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Abstract: We investigate the quantum adiabatic pumping effect in an interferometer attached
to two one-dimensional leads. The interferometer is subjected to an Aharonov-Bohm flux and
Rashba-Dresselhaus spin-orbit interaction. Using Brouwer’s formula and rigorous scattering
eigenstates, we obtained the general closed formula for the pumping Berry curvatures depending on
spin for general interferometers when the external control parameters only modulate the scattering
eigenstates and corresponding eigenvalues. In this situation, pumping effect is absent in the
combination of the control parameters of Aharonov-Bohm flux and spin-orbit interaction strength.
We have shown that finite pumping is possible by modulating both Rashba and Dresselhaus
interaction strengths and explicitly demonstrated the spin-pumping effect in a diamond-shaped
interferometer made of four sites.

Keywords: spin pump; spin-orbit interaction; quantum adiabatic pump; interferometer;
geometric phase

1. Introduction

Coherent transport in mesoscopic systems is of fundamental interest since it allows realization of
various phenomena observed in quantum optics in a solid-state system. Furthermore, the electron
spin degree of freedom adds an intriguing knob for the manipulation and observation of the
transport phenomena. Spin-orbit interaction (SOI) effect [1] is one of the key ingredients in
narrow-gap semiconductor devices, whose strength can be controlled by external gates [2], in principle,
without changing the electron density. Introducing the effect of SOI to the electron interferometer
structure is quite attractive since it enables perfect spin filtering effect [3-5]. Moreover, transient
behavior in such an interferometer has been investigated [6].

In addition to passive functional devices such as filters, the active functions, for example,
spin-pumping or spin manipulation effect by dynamically modulating the gate voltages [7-9], magnetic
field [10-13], or magnetization of the ferromagnets [14-17], has been investigated. In particular,
quantum adiabatic pumping (QAP) phenomena [18,19], which stems from geometrical properties of
the dynamics, is an active field of research [20-25]. In the non-interacting limit, QAP is related to
the scattering matrix of the coherent transport. We have investigated the QAP effect by adiabatically
modulating the Aharonov-Bohm (AB) phase [26] of the interferometer as well as the local potential in
the interferometer. However, it seems no studies have been made of the adiabatic spin-pumping with
purely geometric means such as Aharonov-Casher phase or AB phase. The fundamental question here
is whether QAP is possible by only modulating the electron geometric phase.

In this work, we studied spin-QAP in Rashba-Dresselhaus-Aharonov-Bohm interferometer
introduced in [3] using Brouwer’s formula [19] and derived an explicit formula of the Berry curvature
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for each spin component. Using the obtained result, we clarified the condition of finite spin-pumping.
In Section 2, we introduce a simple two-terminal setup and the expressions of the scattering amplitudes.
Section 3 explains the details of the eigenstates of the scattering problem. Then, with these states,
the formula of the QAP is derived in Section 4. It is shown that the modulation of the AB phase cannot
induce QAP. Section 5 explains the properties of the diamond-shape interferometer, and is applied to
study QAP assuming Rashba SOI and Dresselhaus SOI strengths as control parameters in Section 6.
Finally, discussions follow in Section 7 and Appendices are included for the detailed derivations of the
formula used in the main text.

We consider a standard setup of scattering problem of spin 1/2 electrons as shown in Figure 1.
A coherent scattering region (interferometer) is attached at the site u = 0 with the one-dimensional
left lead made of sites u = —1,—2,... and is attached at the site u = 1 with the one-dimensional
right lead made of sites u = 2,3,.... The assumption of one-dimensional leads is not essential
as far as the interferometer is coupled to the leads via single mode scattering channels. However,
the one-dimensional tight-binding formalism benefits from its simplicity. Although the analysis is
standard, the obtained rigorous scattering amplitudes and corresponding scattering eigenstates are
essential to clarify the condition and to quantify the quantum adiabatic spin-pumping, as will be
shown in the later sections. We introduce the spinor ket vector at site u,

() = ( Cut ) (1)
Cui

where the two amplitudes ¢, for spin o =7, | satisfy normalization condition ’cuT]Z + ‘cu ! ’2 =1
The total Hamiltonian in the tight-binding approximation is given in general

Hrs = Yew () ()| + ) W [$(0) (p(u)], )
u uov

where the site index u# and v run the entire system. The real parameter €, is spin-degenerate site

energy and Wy, is a 2 x 2 hopping matrix satisfying W, = W,,. We assume that the hopping

matrix Wy, is only non-diagonal in the scattering region between u = 0 and u = 1. We neglect the

electron-electron interaction.
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Figure 1. Schematics of the model of a scattering (shaded) region connected with two semi-infinite
one-dimensional leads.

2. Model System

Intheleadsu < —1,u > 2, wesete, = 0and W, = — jI, where I is the two-dimensional unit
matrix and the real hopping parameter j is only nonzero for nearest-neighbor pair of u,v. With a
standard treatment on the tight-binding Hamiltonian, we obtain the eigen-energy €, = —2j cos(ka)
and its corresponding eigen-function, |{(u)) o e® |x), where k is a real wave-number parameter,
a (> 0) is the lattice constant and | x) is a certain state vector.

The system of interferometer is represented between u = 0 and u = 1 sites and we choose
€0 =Yyoand e; = y; and Wy, = W and Wy = WT. The microscopic derivations of yg, y; and W for a
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diamond-shaped interferometer are demonstrated in Section 5. Then the Schrodinger equations at
sitesu = 0,1 read

Yo 9(0)) + Wp(1)) —jlw(-1)) = elp(0)), ©)
yi (1)) + W p(0)) — 19 (2)) @)

|

)
=
~~

[—
=
=

The reflection and transmission amplitude matrices for the electron flux with an energy € = €,
injected from the left lead is

I+ i Xy [HY - ww*] - ®)

~
|

~>
Il

i Wt []IY - ww*] - ®)

where Y = XpX; with complex parameters X, = e, — yu + jeik” (u = 0,1) and we introduced a
parameter of energy dimension #; = 2jsin(ka). The reflection and transmission amplitude matrices
for the electron flux injected from the right lead is

7 ~I + i Xo [HY Wt W] - @)
7= W [HY - W*W} - ®)

The details of the derivation of these formulae are given in Appendix A. In the next section,
the obtained scattering amplitude matrices are diagonalized and the formulae of the scattering
amplitude eigenvalues are given. Then in Section 4, the Berry curvatures for two spin eigenstates,
Equations (34) and (35), is given, which allow calculation of QAP spin per cycle.

3. Diagonalization of Hopping Operator WW*

In this section, we diagonalize the product of hopping operators W and Wt appearing in the
scattering amplitude matrices derived in the previous section. Then we obtain the scattering eigenstates
through an interferometer. This is an extension of the discussion in Reference [3]. We consider an
interferometer in x-y plane made of two one-dimensional arms, b and ¢, represented by real coupling
parameters 7y}, 7. and 2 x 2 unitary matrices, U, and UL, showing propagation from the site 0 to 1 via
the arms b and c, respectively. We assume following general expressions characterizing the effect of
AB phase and Rashba or Dresselhaus SOI:

e~ (16 + it -
'’ (16’ + i’ -

SN

U,
Ue

), ©)
), (10)

P

where ¢ is the vector of Pauli spin matrices. ¢ = ¢1 + ¢ = 2t(HS) /Py is the AB phase with the
magnetic field H in the z direction, the area of the interferometer S, and a magnetic flux quantum &.
Unitarity condition requires the real parameters, §,’ and real three-dimensional vectors T, T’ to obey
62+ |7|> = 6 + |7')* = 1. The hopping matrix W is given by

N

W = 10+ U (11)

As shown in Appendix B, the matrix factor appearing in the scattering amplitudes for the electron
flux injected from the left lead, Equation (5), is

WW' = AI+B-g, (12)
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where

A = ’)/% + ’)/? + th')/c cos (P cosw, (13)
B

29pycsing sinw . (14)

The real parameter w is determined from cosw = 68’ + T - T/ and the unit vector # is defined by

n = #(—Ty, Ty, 0). (15)

V1-—12

We then introduce two normalized eigenstates of the operator # - &, |#i) and |—) such that

a-oli) = ), (16)
A-o|—n) = —|-h). (17)

WWH |+a) = As|+d), (18)
with the eigenvalues
Ar = Y+ 27 cos(9 F w). (19)
These eigenvalues are positive since A+ = (+#| WWT |+4) = ||WT |+4)| |2 > 0.

To study the scattering eigenstates for the electron flux injected from the right, Equation (7),
we evaluate WIW with similar procedure as above,

W'W = AI+B .o, (20)

where

B = 2ypycsingsinw #/, (21)
and corresponding unit vector

N 1

A = \/ﬁ(ry,—rx,é). (22)

Then we introduce two normalized eigenstates of the operator #’ - ¢, |+#’), which obey
WIW |+4') = Ay |+d)), (23)

with the same eigenvalues as Equation (18).
The elements of the scattering matrix are now explicitly evaluated with the obtained scattering
eigenstates. As detailed in Appendix B, we can show that the transmission amplitude matrices are

Bo= tpfa) (A +t |-#) (4], (24)
Fo= by fa) @[+t |-) (=4, (25)
where we defined two transmission amplitudes,

i/ Ax

t = .
+ Y — AL

(26)
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Similarly, the reflection amplitude matrices are given by

Po= i) (e ) (-l @)
P L) (] | (] 28)

where the reflection amplitudes are

_ ineXq
r+ = 1 + Y — )\i ’ (29)
ro_ inXo
ry = 1+ Y. (30)

The unitarity condition of the scattering amplitude matrices, f'# + #'# = 1, is confirmed in
Appendix C. The unitarity condition 1% + 717 = 1 can also be checked.

4. Quantum Adiabatic Pump

For a non-interacting system, the response (particle transfer) to the slow modulation of the
system’s controlling parameters is well described by Brouwer’s formula [19], which is expressed by
the elements of the scattering matrix. The particles induced in the left lead in one cycle of the adiabatic
modulation of two control parameters g1 and g7 is

no =Y ng, (31)
a
ng = — /5 dg1dgoT1,(81,82), (32)

where S is the area in the two-dimensional control parameter space whose edge corresponds to the
trajectory of the cycle. The Berry curvature I1,(g1, g2) for spin o is

N ot
1. or ort ot o'
[1r(g1,82) = 7T\9<U|{8g2@g1+&228g1}0>’ (33)

where ? and # are given in Equations (27) and (25) and |¢) is the spinor vector of spin ¢.

If we choose the AB phase ¢ and parameters of the interferometers, for example, X, or Xj, but not
the SOI strengths, we can show that the Berry curvature is finite in general as studied in Reference [26].
In the following, however, we focus on the situation that the control parameters are the AB phase ¢
and Rashba or Dresselhaus SOI strength that modulate the eigenvalue A+ as well as the scattering
eigenstates |+, |+#4’). To calculate the Berry curvature, we need to evaluate the derivatives of the
scattering amplitude matrices, # and . Then, as shown in Appendix D, after some manipulations, we
have the Berry curvatures for spin components parallel to £,

Magug2) = (Ire —r-P = [t P+ 1) Coras (34)
and
— 2 2 2
Moa(gr8) = (=lre—r Pt + 16 F) Cge (35)

where the factor at the end is independent of spin and is defined as

1 1 {a’fy 0Ty 0Ty 0Ty

47n:1— 12 Logi 02 0932091

T 0Ty 9, 90Ty BTZ> (BTX 0T, 0Ty BTZ> }
+ T(atat -2t o2 ) bg (ot -2 ) L 36
1-12 { ' (agl dg2  0g2 981 Y\ 0g,0g1 9g1 g2 } (36)

Céh,gz
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This is one of the main results of this work.

The vector 7 is independent of ¢, but only depends on the SOI strength. Therefore, when one
chose the AB phase, ¢1 = ¢, as one of the control parameters, Cy ¢, is identically zero as is evident
from Equation (36). Hence we do not expect QAP by modulating the AB phase and SOI strength. It is
also obvious that if we chose 7}, or . as one of the control parameters and the other by SOI strength,
Cy,..g, 18 Zero since T is independent of 7y;, and . and no pumping is expected.

Even for a fixed AB phase, there is still some freedom to choose two control parameters related to
the SOI strength since we have two types of SOI interaction mechanisms, Rashba and Dresselhaus SOL
In the next section, we study Rashba-Dresselhaus interferometer in a simple diamond-shape structure
made of four sites and choose the strengths of two types of SOI as control parameters.

5. Diamond Interferometer

We consider an electron transport in two-dimensional system on [001] surface with setting x and
y axis along the (100) and (010) crystal directions, respectively. The Hamiltonian for the SOI is

N h A o
Hr = akR(pyo—x - Pny), (37)
. J) o A
Hp = EkD(PxU'x - Pyo'y)r (38)

where kg and kp are Rashba and Dresselhaus parameters, respectively. p, (4 = x, y) are the momentum
and m is the electron effective mass.

The interferometer made of four sites is configured as in Figure 2 which is attached to the leads
at site u = 0 and u = 1 as discussed in Reference [3]. Other two sites constituting the interferometer
are u = b and u = ¢, connected with bonds of length L. We also define the opening angle 2 and the
relative angle v of the diagonal line to x axis. The Hamiltonian reads

r = Yeulp(w)) (Y] =Y U [p(0)) (p(u)], (39)

for u,v = 0,c,d, 1 where ¢, is the site energy and Uo = Juoluo, Juo is a hopping energy and Uyo
is a 2 x 2 unitary matrix representing the effect of SOI and AB phase. Total Hamiltonian is H =
e + AL + Hr. In the Appendix E, we explain how this problem is reduced to the Schrodinger
equations, Equations (3) and (4).

The coordinates of the four sites are r9p = (0,0), r, = (Lcos(v + B),Lsin(v + B)), r1 =
(2L cos(B) cos(v),2Lcos(B) sin(v)), and #. = (Lcos(v — B),Lsin(v — B)). We define ag = kgL,

ap = kpLand { = 4 /oc%{ + oc%) and introduce another angle 6, such that ag = { cos 0, and ap = {sin6.

The unitary matrix for the hopping from site at (0,0) to site at (uy, uy) is a(0,0),(ux,uy) = exp [iK - 7]
with K = ag (uy, —tix,0) + ap(ux, —uy,0) [27]. Therefore, for the hopping from site 0 to b,

Kop-6 = {sin(G1)0x — {cos(82)0y = (o1, (40)
with §; = 4+ v+ 0 and ¢y = B + v — 6. Similarly, for the hopping from site c to 0,

Ko-0 = {sin(84)0x +{cos(83)0y = (0o, (41)

with &3 = B—v+60and & = B — v — 0. We introduce factors F; = /1 + sin(2v + 28) sin(20) and
F, = /1+ sin(2v — 2B) sin(26) such that 67 = IF? and 65 = IF;. Then, forn = 1,2,

e = e, +isuy, (42)
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where we defined

cn = cos(FyQ), Sy = Fi sin(F,Q). (43)

n

. n A i rn A s n ip
Noting that Uy, = €71, Uy, = e~ 2 7%, Uy, = e7%% and U,y = e7 +01,

O, = Uply
_ig . N . N PN
= e 2 {lcycy —icysp07 + icps101 + 51520102 }
= e Writ o), (44)
where
0 = ci0p —s152(sin(2v) sin(26) + cos(2B)),
Ty = —C1528in{y + cps18indy,
Ty = —C182€0883 — (281C08{2,
T, = si5ps8in(2B) cos(26). (45)
Similarly,
Hc = l:IOc acl

i . N . N A A
= 2 {lcpcy —ispc10p + icos101 + 52510201 }
ip A
= ez (I +it'-9), (46)

with 6’ = 6 and T/ = (74, Ty, —Tz). The angle w is determined by cosw = 66’ + T v/ = 62 + 12 + Tyz -

2 _ 2
5 =1-217.

L(cos(v + B),sin(v + B))

Lfcos(v — B),sin(v — B))
C

Figure 2. Schematics of the interferometer made of four sites, 0,b,c, and 1 separated by a length L.
The opening angle 28 and relative angle v from x axis determine the geometric structure.

6. QAP in the Diamond Interferometer

We examine the quantum adiabatic spin-pumping by choosing two SOI strengths g; = ar and
g2 = ap as control parameters. First we examine the basic property of the function Cyy 4, defined in
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Equation (36) and then evaluate the scattering amplitudes. Using these results, we calculate the Berry
curvatures for two spin directions.

6.1. Spin-Independent Function Cyp ap,

The function Cy; 4, has symmetries, Cy, 0, = Cyyuy, @s well as Cyy ay = Copy ans Cayy = Cuy—a1-
Moreover, it also obeys the relation Cyy ap| v = — Cagap | L Therefore, the angle v = 7r/4 is rather
special. At this angle, Cyp,ap is identically zero and hence no pumping. One can check this since
F; = F, and hence ¢; = ¢ and s1 = sy, then

T = ¢151(sinéy —sindy) = 2c151 cos Bsin(0 + %), 47)
T, = —c151(cosg3 +cos&y) = —2cqsq cos Bcos(f — %) (48)
Therefore, the relation 7y = —T1;, holds for any g and 6 and Cyy o, = 0.

Because of its symmetric property, we focus on the function Cyy 4, in the range 0 < ar, ap < 7.
As an example, we chose f = 77/5 and the results for v = 77/2 and v = 371/8 are shown in Figure 3.
The result for v = 71/4 is uniformly zero as noted above and that for v = 77/8 is similar to that for
v = 37t/8 with reversing the sign of the function. There are areas where the absolute value of Cyy oy, is
enhanced near (ag, ap) = (5,0), (0, 5), which can be understood from Equation (36) since |t;| is very
close to one. If we choose B = 71/4, the scattering states “flips” at 77/2 when ag is increased from zero
to 7t with ap = 0 [3]. Then the behavior of Cy 4;,—0 becomes quite singular, which may need further
investigation (not being discussed here).

Figure 3. Contour plot of the function Cyy 4, depending on the Rashba, ag, and Dresselhaus, ap,
SOI strength parameters. We chose the geometric angles B = 7/5 and v = 7/2 (left) and v =
37/8 (right).

6.2. Spin-Dependent Prefactors

In this section, we examine the scattering amplitudes, t+ and r+ and the prefactors of the Berry
curvatures in Equations (34) and (35). We define these factors as dj = |[r4 —r— |2 — |t+ |2 + |t |2 and
d_y = —|rs —r_|* = |t+)* 4 |t_|* To be compatible with the analysis in the previous subsection,
we focus on the geometry such that § = 71/5 and v = 71/2. For simplicity, we chose symmetric setup

2

of the interferometer, where Jo, = [;1 = Joc = Jo1 = jand €9 = €1 = €, = €.. Then, v, = 7, = a—a
Moreover, in the following calculation we chose €, = —j. First, we show the result of d_; for
€o = 0.9j in Figure 4 with choosing the AB phase ¢ = 7r/3. This function is negatively enhanced near
(ar,ap) = (7t/2,0) and (0, 7t/2). In contrast, the factor dj; is much smaller as shown in the linear
plot for ap = 0. If one chose AB phase ¢ = 571/3, d_j is suppressed and alternatively dj is enhanced
near (ag,ap) = (71/2,0) and (0, 1/2) (with changing sign of the data in the left Figure 4). The AB
phase ¢ and site energy eg dependence of d.; are shown in the left and right of Figure 5, respectively.
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Therefore, a large contrast of the QAP in two spin directions can be obtained by choosing ¢ = 71/3
and gy = 0.9j.

20+

Figure 4. (Left) Contour plot of the function d_j; for ¢y = 0.9j and ¢ = 71/3. (Right) Line plot of the
functions d; as a function of ag with ap = 0.

157

10f

05

-05)

-1.0f

150

Figure 5. (Left) AB phase dependence of the function d4; for ¢g = 0.9j and ar = 7/2,ap = 0.
(Right) Site energy dependence of the function d for f = /3 and ag = 71/2,ap = 0.

6.3. Berry Curvatures

Finally, we calculate the Berry curvature, I1_;(ag, ap) for the spin in the state |—#) as shown in
the left of Figure 6. Obviously, the Berry curvature becomes large at around (ag, ap) = (5,0), (0, 5).
The other spin state is not much pumped as shown in the right of Figure 6.

30 ‘ y U ]
25 ‘ : 1 e Hﬁ(aR, 0.1) aR

10+

05 / 1 -1»5_2.0 H_ﬁ(aR, 0.1)

ap

0.0

Figure 6. (Left) Contour plot of the Berry curvature for |—#) with § = /5 and v = 7/2. We set
¢=mn/3,¢x=—j, Joo =Jp1 = Joc = Je1 = jand gy = €1 = €, = €. = 0.9]. (Right) Berry curvatures
for two spin directions with ap = 0.1 with the same parameter with the left panel.
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7. Discussion

We have derived a general expression of the Berry curvature for an interferometer connected to
one-dimensional leads. In this study, we restricted the control parameters in QAP formalism only to
modulate the scattering eigenstates and corresponding eigenvalues through the change of the unitary
operators for each arm. Then the AB phase, which, despite modifying the scattering eigenvalues, A+,
does not affect the scattering eigenstates and is shown not to function as a control parameter in QAP.
In a clear contrast, it has been shown [26] that in combination with the potential modulation, affecting
the electron-hopping amplitudes or site energies, QAP by AB phase is possible.

In the current analysis, the control parameters are assumed to purely modulate the phase of
the electrons. In real experiments, unintended modulation of hopping amplitudes, J,,, or the site
energies, €; or €. by the gate voltages may induce additional effects. We demonstrated that by using
the two types of the SOI as the two control parameters, spin-QAP is possible. However, in the
experiments, independent control of the Rashba SOI and Dresselhaus SOI will be a complicated task.
Fortunately, as shown in Figure 6, the area of large Berry curvature is well isolated and the tiny change
of Dresselhaus SOI may be sufficient to observe QAP. It would be interesting if other types of SOI
interaction [5] could be another control parameter of the QAP.

Funding: This research was funded by JSPS Kakenhi (18K03479).
Acknowledgments: I thank useful discussions with A. Aharony and O. Entin-Wohlman.

Conflicts of Interest: The author declares no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

SOI  Spin-orbit interaction
QAP  Quantum adiabatic pumping
AB Aharonov-Bohm

Appendix A. Scattering Matrix

In this Appendix, we argue the scattering problem through the interferometer. First, we inject an
electron flux with an energy € = ¢, from the left lead. The wavefunction for u < 0is

[p(u)) = & xin) +e M x), (A1)
and the wavefunction for u > 1is
[p(u)) = Dy, (A2)

where |xin) is the injected wavefunction and |xr), |xt) are the (un-normalized) wavefunctions of
reflection and transmission. In particular, at sites u = 0, —1,

|¢(0)> = |Xin> + |Xr> ’ Wj(_l» = e—ika |Xir1> + eiku |Xr> ’ (A3)
and atsitesu = 1,2,

[p(1) = Ixe) 9(2)) =™ |xe) - (A4)

By putting these into Equations (3) and (4), we have

(e —yo) {lxin) + 1200} = W) = {e=™ i) +e™ 1)}, (A5)
(er—y)Ixe) = W {lxm)+ lxe)} —je™ |xe) - (A6)
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Then from Equation (A6),

1 A
= — W' {|x A7
|Xxt) e — y1 + jeika {xin) + [xr) 3, (A7)
and putting this into Equation (A5), we have
o iy A 1 A
(ex = yo+je ™) [xin) + (e — yo + ™) [xe) = Wt W {|xin) + [x0)} - (A8)

€ — Y1+ jeik”

Defining complex parameters X, = € — Y, + jeik” (u = 0,1) and noting e; — v + je_ik‘Z = Xo — iy,
we solve this equation

) = - [onxl - ww*] B []IX()Xl _WWF - Hiqul] Xin) -

Then we have obtained the reflection amplitude matrix

5 _ [onxl — WW*} - {HX0X1 - W' — Hi’?kxl}
= L+ [IY - W] - (A9)

where we have introduced Y = X Xj. Using this, transmitted state is calculated with Equation (A7),

1
W {lxim) + 30}
1

1 . N |
T []I—H—H;kal [HY—WW*] ]wa
X1

Ixt)

A NIURES |
= iV 1Y W] i),
hence the transmission amplitude matrix is
¢ At ] !
Po= g W []IY ~WW ] . (A10)

We alternatively consider the situation that the electron is injected from the right lead.
The wavefunction for u > 1is

[p(n)) = e MDAy ke (A11)
and the wavefunction for u < 0 is
p(n)) = e |xp), (A12)

where |x! ) is the incoming wavefunction and |x;), |x;) are the (un-normalized) wavefunctions of
reflection and transmission. Atsitesu = 1,2,

[p(1)) = |xin) + |X2) [P(2)) = e * |xin) + €™ |x0), (A13)

and atsitesu =0, —1,

9(0)) = Ixt), $(=1)) = ™ [xi) - (Al4)
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By putting these into Equations (3) and (4), we have

(ex —vo) Ixt) = W {lxin) +1x0)} —je™ xt), (A15)
(e =) {Ix) + 10} = WHIxD = e i)+ )} (A16)
From Equation (A15),
/ 1 "\ / !/
and putting this into Equation (A16),
. PO A
(Xa—in) 1) + Xa ) = W' W {lxin) + 1300}

(A18)

which is solved as

ayoa]—1 Atoa .
ey = [ =W = (Y = W) i Xol } )
pn—1
= {—11 + i Xo []IY -~ w*w} } Xin)
Therefore, the reflection amplitude matrix is

s 11
Po= —I+inXo []W—W*M . (A19)

Putting this into Equation (A17),

~

W . PPN Bt
) = g {r-tein [ - ww] iy

A NAPRES
— v iy ] ),
and hence the transmission amplitude matrix is
. A fya 1l
Po= W [HY W w} . (A20)

Appendix B. Scattering Eigenstates

In this appendix, we show the details of the calculations of the scattering eigenstates discussed in
Section 3. First, we evaluate

WWH = ('Ybﬁb‘i"YCZ:IC)('Ybag""YcH:)
= B+ + 1@ +ab), (A21)

with 7 = U, U} representing the total development around the interferometer in the order 0 — b —
1 — ¢ — 0. We study following matrix

i = e I5+it o) (18 —it' o)
= e’i‘l’{]léé’—i51’~6'+i5"r-{7+(r~€7)(r’~ﬁ')}

= e—i¢{11(55’ +i('t—ot') o +It- T +i(Tx T)- &}'
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We introduce a unit vector defined by
A= N{dt—0t'+Tx7'} = (ngny,n), (A22)

where N is a normalization constant. We define z-direction (in spin space) in parallel to é't —
dt/, namely

N{dt—ét'} = n, (A23)
with a unit vector 2 in z-direction. Since T x T’ is orthogonal to 8t — o1, we set
N{txt} = mt+ng, (A24)

with unit vectors in x, y-directions. Solving Equation (A23) for 7/, we have

v = 5T Wﬁ, (A25)
and hence
TxT = — 12 (rx2). (A26)
SN
Using this, we obtain for 7 = (7, 7, 72),
ne = 2 N{rxt}=-"21, (A27)

)

Similarly, we also have n, = % 1,. Normalization condition requires

n 2 n 2 1— 12
e (e () = =
hence we determine
)
n, = —, A29
2T it (A29)
and
i = #( Ty, Tx, ) (A30)
\/@ y/ X7
Therefore,
i e 0 {]1 (68’ +7-7') + iLa. fr}
N
= e ¥ {lcosw+isinwh- &}, (A31)

where the real parameter w is determined from cos w = 86’ + T - T’. The unitarity condition of 7 can
be checked by noting

1
N2

= |(5’T—5'r'+r><1"|2

= ‘5’1’—(51”]2+(r><’r’).(-r><r')

= 467200t T +(1-6)(1-0%)— (- 7')?

= 1-(8+7-7)>=1-cos’w, (A32)
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where we used the relation (t x ) - (t x T') = |t*|7'|* = (7 - /)% Now, the operator @ + 1" is
calculated as

a+at = 2cos¢coswl+2sin¢sinwit - &, (A33)
hence
WWT = (92 + 931+ 29,7.(cos ¢ cos wl + sin ¢ sin wit - &)
= Al+B-o. (A34)
We defined
A = 'y% + 'y? + 279p7Yc cOs ¢ cos w, (A35)
B = 2ypycsingsinwi. (A36)

Alternatively, we evaluate
WW = (’nﬂg + 'Ycljlg)(')’bab + 'Ycac)
= (1 + )+ ey + "), (A37)

where i/ = lAIg Ub, which represents the total development around the interferometer in the order
1 —c— 0 — b — 1. With similar procedure done for 7, we have

0 = e_i‘P{H(S(S’ +i(dT—0t) 6 +17 T+i(T xT)- {r}
= e ¥ {lcosw +isinwi’ ¢}, (A38)
where
i = ;(T Ty, 0) (A39)
\/@ yr X7 7
and with the same w as before. Now, by calculating the factor 72’ + #'f, we obtain
WIW = (92 + 931+ 29,7.(cos ¢ cos wl + sin ¢ sin wit’ - &)
= AIl+B o, (A40)
where
B' = 2y,ycsingsinwit’. (A41)

As shown in the main text, we introduce two sets of normalized eigenstates of the operators 7 - &
and A’ - &, |+#) and |£#’), which obey

WWH |+a) = AL |+d),
WIW |£4') = Ay |£d'), (A42)

with the same eigenvalues as Equation (19).
It can be shown that these two sets of eigenstates {|+7), |+7')} are related with each other by

|+a’) = W |£q), (A43)

VAx
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with double-sign correspondence. This can be checked by the eigen-equation

Aton 1 i o
WIW |x4/) = WHWW*) | £4
i) = WO )
1 .
= ——W'y |27
Az A
= Ay |Ed), (A44)
and the normalization condition
1 IR
(A 7)) = o (£A|WWH| £ 2)
+
= (xa|£a) =1 (A45)
Similarly, we can also prove the relation
|+£d) = L w |£4) (A46)
VAx '
We have the spectral decomposition of the matrices Wt and W by
W = VAL ) (A + VA |- (4], (A47)
W= VAl @]+ VA |=8) (—4'], (A48)

where the second relation is obtained by taking Hermite conjugate of the first relation.
Now, let us turn to discuss the scattering wavefunctions using these eigenstates. For the left
incoming states, we choose |xin) = |£#), then the transmitted states are

Xt+) = f\iﬁ>
— i A [Hy_wwq‘l&m
= WY —TAy] 7! +a)
= mikwwiﬁ)

Y- AL
_ i Al
= Y_Ai\/)\i|:tn)
= ty|3A'), (A49)

where we used Equations (5) and (A47) and defined two transmission amplitudes,

_ imVAs
o= PR (A50)

Using the orthogonality of the eigenstates, the transmission amplitude matrix f is expressed as in
Equation (24). Similarly, the reflected states are

Xea) = FlEa) =re|Eh), (A51)

where the reflection amplitudes are

(A52)
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The reflection amplitude matrix 7 is diagonal and is given in Equation (27). Similarly, for the right
incoming states, the transmitted states are

Xte) = FlEA) =t |£a), (A53)

and hence the transmission amplitude matrix # is given in Equation (25). The reflected states are

Xee) = FlE) =7 |xd), (A54)
where we defined
ro— i Xo
ry = 1 + Y — /\i ’ (A55)

and hence the reflection amplitude matrix 7' is given in Equation (28).

Appendix C. Unitarity of the Scattering Matrix

The scattering matrix needs to satisfy the unitarity condition, such that
Pr4ste = L (A56)
Using the results of Equations (24) and (27),
PE 77 = (b 2la) (] 4 [ (=) (=] + o [2]a) (] + |r— | —a) (~a].

Therefore, if |4 > + |ro[* =1, using the completeness relation of |+11), the unitarity is confirmed.
Let us check this:

. 2 .
2 2 _ |V kX1
t = 1+
=1 +‘ YA
o RAs , ime Xy i X1 2 |Xa |
= K 14 — >
Y-aP Y A YA oAy
_ 1y A A X A (A X
|Y—/\i|2 |Y_}\:I:|2
= 1T - As) - X (Y = A} A + X))
Y — Ay|
The factor in the square bracket is
o] = —i(X] = X)As +i(Xo X1 * = X5 1X1?) + m(As + [Xa]?)

= [=i(=im) + ] Ax + (i) + ) X2 =0,
hence |t+|* + |r+|* = 11is confirmed.

Appendix D. Derivatives of the Scattering Amplitude Matrices

In this Appendix, we evaluate the Berry curvature, Equation (33), with two control parameters,
€1, $2, which only modify the scattering eigenvalues A1 and corresponding eigenvectors |£#) , |£#').
We need to calculate the derivatives of the scattering amplitude matrices by a control parameter
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& = 81,.82), % and g—g. Since scattering amplitude matrices are expressed with the eigenstates as
shown in Equations (24) and (27), we first evaluate the first order derivative of the basis states

ag<|—ﬁ>> (bg ﬁg><|—ﬁ>>' (A57)
(| _ [ ay by |’ A58
s00) - (B x)(5) o

Since the basis states are normalized,

Q oy (oLl o dlh) _
%<n|n> = <8g )n>+<n| 5 =agz+ag =0, (A59)

and ag should be pure imaginary. Similarly, d,, a, and 4, are also pure imaginary. Using the
orthogonality condition, we have the relation

0 o (] o|—1) -
— (| — 1 = —1 i1 = * = A
o= (ol =) ( . >| i)+ (3] o = by B =0, (A60)
and b;‘, + bg/ =0. )
To have the formula for ag, by and by, we consider a unit vector # = (ny, ny, ng) =
(sin © cos P, sin O sin P, cos @), with angles © and &. Since the operator 7 - ¢ in the matrix form,
cos®  sin@e i®
-0 = i A61
no ( sin@e®  —cos® )' (A61)

has two eigenvalues A = =1, the eigenvector in a form (cy, )" satisfies for A = 1, (cos® — 1)c1 +
(sin ®e~'®)c; = 0 and normalization condition, and hence

. t
) = Ny — iny / V1—n; / (AG2)
V21 —ny)" V2
and for A = —1, (cos ® + 1)cy + (sin@e~'®)c, = 0, hence
. t
—n) = —Ny +iny ’ V1+n, . (AG3)
V204 1n) V2

Differentiation with g gives

P .\ o, on, t
N (it e i L TS (A6h
og 21— ny)  2v2(1—n,)32" 2v2y1—n; ) '

and

om0y g yone an- !
o\ _ ( ag tigg  (ma—iny)Ge % ) (A65)

+ /
2(1—ny)  2v2(14n,)3/2" 2¢/2y/1F 1,



Entropy 2019, 21, 828

Therefore,
e = o= [ 2, O
§ ag 2(1—mny) | ¥ og ag |’
B L
R T L PR T
0

by = (—n|5-|n
&g ag >

_ _1{in%_lnaw+aﬂz}

2/1—m2 ' Yag “Tog  ag )’

_— P) .

We also evaluate g,
following relations hold: a, = ag, 4

af
ag

with defining a matrix

Similarly,

~

of’

with defining a matrix

o1y

1 .
zﬂ{ Y og

g
g

U 11 DU Y|
= G 1) Gl s S Gl ) 2
or— , . |—7) 0 (-7
+§|—n>(—n|+r, 33 (—f|+r_|—n) 53
— oy avye [ (@
= (|a),|-na))? o,
(‘ > | >) 8< <—n|
_— ag—g (r+;r_)b§
(ry —r-)bg ar—gj
I T o) ., o\ 0 (]
= G S ) S
ot ~ A1 a|_ﬁ> ~l ~ a<_
Gl (| T i) S
— aay anw [ (@]
= (#). n>>tg< S )
v ( "’a% t+bg—t_b§>
- * ot_ N
g tibg —t b} 5

. dny  Ong
“”xag%g}'

b

18 of 22

(A66)

(A67)

(A68)

(A69)

by and I;g/ similarly. From Equations (A30) and (A39), we found that
» = dg and by = bg and Eg/ = —bq.
Using these relations, we evaluate the derivatives of the scattering amplitudes:

(A70)

(A71)

(A72)

(A73)

Obviously, it is convenient to take the scattering eigenstates |+) to the spin axis |0 = £1) in the
Berry curvatures, which is written as

Ms/—a(81,82) =

1 P
=L (P, t + T t’*) .
7-[\5 {( 82' 81 + 82781 1,1)/(22)

(A74)
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Then the diagonal components of 7, ?g,l is

ory or
~ At + Y+ 2 1%
(rnggl)(m) = ag g T bl (A75)
or_ or*
L At _ -
(rgzrgl)(m) = ng —agl + e —r_ | b, by 217 (A76)
and the diagonal components of £y, £ is
oty dt*
o ot o + + * * 1% *
(t’gztfgl) o = g g T (b B — by, (A77)
PN ot_ dt*
+ _ — * * 1% *
(t’gztél) ey = agag (f1bgy — t-b%, ) (b5, — 1 by,). (A78)

As stated before, we restrict the type of control parameters, g, that only change the eigenvalues
A+ in the transmission amplitudes, 7+ and f+ and corresponding eigenstates, and we take

or+ oA+ Ors oty 0A4 Oty
— == — == A7
ag g dAL’ dg dg dAy (A79)
Then the factors in the Berry curvature, Equations (A75) and (A77),
ari 8ri - a)\i a)\i arj: (A80)
g2 91 g2 981 |OA+
éﬁiat; o OA4 04 ati (A81)
E)gz Bgl 8g2 ag1 a/\i
are real and are not contributing to the pumping.
Then, the Berry curvature for the spin |#) is
1 o 2% * * 1k *
Hﬁ(glng) = ;\S {|1’+ - 1’7| bgzbg1 + (tergz - t*bgz)(tqtbgl - tfbg1)}
1 2 2 2y (1 .
= (e =P =t P+ || )(bgzbgl b, b ) (A82)
Using Equation (A68) and the relation
ony 1 o1y ony
% m ( g +ny—= 92 (A83)

derived from n, = /1 — n% — n, the factor in the last bracket of Equation (A82) is manipulated to

i [ Ony any Ony Oy .
. v = ————]=2 . A84
bg,bg, — bg, by, (agz 521 921 9% iCqy 0 (A84)
From Equation (A30), the derivatives of the elements of 71 by some control parameter g are
calculated as

ony 1 Ty T I
ag _\/1—1'22{384_1—T2 ag} (%)
ony 1 { 0Ty TyTy; 0Ty }

_ z A86
08 V1i—-12 ldg 1-120g (A86)
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therefore, the factor Cq, ¢, in Equation (A84) is obtained as Equation (36) and the Berry curvatures are
given as Equations (34) and (35).
Appendix E. Formulation of Diamond-Shape Interferometer

This section explains the foundation of the Schrodinger Equations (3) and (4). At the four sites in
the interferometer, the Schrodinger equation is

(e—eu)lp(w)) = =) Uwl|yp()). (A87)
Explicitly, at sites u = 0,1, b, c:

(€—eo) [p(0)) = — (Tlow [ (b)) + Unc [1(c) )—j\¢—)> (A88)
(e—elp() = — (T [p®) +Th 1¥(e)) - () (A89)
(e—e) lp(0) = — (U [9(0)) + T l9(1))), (A90)
(e—e)ly(e)) = — (Ul () +Ua lp(1)). (A91)

Using Equations (A90) and (A91),
PO) = = [T 19O + U lp1)], (A%2)
9 =~ (AL + Ua [p()] (A93)

By putting these into Equation (A88),

(=) 9O = ~Ho (~=o ) (6 900D + Ui lp(1)]
e (~ oo ) (B w0 + T Ip(1)] = lvi-1)

= (Lol Sl )y 4 [ty Btla] ) ).

€—€, €—¢€ €—€y €—¢€

Then we define real variables

Yuow = imijlg:: , (A94)
and introducing a 2 x 2 matrix
W = Uoln + Upc U
€E—€ €—¢€
= Yo0 Uop U1 + Yo Uoc U, (A95)

we obtain the relation equivalent to Equation (3)

(e=y0) [9(0)) = Wlp(1)) —jlp(-1)), (A96)
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where we defined renormalized site energy at u = 0, yo = €9 + Yopo + Yoco- By putting Equation (A92)
in Equation (A89),

—elp®) = T (=g ) B 190 + T lp(1)

4 (25 ) [0k v + ta lp)] - lp(2)

€ — €c

= (Leboggag, + Lo aa ) g + (20 By, — ).

€— €y €E—€, €—¢€

Hence, we have the equation equivalent to Equation (4)

(e—y) lw(1) = Wy(0) —jly(2)), (A97)

where we introduced renormalized site energy at u = 1, y; = €1 + Y151 + Y1c1- We defined v, = yop1,
e = Y0 and Uy, = Ugp Uy, Ue = UpcUer.
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