculus is presented 

in Figure 1, where magenta line 𝑝(𝐷|𝐴𝐵) lays higher than the unconditioned black 𝑝(𝐷), 
while the dashed black 𝑝(𝐴𝐵|𝐷) is higher than dotted blue 𝑝(𝐴𝐵|𝑁𝑜𝑡𝐷). Figure 1 demon-
strates that even if we pay attention to avoiding the warning sign 𝑝(𝑎 ∩ 𝑏|𝑑) < 𝑝(𝑎 ∩ 𝑏|𝑑̅), 
we can still account for the “paradoxical” situation (10c). 

 
Figure 1. Conditions A and B (red and blue) increase the probability of D (black), even from values 
close to zero. Combined conditions A and B (magenta) have smaller or no effect. Meanwhile, prob-
ability of the combination A and B when D is true (black dashed line) is significantly higher than the 
combination of A and B when D is not true (blue dotted line). 

Generally, we think that it is reasonable to presume that minor faults in an automo-
bile, such as low tire pressure or absence of windshield washer liquid, happen inde-
pendently, and the indicator is responsible for one fault only. 

It is generally difficult to check for these independence assumptions by means of sur-
veys, and we did not include corresponding questions in our survey. Our point is that for 
such reasonable assumptions and plausible real-life situations, the straightforward appli-
cation of classical probability theory is not satisfactory, while the QL approach can be 
more suitable. A difficulty that arises in problems with quantum conditional variables is 
that they are doubly stochastic, see, for example, [70]. This restriction comes down to 𝑝(𝑎|𝑏) = 𝑝(𝑏|𝑎). In this paper, we do not address this restriction, and our purpose is 
mostly demonstrational. This restriction is only for observables represented by Hermitian 
operators with non-degenerate spectra. If spectra are degenerate, the outcomes corre-
spond not to eigenvectors but to eigen-subspaces; then, the quantum matrix of transition 
probabilities need not be doubly stochastic. 

In our quantum-like model, we will consider two (and later three) commuting “con-
ditioning” projectors 𝐴 and 𝐵, denoting the independent events or symptoms, and the 
main projector 𝐷, which corresponds to the question “if it is safe to drive” and must not 
commute with 𝐴 and 𝐵. 𝐴 is acting in a two-dimensional subspace and 𝐵 in a 3-dimen-
sional Hilbert space: 

𝐴ଶ = ቀ1 00 0ቁ, 𝐵ଷ = ൭1 0 00 1 00 0 0൱, 𝐴 = 𝐴ଶ ⊗ 𝐼ଷ, 𝐵 = 𝐼ଶ ⊗ 𝐵ଷ (8)

where I denotes identity matrices, and the subscripts indicate their dimensions. The pro-
jectors A and B commute, and their product is also a projector: 

Figure 1. Conditions A and B (red and blue) increase the probability of D (black), even from values
close to zero. Combined conditions A and B (magenta) have smaller or no effect. Meanwhile,
probability of the combination A and B when D is true (black dashed line) is significantly higher than
the combination of A and B when D is not true (blue dotted line).

Generally, we think that it is reasonable to presume that minor faults in an automobile,
such as low tire pressure or absence of windshield washer liquid, happen independently,
and the indicator is responsible for one fault only.

It is generally difficult to check for these independence assumptions by means of
surveys, and we did not include corresponding questions in our survey. Our point is that
for such reasonable assumptions and plausible real-life situations, the straightforward
application of classical probability theory is not satisfactory, while the QL approach can
be more suitable. A difficulty that arises in problems with quantum conditional variables
is that they are doubly stochastic, see, for example, [70]. This restriction comes down to
p(a|b) = p(b|a) . In this paper, we do not address this restriction, and our purpose is mostly
demonstrational. This restriction is only for observables represented by Hermitian opera-
tors with non-degenerate spectra. If spectra are degenerate, the outcomes correspond not
to eigenvectors but to eigen-subspaces; then, the quantum matrix of transition probabilities
need not be doubly stochastic.

In our quantum-like model, we will consider two (and later three) commuting “condi-
tioning” projectors A and B, denoting the independent events or symptoms, and the main
projector D, which corresponds to the question “if it is safe to drive” and must not com-
mute with A and B. A is acting in a two-dimensional subspace and B in a 3-dimensional
Hilbert space:

A2 =

(
1 0
0 0

)
, B3 =

 1 0 0
0 1 0
0 0 0

, A = A2 ⊗ I3,B = I2 ⊗ B3 (11)

where I denotes identity matrices, and the subscripts indicate their dimensions. The
projectors A and B commute, and their product is also a projector:

AB = BA = A2 ⊗ B3 (12)
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In the six-dimensional space, the initial “mental” state of our typical participant is
described by a |ψ〉, which can also be factorizable:

|ψ〉 =
(

ψ1
ψ2

)
⊗

 ψ3
ψ4
ψ5

 (13)

In this case, our measurement operators A and B acting on such initial state are
equivalent to independent observables. However, if we just want the condition p(a ∩ b) =
p(a)p(b) to be true, it can hold for non-factorizable |ψ〉 as well:

p(a ∩ b) = ||AB ψ ||2 = ||BA ψ ||2 = ||A ψ ||2||B ψ ||2 = p(a)p(b) (14)

It should be noted that this kind of independence places restriction only on absolute
values of the first three elements of |ψ〉. If each of the six elements of (not necessarily
factorizable) |ψ〉 is represented as ψj =

√aj eiφ, then a1 = a2, a2
1 + a1(a3 + a4 + a5 − 1) +

a3 (a4 + a5) = 0 is required for the independence of A and B. Naturally, all aj must be
positive real numbers by definition, which is another restriction.

We parameterize our main question, D “if it is safe to drive”, and the initial state
|ψ〉 as:

D6 =



1 i 0 0 0 0
−i 1 0 0 0 0
0 0 1 −i 0 0
0 0 i 1 0 0
0 0 0 0 2 cos2(α1) 2 cos(α1) sin(α1)
0 0 0 0 2 cos(α1) sin(α1) 2 sin2(α1)

/2 (15)

|ψ〉 =



√
a1r

eiπθ
√

a1(1− r)√
a3

−i
√

a3
−√a5√

1− a1 − 2a3 − a5

 (16)

Then, obviously, ||DAB ψ ||2 = p(d
∣∣a ∩ b) . Naturally, this parametrization is not

unique, and we tried to find the simplest yet non-trivial representation. At a3 = a4 = 0.15,
a5 = 0.1, α1 = 1.25π, θ = 0.427π, a2

1 + a1 (2a3 + a5 − 1) + a3 (a3 + a5) = 0, we can demon-
strate that, individually, A and B can increase the probability of D even from zero, violating
Cromwell’s rule, see [64]. At the same time, the AB projector decreases the probability
of D, possibly back to zero. An important part of this demonstration is the values of AB
conditioned on D—they are higher when conditioned on D than on the negation of D. This
is a crucial difference from the classical description.

In Equation (16), we use parameters a1 and r rather than a1 and a2 for convenience.
Figure 1 describes the phenomenon visually as the parameter r is varied (we focus on the
region where r = 0.5). Conditions A and B individually increase the probability of D even
from values close to zero. However, we see that combined conditions A and B (magenta)
have much smaller or no effect. Meanwhile, the probability of the combination A and
B when D is true is significantly higher than the combination of A and B when D is not
true. The classical explanation for the phenomenon—that our A and B conditioned on
D have their intersection primarily in the domain of not D—does not hold. We do not
presently model the exact independence of A and B conditioned on D. However, even
avoiding this kind of dependence, we can have p(a ∩ b|d) > p(a ∩ b

∣∣∣d) and still reproduce
the phenomenon p(d|a) > p(d), p(d|b) > p(d), p(d|a ∩ b) < p(d).
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4. Results and Discussions

The survey we designed consisted of randomized questions aimed at individuals
with some engineering background, even though it was not required. Different groups
of respondents received different sets of questions through randomization to monitor the
effect of priming. The questions pertained to some background questions in engineering,
followed by questions regarding preferences for different types of vehicles (electric, gasoline,
autonomous) followed by a probability assessment question. In this paper, we address only
the probability assessment question(s) listed in Table 1, as they are relatively independent of
the other questions asked to the respondents. In this question, one-half of the respondents
are asked to provide the probability that a vehicle with an unknown check-engine light
indicator on is drivable (D) independently and then given a series of symptoms, A, B, and
C. The other half of the respondents were given all the symptoms together and were asked
if the vehicle is drivable. We are not concerned with drivability when there is no light
indicator on, so we use a short notation D rather than D|L for drivability conditioned on
presence of the light (L) indicator.

Table 1. Subset of Questions Asked in the Survey Used in the Analysis in This Paper.

Respondent Group 1 Respondent Group 2

Question on uninformed prior about safety to drive (D): 1D.
You are driving a certain car for the first time and notice that an
unknown light is lit on the dashboard. How confident are you
that the car can be driven safely in this situation? Please provide
the probability as a percentage.

Posterior decision based on all three conditions ABC: 2D.
You are driving a certain car for the first time and notice that an
unknown light is lit on the dashboard. You know there is no
windscreen washing liquid, tire pressure is slightly below the
prescribed value, and 4-wheel drive is on from the way the car
is handling. How confident are you that the car can be driven
safely in this situation? Please provide the probability as
a percentage.

Decisions with three different conditionals A, B, or C: 1A.
You are driving a certain car for the first time and notice that an
unknown light is lit on the dashboard. You know there is no
windscreen washer liquid. How confident are you that the car
can be driven safely in this situation? Please provide the
probability as a percentage. 1B. You are driving a certain car for
the first time and notice that an unknown light is lit on the
dashboard. You know that the tire pressure is slightly below the
prescribed value. How confident are you that the car can be
driven safely in this situation? Please provide the probability as
a percentage. 1C. You are driving a certain car for the first time
and notice that an unknown light is lit on the dashboard. You
know that 4-wheel drive is on from the way the car is handling.
How confident are you that the car can be driven safely in this
situation? Please provide the probability as a percentage.

As of the writing of this paper, 76 total responses were observed which are summarized
(averaged probability numbers provided by the respondents) in Table 2. The number of
responses were almost evenly split between the two groups.

Table 2. Summary of the Responses Received for the Questions in Table 1.

Group 1 Responses Group 2 Response

1D. 0.57

2D. 0.55
1A. 0.69

1B. 0.63

1C. 0.73

In our experiment, we deal with three conditioning pieces of information as opposed to
the two presented in the discussion in Section 3. For the modeling part, we introduce a new
observable C, such that C2 = A2, and use the same A, B, and D raised to a higher dimension
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to accommodate the specific problem’s characteristics. We also use for |ψ〉 = |ψ6⊗|ψ2〉,
where |ψ2〉 is the new part of the state in the subspace where C acts, and |ψ6〉 is similar to
the initial state in previous considerations, with θ = 1.5π:

|ψ6〉 =



√
a1r

−i
√

a1(1− r)√
a3

−i
√

a3
−√a5√

1− a1 − 2a3 − a5

, |ψ2〉 =
( √

r2
eiπθ2
√

1− r2

)
(17)

Similarly, the operators are: A = A2 ⊗ I3 ⊗ I2, B = I2 ⊗ B3 ⊗ I2, C = I2 ⊗ I3 ⊗ C2,
and D is the direct product of previous operator and the new, two-dimensional one:
D = D6 ⊗ D2, where D6 is defined by (15) and

D2 =

 cos2(α2) cos(α2) sin(α2)

cos(α2) sin(α2) sin2(α2)

 (18)

This factorizable form of the operators and the |ψ〉’s ensure that they commute, and
their product is also an operator. This ensures that the joint event of, A, B, and C is defined.

We modified the parameters to fit the observed data, and the following values provide
a good fit:

r = 0.5, α1 = 0.75π, r2 = 0.01, α2 = 1.268π, θ2 = 0.48π, a3 = 0.15, a5 = 0.08.

Our conjecture for this experiment was that there are situations where conditioning
on similar kind of information which drive priors in one way, when combined, may drive
the prior in the opposite way. The results from the fitted data and Figure 2 shows that
this is indeed the case. We see from the data and the figure that conditioning on single
piece of information increases the confidence of safe driving from prior p (D) to higher
values given by p (D|A), p (D|B), and p (D|C) (Again, we focus on the region where
r = 0.5). However, when all three (independent) pieces are combined, it leads the prior
in the opposite direction, that is, p(D|ABC) < p(D) at r = 0.5. While this result may be
explained using reasoning that requires additional assumptions or knowledge, it cannot be
modeled classically using just the information given, and quantum formalism provides a
straightforward solution.
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5. Conclusions and Future Work

Many studies in psychology, business, and engineering have shown that human
decision makers routinely deviate from the tenets of classical probability. This is true
while making decisions and also when assessing probabilities of events, and it is especially
true for cases where probabilities of intersections and unions of events must be assessed.
Since such problems arise naturally many times in decision making, deviations are also
encountered. Clearly, better modeling of such deviations has the potential to impact the
quality of decisions made, as well as the ability of products and systems to be designed such
that they maximize customers’ satisfaction. While it may be tempting to expect or even
demand consistency with classical probability in all the assessments, it is equally beneficial
to consider altogether different models of probability such as quantum probability. The
quantum-like (QL) models that utilize formalisms from quantum mechanics have been
used extensively in the psychology literature to explain deviations from classical probability
predictions. In engineering design, the impact of using proper models can be the difference
between products and systems that best satisfy the requirements and ones that fail.

In this work, we presented results from a survey conducted regarding the effect of
multiple observed symptoms on the drivability of a vehicle. Problems such as these are
routinely encountered in real life and while making engineering decisions. The complexity
of today’s systems necessitates that many such assessments are made using judgement and
prior experience as opposed to rigorously. We demonstrate that the set of responses that
we collected cannot be explained using classical probability. The quantum formulation
presented easily models it, as it allows for both positive and negative “interference” between
events. In particular, it was seen that different symptoms individually increased the
probability of a vehicle’s “drivability” event from the prior. However, when the symptoms
were put together, the prior remained more or less unchanged. This result cannot be
modeled classically in a direct way unless additional information is obtained or other
assumptions are made.

In future work, we would investigate other related effects as well, such as order effects
and various paradoxes noted in the literature, particularly from the context of engineering
decision making and engineering design. We would also investigate if the parameters
derived for the quantum model in one decision situation can be translated to another.

Author Contributions: Data curation, V.P.; Formal analysis, I.B.; Methodology, I.B. and P.K.; Valida-
tion, P.K.; Visualization, I.B.; Writing–original draft, I.B. and V.P.; Writing–review & editing, V.P., I.B.,
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Funding: This research received no external funding.

Institutional Review Board Statement: The Oakland University IRB determined the study to be
exempt. Protocol #: IRB-FY2021-249.

Informed Consent Statement: Informed consent was obtained from all subjects involved in the study.

Acknowledgments: We acknowledge the Oakland University’s Institutional Review Board for ap-
proving the survey whose results are used in this study.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Zheng, M.; Marsh, J.K.; Nickerson, J.V.; Kleinberg, S. How causal information affects decisions. Cogn. Res. Princ. Implic. 2020, 5, 6.

[CrossRef] [PubMed]
2. Johnson-Laird, P.N.; Shafir, E. The interaction between reasoning and decision making: An introduction. Cognition 1993, 49, 1–9.

[CrossRef]
3. Usher, M.; McClelland, J.L. The time course of perceptual choice: The leaky, competing accumulator model. Psychol. Rev. 2001,

108, 550. [CrossRef] [PubMed]
4. Busemeyer, J.R.; Townsend, J.T. Decision field theory: A dynamic-cognitive approach to decision making in an uncertain

environment. Psychol. Rev. 1993, 100, 432. [CrossRef] [PubMed]
5. Griffin, A.; Hauser, J.R. The Voice of the Customer. Mark. Sci. 1993, 12, 1–124. [CrossRef]

http://doi.org/10.1186/s41235-020-0206-z
http://www.ncbi.nlm.nih.gov/pubmed/32056060
http://doi.org/10.1016/0010-0277(93)90033-R
http://doi.org/10.1037/0033-295X.108.3.550
http://www.ncbi.nlm.nih.gov/pubmed/11488378
http://doi.org/10.1037/0033-295X.100.3.432
http://www.ncbi.nlm.nih.gov/pubmed/8356185
http://doi.org/10.1287/mksc.12.1.1


Entropy 2022, 24, 725 13 of 15

6. Pahl, G.; Beitz, W. Engineering Design: A Systematic Approach; Springer Science & Business Media: New York, NY, USA, 2007; p. 617.
7. Ulrich, K.T.; Eppinger, S.D.; Yang, M.C. Product Design and Development, 7th ed.; McGraw-Hill Education: New York, NY,

USA, 2020.
8. Keeney, R.L.; Raiffa, H.; Meyer, R.F. Decisions with Multiple Objectives: Preferences and Value Trade-Offs; Cambridge University Press:

Cambridge, UK, 1993.
9. Thurston, D.L. A formal method for subjective design evaluation with multiple attributes. Res. Eng. Des. 1991, 3, 105–122.

[CrossRef]
10. Frey, D.D.; Herder, P.M.; Wijnia, Y.; Subrahmanian, E.; Katsikopoulos, K.; Clausing, D.P. The Pugh Controlled Conver-gence

method: Model-based evaluation and implications for design theory. Res. Eng. Des. 2009, 20, 41–58. [CrossRef]
11. Saaty, T.L. Decision making—The Analytic Hierarchy and Network Processes (AHP/ANP). J. Syst. Sci. Syst. Eng. 2004, 13, 1–35.

[CrossRef]
12. Chakraborty, K.; Mondal, S.; Mukherjee, K. Analysis of product design characteristics for remanufacturing using Fuzzy AHP and

Axiomatic Design. J. Eng. Des. 2017, 28, 338–368. [CrossRef]
13. Fritz, K.; Deschenes, L.; Pandey, V. Effective Design Team Composition Using Individual and Group Cognitive Attributes. In

ASME 2018 International Mechanical Engineering Congress and Exposition, Pittsburgh, PA, USA, 9–15 November 2018; American
Society of Mechanical Engineers: New York, NY, USA, 2018; Volume 52187, p. V013T05A030. [CrossRef]

14. Maier, T.; Soria Zurita, N.F.; Starkey, E.; Spillane, D.; Menold, J.; McComb, C. Analyzing the Characteristics of Cognitive-Assistant-
Facilitated Ideation Groups. In ASME 2020 International Design Engineering Technical Conferences and Computers and Information in
Engineering Conference, Virtual, Online, 17–19 August 2020; American Society of Mechanical Engineers: New York, NY, USA, 2020;
Volume 83976, p. V008T08A046.

15. Brownell, E.; Cagan, J.; Kotovsky, K. Only As Strong As the Strongest Link: The Impact of Individual Team Member Proficiency
in Configuration Design. In American Society of Mechanical Engineers Digital Collection, Proceedings of the ASME 2020 International
Design Engineering Technical Conferences and Computers and Information in Engineering Conference, Virtual, Online, 17–19 August 2020;
American Society of Mechanical Engineers: New York, NY, USA, 2020.

16. Ahmed, S.; Demirel, H.O.; Ahmed, S.; Demirel, H.O. A Pre-Prototyping Framework to Explore Human-Centered Prototyping
Strategies during Early Design. In American Society of Mechanical Engineers Digital Collection, Proceedings of the ASME 2020
International Design Engineering Technical Conferences and Computers and Information in Engineering Conference, Virtual, Online, 17–19
August 2020; American Society of Mechanical Engineers: New York, NY, USA, 2020.

17. Chou, S.; Arezoomand, M.; Coulentianos, M.J.; Nambunmee, K.; Neitzel, R.; Adhvaryu, A.; Austin-Breneman, J. The Stakeholder
Agreement Metric: Quantifying Preference Agreement between Product Stakeholders. J. Mech. Des. 2021, 143, 031710. [CrossRef]

18. Ahmed, S.; Irshad, L.; Demirel, H.O. Computational Prototyping Methods to Design Human Centered Products of High and Low
Level Human Interactions. In ASME 2019 International Design Engineering Technical Conferences and Computers and Information in
Engineering Conference, Anaheim, CA, USA, 18–21 August 2019; American Society of Mechanical Engineers: New York, NY, USA,
2019; Volume 59278, p. V007T06A047.

19. Liao, T.; MacDonald, E. Manipulating Trust of Autonomous Products With Affective Priming. In ASME 2019 International Design
Engineering Technical Conferences and Computers and Information in Engineering Conference, Anaheim, CA, USA, 18–21 August 2019;
American Society of Mechanical Engineers: New York, NY, USA, 2019; Volume 59278, p. V007T06A042.

20. Slon, C.; Pandey, V.; Kassoumeh, S. Mixture Distributions in Autonomous Decision-Making for Industry 4.0. SAE Int. J. Mater.
Manuf. 2019, 12, 135–147. [CrossRef]

21. Chang-Arana, Á.M.; Surma-Aho, A.; Li, J.; Yang, M.C.; Hölttä-Otto, K. Reading the User’s Mind: Designers Show High Accuracy
in Inferring Design-Related Thoughts and Feelings. In American Society of Mechanical Engineers Digital Collection, Proceedings of the
ASME 2020 International Design Engineering Technical Conferences and Computers and Information in Engineering Conference, Virtual,
Online, 17–19 August 2020; American Society of Mechanical Engineers: New York, NY, USA, 2020.

22. Pandey, V.; Baiseva, I. Quantum Explanations for Interference Effects in Engineering Decision Making; SAE Technical Paper 2022-01-0215;
SAE International: Warrendale, PA, USA, 2022. [CrossRef]

23. Penrose, R. The Emperor’s New Mind; Oxford University Press: New York, NY, USA, 1989.
24. Hameroff, S. Quantum coherence in microtubules. A neural basis for emergent consciousness? J. Cons. Stud. 1994, 1, 91–118.
25. Vitiello, G. My Double Unveiled: The Dissipative Quantum Model of Brain; Advances in Consciousness Research; John Benjamins

Publishing Company: Amsterdam, The Netherlands, 2001.
26. Pothos, E.M.; Lewandowsky, S.; Basieva, I.; Barque-Duran, A.; Tapper, K.; Khrennikov, A. Information overload for (bounded)

rational agents. Proc. R. Soc. B Biol. Sci. 2021, 288, 20202957. [CrossRef] [PubMed]
27. Dzhafarov, E.N.; Kon, M. On universality of classical probability with contextually labeled random variables. J. Math. Psychol.

2018, 85, 17–24. [CrossRef]
28. Khrennikov, A. Ubiquitous Quantum Structure: From Psychology to Finances; Springer: Berlin/Heidelberg, Germany; New York, NY,

USA, 2010.
29. Busemeyer, J.R.; Bruza, P.D. Quantum Models of Cognition and Decision; Cambridge University Press: Cambridge, UK, 2012.

[CrossRef]
30. Haven, E.; Khrennikov, A. Quantum Social Science; Cambridge University Press: Cambridge, UK, 2013.

http://doi.org/10.1007/BF01581343
http://doi.org/10.1007/s00163-008-0056-z
http://doi.org/10.1007/s11518-006-0151-5
http://doi.org/10.1080/09544828.2017.1316014
http://doi.org/10.1115/imece2018-86888
http://doi.org/10.1115/1.4049315
http://doi.org/10.4271/05-12-02-0011
http://doi.org/10.4271/2022-01-0215
http://doi.org/10.1098/rspb.2020.2957
http://www.ncbi.nlm.nih.gov/pubmed/33529555
http://doi.org/10.1016/j.jmp.2018.06.001
http://doi.org/10.1017/cbo9780511997716


Entropy 2022, 24, 725 14 of 15

31. Bagarello, F. Quantum Concepts in the Social, Ecological and Biological Sciences; Cambridge University Press: Cambridge, UK, 2019.
[CrossRef]

32. Khrennikov, A. Quantum-like brain: Interference of minds. BioSystems 2006, 84, 225–241. [CrossRef] [PubMed]
33. Busemeyer, J.R.; Wang, Z.; Townsend, J.T. Quantum dynamics of human decision-making. J. Math. Psychol. 2006, 50, 220–241.

[CrossRef]
34. Pothos, E.; Busemeyer, J.R. A quantum probability explanation for violations of ‘rational’ decision theory. Proc. R. Soc. B 2009,

276, 2171–2178. [CrossRef]
35. Yukalov, V.I.; Sornette, D. Decision theory with prospect interference and entanglement. Theory Decis. 2011, 70, 283–328. [CrossRef]
36. Asano, M.; Ohya, M.; Tanaka, Y.; Basieva, I.; Khrennikov, A. Quantum-like model of brain’s functioning: Decision making from

decoherence. J. Theor. Biol. 2011, 281, 56–64. [CrossRef]
37. Dzhafarov, E.N.; Kujala, J.V. Selectivity in probabilistic causality: Where psychology runs into quantum physics. J. Math. Psychol.

2012, 56, 54–63. [CrossRef]
38. Wang, Z.; Busemeyer, J.R. A quantum question order model supported by empirical tests of an a priori and precise prediction.

Top. Cogn. Sci. 2013, 5, 689–710. [PubMed]
39. Khrennikov, A.; Basieva, I.; Dzhafarov, E.N.; Busemeyer, J.R. Quantum Models for Psychological Measurements: An Unsolved

Problem. PLoS ONE 2014, 9, e110909. [CrossRef] [PubMed]
40. Khrennikova, P. Modeling behavior of decision makers with the aid of algebra of qubit creation–annihilation operators. J. Math.

Psychol. 2017, 78, 76–85. [CrossRef]
41. Boyer-Kassem, T.; Duchêne, S.; Guerci, E. Quantum-like models cannot account for the conjunction fallacy. Theory Decis. 2015, 10,

479–510. [CrossRef]
42. Dzhafarov, E.N.; Zhang, R.; Kujala, J.V. Is there contextuality in behavioral and social systems? Phil. Trans. R. Soc. A 2015,

374, 20150099. [CrossRef] [PubMed]
43. White, L.C.; Pothos, E.M.; Jarrett, M. The cost of asking: How evaluations bias subsequent judgments. Decision 2020, 7, 259–286.

[CrossRef]
44. Ozawa, M.; Khrennikov, A. Modeling combination of question order effect, response replicability effect, and QQ-equality with

quantum instruments. J. Math. Psychol. 2021, 100, 102491. [CrossRef]
45. Yukalov, V.I. Evolutionary Processes in Quantum Decision Theory. Entropy 2020, 22, 681. [CrossRef]
46. Moreira, C.; Tiwari, P.; Pandey, H.M.; Bruza, P.; Wichert, A. Quantum-like influence diagrams for decision-making. Neural Netw.

2020, 132, 190–210. [CrossRef]
47. Rashkovskiy, S.; Khrennikov, A. Psychological ‘double-slit experiment’ in decision making: Quantum versus classical. Biosystems

2020, 195, 104171. [CrossRef]
48. Pearl, J. Causality: Models, Reasoning, and Inference; Cambridge University Press: Cambridge, UK, 2000.
49. Mourelatos, Z.P.; Majcher, M.; Pandey, V.; Baseski, I. Time-Dependent Reliability Analysis Using the Total Probability Theorem. J.

Mech. Des. 2015, 137, 031405. [CrossRef]
50. Liang, J.; Mourelatos, Z.P.; Tu, J. A single-loop method for reliability-based design optimisation. Int. J. Prod. Dev. 2008, 5, 76.

[CrossRef]
51. Eifler, T.; Howard, T.J. The importance of robust design methodology: Case study of the infamous GM ignition switch recall. Res.

Eng. Des. 2018, 29, 39–53. [CrossRef]
52. Haven, E.; Khrennikov, A. Statistical and subjective interpretations of probability in quantum-like models of cognition and

decision making. J. Math. Psychol. 2016, 74, 82–91. [CrossRef]
53. Oaksford, M.; Chater, N. Précis of Bayesian rationality: The probabilistic approach to human reasoning. Behav. Brain Sci. 2009, 32,

69–84. [CrossRef]
54. Griffiths, T.L.; Chater, N.; Kemp, C.; Perfors, A.; Tenenbaum, J.B. Probabilistic models of cognition: Exploring representations and

inductive biases. Trends Cogn. Sci. 2010, 14, 357–364. [CrossRef]
55. Tenenbaum, J.B.; Kemp, C.; Griffiths, T.L.; Goodman, N.D. How to Grow a Mind: Statistics, Structure, and Abstraction. Science

2011, 331, 1279–1285. [CrossRef]
56. Ellsberg, D. Risk, Ambiguity, and the Savage Axioms. Q. J. Econ. 1961, 75, 643. [CrossRef]
57. Allais, M. Le comportement de l’homme rationnel devant le risque: Critique des postulats et axiomes de l’école américaine.

Econometrica. 1953, 21, 503–546. [CrossRef]
58. Machina, M.J. Risk, Ambiguity, and the Dark–dependence Axioms. Am. Econ. Rev. 2009, 99, 385–392. [CrossRef]
59. Khrennikov, A.Y.; Haven, E. Quantum mechanics and violations of the sure-thing principle: The use of probability interference

and other concepts. J. Math. Psychol. 2009, 53, 378–388. [CrossRef]
60. Aerts, D.; Sozzo, S.; Tapia, J. A Quantum Model for the Ellsberg and Machina Paradoxes. In International Symposium on Quantum

Interaction, Lecture Notes in Computer Science; Busemeyer, J.R., Dubois, F., Lambert-Mogiliansky, A., Melucci, M., Eds.; Springer:
Berlin/Heidelberg, Germany, 2012; Volume 7620, pp. 48–59. [CrossRef]

61. Basieva, I.; Khrennikova, P.; Pothos, E.M.; Asano, M.; Khrennikov, A. Quantum-like model of subjective expected utility. J. Math.
Econ. 2018, 78, 150–162. [CrossRef]

62. Sakurai, J.J. Modern Quantum Mechanics; The Benjamin/Cummins Publishing Company: Menlo Park, CA, USA, 1985; 474p.

http://doi.org/10.1017/9781108684781
http://doi.org/10.1016/j.biosystems.2005.11.005
http://www.ncbi.nlm.nih.gov/pubmed/16427733
http://doi.org/10.1016/j.jmp.2006.01.003
http://doi.org/10.1098/rspb.2009.0121
http://doi.org/10.1007/s11238-010-9202-y
http://doi.org/10.1016/j.jtbi.2011.04.022
http://doi.org/10.1016/j.jmp.2011.12.003
http://www.ncbi.nlm.nih.gov/pubmed/24027203
http://doi.org/10.1371/journal.pone.0110909
http://www.ncbi.nlm.nih.gov/pubmed/25343581
http://doi.org/10.1016/j.jmp.2016.10.003
http://doi.org/10.1007/s11238-016-9549-9
http://doi.org/10.1098/rsta.2015.0099
http://www.ncbi.nlm.nih.gov/pubmed/26621988
http://doi.org/10.1037/dec0000136
http://doi.org/10.1016/j.jmp.2020.102491
http://doi.org/10.3390/e22060681
http://doi.org/10.1016/j.neunet.2020.07.009
http://doi.org/10.1016/j.biosystems.2020.104171
http://doi.org/10.1115/1.4029326
http://doi.org/10.1504/IJPD.2008.016371
http://doi.org/10.1007/s00163-017-0251-x
http://doi.org/10.1016/j.jmp.2016.02.005
http://doi.org/10.1017/S0140525X09000284
http://doi.org/10.1016/j.tics.2010.05.004
http://doi.org/10.1126/science.1192788
http://doi.org/10.2307/1884324
http://doi.org/10.2307/1907921
http://doi.org/10.1257/aer.99.1.385
http://doi.org/10.1016/j.jmp.2009.01.007
http://doi.org/10.1007/978-3-642-35659-9_5
http://doi.org/10.1016/j.jmateco.2018.02.001


Entropy 2022, 24, 725 15 of 15

63. Haven, E.; Khrennikova, P. A quantum-probabilistic paradigm: Non-consequential reasoning and state dependence in investment
choice. J. Math. Econ. 2018, 78, 186–197. [CrossRef]

64. Basieva, I.; Pothos, E.; Trueblood, J.; Khrennikov, A.; Busemeyer, J. Quantum probability updating from zero priors (by-passing
Cromwell’s rule). J. Math. Psychol. 2017, 77, 58–69. [CrossRef]

65. Ozawa, M.; Khrennikov, A. Application of Theory of Quantum Instruments to Psychology: Combination of Question Order Effect
with Response Replicability Effect. Entropy 2020, 22, 37. [CrossRef]

66. Dzhafarov, E.N.; Kujala, J.V. Contextuality is about identity of random variables. Phys. Scr. 2014, T163, 014009. [CrossRef]
67. Rafaï, I.; Duchêne, S.; Guerci, E.; Basieva, I.; Khrennikov, A. The triple-store experiment: A first simultaneous test of classical and

quantum probabilities in choice over menus. Theory Decis. 2022, 92, 387–406. [CrossRef]
68. Savage, L. The Foundations of Statistics; Wiley: New York, NY, USA, 1954.
69. Asano, M.; Ohya, M.; Tanaka, Y.; Khrennikov, A.; Basieva, I. On Application of Gorini-Kossakowski-Sudarshan-Lindblad Equation

in Cognitive Psychology. Open Syst. Inf. Dyn. 2011, 18, 55–69. [CrossRef]
70. Asano, M.; Khrennikov, A.; Ohya, M.; Tanaka, Y.; Yamato, I. Quantum Adaptivity in Biology: From Genetics to Cognition; Springer:

Dordrecht, The Netherlands, 2015. [CrossRef]
71. Broekaert, J.; Basieva, I.; Blasiak, P.; Pothos, E.M. Quantum-like dynamics applied to cognition: A consideration of available

options. Philos. Trans. R. Soc. London. Ser. A Math. Phys. Eng. Sci. 2017, 375, 20160387. [CrossRef]

http://doi.org/10.1016/j.jmateco.2018.04.003
http://doi.org/10.1016/j.jmp.2016.08.005
http://doi.org/10.3390/e22010037
http://doi.org/10.1088/0031-8949/2014/T163/014009
http://doi.org/10.1007/s11238-021-09823-2
http://doi.org/10.1142/S1230161211000042
http://doi.org/10.1007/978-94-017-9819-8
http://doi.org/10.1098/rsta.2016.0387

	Introduction 
	Background and Motivation 
	Preliminaries 
	Results and Discussions 
	Conclusions and Future Work 
	References

