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Abstract: In this paper, we consider techniques for establishing lower bounds on the number of arm
pulls for best-arm identification in the multi-armed bandit problem. While a recent divergence-based
approach was shown to provide improvements over an older gap-based approach, we show that
the latter can be refined to match the former (up to constant factors) in many cases of interest under
Bernoulli rewards, including the case that the rewards are bounded away from zero and one. Together
with existing upper bounds, this indicates that the divergence-based and gap-based approaches are
both effective for establishing sample complexity lower bounds for best-arm identification.
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1. Introduction

The multi-armed bandit (MAB) problem [1] provides a versatile framework for sequentially
searching for high-reward actions, with applications including clinical trials [2], online advertising [3],
adaptive routing [4], and portfolio design [5]. The best-arm identification problem seeks to find the arm
with the highest mean using as few arm pulls as possible, and dates back to the works of Bechhofer [6]
and Paulson [7]. More recently, several algorithms have been proposed for best-arm identification,
including successive elimination [8], lower-upper confidence bound algorithms [9,10], PRISM [11],
and gap-based elimination [12]. The latter establishes a sample complexity that is known to be optimal
in the two-arm case [13], and more generally near-optimal.

Complementary to these upper bounds is information-theoretic lower bounds on the performance
of any algorithm. Such bounds serve as a means to assess the degree of optimality of practical
algorithms, and identify where further improvements are possible, thus focusing research towards
directions that can have the greatest practical impact. Lower bounds were given by Mannor and
Tsitsiklis [14] for Bernoulli bandits, and by Kaufmann et al. [15] for more general reward distributions.
Both of these works were based on the difficulty of distinguishing bandit instances that differ in only a
single arm distribution, but the subsequent analysis techniques differed significantly, with [14] using
a direct change-of-measure analysis and introducing gap-based quantities equaling the difference
between two arm means, and [15] using a form of the data processing inequality for KL divergence.
We refer to these as the gap-based and divergence-based approaches, respectively. Further works on
best-arm identification lower bounds include [16-18].

The divergence-based approach was shown in [15] to attain a stronger result than that of [14]
with a simpler proof, as we outline in Section 2.2. In this paper, we address the question of whether
the gap-based approach is fundamentally limited, or can be refined to attain a similar results to [15].
We show that the correct answer is the latter in many cases of interest, by suitable refinements of the
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analysis of [14]. The existing results and our results are presented in Section 2, and our analysis is
presented in Section 3.

2. Overview of Results

2.1. Problem Setup

We consider the following setup:

e There are M arms with Bernoulli rewards; the means are p = (p1, p2,- - -, pm), and this set of
means is said to define the bandit instance. Our analysis will consider instances with arms sorted
such that p; > po - -+ > pym, without loss of generality.

e The agent would like to find an arm whose arm mean is within € of the highest arm mean for
some 0 < e < 1,i.e., p; > p; — . Even if there are multiple such arms, just identifying one of
them is good enough.

e Ineach round, the agent can pull any arm ! € [M] and observe an reward X l(s) ~ Bernoulli(p;),
where s is the number of times the /-th arm has been pulled so far. We assume that the rewards
are independent, both across arms and across times.

e Ineach round, the agent can alternatively choose to terminate and output an arm index [ believed
to be e-optimal. The index at which this occurs is denoted by T, and is a random variable because
it is allowed to depend on the rewards observed. We are interested in the expected number of
arm pulls (also called the sample complexity) Ep [T] for a given instance p, which should ideally
be as low as possible.

e Analgorithm is said to be (¢, §)-PAC (Probably Approximately Correct) if, for all bandit instances,
it outputs an e-optimal arm with probability at least 1 — § when it terminates at the stopping
time T.

We will frequently make use of some fundamental quantities. First, the best arm mean and the
gap to the best arm are denoted by

P* = pll (1)
A= ps = pr- 2)

The set of e-optimal arms and the set of e-suboptimal arms are respectively given by

M(p,e) :={l € [M]:p; > ps — ¢}, ©)
N(pe):={l€[M]:p < ps—e}, (4)

and we make use of the binary KL divergence function

1-p
— ©)

KL(p,q) := plog s +(1—-p)log

where here and subsequently, log(-) denotes the natural logarithm.

2.2. Existing Lower Bounds

For any fixed p € (0,1/2), Mannor and Tsitsiklis [14] showed that if an algorithm is (€, 5)-PAC
with respect to all instances with min; p; > P> 0, and if ¢ < % and § < ¢8/8, then for any

constant « € (0,2), there exists ¢; = O(Ez) (depending on «) such that

M(p,e)|-1)" 1 1
€ ‘ A 80
leN (pe) 1
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where
M(p,e) = M(p,e) N {l €eM:p > S;_p; } 7)
(o, = Npo)n {re (Mspr > S22, ®)

Note that the subsets M (p, ¢) and N (p, &) do not always form a partition of the arms, i.e., it may hold
that M (p,e) UN (p,e) € [M]. The sets increase in size as « decreases, but implicitly this leads to a
lower value of c;. In addition, as we will see below, the p?> dependence entering via c; is not necessary.

We also note that the lower bound in (6) depends on the instance-specific quantities M (p,¢),
N (p,€), and A, and is thus an instance-dependent bound. On the other hand, the lower bound is only
stated for (¢, 6)-PAC algorithms, and the PAC guarantee requires the algorithm to eventually succeed
on any instance (subject to the assumptions given on pj, €, and ).

Kaufmann et al. [15] improved Mannor and Tsitsiklis’s lower bound by using a form of data
processing inequality for KL divergence, leading to the following whenever 6 < 0.15and 0 < ¢ <
min{ps, 1 — p.} [15] (Remark 5):

IM(p,e)| —1 1 1
Ep|T] > | log ~—. )
plT] KL(ps =& pste) (0 KL(p pe+6) 8245
To directly compare this result with (6), it is useful to apply the following inequality [19](Eq. (2.8)):
2
(p—q)" <KL(p,q) < Py
which yields
" [(M(p,e)| —1 1 1
Ep[T] > (p* +€)(1— —)74— ——— | log —. (11)
olT] = (P o)1= 4e2 1y A2 8245

Even this weakened bound can significantly improve on (6), since (i) M (p, &) D M(p, ) and N (p, ) D
N (p,e), (ii) the p* dependence is replaced by (p* +€)(1 — p* — €), so the dependence on the smallest
arm mean is aV01ded (The 1 — p* — € term is potentially small when € is close tol—p*, but smce (6)
assumes € < 17~ we can still say that (11) is at least as good as (
is avoided.

2.3. Our Result and Discussion

Our lower bound, stated in the following theorem, is developed based on Mannor and Tsitsiklis’s
analysis for best-arm identification [14] (Theorem 1), but uses novel refinements of the techniques
therein to further optimize the bound (see Appendix C for an overview of these refinements).

Theorem 1. For any bandit instance p € (0, p«|M with p. € (0,1), and any (e, §)-PAC algorithm with
0<e<l—prand0 < < dy for some dy < 1/4, we have

290(px +€)(1—ps —g) [|IM(p,e)| —1 1 1+ 46
Ep(T] > + lo ,
rl1] 7(6+1) de? eATpe) (& + A1) ST

(12)
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where
=", (13)
6= 1—225170 - 1fi§0’ (14
and ¢ > 0 is the unique positive solution of the following quadratic equation:
7062 log 5 = 3(E +1). (15)

Observe that this result matches (11) (with modified constants), and therefore exhibits the above
benefit of depending on the full sets M and N without the condition p; > €2+_p + (see (7)=(8)), as well as
avoiding the dependence on p, and permitting the broadest range of € and J among the above results.

The result (11) in turn matches (9) whenever the right-hand inequality in (10) is tight (i.e.,

whenever KL(p,q) = @(E”(’; _"Z; ). This is clearly true when p and g (representing the arm means) are
bounded away from zero and one, and also in certain limiting cases approaching these endpoints (e.g.,
when p and g both tend to one, but % = O(1)). However, there are also limiting cases where the
upper bound in (10) is not tight (e.g, p = 1— /7 and g = 1 — 57 as 7 — 0), and in such cases, the

bound (9) remains tighter than that of Theorem 1.

3. Proof of Theorem 1

We follow the general steps of (Theorem 5 [14]), but with several refinements to improve the final
bound. The main differences are outlined in Appendix C.

Step 1: Defining a Hypothesis Test

Let us denote the true (unknown) expected reward of each arm by Q; for all I € [M]. Similarly
to [14,15], we consider M hypotheses as follows:

Hi:Q = pi, vl e [M], (16)
and for each ] # 1,
Hy:Q=p«+e Qu=pr VI'e[M\{I}. (17)

If hypothesis H; is true, the (€, )-PAC algorithm must return arm / with probability at least 1 — 6. We
will bound sample complexity when the hypothesis H; is true. We denote by [E; and IP; the expectation
and probability, respectively, under hypothesis H;.

Let B be the event that the algorithm returns arm . Since Y ¢ v(p ) P1(B;) < 1and [M(p,€)| > 1,
there is at most one arm Iy € M (p, ¢) that satisfies Py (B;,) > 3. Defining

Mo(p,)i= {1 € M(p,0): PlBi] < 3} = {1 € M(pe) i1 £ b}, (18)
it follows that
Mo(p,e)| = ((M(p,)] 1) (19)
Define

T (p,e) := Mo(p,e) UN (p,e), (20)
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as well as

B(pye) ::1 /\EJ( )Bh (21)
c pE

which is the event that the policy eventually select an arm in the e-neighborhood of the best arm in
[M]. Since the policy is (¢, 6)-correct with § < &y, we must have

]P)l[B./\/l(p,s)] >1—-6>1-— (50, (22)

and it follows from (18) and (22) that

Py [B;] < max {dp,1/2} (23)
1
= 5 (24)

foralll € T(p,e).

Step 2: Bounding the Number of Pulls of Each Arm

Before proceeding, we make some additional definitions:

€+Al

R P P (25)
o 1-p

= .

=y — %(“1(1 -, (27)

=B — %(0&1(1 -m)> (28)

The definitions (27) and (28) will only be used for arms with % < %, and for such arms, we will
establish in the analysis that & > 0and j; > 0.

We prove the following lemma, characterizing the probability of a certain event in which (i) the
number of pulls of some arm | € T (p,¢) falls below a suitable threshold (event A; below), (ii) a
deviation bound holds regarding the number of observed 1’s from pulling arm [ (event C; below), and
(iii) arm [ is not returned (event By).

Lemma 1. For each | € [M], let T be the total number of times that arm 1 is pulled under the (e, &)-correct
policy. Let K; = Xl(l) + Xl(z) +-o 1t XZ(TI)
up to the Tj-th time. Let

be the total number of unit rewards obtained from pulling the arm |

7ptar(1—p))?
Gy = T3, 29
EARETPRS N/ e ey s )

~ . e+ A 1
Gy = |Bi(pi Ty — KU pi Ty > K} + & (pi Ty — K){py Ty < Kl}}l{ o L< 2}/ (30)

where a;, &, and By are defined in (25), (27), and (28), respectively. Let

Yy = (§+1)(,/lip*””_s), @31)
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where ¢ is defined in (15). Define the following events:

1 1
= < — —_
Al {Gl,l <S " log 8}, (32)
g 1-m 1
= < —_ —
G {GZ,Z =u Wity =< log o[ (33)
Sl = AlﬂBlCﬂCl. (34)

If1 € T (p,¢) (see (20)), then under the condition that

Y0 100 L
Eq[Gy] < ” log 5’ (35)
we have
1—-4
Pi[S)] > — 0 (36)

Proof. See Appendix A. O

Intuitively, A; is the event that the total number of times that arm [ is pulled is small, and C; is the
event that |p;T) — K| is not too large (since pulling an arm T; times should produce roughly p;T; ones).
The lemma indicates that if E[T}] is not too large, then P[A; N Bf N C;] is lower bounded, and this will
ultimately lead to a lower bound on P[Bf], the event of primary interest.

In Lemma 2 below, we will use Lemma 1 to deduce a lower bound on E; [G; ;], which amounts
to a lower bound on the average number of arm pulls by the definition of G; ;. Before doing so, we
introduce a likelihood ratio that will be used in a change-of-measure argument [14].

For any given time t > 1 and | € [M], let Tj(t) be the total number of times that arm [ is pulled by
time t. Define

XlTl(t) e {Xl(l)’Xl(Z)’ s, Xl(Tl(t))}/ (37)
and let
Ft = U(xfl(t),ng(t), . ,X}\;IM(t)) (38)

be the o-algebra generated by XlTl(t), XZTz(t), cee, X;j[‘/’(t) forallt=1,2,....
Recall that T is the stopping time of the algorithm, and that T} := Tj(T) for all I € [M]. Moreover,
let W = Fr be the entire history up to the stopping time T. We define the following likelihood ratio:

]P)l (W ZU)
L =_——=
for every possible history w. Moreover, we let L;(W) denote the corresponding random variable.
Given the history up to time T — 1 (i.e., Fr_1), the arm reward at time T has the same probability
distribution under H; and H; unless the chosen arm is arm [. Therefore, we have

(p«+) (1 —p.—g)li=k

L;(W) =
/W) PN (1= Tk

(40)

where K; := Xl(l) + Xl(z) +oeet XI(T’) (or the total number of 1’s in the T; pulls of the arm ).
The following proposition presents one of our key technical results towards establishing the lower
bound. We use the definitions in (1)—(5), along with (25)—(28).
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Proposition 1. Fix the bandit instance p, the parameter 0 < € < 1 — p, and the history W with corresponding
values K; and Tj. Recalling the definitions of a;, &;, and By in (25), (27), and (28), respectively, we have

Li(W) > exp (—Gi;— Gyy), (41)
where Gy ; and Gy are defined in (29)—(30).

Proof. See Appendix B. [J

Based on Lemma 1 and Proposition 1, we obtain the following extension of [14] (Lemma 6) lower
bounding the average of each G ;; this lower bound will later be translated to a lower bound on the
number of arm pulls T;.

Lemma 2. Foranyarml € T (p,¢), the following holds:

1
E1[Gy] > log 5, 42)

where 0 and vy are defined in (14) and (31), respectively.

Proof. We use a proof by contradiction. Assume that
1
Eq[G1y] < Dlog 2, (43)
1% 0

then by Lemma 1, Equation (36) holds. Moreover, by Proposition 1, we have
Li(W) > exp (— Gy — Gyy), (44)

and recalling the definition of S; in (34), it follows from (44) that

Li(W)1s, > exp (— G11 — Ga1)1s, (45)
> exp (—Hg(,/l_l;f_g) +1} logé>151 (46)
> exp (— Ull [(g+ 1)( %)] log ;)15, (47)

where (46) follows from the definitions in (32)-(33), and (47) follows from the fact that 1 — p; >
1—pe>1—p,—eforalll € [M].
By the choice of v; > 0 given in (31), it holds that

| 1-p \1 _
(‘:Jfl)( 1_p*_£>vl—1- (48)

25
LI(W)ISZ > 915, = mlsy

Hence, from (47) and (48), we have

(49)
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foralll € T (p,¢), by the definition of 6 in (14).
We are now ready to complete the proof:

IP;[Bf] > IP;[S] (50)
= E[15)] (51)
= Eq[Li(W)1g,] (52)
26
> B[ 21 53
26
= 14 P1lSi (54
26 (1—4v
71 —470( 2 ) =
=, (56)

where (50) follows from the definition of set S; in (34), (52) follows by a standard change of
measure [20], (53) follows from (49), and (55) follows from (36) of Lemma 1 (recall that we
assumed (43)).

The inequality (56) shows a contradiction to the fact that under Hj, the (g, §)-correct bandit policy
must return the arm [ with probability at least 1 — 4, i.e., P;(Bf) < ¢. This concludes the proof. []

From Lemma 2 and the definition of G; ; in (29), it holds that

7atp?(1— p;)?
2(ps+ )/ (1 —p)(1— (ps +¢

foralll € T(p,¢). Hence, and using the definition of v; in (31), we have

0,1
E Tl > —log - 57
1 7| > Wlog &7

270(p+)VA—p)A—pe—e) ( [1=pu—e), 1
By [a?p?(1—p1)?Ty] > log > 58
1[“”‘91( PZ) l] = 7(1+C> 1_Pl Ogg ( )

_ 2n0(pete)(l—ps—e) 1

= 70+ 8 log X (59)
Step 3: Deducing a Lower Bound on the Sample Complexity
For any arm [ € T (p, ¢), by the definition of «; in (25), we have

w?p?(1—p)? = (e+ )% (60)

Note that 0 < A; < eforalll € My(p,e), since Mg C M, the set of e-optimal arms. Therefore, we can
further simplify (60) to

a7pt(1—pp)* < 4€? 61)

forl € My(p,e).
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Substituting (60)—(61) into (59), we obtain

Ep(T] = Ep [ﬁ‘i Tl} (62)
> EP[ ) Tl} +Ep{ ) Tl] (63)
le My (p.e) leN (p.e)
S 2n0(p- ;(?111—) pe—¢) [wg&», ol T le] log 7 (64)
_ 2%0(p- ;(? <+11—) pe—e) ['Mi?z" ol . o +1A1>2] g 20, (@)

where (65) uses the definition of 6 in (14). Finally, we obtain (12) from (65) and (19).

4. Conclusion

We have presented a refined analysis of best-arm identification following the gap-based approach
of [14], but incorporating refinements that circumvent some weaknesses, leading to a bound matching
the divergence-based approach [15] in many cases. It would be of interest to determine whether further
refinements could allow this approach to match [15] in all cases, or the extent to which the gap-based
approach extends beyond Bernoulli rewards and/or beyond the standard best-arm identification
problem (e.g., to ranking problems [21]).

Appendix A. Proof of Lemma 1 (Constant-Probability Event for Small Enough 1[G ])

As in [14], the proof of this lemma is based on Kolmogorov’s maximum inequality [22].

Lemma A1. (Kolmogorov’s Theorem [22]) Let Y1,Ys,- -, Yy : Q0 — R be independent random variables
defined on a common probability space (Q), F,P) with expectation E[Y,| = 0 and variance Var[Y}] < co for
k=1,2,---,n. Then, for each A > 0,

1 1 & )
PL@% S| > A} < ﬁVar[Sn] = ﬁk;E[Yk], (A1)

where Sy = Y1+ Yo+ -+ Y.

We start by simplifying the main assumption of the lemma:

Y0 1o L
” 10g 0 > Eq [Gl,l] (A2)
1 1 1 1
o - — —
> (Vl log 9>IP’1 [Gl,l > " log 9] (A3)
(1.1 c
= (VI log6>P1[ il (A4)

where (A3) follows from Markov’s inequality, and (A4) follows from the definition of A; in (32).
It follows from (A4) that

P1[A]] >1— 0. (A5)
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We define

e+ A 1}
< = A6
p T2 (A6)

V:{le[M]:

and we will find it convenient to treat the cases | € V and t € V separately. For [ ¢ V, from (30)
and (33), we have A;NC; = A;since § € (0,1),¢ > 0, and G,; = 0, and it immediately follows
from (A5) that

P, [Al N Cl] >1—1. (A7)

On the other hand, for I € V, we can simplify the definition of & in (27) as follows:

& =) — g(“l(l_pl))z (A8)
=& 5 (1 p)) (@1 - p) (A9)
=0y — ;L(ﬂél(l—Pl))(sJ;lAl) (A10)
> — %(“Z(l ) (A11)
> ap — %D&l (A12)
_ %0&1 (A13)
>0, (A14)

where (A10) follows from (25), and (A11) follows from the definition of the set V in (A6). It follows that
0<iy <o <P (A15)

for all I € V, where the second inequality in (A15) follows from p; < p. < ps + € and the definitions
of a; and B; in (25) and (26), respectively.
Similarly, for I € V, we can simplify B; from (28) as follows:

2

B =B — %(“z(l - ) (A16)
> “z-%(“z(l—m))z (A17)
=0 (A18)
>0, (A19)

where (A17) follows from (A15), (A18) follows from (27), and (A19) again uses (A15). It follows that
0< B <pi (A20)

foralll € V.
Now, let

Zl(j) — ﬁl(Xl(j)_pl)/ i=1,2-- (A21)
Then, we have

Ei (2] = By [By(XY) — p1)] = BiEa [X) = pi] = 0. (A22)
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In addition, we note that Zl(l), Zl(z), -+ ,are aii.d. sequence by the i.i.d. property of Xl(l), Xl(z), cee

For each positive integer #;, let K ; := Z;’ Xl( ), and define

Uy == Bi(Kr —piTh), (A23)
Vi(ty) == Bi(Kiy, — pit) (A24)
i .
=Y ax —p) (A25)
=1
2] )
=y z. (A26)
Observe that
ZEl[(Z]) | = ZﬁzzEl[( )~ ) (A27)
= Z Bipi(1—py) (A28)
=1
= tiBipi(1—p1), (A29)

where (A28) follows since a Bernoulli(p) variable has variance p(1 — p).
We are now ready to upper bound P;[Cf N Aj] for I € V:

P, [Cf N A/
[ 1-— 1
=P {ﬁl(Psz —K)UYp T > K} +&(pT — K){p T <K} > = <\/ %) 1085} QAI} (A30)
1-— 1
<P {ﬁz|Psz K|H{pT > K} +&|pT - K|{pT <K} > é(\/ﬁm_g) Ogg}m‘lz} (A31)
— P 1
< s z
<P {/31|P1T1 K| > ( T 7E>10g0}ﬁ1‘\1] (A32)
- 1 2(ps +&) /(A = p) (1~ (p« +¢)) 1H
=P = log — T log — A
! {\Uz\> ( —pe— ) Oge}m{ rs 7viadp? (1 - p;)? il (A33)
< IP’l max [Vi(t)] > 5( — P ) log 1} (A34)
2(p*+£)\/ —p)(1=(ps+e)) log } v T—p«—e 0
7vja? p? (1-p))2
t _
=P max Zj| > 5( 1=p )logl}, (A35)
; CApee) (=p)(=(px+e)log § | j=1 v 1—p.—c¢ 0
= 7vjoZpF (1-pp)2

where:

e (A30) uses the definitions of C; and G ;

e (A32) follows from (A15) and (A20), along with 1{p,T; > K;} + 1{p;T; < K;} = 1;

e (A33) uses the definitions of U; and A;;

e (A34) follows from the definitions of U; and Vj(#;) in (A23) and (A24) (which imply U; = Vi(T}));
e (A35) follows from (A26);
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2(pte)y/ (1=p) (1= (ps+e))

7viatp?(1—pp)?

Defining n; =

Y B[22
P1[C{ N Aj] < max ]111[]] -
t<m (V%( 17pf’7£)log%)
~ max P —poty 2
N (L () ) Tog §)°
< 2(ps+0) /T p) (L= (ps +6)) (/51)2
T (SR n-p)lgy \w

_ 20 (ps + €)1/ = p*H) (ﬁl)

76 (1) 11089 o
(P*"FS)
Ty <ﬁz)2
TP (1t L pl :) log 3
_ ﬁ ( 1—p >
7452(l )loge 1—pe—ce
:3(§+1)
75210g%
=70,

where:

e (A36) follows from Lemma Al with n = n; and k = t;;
e (A37) follows from (A29);

e (A38) follows from the definition of n;;

5+A1 < £+p*

o  (A40) follows since the condition 5 in )V yields L < %, which implies

(ps+e).

=
Q)H\J

foralll € V;
e (A41) follows from the definitions of «; and f; in (25)—(26);
e (A42) follows from the definition of v; in (31);
e  (A43) follows from the definition of ¢ in (15).

Combining (A5) and (A43), it follows that

P1[C; N Al =P1[A]] = P1[C] N Aj]
>1-2y9

foralll € V, and from (A7) and (A46), we obtain
PG N A =1-270

foralll € T(p,e).

1
%85 for brevity, we continue from (A35) as follows:

12 0f 18

(A36)

(A37)

(A38)

(A39)

(A40)

(Ad1)

(A42)

(A43)

(A44)

(A45)
(A46)

(A47)
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Finally, recall the definition of S; in (34). From (24) and (A47), and using the union bound, we have

P, [Sl] >1-— <2’)/0 + ;) (A48)
o 1-— 4’)’0
—— (A49)

foralll € T (p,¢), as desired.

Appendix B. Proof of Proposition 1 (Bounding a Likelihood Ratio)

We first state the following lemma, which can easily be verified graphically, or proved using
basic calculus.

Lemma A2. Forany x € [0,1), the following holds:

1—x>exp(— 1x > (A50)
—x

To prove Proposition 1, we consider two cases:

. e+A 1 : : _
e Casel: TI > 5. In this case, recalling that A; = p. — p;, we have

Etpe_etA g 3 (A51)
p1 p1 2

On the other hand, since ¢ + p; < ¢+ p, < 1, we have

e+ etpi—p

0< = A52
T—=pi 1=p (A52)
1—(p«te)
=1-—— A
Tt (A53)
and applying Lemma A2 gives
1—e—ps e+ A
—=1- Ab4
I—p I—=pi (A58
1-p e+ 4
> —_
=e0 [~ (=59) (73] 5
e+ A >
= exp ( - . (A56)
VA =p)(1 = (ps +9))
Moreover, by the definition of «; in (25), we have
e+ A 1
= > , A57
S pn T 20 ) (A7)
since ‘HI;IA’ > 1. It follows from (A57) that
w < 20(,2(1 —p1)- (A58)

€+Al

1
o > 5, we have

In addition, again using

pr<2(e+4), (A59)
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and hence

pet+e=(e+A)+p (A60)
<3(e+4). (A61)

We can now lower bound the likelihood ratio L;(W) as follows:

e+ ps Ki 1—¢e—ps ni=K;
bl )__( pi > ( 1-p > (8€2)
—_ €+Al —
2o (- = ) (Ao
_ e+ A
2e0 (- Jripr ) wew

(_ (P* +€)(€—|—Al)
(p-+ o)/ —p)—(p- T 2))
. 3(€+Al)2
(~rava i) (A66)
= ex _ 3a12p12(1_pl)2
a p( (m+whﬂ1—mxl—@u+@)n>

where (A63) follows from (A51) and (A56), (A66) follows from (A61), and (A67) follows by the
definition of &; in (25). Hence, (41) holds for this case in which G,; = 0 (and also using 3 < %).

e Case2:0< S;’AZ < % For this case, we have

Tl> (A65)

(A67)

K T—K,
+ * 1_ - Px
L,(W):(S ”) < 1i ”) (A68)
P
s+Av ( £+A> -k
- 1— A69
L—p (469)

2 —K; =K
(1 <€+Al> ) (1_€+A[> (1 €+A) (A70)
pi T—=pi
(1 <s+Al>2>K’ (1 B s+A,>—K' (1 B s—l—Al)K’(l_”l)/”l (1 - s+Al><PlT'—K1)/PZ
pi L—pi 1-p '
(A71)
where (A69) follows from A; = ps — p; along with (A53), and (A70) follows since 1 — a? =

(1—a)(1+a).
From (A53), we have

2 2
0<(€+Al> :<1_1—(P*+€>) <1 l=petd (A72)
17171 1*}?[ 17]91
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Hence, by Lemma A2, we have

1-— e+ 2>ex —— ! et a i (A73)
1-p) — P _ (A2 \1—p
- 1 (1—]91)
__ 1—]()1 €+Al 2
>e |- T (P | 73
[ 1—pl >(€+Al)2:|
=exp | — , (A75)
Pl <\/(1—Pl)(1—P*—€) =7

where (A74) follows from (A72).
For the third term in (A71), we proceed as follows:

(1 - €+AZ>K1(1P1)/171

1-p
2\ Ki(1=p))/m —Ki(1=p1)/pi
:<1_<8+A1>) (1+8+A1> (A76)
L—p 1—p
>exp‘_< 1-p) ><8+A1>2<K1(1—p1)>}<1+£+Al>Kl(lp’)/p’
B L \WVA=p)A—(ps+e)/\1—ni pi 1-p
(A77)
. (1—p)? (8+A1)2K] <1+€+Az>_K1(1—P1)/P1 .
Pl wva—pma-.ro)\i-p) U T 1o
r — )2 2 =Ki(1=p1)/pi
> exp | — 31-pi) (‘iAl> Kl} <1 n itAl) (A79)
2(ps + )/ (1= p)(1 = (ps + o)) pi pi
2,201 _ )2 =Ki(1=p1)/pi
—exp | — sajpil—pi) K,} <1+‘;tAl) (A80)
L 2(ps+ )/ (1= p) (1= (ps +¢)) P
- 2,201 — )2 q =Ki(1=p1)/pi
> exp | - 3aypi(1—pi1) T (1 + i"_‘Al> (A81)
L 2(pe+ )/ —p) (A= (ps +e)) | pi
- 2,201 _ )2 1 B
>exp | — Baipr(1—pr) 1] exp [_ (iim> (Kz(l Pz))} (AS2)
L 2(pe +8) V(1= p) (A= (ps +e)) | pi pi
r 3 2.2 1— 2 b
=exp | — “pi1—p) T; | exp [— <£ + Al)Kl], (A83)
2(pe+e) /A —p)(1 = (p«+e) pi
where (A76) uses 1 —a?> = (1 —a)(1+ a), (A77) follows from (A75), (A79) follows

from (A44), (A80) follows by definition of «; in (25), (A81) follows from the fact that K; < Tj,
and (A82) follows from the fact that (1 + x) ¥ > exp(—xy) forall 0 < x and y > 0.
On the other hand, observe that

—-K;
<1—‘C’+Al) zexp{(g—i_Al)Kl] (A84)
p1 pi
since (1 —x)¥ > exp(xy) forall 0 < x < 1and y > 0. It follows from (A83) and (A84) that
-K Ki(l=p)/p1 302p2(1 — p;)2
<1€+Al) (1€+Al> > exp { aip;r(1—pi1) T,
P 1=p 2(p« + )/ (1= p)(A = (ps +2))

(A85)
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and it follows from (A71) and (A85) that

Li(W) = (1 - (€+AZ>Z>K] (1 _ €+Al>(p’Tl_K7)/Pl
| . P T=pi

3 2.2 2
X exp {— arpr(1—p1)°Th |- (A86)
2(pe+e) /(1 —p)(1 = (ps +9))
Now, since 0 < (F’;[Al )2 < % =1- % (since we are in the case 0 < % < %), by Lemma A2, we
have
2\ K - 2
(1_(S+Al) ) > exp _\/Z(S—FAl) Kl} (A7)
pi L 3\ m
- 2
> exp —% 8J;IAI) Kl] (A88)
4 2
—exp | - § (1 - p)) k] (A89)

= exp %(“Z(l - Pl))z(Psz - Kl)] exp [— %(“z(l - Pz))ZPsz , (A90)

where (A89) follows from the definition of «; in (25).

We now consider two further sub-cases:

(i) If p;T; > K;, then we have

(1 - 8+Al>(PlTl—Kz)/P/

>ew (- (=05 (75 (55 )) e
=exp(—( %)m(mn—m) (A92)
= exp (— Bi(piT; — Kz))/ (A93)

where (A91) follows from Lemma A2 along with (A53), and (A93) follows from the
definition of §; in (26).
(i) If pyT; < K}, then we have

€+Al)(Psz—Kz)/Pl [ (€+Al) <PZTI Kl):|
1-— >exp | — A94
( L=pi =P L=pi Pi (499

= exp { — o (piTy — Kz)] , (A95)

where (A94) follows from the fact that (1 — x)¥ > exp(—xy)if1 > x > 0andy < 0.

From (A93) and (A95), we obtain

(1 B E+AZ>(P1T1*K1)/P1

> > exp {* (,BI(PITI -K)YpT > K} +u(pTy — K)H{p Ty < Kz})}- (A96)

Now, from (A86), (A90), and (A96), we have
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Li(W) > exp E(“z(l — ) (T - Kz)] exp [— %“zzpl(l - PI)ZTZ]

3a7p?(1—py)? Tl}
2(pe+ )/ (1 —p)(A = (p« +¢))

X exp { (ﬁz(Ple —K)Up Ty > K} +ar(pi T — K)Yp T; < Kz})} (A97)
3a7pi(1—p)? Tz}

2(ps +€)/(1—p)(A = (ps +¢))

X exp {— (,BZ(PITI - K)Up Ty > K} +a(pT — K)Yp T < Kz}ﬂ (A98)

a7 pi(1—py)? Tz}
2(pe+e)/ (A —p)(1— (ps +9))

X exp {— (,BI(PITI —K)UH{p T > K} +a(p T — K)1{p Ty < Kz})} (A99)
7a7pi(1—pp)? Tz}
2(pe+e) /(A —p)(1 = (ps +9))

X exp {— (BI(PITI —K)UHpT > K} +a(p T — K){p T < Kz}ﬂ/ (A100)

xexp{—

4
= exp { 5“12791(1 - PZ)ZTZ} exp {

2
> exp [— W“?P%(l - PI)ZTI} exp [—

zexp{—

where (A98) follows from the definitions of & and f; in (27)—(28), (A99) follows by writing
2a2p(1—p?) = 3%04,2;712(1 — p?) and applying (A44), and (A100) uses /(1 — p;)(1 — p* +¢€) <
1. Hence, (41) also holds in this case, and the proof is complete.

Appendix C. Differences in Analysis Techniques
Here we briefly overview some of the main differences in our analysis techniques compared
to [14], leading to the improvements highlighted in Section 2:

e+A;
pi

e We remove the restriction p; > LF’*l (or < %) used in the subsets M (p, ¢) and N (p,¢)
1+4/3

in (Equations (4) and (5) [14]), so that our lower bound depends on all of the arms. To achieve
. . A A

this, our analysis frequently needs to handle the cases SJ;Z L> % and g;l L < % separately (e.g.,

see the proof of Proposition 1).

o The preceding separation into two cases also introduces further difficulties. For example, our
definition of G, in (30) is modified to contain different constants for the cases p;T; > K; and
piT; < Kj, which is not the case in (Lemma 2 [14]). Accordingly, the quantities &; in (27) and B
in (28) appear in our proof but not in [14].

e We replace the inequality (1 — x)¥ > e~ 17 (for x € (0, %) and y > 0) (Lemma 3 [14]) by

Lemma A2. By using this stronger inequality, we can improve the constant term c; from O(p?)

to (p* + ¢)?. In addition, Lemma A2 does not require the assumption x < % as in (Lemma 3

[14]), so we can use it for the case p, > 1, which required a separate analysis in [14].
e To further reduce the constant term from (p* + ¢)? to (p* + ¢) (see Theorem 1), we also need to
use other mathematical tricks to sharpen certain inequalities, such as (A83).
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