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Abstract: Optimal realizations of quantum technology tasks lead to the necessity of a detailed
analytical study of the behavior of a d-level quantum system (qudit) under a time-dependent
Hamiltonian. In the present article, we introduce a new general formalism describing the unitary
evolution of a qudit (4 > 2) in terms of the Bloch-like vector space and specify how, in a general case,
this formalism is related to finding time-dependent parameters in the exponential representation of
the evolution operator under an arbitrary time-dependent Hamiltonian. Applying this new general
formalism to a qubit case (d = 2), we specify the unitary evolution of a qubit via the evolution of a
unit vector in R%, and this allows us to derive the precise analytical expression of the qubit unitary
evolution operator for a wide class of nonstationary Hamiltonians. This new analytical expression
includes the qubit solutions known in the literature only as particular cases.

Keywords: unitary evolution of a qudit; nonstationary Hamiltonian; exponential representation;
Bloch-like vector space; analytical solutions

1. Introduction

Optimal realizations of many quantum technology tasks need a detailed analysis of the evolution
of ad > 2 dimensional quantum system (a qudit) under a time-dependent Hamiltonian H(t).
In mathematical terms, the evolution of a qudit under a Hamiltonian H(t) is described on the
complex Hilbert space C? by the unitary operator U (t, ty)—the solution of the Cauchy problem
for the nonstationary Schrodinger equation with the initial condition Uy (to,tp) = I. For a
time-independent Hamiltonian H, the solution of this Cauchy problem is well-known and reads
Up(t, to) = exp {—iH(t —to)}.

If a Hamiltonian H(t) depends on time, then U (t, ty) is formally given by the T-chronological
exponent [1,2]—the infinite Volterra series (see Equation (4) in Section 2)—which however converges
only under some suitable conditions on H(t). For some nonstationary Hamiltonians beyond these
conditions, the analytical expressions for U (¢, ty) via parameters of H(t) are also known, for example,
for a free electron [3] in a magnetic field spinning around the x3-axis. However, for an arbitrary
time-dependent H(t), the analytical expression for U (t, tg) via parameters of H(t) is not known even
in a qubit case.

On the other hand, every unitary operator V on the complex Hilbert space C? has the form
exp{—ia}V, « € R, where a unitary operator V is an element of the SU(d) group and, hence, admits
the exponential parametrization via the SU(d) group generators. Therefore, for a d-dimensional
quantum system, the exponential representation for U (t, tp) must also exist and there arises the

Entropy 2020, 22, 521; d0i:10.3390/€22050521 www.mdpi.com/journal/entropy


http://www.mdpi.com/journal/entropy
http://www.mdpi.com
https://orcid.org/0000-0003-1791-8742
https://orcid.org/0000-0002-1781-2609
http://dx.doi.org/10.3390/e22050521
http://www.mdpi.com/journal/entropy
https://www.mdpi.com/1099-4300/22/5/521?type=check_update&version=2

Entropy 2020, 22, 521 2 of 21

problem of how to determine time-dependent parameters of this exponential representation via
characteristics of a given qudit Hamiltonian H(t). To our knowledge, the solution of this problem has
not been reported in the literature even for a qubit case.

In this article, we introduce a new general formalism describing the unitary evolution of a qudit
(d > 2) in terms of the Bloch-like vector space and specify how in a general case this formalism is
related to finding time-dependent parameters in the exponential representation of U (¢, tp) under an
arbitrary time-dependent Hamiltonian.

Applying this general formalism to a qubit case (d = 2), we specify the unitary evolution of a
qubit via the evolution of a unit vector in R* and find the precise analytical expression of Uy (t, to) for
a wide class of nonstationary qubit Hamiltonians. This new analytical expression includes the qubit
solutions known in the literature only as particular cases.

The article is organized as follows.

In Section 2, we analyze the known representations for Ug(t,to) and discuss the properties
of the generalized Gell-Mann representation for an arbitrary Hamiltonian and an arbitrary unitary
operator on C“ (different aspects of the Bloch-like representations for qudits were considered in
References [4-11]).

In Section 3, we derive (Theorem 1) the new general equations specifying the unitary evolution
of a qudit (d > 2) under a Hamiltonian H(t) in terms of parameters in the generalized Gell-Mann
representation and in the exponential representation of Ug (¢, to).

In Sections 4 and 5, we specify (Theorem 2) the forms of these new general equations in a qubit
case (d = 2) and derive the novel precise analytical expression of Uy (t, ty) for a wide class of qubit
Hamiltonians H(t).

The main results of the article are summarized in Section 6.

2. Unitary Evolution of a Qudit (d > 2)

Let H(t) : C? — C¥, H(t) = H'(t), d > 2, be a Hamiltonian of a d-level quantum system (qudit).
The evolution of a qudit state

p(t) = Un(t to)p(to)Ufy(t, to), t = ko, ©)

under a Hamiltonian H(t) is determined by the unitary operator Uy (¢, to)—the solution of the Cauchy
problem for the nonstationary Schrédinger equation

. d
laUH(f,fo) = H(t)Uu(t to), t>to, @
UH(to, fo) =1,

which satisfies the cocycle property

Un(t to) = Un(t,s)Un(s to), s € [t to), (©)

and is represented by the chronological operator exponent

Up(t to) = Texp {—i/t: H(T)dr}

1 /tH(T)dT+ Ly /tdrl CdnT (H(1)H(w)} + . @
Jig Jio My

1 t t
+ m(*i)”/t dn ; doT{ H(ty)H(®) - ... - H(ty) } + ...,
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where symbol T{-} means
T{H(t1) ... - H(tm)} = H(Tay) oo - H(Tap ), Tag = Tay > o > Taye ()

If a Hamiltonian H(t) satisfies the condition

[H(t),/t H(T)d’t'] =0, t>tg, (6)

to

then the series in Equation (2) reduces to

Ug(t, to) = exp {—i/tt H(T)dr} . @)

0

Recall (see, for example, References [4-8]) that any linear operator A on C? admits the
representation via the generalized Gell-Mann matrices—the generalized Gell-Mann representation:

d
A:ﬂoﬂ+\/;ﬂ'/\, a-A:= Y aj-Aj,

j=1,..d2—1 (8)

ay = %tr[A] €C, aj= \/127dtr[AA]«] €C, a=(ay,..ap_q),

where A = (Ay,..Ap_;) is a tuple of traceless Hermitian operators on C%:
A=A, t[A]=0, k=1,..,(d*—1), )

satisfying the relations
2 .
NeAm = a(skm I+ Z(dkmj + lfkmj)Ajr
! (10)
(A, M) = 20) fimij,  t[AxAm] = 20,
i

and constituting generators of group SU(d). In Equation (10), &, is the Kronecker symbol and
fikm» djkm are antisymmetric and symmetric structure coefficients of SU(d), respectively. The matrix
representations of the operators A;, j = 1,..., (4% — 1), in the computational basis of C? constitute
the higher-dimensional extensions of the Pauli matrices in the qubit case (d = 2) and the Gell-Mann
matrices in the qutrit case (d = 3).

For a vector a in Equation (8)

tr[ATA] =d (|ao|2 + Ha’Hédzf]) , (11)

where we choose the same normalization of a vector a in representation (8) as for traceless qudit
observables in Reference [8]. Here and in what follows, by the upper prime ' € C%~1, we denote the
column-vector comprised of components of a vector r = (r1,...,72_1).
Note that representation (8) constitutes the decomposition of a linear operator A on C? in the
orthogonal basis
{LA,...Ap_1} (12)

of the vector space £ where linear operators A : C* — C? constitute vectors, and the scalar product is
defined by (A, Ay) ;= tr[AT A].
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For a Hamiltonian H(t) on C, the generalized Gell-Mann representation (8) reads

H() = I + /4 bu()-A),

bo(t) = Iu[H(t)] €R, bg)(t) = \/%fdtr[H(t)Aj} €R, (13)
ba(t) = (), .. b V(1) e R,

and condition (6) implies the following limitations on a vector by (t) € R4 -1

kam]-bg{)(t)(/tt bg")(T)dT> =0, j=1,.., (d2—1). (14)
k,m 0

Therefore, if a vector by (t) satisfies conditions (14), then, by Equation (7),

Uy (t, ty) = exp {—i/t: bo(T)dT} exp{ - i\/z ( t: bH(T)dT> -A}. (15)

However, for an arbitrary qudit Hamiltonian H(t), condition (6) (equivalently, condition (14)) does
not need to be fulfilled, so that the exponential representation (15) of U (¢, to) via the decomposition
coefficients by (t), by (t) of a Hamiltonian H(t) by Equation (13) does not, in general, hold.

On the other hand, as it is the case for every unitary operator on C?, operator Uy (¢, ty) must have
the form

Uy (t, to) = exp {—ia(t, to)} Un(t to), altty) €R, (16)

where U (t,tg) € SU(d) and, hence, as any element of SU(d), admits (see, for example, Reference [12]
and references therein) the exponential parametrization

Ukt to) = eXP{ —i \/Z(”H(t/ to) - A) } (17)

via generators A1, ..Ap_; of group SU(d) and a vector ny(t, ty) = (n1,..np_q) € R%~1, which in
case of solution Uy (t, o) € SU(d) depends also on a Hamiltonian H(t), time ¢ and an initial moment
to. In Equation (17), similarly as in decomposition (8), we use the following normalization for a vector

I’ZH(t, to) : )
tr[(\/an(t, )-8 ) | = (o o) e (18)

Relations (16) and (17) imply that, for every qudit Hamiltonian H(t), for which a unique solution
of Equation (2) exists, the unitary evolution operator U (t, tp) admits the exponential representation

Uk (t, to) = exp {—ia(t, to) } exp { —1 \/z(nH(t, o) - A) },

(19)
a(to, to) =0, ng(to,to) =0,
where parameters «a(t, t), ny(t, ty) can be presented in the form
t t
a(t t) = /t Bo(T)dT, Bo(T) €R, ny(t to) = /t Bu(T)dt, Bu(t) € R, (20)
0 0

This implies

Up(t, to) = exp {—i/t: /So(r)d'r} exp { y \/g ( t:,BH(T)dT> -A}. 1)
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The form of this representation is quite similar to the one of representation (15), which is valid
if a Hamiltonian H(t) satisfies condition (14). However, for an arbitrary Hamiltonian H(t),
a vector By (t) € R#-1 in Equation (21) does not need to be equal to a vector by (t) € R#-1 in
representation (13) for this H(t).

Therefore, in order to specify the unitary evolution operator Uy(t,ty) under an arbitrary
nonstationary Hamiltonian H(t), we need to express parameters Bo(f) € R, By (t) € R¥-1 in
Equation (21) via coefficients by(t) € R, by (t) € R ~1in the generalized Gell-Mann representation (13)
for a given H(t).

In the proceeding sections, we consider this problem for an arbitrary d > 2 and further study the
case d = 2 in detail.

3. Evolution Equations in the Bloch-Like Vector Space

Together with the generalized Gell-Mann representation (13) for a Hamiltonian H(t), let us also
specify decomposition (8) for a unitary operator (17) on C:

Uyt ty) = exp { —i \/g (ng(t to) - A) }

= ug(t, to)l + g ug(t,to) - A,
2_
up(t,t0) = (uy), oy 1), (22)

1 ~
uo(t, to) = Etr[UH(t, t())] e C,

ug)(t, to) = \/127dtr[ﬁH(t' to)Aj] € C.

The initial conditions in Equation (19) and the unitary property of lle(t, to) imply
uo(to, to) =1, u%)(to, i’o) =0, (23)

and

2 ' 2
ot 10) * + [yt £0) | o,

=1, (24)

o(t to) ( no tto) + g (1 to)uY) (1 t0)
\[ L (i + if) i (1 10) (451 0))” =0,

forallt > tgandallj =1,..., (d*> — 1).
Substituting Equation (22) into Equation (19), Equation (19) into Equation (2), and taking
uy (o) = iiy(t, ty), we derive

ot
a(t ty) = exp {i / bo(r)dr} (25)
to
and the following system of linear ordinary differential equations for u(t, ty) and ug(t, to) :

uo(t, to) = by, (t) - gt to),

d m
dtu%l)(t tO) = _uO t tO \/>Z fkm] ldkm;) )( ) (H)(t, tO)/ (26)

ug(to, to) =1, ig(to, to) =
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Relation (24) constitute the functionally independent first integrals of these ordinary differential
equations (ODEs).
Thus, for an arbitrary d > 2, the unitary evolution operator Uy (¢, tp) under a Hamiltonian H(t)

is given by
Uy (t, ty) = exp {—i./t: bo(T)dT} exp{ —i \/g(nH(t, to) - A\) }

— exp {—i/t: bo(r)dr} (uo(t, to) I + i \/zﬁH(t, fo) ~A),

where u(t, tg) € C, il (t, 1) € ca-1 satisfy the Cauchy problem (26) for the nonautonomous system
of linear ordinary differential equations (ODEs).

On the other hand, due to the results in Reference [12], we can explicitly represent uy(t) € C,
iy (t) € Cc”1in Equation (27) via a vector ng(t, to).

Namely, for each group element V; € SU(d) with the exponential parametrization

(27)

Vi(r) = exp { — i\/g(r . A)}, reRT-1 (28)
let us consider the generalized Gell-Mann representation (8):
ex {—i\/g(r-A)}—v(r)H—i- g(V(;’)-A)
p 5 0 5 , (29)

o(B)]> + [V (D)2 1 = 1,

vo(r) = ;tr{exp { — i\/g(wA)H, v(r) = \/127dtr {Aexp { - z\/z(rA)H (30)

Denote by E(A, (7)) the spectral projection of a Hermitian operator (r - A) corresponding to its

where

eigenvalue Ay, (r) € R with multiplicity k, ). The spectral decomposition of V(r) = exp{—i\/g (r-
A)} reads

Var) = ;p{ - i@m}Ew». 61)

Substituting this into relations in Equation (30) and taking into account the cyclic property of the trace
and relation tr[E(A(r))] = k) (,), we derive (these expressions differ by normalizations from those in
Reference [12])

() = Va0l = 3 Ty, e { - 2o}, )
vi(r) = —te [AVs(1)] = —=tr | A, (ng S (3) A)'“> .
= 2o =V,
which imply
volr) = 2Ka(r), vi(r) = 5 (9, Ka(0) - ),
(34)
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where V, 1= (a%,... L) and

4 ard27]

Z K, (r) €XP { —i\/z)\m(r)}. (35)
/\m

From Equations (29) and (34), it follows that, in relations in Equation (27),

uo(t, to) = %Kd (HH(f, fo)) ,

(36)
~ 1
(1) = 2V, (Kann(t,10)))
for some vector ny(t, ty) € R¥~1 5o that
- . /d
Uyt tg) = exp{ —1i \/;(WH(t, to) - A) }
(37)

1 1
— Ky (nyg(t o) T + i——
g 4 (nu(t,to)) o

The substitution of Equation (36) into the first and the second equations of the system of linear ODEs
of Equation (26) gives

VnH (Kd(nH(t, to))) - A

0 dng (¢, ¢ 0
S Kaa(t o)) - P 0)- K1)
¥ (38)
dny(t, to) d
T—bH(t) 1 %Kd(”H(t/to))
and
0 0 dny(t,t
Fy ( o (Ka(nu(t, to))) M
H \ony
0 (39)
= —bY) (DKy(nps(t, ) \f 2 fom = i) 3y (1) —7sKa (e (1, o)),
onyy
j=1., @ =1
respectively.

Relations in Equations (19) and (22)-(39) prove the following statement.

Theorem 1. Let H(t) = bo(t)I+b(t)- A, b(t) € R =1, be a Hamiltonian on C*. For each d > 2, the solution
of the Cauchy problem for the nonstationary Schrodinger equation (Equation (2))—the unitary operator Ug (£, tg)
on C? describing the evolution of a qudit under a Hamiltonian H (t)—has the form

Up(t to) = exp { - z/t: bo(T)dT} exp {i \/g (ng(t, to) .A)}
= exp {—i/t: bO(T)dT} (uo(t, to) I + i\/z i, (t,to) ~A).

(40)
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- .
Here, the scalar function ug(t, tg) € C and vector up(t,ty) = (ug), . ugj 1)), ug) € C, are the solutions of

the Cauchy problem in Equation (26), equivalently,
1 ~ 1
uo(t, tQ) = EKd (l’lH(t, fo)) ’ MH(i’, to) = anH (Kd(TlH(t, to)) ’ (41)

where function K4(n) is given by Equation (35), and vector nyy (t) € R4~V is the solution of the Cauchy problem

dny(t, to)

T = bH(t) + nl(t, to), nH(to, i’o) =0, (42)

withn, (i, tg) € R#*-1 satisfying for all t > to the orthogonality relation n | (t,to) - Vyuy, (Kgy(np(t,tg)) =0
and determined via the equation

d?’lH(f, i’o) 0 d
— E a—and(nH(t, to)

' y 5 (43)
= —b (DKy(nu(t,t0)) + \fz 3 (fom = i) b&?(t)WKde(t, fo))-

In Section 4 and 5, we specify Equations (26), (42) and (43) for a general qubit case.
Finding K4(n) for d=2,3

In this subsection, we consider the characteristic function K;(r), given by Equation (35), and also,
representation (29) for d = 2, 3.

e  Ford = 2, the matrix representations of generators 7y, 0, 03 of SU(2) in the computational basis
in C? are given by the Pauli matrices

0 1 0 —i 1 0

(44)
o= (01,02,03), tr[opoj] =20,

0102 = i03, 0203 =101, 0307 = i0y,

and, for each vector r € R3, the traceless Hermitian operator 7 - ¢ on C? has eigenvalues = |1 s -
Therefore, by Equation (35), the characteristic function K»(r) and its derivatives are given by

Ky(r) = exp {—i |[rllgs} +exp {i [|r|lgs}
; =2cos ||7||ps3, (45)
v
—Ky(r) = —2sin (||r]|gs L
al’]' (” HR ) H’,HR3
and representation (29) reduces to the well-known formula
. .. reo
exp{—i (r-o)} =1cos||r|gs —isin (||7]|g3) T (46)

(see, for example, Reference [13]).
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For d = 3, the matrix representations of the SU(3) generators in the computational basis in C3
constitute the Gell-Mann matrices. For each r € RS, the traceless Hermitian operator (r - A) on
C3 has eigenvalues [12]

Malr) = = Irlgssin (pn) £ )

(47)
2
Aa(r) = =7 rllgs sin (¢(r).
where
sin (3¢(r)) = — 3\/33 det(r- A). (48)
27 llgs
From relations (35) and (47), it follows that, for d = 3,
. /3 . /3 . /3
K3(r) = exp { - 1\/?)\1(7*)} —i—exp{ - 1\/; Az(r)} +exp { —i \/;/\3(1’)}
(49)
= Y exp{—iV2|r|gssin(¢(r) +27k/3)}
k=0,1,2
and (see Appendix B)
] .12
gKg(T) = —31\/g (Fl(r) p(r) + Fz(r)MrRs) , (50)
where 5 (0.0
() d..
P = 3 L ) e,
pj=1 lI7lRs
. exp{—i\/iHrHRg sin(¢(r) —|—27Tk/3)}
1(r) = A 1—2cos(2(¢p(r) 4 27k /3)) ’ 1)

2 .
E(r):= 7 k:%‘i,z sin (¢(r) + 27tk/3)

exp {—iﬂ 7|l gs sin(¢p(r) + 27rk/3)}
1—2cos((2(¢(r) +2mk/3))

Taking into account Equations (37), (49) and (50), we derive that, for any vector r € RS,

o { - iyf3 N} =IO HREE) G0N TBEO) ) 6

In view of relations (10) and (51), this expression can be otherwise represented in the form

X —1i ér- = Lr. 2, 2 r. in (o(r
exp{ 3¢ m) k—oz,l,z{nrnﬁs( A e S 90+ 27K3)

— =[1+42cos (2(¢p(r) + 27Tk/3))]} (53)

W=

exp { ~iv2 |r|gs sin (9(r) +277k/3) }
% 1—2cos (2(¢(r) +2mk/3)) ’

which agrees with formula (5) in Reference [14].
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4. General Nonstationary Qubit Case

In this section, based on the new general results derived in Sections 2 and 3, we specify the unitary
evolution operator (Equation (40)) for d = 2.
In the qubit case, A = 0 = (071,03, 03) and a general Hamiltonian on C? has the form

H(t) = bo(t)I+ b(t) -0, b(t) € R3. (54)

Here and in what follows, in short, we suppress the lower index H in notations ny(t), by (t) € R3 and
the lower index R? in notation ||-||gs -
Let us specify the main issues of Theorem 1 if d = 2. In this case:

o The structure coefficients dy,,; = 0, for all k,m, j = 1,2,3, and coefficients fi,; = €xy; constitute
the Levi-Civita symbol. Therefore, the system of linear ODEs (Equation (26)) reduces to

uo(t, to) = b(t) -ii(t, to), o(to,to) =1,
(t, to) = —uo(t, to)bj + b(t) x &(t, ko), (to,to) =0, (55)
(uo(tt0))> + (¢, to) [[js = 1,

with ug(t, tg) € R, #(t, tg) € R3 and notation b x ii for a vector product on R3.

By introducing a 4-dimensional real-valued unit vector q(t,tg) = (ug(t, to), @(t, tg)) € R* and
denoting by ¢/ (t,ty) the column-vector with elements comprised of components of vector q(t, ty),
we rewrite the system of linear ODEs (Equation (55)) in the normal form

T (t10) = AW (), qlto ty) = (1,0,0,0), (56)

with the skew-symmetric matrix

0 bi(t)  ba(t)  bs(t)
—by(t) 0 —bs3(t)  ba(t)
AO= 0 b 0 b 7)
—b3(t) —ba(t) bi(t) 0

e  Ford = 2, function (Equation (35)) and its gradient are given due to Equation (45) by K»(n) =
cos ||n(t)||, VaKz(n) = =2sin (||n|]) H”LH” so that by Equation (41),

nltto) g3 (58)

~ . /fo
up(t, to) = cos ||n(t, to)|| € R, 1(t,tyg) = —sin(||n(t, to)||) Tt )l

and the first and the second equations in Equation (55) take the forms

d|n(t to)|| _ b(t) - n(t to)

59
dt ()] &9)
d
an (Sin||n(t,t0)|| —cos||n(t)|> dllnt,to)ll n(tto)  sin[n(t,to)] dn(t, o)
(e, o) it e et de )

b(t) x n(t, to)

= —bcos ||n(t ty)| +
It ol = ]

sin [|n(t, to) ||,

respectively.



Entropy 2020, 22, 521 11 of 21

e  The Cauchy problem (Equation (42)) in Theorem 1 reduces to

dn(t, to)
dt
I’I(to, to) =0,

=b(t)+n,(tty) t>to, (61)

where vector 1| (t) € R? is orthogonal for all t > fo to vector n(t) € R? and is determined via
Equation (43). For d = 2, the latter equation reduces to

(mlnﬁfo)ll _COS||n(t,to)H) (Wn(t,tw - b<f>>

[n(t to) | In(t, to) 62)
sin ||n(t, to) | sin ||n(t, to) |
=0 (k) + (b(t) x n(t b)) ——
D I A IO
Noting that, on the left-hand side of Equation (62), where
b-n 1
——n —b=———>(nxbxn), (63)
[[n]] [[n]]
and vectors
nxbxn, bxn (64)

are mutually orthogonal and are both in the plane orthogonal to vector n(t,ty) € R?, we represent
vector 7 (t, t) in Equations (61) and (62) as

ny (t,to) = a(t) (b(t) x n(t,to)) + P(t to) (n(t to) x b(t) x n(t,to)) (65)
and find via Equation (62) that

_ 1= |n(t to) | ctg |[n(t, to) |

‘X(t/ tO) =-1, ﬁ(t/ tO) = ||1’l(l’ t0)||2 (66)
Therefore, Equation (61)—(66) imply
Do) bty — (b(t) x n(t,10))
o 1-— ””(tr tO)” ctg ||1’l(t, tO)H (n(t, tO) % b(t) « n(t, tO)) , (67)

In(t,to) ||
Tl(to, to) =0.

Theorem 1 and relations in Equations (55)—(67) prove the following statement on the unitary
evolution of a qubit in a general nonstationary case.

Theorem 2. Let H(t) = by(t)L + b(t) - 0, b(t) € R3, be a qubit Hamiltonian on C2. The unitary operator
Uy (t, to) on C*describing the evolution of a qubit under Hamiltonian H(t) takes the form

Upi(t, to) = exp {—i/tt bO(T)dT} exp {—i (n(t,to)- o)}
0 (68)

= exp {—i/t: bo(T)dT} (uo(tto) I + iu(t, o) -0),
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where the unit vector (ug(t, to),(t tyg)) € R* is the solution of the Cauchy problem (Equation (55))
(equivalently, Equation (56)), vector n(t,ty) € R3 is the solution of the Cauchy problem (Equation (67)),
and the following relations hold

ug(t, to) = cos ||n(t,to)|| € R, u(t, to) = —sin (|[n(t, to)]]) nlt,to)

n
(£, to) |l
Tl(t,to) ﬁ(t,to)
= ——= , n(t, tg)|| = arccos (ug(t, tg)) -
e o)~ Tt 10 = arccos (e fo)
The cocycle property (Equation (3)) implies that, in the qubit case, the unit vector
(uo(t, to),u(t, tg)) € R* in Equation (68)—which is the solution of the Cauchy problem (56)—must
satisfy the relations

(69)

uo(t, S)Mo(s, i’o) — LNl(i’,S) 'LT(S, to) = uo(t, i’o),

70
ug(t,8)u(s, to) + uo(s, to)i(t,s) — u(t,s) x u(s,tp) = u(t, tp)- 70)
For d = 2, relations in Equation (14) reduce to the condition
t
b(t) x ( / b(T)dT) —0, 71)
to

which is necessary and sufficient for the Cauchy problem (Equation (55); equivalently, Equation (56))
and the Cauchy problem (in Equation (67)) to have the solutions

/tb(T)dT

to

u(t, to) = . (Hftto b(T)dTH) </tb(7)dT> ,

Hft'; b(T)dTH fo

n(t ty) = /tb(r)dr, ug(t, tg) = cos (

fo

(72)

and the unitary evolution operator Uy (¢, ty) to be given by

Up(, to) = exp {fi /t: bo(r)dT} exp {fi (/t: (b(7) - 0) dr) }
- e fes | ] - 'ﬂfb(b();du L ()|

to
The expression standing in the first line of Equation (73) is consistent with expression (15) valid under
the general qudit condition (6) and specified for d = 2.

(73)

Condition (71) is, in particular, true if b(t) = ¢, ||b(t) || where a unit vector e, does not vary in time.
Substituting this b(t) into Equation (73), we have

Uy (t, to) = exp {—i/t: bo(T)dT} exp {—i (ep-0) /t: |b(T)|] dr}

:exp{—i/t: bo(r)dr} {]Icos (/t: ||b(1')|]d"r> — isin (/t: 16(0) | dr) (eb-a)} .

In the following section, based on the general result formulated in Theorem 2, we specify classes
of nonstationary Hamiltonians H(t), for which we can find the precise solutions of the Cauchy
problem (in Equation (55); equivalently, (56)) and, hence, explicitly specify the unitary operator (68)
via coefficients by (¢), b(t) of a Hamiltonian H ().

(74)
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5. Special Classes of Qubit Hamiltonians

Let, for a qubit Hamiltonian (54), components (||b(t)]|,0,(t), ¢, (t)) of a vector b(t) € R in the
spherical coordinate system be such that (here, we suppose that b(t) is twice differentiable)

ih =0, where J; := le(t)<cos (65(1)) — @p(t) )/

260 75
—]2 0, where |, := SH;)(fé’t()t)),
where
- 2
Oy(t) := $ <cos (6p(t)) — ZTTZE&) + sin? (6, (1)), (76)

so that I% + ]22 =1.
The class of Hamiltonians specified by conditions (75) is rather broad and includes, in particular,
all cases studied in the literature for which:

0,(t) =0, @p(t) = 0. (77)
Represented otherwise, constant J; takes the form
~ a0 - 350
I6(8) ] () = \/ COR ;jtq)hm)z R0}
tg(qp(t)) = ba(t)/b1(t),

from which it is immediately clear that the class of Hamiltonians specified by conditions (75) is defined
via the special time behavior of a vector b(t) with respect to the x3-axis.
Quite similarly, we can introduce the class of Hamiltonians specified via the property of b(t) € R3

J1

(78)

which is similar by its form to (78) but with respect to the x;-axis or the xp-axis.

Though, in the following statement, we explicitly specify only the unitary qubit evolution (68)
under a Hamiltonian satisfying conditions (75), the new result of this statement can be easily
reformulated for the classes of nonstationary Hamiltonians specified by conditions on b(t) € R3
with respect to the x;-axis and the x;-axis.

Theorem 3. Let, for a qubit Hamiltonian H(t) = bo(t)I + b(t) - o on C? the conditions (75) be fulfilled. Then,
for the unitary operator Up (t, ty) given by relations (68) and (69) and describing the evolution of a qubit state
under a Hamiltonian H(t), the unit vector (ug(t,tg),i(t, tg)) € R*—the solution of the Cauchy problem (55),
equivalently, Equation (56), takes the form

ug(t, tg) = cos (‘pb( )~ ¢ty )) cos (7p(t, tg)) — J1 sin (q)b(t) Z(Pb(to)> sin (7 (8, t0)),
uy(t, to) = —Jacos Pu(t +(Ph )Sin(%(frfo))/

(79)

uz(t, tg) = —Jy cos

(g
p(t, t) = —Josin (gob Coult ) sin (75(t t)),
<(Pb ) sin (75 (t, o)) — sin (W) cos ({6 0)),
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satisfying the cocycle property (70). In Equation (79),

t
Tl to) = [ 1b(0)] (o) dr (50)
0
and 0, (t), @y, (t) are angles specifying at time t vector b(t) € R® in the spherical coordinate system.

The proof of this statement is given in Appendix A. Note that the Cauchy problem with
a skew-symmetric matrix—like the one in Equation (56)—arises in many fields of mathematical
physics, for example, in the solid body theory, in the quaternions models [15], etc. If we reformulate
conditions (78) (equivalently, Equation (75)) with respect to the x;-axis, then the corresponding solution
(uo(t, to),1(t, tg)) € R* of the Cauchy problem for the ODEs (56) would agree with the treatment in
Section 5.10 of Ref. [15].

Let, for example, b(t) = ¢, ||b(t)|| where a unit vector e, does not vary in time—the case we have
analyzed above in Equation (74) and where the general condition (71) is true. In this case,

eu(t) = @p(to) = @p,  Oy(t) = Oy(to) = O,

(81)
J1 =cosB,, ], =sinb,

conditions (75) are also fulfilled, and the substitution of Equation (81) into expression (78) leads exactly
to relation (73).

However, in general, conditions (71) and (75) do not need to be fulfilled simultaneously.

As an application of the result of Theorem 3, consider some examples important for applications
where conditions (75) are fulfilled while condition (71) is violated.

1.  Let, for a qubit Hamiltonian, as in Equation (54), the spherical coordinates of a vector b(t) € R?
satisfy the relations

Ou(t) = O, @u(t) =wt+m, [b(H)]| =D neER, (82)

in the case where a vector b(t) rotates around the x3-axis with an angular velocity w and has a
norm constant in time. Based on approaches different to ours, this case was considered in many
papers in connection with the evolution of a pure qubit state; see, for example, Reference [3].
For case (82), conditions (75) and parameters in (79) take the forms:

i _cosb, —w/2b i __sin®),
1= Qb s 2 = Qb ’
O = \/ (cos By — w/2b)? + sin® 6, = Const, (83)

1b(8) | O = / (2bcos B, — w)? + 4B sin? B, 1= O,

Therefore, for case (82), we have by Theorem 3:

ug(t, tg) = cos (w(tz—to)> cos(Qy (t — tg)) — J sin (a)(tz—to)> sin(O)y (t — o)),

(1, to) = —Ja cos (“’“;t‘” T 77) sin(@y(t — o)),

w(t+t)

(84)
i (t,tg) = —Jpsin (2 + 77) sin(()b(t —t0)),

i3 (t, tg) = —J1 cos (w(tz—to)> sin(Qy (t — to)) — sin (w(tz—to)> cos(Oy (t — to)),
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so that the unitary evolution operator (68) with the unit vector (u(t),(t)) given by Equation (84)
completely defines the evolution of every qubit state under a nonstanionary Hamiltonian specified
by relations (82).

Taking, for example, ty = 0 and an initial pure state |¥(0)) = |0) € C?, we find that at any
moment ¢ > 0 the pure state is

(¥ (£)) = Un()[0) = uo(t,0)[0) + iti1 (¢, 0)[1) — u2(£,0)[1) + iti3(,0)[0)

(85)
= (u0(t,0) +iui3(£,0)) [0) +i (42 (¢,0) + itz (t,0)) 1),

where |0), |1) are elements of the computational basis of C2. Substituting (84) into Equation (85),
we have ]
. ~ oo (= iwt
ug(t,0) +ius(t,0) = (cos (th) —iJ; sin (th)) exp {—2} ,
, (86)
i1 (t,0) + ifiy(t,0) = —Jp sin(Qyt) exp { + 77}

so that
¥ (t)) = {cos ((Nlbt) — iy sin (()bt) } exp {—lwt} |0) — i sin(Qyt) exp { + 17} 1), (87)
2
where constants J; and ], are given by Equation (83). For 7 = 0, the pure state (86) coincides with

the pure state given by Equation (138.11) in Ref. [3] and found by another approach.
2. Consider further a more general case, where, for a vector b(t) € R? in Equation (54):

bi(t) = g5 cos(p(t)), ba(t) = q=3—=sin(gy(t)), b3(t) =p—1—,

with functlon > 0 for all t > t( and some constants A, g, p. In this case,

_ (Pb(t) 2 2 _ P —
o611 = 55 g 92, cosule)) = L = Const
Q(t)—é _A 2—1—2—Const
R AP ) T e )

iy 2
ool 0y =252 (5-3) +2 = L0,

2
7= ( —/2\) + g% = Const.

Hence, by Equation (75) the constants

(90)
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and, in Theorem 3, the vector (ug(t),(t)) € R*, which specifies by Equation (68) the unitary
evolution of a qubit, is given by

wolt 1) = cos ("’b()z”) {i( 4 (0) - gob(to))}
_ p_g/\/zsin < ) sm{ <Ph(f0))}
m(t10) =~ cos (W) sin{ & (gu(0) — golt0) |,

1)
(1, 10) = ~Lsin (W) sin {i( (0= gu(10) |,
it 10) = =222 cos (L2 gin ££ (g1 0) — gy ) |
+ sin <(pb(t) —2§0b(t0)) cos {i(%(f) - (Pb(to))} ,
where A, g, p are some constants and angle ¢;(t) is an arbitrary function of ¢, such that (P’”(t) > 0.

If, in particular, (pb(t) = w and A = w, then relations (91) reduce to relations (84).

6. Conclusions

In the present article, we introduced a new general formalism that allows for the analysis of the
unitary evolution of a qudit (d > 2) under an arbitrary time-dependent Hamiltonian H(t) in terms of
the Bloch-like vector space. Via this formalism, we derived (Theorem 1, Section 3) the new general
equations specifying the evolution of the Bloch-like vector in the generalized Gell-Mann representation
of Uy (£, tp) and the vector n(t, ty) € R%~1in the exponential representation of U (t, tp).

Applying the general Equations (26), (42), (43) to a qubit case (d = 2), we then derived (Theorem 2,
Section 4) a new general result on the qubit evolution under a nonstationary Hamiltonian. This general
result allowed us to find (Theorem 3, Section 5) the new precise analytical solutions for a wide class of
nonstationary Hamiltonians which comprise the qubit cases already known in the literature only as
particular ones.

The general formalism presented in this article is valid for a qudit of an arbitrary dimension
d > 2, in particular, for a qutrit and the analysis of the evolution of a qutrit under a time-dependent
Hamiltonian within this new formalism is a subject of our future research.
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Appendix A

In this section, we present the proof of Theorem 3, namely, we show that functions uy(t) € R,
ii(t) € R3, given by Equation (79), constitute solutions of the Cauchy problem (55), equivalently (56),
under conditions (75) and satisfy also the cocycle property (70).
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Under conditions (75), the derivative of function uy(t) € R in Equation (79) has the form

%Mo(t) _ ;d(P;t( ) sin <(Ph(t) —z%(to)) cos ('Yh(tr tO))

~ e(e)0s(e) cos (72 sin (41,0

D) o ( 2l — (o) ) sin (7(4 t))

(A1)
= IOy (0ysin (P72 cos 341,10

- (Il”b(t”Qh(f) + 1d%(t)> sin <(Ph(t)2q)b(to)> cos (7p(t, to))

2 dt
= (1oeyion(o) + 222 Y cos (2O LY gin 3, 10).

Similarly, for the derivatives of #(t) = (ii1(t), #i2(t), i3(t)) € R3, given by Equation (79), we find

L) = Izlb()lﬂb(t)COS( L)) cosy 110
y 20D g (910 (k) )smw ),
;tﬁz()——]ﬂb()mb(t)sm( PZ L)) cosy (10 -
Bl (900 S0t o)) ),
70 = = (160w + 52 ) cos (L2 ) sy 1,1
+ (B0 + 590 ) sin (P20 ) i, 1, 1)

Next: (i) substituting Equation (79) into the terms standing on the right-hand sides of the
equations in Equation (56); (ii) expressing by (), ba(t), b3(t) in spherical coordinates; and (iii) using the
trigonometric addition theorems and the explicit expressions for J;, J, and Q) (t) (see Equation (75)
and (76)), we derive the following expressions:

e  for the right-hand side of the first differential equation in Equation (56)

b1 (1) (6) + ba () (1) + b5 ()5 (1)
- (nlewiouo + ;22 Ysin (L0 ) cos iyt
= (10010 + 2220 ) cos (LS00 ) sin 341,10

e  for the right-hand side of the second differential equation in Equation (56)

— by () ug(t) + ba(t)di3(t) — bs(t)ila(t)
= —Ja[b() [ (1) cos (W)

n %d¢;t(t) sin (W) sin (7,(t, to));

cos (7p(t, to)) (A4)
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e  for the right-hand sides of the third and the fourth differential equations in Equation (56):
— ba(t)uo(t) +bs(£)ur (£) — by ()3 (t)
0

=~ lle(0) (0 sin (L2 cos (41, ) s

_ led%p Ccos (q)(t)_;q)(to)) sin (74 (t, to))

and
— ba(t)ug(t) + by (t)uz(t) — ba(t)ur(t)

= (oI + 3 D) cos (LU0 ot g

+ (01030 + 29O g (O 0L g 3,11

Clearly, the expressions for %uo(t), %ﬁl(t), %ﬁz(t), %ﬁg,(t), derived in Equation (Al),(A2),
coincide with the corresponding expressions in Equation (A3)—(A6). This proves that functions (79)
constitute the solutions to the Cauchy problem (56), equivalently, Equation (55).

Taking into account that (see in Section 2) the wunitary evolution operator
Uy (t,s) = uo(t,s)I+iu(t,s) - o, for each s € [t to], let us now prove that solutions (79) satisfy
the cocycle property (3) for Ug(t, tp). In terms of ug(t,s), u(t,s), the cocycle property leads to
relations (70), which read:

uo(t,s)uo(s, to) — ul(t,s) - ii(s, to) = uo(t, to),

. ~ . . . (A7)
ug(t,8)i(s, to) + uo(s, to)u(t,s) — u(t,s) x (s, tg) = u(t, tg).

Substituting solutions (79) into Equation (A7), applying the addition rules for trigonometric
functions, and taking into account that J? + J3 = 1, for the left-hand side of the first equation in
Equation (A7), we derive:

ug(t,s)uo(s, to) — u(t,s) - (s, to) (A8)
= COS (’Vb(tls)) COs (’)’b(sf tO)) cos (M) — Jisin <(Ph(t)2([)b(t0)>

x [ (o(t,5))sin (15, £0)) + sin (15 (£, 5)) cos m(s,to))}

—sin (15(t,5)) sin (73 (s, fo)) cos <W>

= cos <(Pb(t) _2(Ph<t0)> cos (yp(t, tg)) — Jy sin <(Ph<t) _Z(Pb(t(])) sin (7, (t, to)) - (A9)
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By the same procedure, for the left-hand sides of the remaining equations in Equation (A7), we have

and

and

ug(t,s)ui(s, to) + uo(s, to)u1(t,s) — (1 (t,s) x (s, t)); (A10)
= 2 sin (70(1,9) €05 (705, 0)) + cos (3(,5)) s (a5 1) | cos ( 22X Z 2000 )
(

b
+ J1J2sin (yp(¢,8)) sin (5 (s, to)) [sin <(Pb(t);(pb(s)> cos (W)
cos

+ cos (W) sin (W) + (W)

o (BB} g (04000 o () )

2

= —Jpcos (W) sin (77, (¢, tg)) (A11)

uo(t,s)ia(s, to) + uo(s, to)ua(t,s) — (ii(t,s) x u(s, ty)), (A12)

= alsin (74(1,5)) €05 ({5, 10) + <o (15(8,9) s s 1)) s ( 2102520000 )

+ Blasin (70 (1,9)sin (s, 10) [ sin (22110000 )i (920512 00l

+ sin (%(t) sz qvb(S)) sin (%(S) _Z(Pb(t0)> ~ cos <<pb(t) ; fpb(5)> o8 (%(S) J;%(to))

= —Jpsin <%<t>—;¢b(to)) sin (v (£, o)), (A13)

ug(t,s)uz(s, to) + uo(s, to)us(t,s) — (u(t, s) X u(s to )3 (A14)
— —cos ((1,5)) cos (s, 1) sin ( L2112 100 )
)

— J; cos <W> [cos (7p(t,s)) sin (7p(s, to)) + sin (y,(t,s)) cos (y(s, to))]

+ J§ sin (75 (£, 5)) sin (74(s, o)) sin (W)

+EmwwwMMMwmm(%@;mm>

= —J; cos (W) sin (77, (£, tg)) — sin <(Pb(t)_2¢h(t0)> cos (77p(t, to)) - (A15)

The comparison of Equation (A9),(A11),(A13),(A15) with the expressions for functions u(t), 1(t) in
Theorem 3 proves that the unitary evolution qubit operator U (¢, to), specified in Theorem 3, satisfies
the cocycle property (70).

This concludes the proof of Theorem 3.
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Appendix B

In this section, we show that the gradient of K3(r) is given by Equation (50). By Equation (49),

we have
0K3(r)

Jar

=-ivV2 Y [rsin(¢(r)+27'(k/3)
17/l s

k=0,1,2

9p(r)
ar

X exp {—i\f2||r||Rs sin (¢(r) + 27'ck/3)} .

(A16)

+ ||7]|gs cos (¢(r) +27‘ck/3)}

Using further Equation (48), we derive

W) _ - ! " sin r —_— 2 r.
or  cos(3(n) <||r||]12§8s Ge() + 5. 57 (detl A))>, (A17)

where
det(r . A) o 2(1’(1)7‘(4);’(6) _|_ r(l)r(S)r(7) + r(2)7(5)7(6) — 7(2)7-(4)7‘(7))

+ \}gr(S) (2(7(1))2 F2(r@)2 4 2(r®)2 = (@)2 _ (46))2 _ (4(0))2 _ (r(7))2>
40 ((r<4>)2 +(FBY2 (1) _ (r<7>)z) _ 3\2/5(7@)3,

Taking into account that the symmetric structure constants d;j of SU(3) have the form (see, e.g.,
Reference [16]):

(A18)

1

e = dis7 = dase = daas = dyss = —doay = —dzee = —d377 = 3,
. (A19)
di1g = dppg = dzzg = —dggg = —2dpug = —2ds58 = —2dgeg = —2d73 = —,
118 = d228 = 338 888 448 558 668 ™=
we derive )
0 N
- : — @0 g..
) (det(r- A)) 2ijZ:;1r rDdy. (A20)
Hence, Equation (A17) reduces to
9¢(r) 1 r p(r)
=- sin(3¢(r)) + V3 A21
o cos(e) <|r||]§s B+ V3 s (A21)
and, for Equation (A16), we obtain
W0~ iz 3 [r (singtr) +2mk/3) — singap(r) 8 LT
or A LT cos(30(7)) )
_ cos(¢p(r) + 27k /3) . .
e e {=iV2l|rl|gs sin((r) +27k/3) }
Noting that, on the right-hand side of Equation (A22), cos (3¢(r)) = cos (3 (¢(r) + 27tk /3)),
_cos(¢(r) +2mk/3) 1
cos(3(¢p(r) +2mk/3))  4cos?(¢(r) +2mk/3) —3 (A23)
1

" 1—2cos(2(¢(r) + 27k/3))
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and

sin (¢(r) +27k/3) — m

_sin(2(¢(r) +27k/3)) _ 2sin((¢(r) +27k/3)

N cos(3¢(r)) ~ 1—2cos((2(¢(r) +27k/3))’
for the second and the first terms in the right-hand side of Equation (A22), we come correspondingly
to the following expressions:

cos (¢(r) + 21tk /3)
(A24)

exp {—iﬁ||r||Rg sin(¢(r) + 27tk/3)}

~iVep(n) 1= 2cos(2(¢(r) 1 27k/3))

k=0,1,2

— —iVBR (r)p(r) (A25)

and

exp {—iﬁ |7 ||l gs sin(¢(r) + 27Tk/3)}
1 72COS((2((P(T’) +27Tk/3)) (A26)

—ivV2—— Y sin(¢(r) +27k/3)

HTHRS k=0,1,2

= —iV6Ey(r) 1,

(7| s

where functions F; (r) and F,(r) are given by Equation (51). Relations (A22), (A25) and (A26) prove
Equation (50).
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