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Abstract:
p(t)-Laplacian Dirichlet problem on a bounded time scale. First, we prove a lemma of du Bois—

This paper is devoted to study the existence of solutions and their regularity in the

Reymond type in time-scale settings. Then, using direct variational methods and the mountain
pass methodology, we present several sufficient conditions for the existence of solutions to the
Dirichlet problem.
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1. Introduction

Variational methods and critical point theory have been very successful in obtaining
existence and multiplicity results for nonlinear ordinary or partial differential equations,
as well as for nonlinear difference equations submitted to various boundary conditions.
See, for example, [1-5] and their references.

The aim of this paper is to use those methodologies for the study of the Dirichlet
problem for a dynamic equation on a bounded time scale T involving the p(t)-Laplacian,

u(a) =u(b) =0

In this equation, A” denotes a weak derivative operator defined in terms of the A—
integral on a time scale (see Section 2 for precise definitions), p : T — (1, 00) is a measurable
and essentially bounded function with an essential lower bound larger than one, and f is a
A—Carathéodory function.

{ pr(Zu ) = f%(|Awu(t)|P(t)—2AzUu(t)> = f(tue(t), teT "

A partial motivation is the paper of Xian-Ling Fan and Qi-Hu Zhang [6] dealing
with a similar problem in the case of a partial differential equation. Such equations are
known to describe mathematical models of various phenomena arising in the study of
elastic mechanics [7] or image restoration [8]. Early variational approaches on Dirichlet
problems with p-Laplacian are quoted in [9], extensions to p(x)-Laplacian are given
in [6,10], and some generalizations (anisotropic problems) are described in the paper [4].
Since the research was conducted in discrete and continuous settings separately, it seems
interesting to demonstrate that a sort of unification is also possible with the use of a time-
scale notion considered with some type of measure that has not been vastly exploited
but which appears indispensable. For boundary value problems on time scales, one can
consult [11]. Since we take the definition of the A-measure from [11], it is necessary to
provide additional proof regarding the absolutely continuity of functions defined over
subsets containing the maximum of the bounded time scale T.
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The underlying Lebesgue and Sobolev spaces with variable exponents, where the
variational approach takes place, are defined in Section 2, where their required properties
are proved. The first paper on the variable exponent Lebesgue and Sobolev spaces LP*) (Q)
and Wp() (Q)), O C R" is due to Kovacik and Rakosnik [12] and was developed in [13].
Some earlier papers on the Lebesgue and Sobolev spaces on time scales are [11,14], and we
refer to [15] for further basic information on the variable exponent Lebesgue and Sobolev
spaces on time scales.

The variational treatment of problem (1) requires proving a so-called du Bois—-Reymond
Lemma in this new frame to make the link between the critical points of the action functional
and the solutions of the boundary value problem. This is done in Section 3 (Lemma 3). It also
requires a careful study of the differentiability and other properties of the action functional. This
is the object of Section 4.

We are now ready to apply in Section 5 the direct method of the calculus of variations
to prove the existence of a solution to problem (1) when F(t,u) := fot f(s,u) As is bounded
above by an expression of the form ¢y |u| + ¢ # + c3, where the ¢; are positive constants,
¢y is sufficiently small and B € (1, essinfy p] (Theorem 2). This is the essence of Theorem 2.

When F(t,u) grows faster than ess sup p at infinity, the action functional need not
have a minimum, but the simplest of the minimax method, namely the mountain pass
lemma, may be used to prove the existence of a nontrivial solution to problem (1) when
f(t,0) = 0and f(t,u) is sufficiently ‘flat’ in u near u = 0. This is done in Theorem 4, where
the growth of F for large u is governed by a suitable Ambrosetti-Rabinowitz condition and
f(t,u) — 0 when u — 0 faster than |u|5suPTP—1,

2. Variable Exponent Lebesgue and Sobolev Spaces on Time Scales

In this section, we recall some basic facts concerning functions defined on time scales
(see [11,14,16,17]) and discuss the variable exponent Lebesgue and Sobolev spaces on time
scales (see [15]).

Let T be a bounded time scale. We define
a=inf{s € T}, b =sup{s € T}. 2)
Since T is bounded, a,b € T. Define the forward jump operator o : T — T by

U(t)_{énf{se’l[‘:s>t} igiii’g\{b} ‘ 3)

If o(t) > t, then the point t € T is said to be right-scattered. If c(t) = ¢t, then t € T is
called a right-dense point. The backward jump operator ¢ : T — T is as follows:

[ sup{seT:s<t} forteT\{a}
o(t) { a fort=a ‘ @

If o(t) < t, then we say that the point ¢ € T is left-scattered. If o(t) = ¢, the point t € T
is called left-dense.

Let Ry = {t € T:t < o(t)} and u : T — R. We define the step interpolation
i:[a,b] » Ras

o ou(t) forteT
”“)‘{ u(s) fort € (5,0(s)), s € Ry - )

The function i extends u to [a, b], and it enables us to establish equivalence between
Lebesgue A-integrable and integrable functions. Function u : T — R is A—measurable
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(A—integrable) if 7 : [a,b] — R is measurable (integrable) on [a, b] in the Lebesgue sense.
We say that u € L!(T) if

utAt:/ i(t)dt < oo.
Jouwae= [ a0
L'(T) is a Banach space with the norm

= t)At.
Il = [ )

A subset A C T is A—measurable if its characteristic function x4 : T — R is A-
measurable. We define the notion of A—measure p(A) of A C T by

pa(4) = [xatae= [ Ralid,

where X4 : [a,b] — R is the extension (see (5)) of the characteristic function x4 : T — R.
The subset A C T is called A—null set if u5(A) = 0.

For each ty € T\ {b}, the single-point set {to} is A—measurable and pp({to}) =
o(tg) — to. For every right-scattered point to € T, it holds that o(ty) > to. This implies that
ua({to}) > 0 forevery ty € Ry. In particular, if T is a discrete time scale, then p ({¢}) > 0
forallt € T\ {b}. Moreover, we know that us({b}) = f{b} 1At = f[a,b] 1X () (H)dt =
up({b}) = 0, where b is given in (2) (see [11]) and p denotes the classical Lebesgue
measure. Hence, all subsets of the time scale T containing b are of a finite A—measure, and
this is the main difference from the approach given in [14].

Letu : T — R. The continuity of u is defined in the usual manner. A function u is
rd-continuous if it is continuous at every right-dense point and if the left-sided limit exists
in every left-dense point. Denote by C,4(T) (respectively C(T)) the set of rd—continuous
(respectively continuous) functions u : T — R. With the norm

[[ullr = sup [u(t)],
teT

these spaces are Banach spaces.
We denote u”(t) = u(o(t)) for t € T, where o is defined in (3). If u € C(T), then
17 € C,q(T). Moreover, one has

[l < [laeflp- (6)

Let us denote T* = T\ (o(sup T), sup T], where ¢ : T — T is defined in (4). In this
way, we remove from the time scale T its left-scattered maximum, when necessary. Alter-
natively, it can be written as

T* — T if b is not an isolated point,
| T\{b} ifbisanisolated point.

We recall that u : T — R is A—differentiable at t € T* if there exists a finite number
fA(t) with the property that given any & > 0, there is a neighborhood U C T of ¢ such that

|7 () = u(s) —ub(t) (e (t) = s)| < elo(t) —s]

for all s € U. If u is A-differentiable at every t € T, then u is said to be A—differentiable.
Moreover, if u is A—differentiable at ¢, then u is continuous at ¢, and so, if u is A—differentiable
then u € C(T). Denote by C},(T) the set of functions u € C(T), which are A—differentiable
on T*, and their A—derivatives are rd—continuous on T* with the norm

luallg = Neellr + (1ol



Entropy 2021, 23, 1352

40f21

The space C;(T) is a Banach space.
We say that v : T* — R is A—weak derivative of u if

A o
u- §)As = — / v- s)As
w9 [0 9)(6)
for every ¢ € C(l)lrd(']I‘), where C(l),rd(T) = {u € CY4(T) : u(a) = u(b) = 0}. We denote
v =A"u.
Given a function u : T — R, we consider an auxiliary function which extends u to the
real interval [a, b], % : [a,b] — R defined as

u(t) fort €T
(t) = u(s) + W(t —s) forte (s,0(s)), s€ Ry @

Lemma 1. The following statements are equivalent

(i) u maps every A—null subset of T into a null set;
(ii) % maps every null subset of [a, b] into a null set.

Proof. From [17], we know that conditions (i) and (ii) are equivalent in the case when
the point b defined in (2) does not contain A—null subsets of time scale T. Therefore,
since we adopted the approach to the A—measure from [11], it is sufficient to show that
up(u({b})) = up(u({b})). Indeed, we obtain 7(b) = u(b). Consequently, u({b}) is a null
setif and only if #({b}) isanull set. O

A partition of T is a finite ordered subset P = {xg,x1,...,X,—1,%,} C T, where
a=1x <x; <..<2xy-1<x, =>b,witha,basin (2). Foru : T — R and a partition
P = {xp,x1, ..., Xy_1,%n} C T, we define

V(Pu) = kﬁu(xk) (x|
=1

The total variation of u on T is given by V! = sup{V(P, u) : P partition of T}, V! €
[O, oo]. If Vub € R, we say that u is a function of bounded variation on T.
A direct consequence of the definition of # is the following result.

Proposition 1. Ref. [17]. Letu : T — Rand # : [a,b] — R be the extension of u to [a, b] defined
in (7). Then, u is of bounded variation on T if and only if U is of bounded variation on [a, b].

A function u : T — R is said to be absolutely continuous if for every & > 0 there exists
a d > Osuch thatif {[ay, b] N T}}_,, with ay, by € T, is a finite pairwise disjoint family of
subintervals of T satisfying ) }_; (by — ax) < J, then Y}, |u(by) — u(ai)| < e. We denote
by AC(T) the set of all absolutely continous functions over T.

The following results establish a criterion for absolute continuity on the time scale T.

Proposition 2. Ref. [17]. A function u : T — R is absolutely continuous on T if the following
conditions hold true

(i)  u is continuous and of bounded variation on T;
(ii) u maps every A—null subset of T into a null set.

Proposition 3. Ref. [17]. Function u : T — R is absolutely continuous on T if and only if the
extension function u defined in (7) is absolutely continuous on [a, b).

Now, we can formulate the Fundamental Theorem of Calculus.
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Proposition 4. Ref. [17]. A function u : T — R is absolutely continuous on T if and only if the
following conditions are satisfied

(i) wis A—diﬂ’erentiable A-a.e. on'T and u € LY(T);
(ii) The equality u( )+ f s)As holds for every t € T.

Wecall f : T x R" — R" a A-Carathéodory function if:

(i) y+ f(s,y)is continuous for A—a.a. s € T;
(ii) s~ f(s,y) A—measurable forall y € R".

We call f an L'-Carathéodory function if f is A-Carathéodory function and

(ili) for each d > 0 there exists a nonnegative f; € L!(T) such that ||y||g. < d implies
|f(s,y)| < fa(s) for A—a.a. s € T.

Consider a measurable function p : T — (1, 00) and assume that it is bounded, i.e.,

1< p™ :=essinfp(t) < esssupp(t) =: pt < oo,
teT teT

and we write p € LY(T).

By M(T), we denote the set of all equivalence classes of real A-measurable functions
defined on T being equal A-a.e. on T. The variable exponent Lebesgue space LP()(T)
consists of all measurable functions u € M(T) for which the p,,.)-modular

w) = [ lu(rOat ®

is finite, i.e.,
LPO(T) = {u e M(T) : /T lu(t)|POAL < oo}.
The Luxemburg-type norm on this space is defined as

HMHLPU)(’]I‘) = inf{/\ >0: Pp(t)(%) < 1}.

Equipped with this norm, LP(*) (T) is separable and reflexive if p € LY (T).
For estimates, one can use the following inequalities.

Proposition 5. Ref. [15]. Let v,w € LP)(T). Then, for A—a.a. t € T,

@ Jo(t) + ()"0 < 27" (o) + () 1)

) [o(t) —w(®F© <27 (o) + ().

Proposition 6. Ref. [15]. Let u € LP()(T),u # 0. Then,
@ lull,pe )y <1 (=1, >1) <:>p(u) <1 (=1, >1);

)
O 1 ull o ry > L then il < oy (0) < Nl
(© Il oy < L e [l ) < 2y 1) <

Proposition 7. There exist functions f1, fo : [0,00) — [0, 00), which are continuous, strongly
increasing, f1(0) = f2(0) = 0 and tlim fi(t) = tlim fo(t) = oo such that, for all u € LP¢)(T),
—00 —00

Sl g mpleell oo oy < 0py () < faCllll o (o) el ooy -
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Note that these inequalities imply the equivalence of convergence in norm and in
modular.

Proposition 8. Ref. [15]. Let u € LP()(T) and uy € LP)(T) for k € N. Then,

Jim [l —ully =0 ifandonly i Tim p,. (=) = 0.

Lemma 2. Ref. [15]. Let (uy)ren C LPU)(T) be a sequence convergent to a certain function u €
LP)(T). Then, there exists a subsequence (ux,) ey € LPU(T) such that limy e g, (£) = u(t)

for A—a.a. t € T and there exists a function g € LP\*)(T) such that lug, (t)| < g(t) for | € Nand
A—aa. t €T.

Proposition 9. Ref. [15]. If p1,pp € LY(T) and p1(t) < po(t) for A—a.a. t € T, then the
embedding LP2() (T) < LP1()(T) is continuous.

Let p,q € LY(T) and p, q be conjugative on the time scale T, e.g.,

for A—a.a t € T. The space L") (T) is defined as

L1(T) = {u e M(T) : /E q(lt)m(t)w(f)m < oo}.

Proposition 10. Ref. [15]. For every u € LP)(T) and v € L1)(T), the following Holder
inequality holds:

1 1
[ uo1a < (5= + 2 Yl o ol ey (10)

We define the variable exponent Sobolev space on time scales by
WP()(T) = {u e LP(T) : A%u e LPW (T)}
equipped with the norm
il czy = Nl ey + 18780 o .

Then, (Wl"”(t)('ﬂ‘), Il ||W1,p(t>(T)) is separable and reflexive if p € LY (T).

We denote by Coy(T) (respectively C*°(T)) the set of continuous functions over T
which are of n times rd-continuously (respectively continuously) A-differentiable on T*

for any n € N. We define Wé’p(t) (T) as the closure of Cg4(T) in WP (T), where
Cg‘frd('}l‘) = {u € Coq(T) : u(a) = u(b) =0}.

Remark 1. In general, CF(Q)), Q C R", may not be dense in WP (Q). It is true under some
additional assumption upon p (see [7,18]). However, it is known that if p~ > n then, C{°(Q)) is
dense in W) (Q)) and

Wy () = WP () n W ().
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In the classical one-dimensional situation of W2P\t) (I) with I = (a,b), each element u has a

continuous representative u (see (7)) in its equivalence class for equality A—a.a., and Wé’p(t) (I)
can be characterized as the set of u € WP (I) such that w(a) = 0 = (D).

Recall that there exists C > 0, such that ||| ) ) < Cll A ul| () foru € Wé’p(t) (T).

Consequently, one can consider the space W&’p © (T) with the following equivalent norm
91250 gy = 18710y )
It is known that the following continuous embeddings hold
C(T) = Cpa(T) < LV (T) < LPO(T) — LV (T) (12)
and
WP (T) < WHPO(T) — WP (T).
Moreover, we recall that the following embeddings
WP (T) < C(T), and W"PO(T) < LF"(T) (13)

are compact.
Since any element of W'*™ (T) is absolutely continuous (see [14]), we know that
the same holds for any u € W"?()(T), which implies that any element of W"?()(T) is

A-differentiable A-a.e. on T. If u € Wé’p(t) (T), then u is continuous, which implies that
u” € Cq(T) and (6) holds. Consequently, by (12) and (13), there are A, C,C; > 0 such that

147 oo oy < CllUl e oy < Cllu”llp < Culfully < CrA[Ju]lx. (14)

3. Du Bois—Reymond Type Lemma

In this section, we will prove a du Bois—Reymond type lemma for nondifferen-
tiable functions.
By (9), we estimate

gl )= fwors o

for any u € LP()(T). Consequently,
()P 2u(t) € LIO(T) (16)

for u € LP(T), where g is the function given in (9). By (10) and (15), for any u,v €
Lp(t) (T),

/T|u(t)\p(t)’2u(t)v(t)At

is well defined.
Lemma 3. Ifh € L1Y(T) and

/T H(E)oD (1A =0
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for every v € W&’p(t) (T), then
h(t) = const.
for A—a.a. t € T.
Proof. Let us define ,
o(t) = [ 1h(s) = el (h(s) = c) s
a
for t € T, where ¢ € R is such that v(b) = 0. Then, v(a) = 0. Moreover,
oA (1) = [h(t) = "2 n(t) — ) a7)

for A-a.a. t € Tand v® € LP()(T). By (17), we have

/T|h(t)—c|q(t)At - /T(h(t)—c)\h(t)—c|q<f)*2(h(t)—c)m
- /T(h(t)fc)vA(t)At
= /Th(t)vA(t)At—c/TvAAt:O.

Since p.) is a modular, we have h(t) = c for A—a.a. t € T and the lemma follows. [J

The following lemma plays a key role in the next section.

Lemma 4. Let by € LY(T),hy € LPY)(T) and
(@ () + ) 2oty (1) ) At = 0 (18)
for every v € W&’p(t) (T). Then,

m(o) = o (10O (0
for A—a.a. t € T.

Proof. Let ;
H(t) = / 1 (s)As
a
for t € T. Integrating by parts and using the boundary conditions,

b

/Thl(t)v"(t)At - /THA(t)v”(t)At:H(t)v(t)

—/TUA(t)H(t)At
- —/TUA(t)H(t)At (19)

a

for every v € Wé’p(t)(’]I'). By (18) and (19), we obtain
0 = /T<h1(t)v‘7(t)+ o (8) PO 2hy (102 (1) ) A t
- —/TUA(t)H(t)At—i—/T\hz(t)|”(t)_2h2(t)vA(t)At

= [0 (1m0 () - Hb) At
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for every v € Wg’p(t) (T). Now, combining (16) with (12) and Lemma 3, we obtain that
there exists ¢ € R, such that

o (1) [P 2y (t) = H(t) + ¢

and

A A

R p(t)—z = — =

AL (|h2(f)| hz(t)> At(H(f) +c) = h(t)
forA—a.a. teT. O

Corollary 1. Ifh € L'(T) and
/ h(£)o” (H)At = 0
T

for every v € W&’p(t), then h(t) =0 for A—a.a. t € T.

Proof. It suffices to take /p(t) = 0 for A—a.a. f € Tin Lemma 4. O

4. The p(t)-Laplacian Dirichlet Problem

Let X := W&’p ® (T). The following assumptions upon f and p are made:
(P) peL3(T);
(F) f:T xR — Risa L!'—Carathéodory function over T x R.

Let us consider the following problem:

p(u(t) == (IA“’u(t)W)—ZAWu(t)) — f(Luo(1), teT 0
u( ) =u(b) = ’

where 1 € X, a and b are defined in (2) and ¢ is a forward jump operator given in (3).

We say that u € X is a weak solution to (20) if

/|Aw ) PO-2A% (1) A0 (1) At = /f (t,u% ()0 (+) At 1)

for every v € X.

We define the functional ¢ : X — R by

1
— [ LA Oar— [ Bt uT (A 2
plu) = [ oA O st — [ P o), 2)
where .
F(t,x) = t,s)d 23
(tx) = [ flt,s)ds 3)
for A—a.a. t € T and x € R. Moreover, let us denote
ACu(t) PO At 24
pi(w) = [ s lau(o) eh)
and
= [ F(t,u(t))At 25
pa(u) = [ F(t,u7() 5)
foru € X.

Observe that if f satisfies Assumption (F), then also F is an L!-Carathéodory function
over T x R and thus, t — F(t,u%(t)) belongs to L' (T). Consequently, ¢, is well defined,
which implies that ¢ is well defined.
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Lemma 5. The functional ¢ defined in (24) is continuously differentiable on X at any u € X and

@1 (u)(v) :/ [A“u(t) PO A% u(H) AV () At
T
forallv € X.
Proof. Let us define

p1(At) = —)\Awu(t)Jr,\Awy(tW(t)

and
B = [ F1A DA = g1(u+ o),

where u,v € X are fixed, t € T and A € [—1,1]. Consequently,

oh () (0) = H(0) = [ g1 (4 Dacodt = [ |A"u(t)P0 26" (1A 0(1)
Let us define
wr(£) = [A%u(p)PO1
fort € T. By (16), u; € L1O(T). By Holder inequality (10) and (11), we obtain

1 1
P < (55 + 25 )l el

Consequently, ¢/ (1) € X* and functional ¢; is Gateaux differentiable over X.
We shall show that the derivative is continuous. Consider ¢, . : L” B(T) — LIO(T)
given by

&y (1) = [ulPD2u

for u € LP)(T). By (15), &p(.) is well defined.

Let u, — uin LP()(T) and (v,) be a subsequence of (i,). Let (vy,) and g be given as
in Lemma 2. Then, from Lemma 2 and Proposition 5, one has

2q+—1{ (|vn,(t)|P(f)—1>q(t) + (|u(t)l’(f)—1)q(t)}
21" HJou, (OO + Ju() P}
< 27 (g(1)PY.

q(t)
)

IA

gp(t) (Unl) - gp(t) (u

IN

Since vy, (t) — u(t) for A—a.a. t € T, it follows from Lebesgue Dominated Conver-
gence Theorem that

t
‘q()At—>O, as ] — oo,

/T’ffp(t)(vn,) = &p(ry (1)
but then, since any subsequence (1) (vn)) has a subsequence (&, ;) (v, )) convergent to
the same limit,

t
‘q()At—m, as n — oo.

/;r‘ép(t)(”n) — &y (u)
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Consequently, using Proposition 8 and Holder inequality (10),

#ile)(@) = gil)(e)] < <Pl * ql> ng’(t)<Awun) —&p(r) (Aw”)Hm@ llollx
and
lim [| @} (1) — @ (1) [ . = 0.
O

Lemma 6. The functional ¢, defined in (25) is continuously differentiable on X at any u € X and

pa(0)(0) = [ (b ()o" (1)
forallv € X.

Proof. Let us define
@A 1) = F(t, u’(t) + )w”(t))

and
¥(A) = /szzu,t)m = g2(u+ Av),

where u,v € X are fixed, t € T and A € [—1,1]. Thus, we get
o) (0) = 13(0) = [ (Dot = [ Fltu (1)o7 (1)
By (14) and since t — f(t,u“(t)) belongs to L!(T), we have

5 )@)| < lollz [ 1f (L ()18 < Alollx [ 1 (£ (1) ¢ < e

Therefore, ¢ (1) € X* and functional ¢, is Gateaux differentiable over X.

If u, — uin X, then, by (14) ,u, — u in C(T) and there exists d > 0 such that
lun(t)| < d forn € N, which implies that |u4(t)| < d for n € Nand A—a.a. t € T. Since
f is L' —Carathéodory function, there is f; € L!(T) such that, for n € N and for A—a.a.
t € T, wehave [f(t,uf(t))] < fa(t).

Let u, — u in X. Then, from (14), u§ — u in LP®)(T). Now, as in the second part
of the proof of Lemma 5, using Lemma 2, one can show that f (¢, u§(t)) — f(t,u’(t)) for
A-a.a.t € T,asn — co. Applying the Lebesgue Dominated Convergence Theorem, ¢, is
continuously differentiable. [

Remark 2. From Lemmas 5 and 6, a critical point of functional ¢ defined in (22) is also a weak
solution to (20). Now, taking

hi(t) := —f(t,u’(t)) and hy(t) == A%u(t) forteT

in Lemma 4, we obtain that a possible solution to (21) is a solution to problem (20).
Moreover, from Lemma 4, the function

ts [ACu(H)|PO2A% 0 (t)

is absolutely continuous on T. Consequently, a weak solution to problem (20) is a classical solution.

We now provide some properties of the operator ¢; that will be needed in next Sec-
tions.
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It is easy to verify that the following holds : if py € (1,0), then
(Jx[Po=2x = [yl 2y, x —y ) > ||| = Jy[P | x| — Jyl] (26)
for all x,y € R™.
Lemma 7. The mapping ¢} : X — X* is coercive and strictly monotone.

Proof. Observe that, from (26), ¢ is strictly monotone. Moreover, by Proposition 6, one
has

-
ol _ @) AT

m ——F = m —FF > im = o0.
lullx—eo  [lllx fullx—eo  |lullx lulx—eo  |lullx

Consequently, ¢} is coercive. [
Lemma 8. The operator ¢y : X — X* is demicontinuous.

Proof. Since ¢ is continuous, one can easily see that ¢ is hemicontinuous, i.e., for all
u,v,w € X, the mapping h — ¢/ (1 + hv)(w) is continuous on [0, 1]. Now, the statement
follows from the fact that for a monotone operator, demicontinuity and hemicontinuity are
equivalent. [

Lemma 9. The mapping ¢} : X — X* is bounded.

Proof. We need to show that ¢} maps bounded sets in X into bounded sets in X*. Let
u,v € X and let us define

ui(t) = |AYu(r) PO

for t € T. By (16), we have p,(.y(u1) = pp(.)(A%u) < co. Consequently, u; € LIO(T).
By (14) and Holder inequality (10), we estimate

1 1
Ph0(©) < (5= + o= ) ol 7)

By Lemma 7, we know that there exists function f; : [0,00) — [0, o0), such that
S (Ml ey ) 1l ey < g (0)- (28)
By (27) and (28), we obtain

¢ (u)(v) < K1§;+;§nv|qu(.)<ul>

Ki (55 + 55 ) ollxpp() (8%u),

(29)

-1
where K| = (f1 (Hul Il a0 (T))) . From Lemma 7, there is f, : [0,00) — [0, 00), such that

0p() (871) < fo (116wl i o) ) 18% 8y oy = Sollalx) el (30)

By (29) and (30), we estimate

1 1
o (u)(0) < Kz(p_+q_>||v||x||u|xf
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where Ky = Kj fo(||u||x) and consequently
, , 1 1
l@h(wllx- = sup [(pru)(0)] < Ko — + — | [Jullx,
lellx=1 L
which implies that the operator ¢/ is bounded. [
Lemma 10. Ifu, — uin X and
lim (¢ (un) — @ ()) (un —u) =0, (31)

n—o0

then u, — uin X.
Proof. Assume that u, — u in X and (31) is satisfied. Let
Ti={teT:1<p(t) <2}
and
T, ={teT:p(t) >2}.
Since the following inequalities hold

(lalPo=2a — [B|Po=2B) (a — B) = 227Poa — B|™, po > 2

(aro~2a — [BP0-2B) (a — B) > (po— Ve — BP(1+ P+ |BR) =, @2
1<py<2

for any «, 8 € R (see [19]), we get

(91 (un) = 1 (w)) (1t — w)
= /T (\Awun(tﬂp(t)’zAwun(t) — |Awu(t)|r’<t>*2Awu(t)) (A% (t) — A¥u(t))At

= /T (|Awun(t)|”(t)_2Awun(t)—|Awu(t)|p(t)_2Awu(t)>(Awun(t)wau(t))At
+ /T (|Awun(t)|p(t)’2Awun(t) - |Awu(t)|”(t)’2Awu(t))(Awun(t)—Awu(t))At
= L+

From (32), for A-a.a. t € T, we obtain

At >0

R )l
B T (L |ATu(t) 2 + [Avw (1) [2) 702

and

L>22 " /T|Awun(t) — A%u(t)[Pat > 0.

Consequently, from (31), A”u, converges in measure to A”u. Let us consider a
subsequence of (A%u,) and denote it also by (A%uy,), A%u, — A%u for A-a.a. t € T. By the
Fatou Lemma,

1

L 1w p(t) >/7w p(t)
lim intf Tp(t)m ()] At_.Tp(t>|A u(t)|POAL. (33)
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Since u;, — u and from (31), we have

lim (¢} (1) — @1(w)) (un — 1) = (93 (n)) (un — 1) = 0. (34)

n—oo

Moreover,
oh (i) (aen =) > [ 187, (OO0t = [ 8%, (57O () A
T T

Now, from the Young inequality, one has

8 ()P0 A% (0)] < PO AR, (]P0 + L 8w (1) ).

Therefore,

¢} () (1t — 1) > /T A AP At — /Tﬁmwu\”(%- (35)

From (31), (33)-(35), we obtain

1 1
li —— | A Uy ()P AL = / —— | A u ()PP At.
tim [ lacun (1) atuc)

Consequently, functions ﬁ |A%u, (t)|P*) have equi-absolutely continuous integrals
(see ([20], Theorem 3, p. 153)). Moreover, from Proposition 5,

1 1

AW AW €3} L w (1) AWy (#)
8%, (1) - (o) <c(p(t)|A O+ 8P )

Hence, functions ﬁ |A%u, (t) — A%u(t)|P(*) have equi-absolutely continuous integrals
and from ([20], Theorem 3, p. 153), one obtains

im [ — | AR () — ACu () PO A = 0,

wres Jr p(6)

which implies that

lim /T A (1) — A%u(t)[PO AL = 0.

n—o0

Consequently, AYu, — A%u in Lr) (T), which means that u, — uin X. O

Now, observe that using the Minty—Browder Theorem [21] (Theorem 3.3.1, p.161) (see

Lemmas 7-9), we obtain that ¢/ has an inverse mapping (qoi)fl : X* — X. The follow-
ing holds.

Lemma 11. The operator ¢} is a homeomorphism.

Proof. It suffices to show that ((p’l)f1 is continuous. Let z,,z € X*, z;, — z. Then, there are
un,u € X, such that ¢ (1,) = z, and ¢ (1) = z. Since ¢ is continuous, (u,) is bounded
in X. Without loss of generality, let u,;, — v. Then, we have

lim (¢} (un) — @4 (1)) (un —v) = lim (z)(un — ) = 0.

n—oo n—o0

From Lemma 10, u, — v in X. Consequently, u, — uin X. O
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5. Existence of a Solution Using the Direct Method

The direct method of the calculus of variations has a long and interesting history
described in the introduction of [2] and is expressed as follows in a functional setting.

Theorem 1. Ref. [22], p.455. Let X be a reflexive Banach space and ¢ : X — R be a weakly
lower semi-continuous and weakly coercive functional. Then, there exists xg € X, such that

¢(x0) = mineex ¢(x).

Now, we give sufficient conditions for the existence of critical point of functional ¢
defined in (22). Consequently, by (21) and Remark 2, we prove the existence of weak
solutions to the Dirichlet problem (20).

Theorem 2. If there exist p € (1,p™], c1,c3 > 0and

B
cy < p+]1A(']I')AB (36)

with A given in (14), such that function F satisfies
c
Ft,x) < erlx] + Flxlf +cs (37)

for A—a.a. t € T and x € R, then problem (20) has a weak solution.

Proof. Our goal is to apply Theorem 1 for functional ¢ defined in (22). First, we shall show
the coerciveness of ¢. By (14), (11), (36), (37) and Theorem 6, if ||u||x — oo, one has

o(u) = /Tpgt)|Awu(t)|p(t)At—/TF(t,u"(t))At

1 w Co
> (o u)—C1A|u‘7(t)|At—E/T\u”(tﬂﬁAt—%/TlAt

1 - c
> pjllAwul\Zp(,>(T) — o1 flullrpa(T) — ﬁzllullﬁm(’ﬂ’) —c3pa(T)

CzAﬁ
p

where p,,() is the modular defined in (8). Hence ¢ is weakly coercive over X.

ull5pea(T) — crAllu]| xpa(T) — capa(T) — co,

1 _
> pjllulli -

By Lemma 5, we see that functional ¢, defined in (24) is continuous. Since s ﬁsp ()

is convex on [0, c0) for A—a.a. t € T, ¢ is convex. Consequently, ¢; is weakly lower semi—
continuous.
Observe that the following holds

if u, —u in X, then uf — u” in LPO(T). (38)

Indeed, if u, — u in X, then (uy),cn is bounded in X and, from (14), bounded in
C(T). Denote by (v,),en a subsequence of (i, ),en. Then, since the embedding in (13) is
compact, (v,),en has a strongly convergent subsequence. By the uniqueness of weak limit,
(V1) nen converges to u. Consequently, since every subsequennce (vy, ), ey Of (4y),en has
a subsequence which tends to u, (u,),cn converges to u strongly in C(T) and, from (14),
ug — u” in LPO(T).

Now, using (38), Lemma 2 and proceeding similarly as in the proof of Lemma 6, one
can show that F(t, uf(t)) — F(t,u’(t)) for A—a.a. t € T and conclude that functional ¢,
defined in (25) is strongly continuous over X.

Consequently, ¢ is weakly lower semi-continuous over X. From Theorem 1, ¢ has a
minimum point and the problem (20) has a weak solution. [J
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Corollary 2. Ifthereexist p € (1,p~ ) and c1, ¢, c3 > 0 such that function F satisfies condition (37),
then problem (20) has a weak solution.

Proof. The proof is analogous to the proof of Theorem 2 with one exception. If f # p~,
then to show that ¢ is weakly coercive, no inequality of the type (36) is needed. [

Remark 3. Assume that the following condition holds
(F) f:T xR — Risa A-Carathéodory function over T x R.
Then, (F)’ together with (37) and Proposition 9 guarantee that Lemmas 5 and 6 hold.

Example 1. Notice that condition (37) is satisfied if

F(t x) = %2|x|ﬁ L G(t %)
where

X
G(t,x) = / Q(t,s)ds
0

and g(t,x) < cj for A—a.a. t € T, x € R. In particular, problem (20) with f given by

fltx) = colx [P + (1)
has a weak solution for every bounded function ¢ € L!(T).

6. Existence of a Nontrivial Solution Using the Mountain Pass Theorem

The existence conditions of Theorem 2 are satisfied when F(t, x) does not grow too
fast when x — co. We now use another tool of the variational calculus, namely a minimax
instead of a minimum characterization of a critical point of the functional, to prove the
existence of a nontrivial solution of problem (20) when f (¢, x) tends fast enough to 0 when
x — 0 (insuring the existence of the trivial solution) and fast enough to infinity when
X —r 0.

We say that Cl—functional ¢ : X — R satisfies the Palais—-Smale condition, denoted
(PS), if any sequence (uy),en in X, such that (¢(uy)),en is bounded and ¢’ (u,) — 0 as
n — oo, admits a convergent subsequence.

Lemma 12. If there exist M > 0 and T > p™, such that
0 < TF(t,x) < xf(t, x) (39)
for A—a.a.t € Tand |x| > M, then functional ¢ defined in (22) satisfies the (PS) condition.

Proof. Assume that (u,),cn is a sequence such that u, € X forn € N, (¢(un))pen is
bounded and || ¢’ ()| x+ — 0as n — oo.

First, we shall show that (1,,),,cy is bounded. Let ¢ > 0. Since | ¢’ (1) | x+ — 0, we
obtain that there exists ng € N, such that || ¢’ (u,)||x+ < € for n > ng. Thus, we have

¢ (un) (un) = —ellunllx (40)
for n > ngy. Moreover,
¢un)(e) = [ 8%Vt — [ feusnusnar

= o (8%w) = [ (e ) (1)t
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forn € N, where p,,. is the modular defined in (8). Since f is the L'-Carathéodory function
over T x R, integrals

/TMn F(t,u5(t))At and /TMn f(tug(t))us (t)At,
where Ty, = {t € T : |uj(t)| < M} are bounded. Moreover, by (39), we have
Joog, FCAEONED — (63 (0)))¢ > 0 @)
Since (¢(un))yen is bounded, by (40) and (41), we obtain
Cit+ellunllx > To(un) — (¢'tin)(un)
=1 ﬁmwun(t)ww_ T [p F(tuG(t))At
—0p() (A%un) + Jp f(tug (£))ug (t) At
[ 18, (0P8 =T [ F(tu (1) At
0y (N0a) i (81 (8)) 1 (1) 42)
= p%pp(_)(Awun) — 7 Jp F(t,uf(t))At
—0p() (A un) + J f (& 15 ()i (1) At
= (P% — 1)pp(_)(Awun)
+ S (f (8 ug (1) Jusy(8) — TF (¢, ug(t))) At

with C; € Rand n > ng. By (11), (41) and Proposition 6, we have

Y

(55 = 1)) (A%ua) + f(F(tuG (1) (1) = TE(t,u(5))A
L
> (5% — 1) min{Jluallk  luallk } +Co
with C; € Rand n > ny. By (42) and (43), the following assertion holds

T . + B
Cuotells = (55— 1) min{lunl Il }+Co

with Cq, C; € R. Hence, we obtain

T . + -
(57 1) min{ a5 o 1} = el < 4

with C3 € R. Since T > p™, (||un||x),cn is bounded.

Now, without loss of generality, we assume that u, — u in X. Using the same
arguments as in the proof of Theorem 2, one can show that for ¢} : X — X* we have:
uy — u implies @5 (u,) — @5 (u). Since

¢’ (un) = (P/1<un) — @h(un) — 0asn — oo,

we obtain that ¢/ (u,) — ¢5(u). Hence, using Lemma 11, u, — u in X. Consequently, ¢
satisfies (PS) condition. [
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The existence of nontrivial solutions to problem (20) will be shown using the Moun-
tain Pass Theorem of Ambrosetti and Rabinowitz [23], which we recall here in the follow-
ing form.

Theorem 3. Ref. [24] (p.7). Let X be a Banach space and let ¢ : X — R be a C'~functional
satisfying (PS) condition. Suppose that ¢(0) = 0 and

(i) there are constants gy, rg > 0, such that (p] lellx=ro > wg;

(ii)  there is an element ey € X, such that ||eg||x > ro and ¢(ep) < 0.

Then functional ¢ has a critical point with critical value ¢y > g characterized by

=i f ,
0= nf, I 0

where T = {y € C(]0,1], X) : v(0) = Ox and y(1) = ep}.
Theorem 4. If condition (39) is satisfied and

lim LB g (44)

1u—0 |u|P+—1

uniformly with respect to u for A—a.a. t € T, then problem (20) has a nontrivial weak solution.

Proof. First, observe that ¢ is unbounded from below, i.e., for any { > 0, there is an
element e € X with ||e]|x > ¢, such that ¢(e) < 0. Let us denote

Tam = {t € T: |au’(t)] > M}

fora > 1 and u € X. We will show that if u € X is such that ua(T1p) > 0, then
¢(au) — —ooasw — oo. For & > 1, we see that Ty C Typr and hence, pa(Tynm) > 0.

By (39), we have
fltu) .t
FLu) = u 45
for u > M and )
t,u T
Fu) = u (46)

for u < —M and with T > p™. Integrating both sides of (45), we obtain

F(,M) .

F(t,u) > VG

for A-a.a. t € T and u > M. Similarly, by (46), we have

F(t,—M) .
F(t,u) > T(—”)

for A-a.a. t € T and u < —M. Consequently, there exists function w € Ll (T), such that
F(t,u) > w(t)|ul* 47)

for A—a.a. t € T and |u| > M.



Entropy 2021, 23, 1352

19 of 21

Let ug € X. For a > 1, we have

1
_ 1A Tun PO A — 0

¢(auo) /T oy A ol A /H‘F(t, M)A
< (8~ [ F(t (1)t )
= Op(-) 0 {teT:|auf(t)| <M} e

—_ F t, o t At,
~/{t€T:|txug(t)|>M} ( 061/10())

where p,,) is the modular defined in (8). By (47), we obtain
F(t,aug(t)) = w(t)a™[uo(t)[*
for t € T, such that |auf(t)| > M. Thus,
Jiteraug =y F(EauGB) At =™ [iyep e =y @ (E)|uo(£)[AL

= a"Kq(up)

(49)

with Kj (19) > 0. Moreover, by assumption (F1), we have

F(t, au(t))|At <K 5
/{tET:ug(t)|<M}| ( 0(1/[0())| S Ko (50)

with Ky > 0. By (49), (49) and (50), we estimate

al’
plaug) < ——p,)(A%u) —

; F(t,aug(t))At

[{teT:aug(t)<M}
— F(t,aul(t))At
/{tE'H‘:Mug(t)ZM} ( 0(t))
[Xp+ w T
< Fpp(-)(A ug) — &' Kq(up) + Ko.
It implies that @(aug) — —c0 asa — oo, since T > p* and uy is fixed.
Now, we shall show that there exist constants ag, 79 > 0 such that (p‘ I
By (23) and (44), for every € > 0 there exists > 0, such that

> wg.
ullx=ro = 0
&

= Jul?* (51)

F(t,u) <

for A—a.a. t € Tand |u| < 4. Letggy € (0, AP%

) . Then, by (6) and (51), there is §; > 0,
pa(T)

£ -+
p—iAP*nun; pa(T) (52)

./{tET:|u‘7(t)|<(51}

IN

with A defined in (14).
Let 6p < min{dy, A} and ||u||x = 7o € (0, %0}. Then,

oo
<0 <9,
ullx < 2 =1 (53)
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By (14),

S

[u”llr < flullr < Allullx < A= = d. (54)

Combining (52) with (54), we conclude that

. I o €0 + pt
F(t,u’(t))At = F(t,u’(t))At < — AP ||u U T
/IF ( ( )) AtET:‘u”(t)‘<51} ( ( )) = er || ||X A( )

and therefore, from (53) and Proposition 6, one has

o(u) = /Timwu(mp%t—/TF(t,uff(t))At

p(t)

1 € +
> 5 [ 8OO N~ AP (T) el
1 € +
= P (A7) = p%AP*mr)Hunéz

> L

€ + +
ol - p%A’“ ua(T)ulk

1 +
= (1 cod? pa(m) ul

Consequently, we obtain that there exists ay > 0, such that ¢| lullx=ro = %0 > 0. Since
¢(0x) = 0, the statement follows from Theorem 3. [

Example 2. Consider problem (20) with the function f defined as

f(t x) = h(t)x"

fort € T, x € R, where h € L!(T), a is an odd number and & > p*. One can easily check
that Assumption (44) holds. Moreover, for T := « +1 and M > 0, Assumption (39) is
satisfied.

7. Conclusions

Using direct variational methods and the mountain pass theorem, we have obtained
several sufficient conditions for the existence of solutions to the p(t)-Laplacian Dirichlet
problem on a bounded time scale. Some results regarding the regularity of solutions have
also been included in this paper. We have shown that a sort of unification in discrete and
continuous settings is possible with the use of a time-scale notion.
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