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Abstract: In this paper, we give upper bounds for the rate-distortion function (RDF) of any Gaussian
vector, and we propose coding strategies to achieve such bounds. We use these strategies to reduce
the computational complexity of coding Gaussian asymptotically wide sense stationary (AWSS)
autoregressive (AR) sources. Furthermore, we also give sufficient conditions for AR processes to
be AWSS.
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1. Introduction

In 1956, Kolmogorov [1] gave a formula for the rate-distortion function (RDF) of Gaussian vectors
and the RDF of Gaussian wide sense stationary (WSS) sources. Later, in 1970 Gray [2] obtained a
formula for the RDF of Gaussian autoregressive (AR) sources.

In 1973, Pearl [3] gave an upper bound for the RDF of finite-length data blocks of Gaussian WSS
sources, but he did not propose a coding strategy to achieve his bound for a given block length. In [4],
we presented two tighter upper bounds for the RDF of finite-length data blocks of Gaussian WSS
sources, and we proposed low-complexity coding strategies, based on the discrete Fourier transform
(DFT), to achieve such bounds. Moreover, we proved that those two upper bounds tend to the RDF of
the WSS source (computed by Kolmogorov in [1]) when the size of the data block grows.

In the present paper, we generalize the upper bounds and the two low-complexity coding
strategies presented in [4] to any Gaussian vector. Therefore, in contrast to [4], here no assumption
about the structure of the correlation matrix of the Gaussian vector has been made (observe that
since the sources in [4] were WSS the correlation matrix of the Gaussian vectors there considered was
Toeplitz). To obtain such generalization we start our analysis by first proving several new results on
the DFT of random vectors. Although in [4] (Theorem 1) another new result on the DFT was presented,
it cannot be used here, because such result and its proof rely on the power spectral density (PSD) of a
WSS process and its properties.

The two low-complexity strategies here presented are applied in coding finite-length data blocks
of Gaussian AR sources. Specifically, we prove that the rates (upper bounds) corresponding to these
two strategies tend to the RDF of the AR source (computed by Gray in [2]) when the size of the data
block grows and the AR source is asymptotically WSS (AWSS).

The definition of AWSS process was introduced by Gray in [5] (Chapter 6) and it is based on his
concept of asymptotically equivalent sequences of matrices [6]. Sufficient conditions for AR processes
to be AWSS can be found in [5] (Theorem 6.2) and [7] (Theorem 7). In this paper we present other
sufficient conditions which make easier to check in practice whether an AR process is AWSS.
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The paper is organized as follows. In Section 2 we obtain several new results on the DFT of
random vectors which are used in Section 3. In Section 3 we give upper bounds for the RDF of
Gaussian vectors, and we propose coding strategies to achieve such bounds. In Section 4 we apply the
strategies proposed in Section 3 to reduce the computational complexity of coding Gaussian AWSS AR
sources. In Section 5 we give sufficient conditions for AR processes to be AWSS. We finish the paper
with a numerical example and conclusions.

2. Several New Results on the DFT of Random Vectors

We begin by introducing some notation. C denotes the set of (finite) complex numbers, i is the
imaginary unit, Re and Im denote real and imaginary parts, respectively. * stands for conjugate
transpose, T denotes transpose, and Ax(A), k € {1,...,n}, are the eigenvalues of an n x n Hermitian
matrix A arranged in decreasing order. E stands for expectation, and V), is the n x n Fourier unitary

matrix, i.e.,
1 _2r(-Dk-1); .
(Valjk = ﬁe n , jke{l,...,n}

If z € C then Z denotes the real (column) vector

Zpp = | #n-2

In this section, we give several new results on the DFT of random vectors in two theorems and
one lemma.

Theorem 1. Let y,,.1 be the DFT of an n-dimensional random vector x,,.1, that is, y,.1 = V,; x,.1.

1. Ifke{l1,...,n} then

Au(E (xn1x50)) < E (J0) < M(E (xnax3a) M)
and
An(E (xp1%5.)) < E (\]/k|2) < M(E (xpaxp))- )

2. If the random vector xp.q is real and k € {1,...,n — 1} \ {3} then

Xy xT Xn- xT
/\n(E( ;z,l n:l)) <E ((Re(yk))2> < Al(E( ;.1 n:l)), (3)

and

XX XX
An(E ( ;.1 w1)) < E((Im(yk))z) < M(E ( ;21.1 m)). @

Proof. (1) We first prove that if W), is an n X n unitary matrix then

An(E (Xn1%p:1)) < [Wndiaglg]’gn()‘j (E (xn1%7.1))) Wy < M(E (xpaxyq)). )

:|n—k+1,n—k+1 -
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We have

(Wil [diag1§j§n<)‘j (E (xﬂilx;:l))> W*]

I
™=

[Wndiag1gjgn(/\j (E (xn;1xfl;1))> W*} kuk: "

Il
_

I
E:

n
W, ]kl,h Z [diag1§j§n(/\j (E (xnzlxz:l)))]hl [Wfﬂl,kz
=1 4

h=1
= ) [Walk w A (E (xn:1%51)) [Wal ko, (6)
h=1
for all ki,ko € {1,...,n}, and hence,
n
: i * * — ek 2'
[wndlaglgjgn()x] (E (xp1x51))) w”} e h; Me(E (225 )) | Wl 1

Consequently,

n

An(E (xp:1%p.1)) Z ‘[Wn]n—k+1,h|2 < [Wndiaglgjgn(/\j (E (xnzlx:;:l))) Wﬂ

=1 n—k+1,n—k+1

n
< M(E (xn1x50)) Yo 1[Waln—ks1ul?
=1

and applying
n 2 n
Y A Walu—ke1nl® = Y Waln—iksrnWalnn—ie1 = (WaWoln—kstn—k+1 = Unln—ks1n—kt1 = 1,
=1 =1

where I,, denotes the n x n identity matrix, we obtain Equation (5).
Let E (x,1x},) = Undiaglgjgn(/\j (E (x41x%4))) U, ! be a diagonalization of E (x,.:1x.;) where
the eigenvector matrix U, is unitary. As

2 * : * *
E <|xk| ) = [E (xn:lxnzl)]n7k+1,n7k+1 = [undlaglgjgn(/\f (E (x’“lx"il))) un}n7k+l,n7k+l !

Equation (1) follows directly by taking W, = U, in Equation (5).
Since
E (ka|2) [E (YnaYn)ln—ks1nk1
= [E (Vixnaxya (V*)*)}n—k-i-l,n—k-&-l
[V E (xn 1xn l) (V*) ]n—k+1,n—k+l
= Vi Undiagy <, (A5 (E (ruaxga))) U (V)]
ol

Vilndiagy i, (4 (E (¥naxy)) (Vih)] )
taking W, = V,;U, in Equation (5) we obtain Equation (2).
(2) Applying [4] (Equation (10)) and taking W, = U, in Equation (6) yields

27‘((1 — kl)k 27‘((1 — k2)k

1 n
= Y cos ” cos ” E (%t Xnter1)

1 & 27t(1 — kq1)k 27t(1 —kp)k
= Z cos (n ) cos ( 2) {E (x":lxll)}kl,kz

n
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- ikél L - kk s 270 - ko)k (Undiag; e (47 (E (vnaxia ) ) ) U],
- iké:l cos 27T(1n_kl)k cos 2TE(1n—kz)k é Wl (E (xnzlx;{q)) G
) () o )
= ihil)\h (E (xn 1X, 1)> Iilcoszn(lnl)k[un]l,h 2,

and therefore,

2
1 & | & 2r(1 -1k
T
)Ln (E (xn:lxn:1)>g h;l IZZICOS [Un];h
2
1 & & 2t(1—1)k
2 T
< B ((Re(u))?) < A (E (s ) ) 5 1o | Yo cos === (Ul
Analogously, it can be proved that
ST e 21—k ?
)Ln (E (xn:lan))Eh;l 1221811‘1 [un]lh
2
1 & | & . 2n(1 =Dk
< B ((m(1))*) < A (E (vuaia) ) 3 X |3 sin === Ul
To finish the proof we only need to show that
1 2m(1— Dk 2o ale 21—k 2y
L | L cos Unlip| =3 |} sin [Walin| =5 ®)
"=l n "p=1lim
If b4, ..., b, are n real numbers then
1 n n 2 1 n n 1 n n
=Y | bl =~ ) (Z b [Un]ey ><Z bkz[un]kz,h) == ) bybe Y Ul [Unln,
"= im " =1 k=1 k=1 " k=1 =1
1 & i
== 2 bibi [Unlgly, i, = Z b by [Inli, o, = sz, )

ki,ko=1 k1 Jo=1

and thus,

% Z_i,i (Sin 271'(1”7 z)k>2_ 111121 (1_ (COS 271(1”* l)k)2>

27(1 - D)k ?

n —
) cos — Ui p| -

=
Hl =
—

Equation (8) now follows directly from [4] (Equation (15)). O
Lemma 1. Let y,,.1 be the DFT of an n-dimensional random vector x,.1. Ifk € {1,...,n} then

1. (|3/k| ) [ . E (x” 1x ) V”} n—k+1,n—k+1°
2. (yk) [ViE (xn1x,, ) V”]n—k+1,n—k+l‘
3. E(Re(y)Im (yx)) = 3Im (E (43)).
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4. E ((Re(]/k)>2) _ E(|yk\2)+§e(E(y%)).

5. E ((Im(yk))z) — E<‘yk‘2)_§e(5(yk>).

Proof. (1) Itis a direct consequence of Equation (7).
(2) We have

E (yi) - {E (yn:lyll)}n7k+1,nfk+l - {E (V’:x":lxll (V;)T)Lhk+1,nfk+l

= {E (ijnzlxllvn)] = [VJE (me;,r;l) Vi

n—k+1n—k+1 } n—k+1,n—k+1

(3) Observe that

E (1) = E ((Re(y0))” — (Im(x))” + 2Re(y) Im(y)i )

= E ((Re(y))*) — E ((tm(y0)? ) +2E (Re(yi)Im(y)) i, (10)
and hence,
im (E (42) ) = 2E (Re(yi)Im(y) -
(4) and (5) From Equation (10) we obtain
Re (E () = E (Re(i))’) — E (Im(w))?) (1)
Furthermore,
E (Iil”) = E ((Re(y))* + (m(yi))*) = E ((Re(0))?) + E ((1m(y0))*) (12)

(4) and (5) follow directly from Equations (11) and (12). O

Theorem 2. Let .1 be the DFT of a real n-dimensional random vector x,.q1. Ifk € {1,...,n — 1} \ {5} then

An(E (xn:lx,;r-l)) T T M(E (xnzlx—r-l))
il <« < < — /7
5 <Az (E (yk (k) )) <M (E (yk (k) )) < >
Proof. Fix r € {1,2} and consider a real unit eigenvector v = (vy,v;)' corresponding to

Ar (E (yAk (yAk)T>> We have

A (B (7)) = Ar (E (5 @0 7) ) oTo =0 (4 (B (R )7) ) v) =T E () ) o

From [4] (Equation (10)) we obtain

2(1kk  2m(1ky)k 2(1ky )k . 2m(1ko )k
1 & (cos <n Uk cos <n 2) E (XpfepaXntipi1) COS (n Uk gin (n 2) E(xn_kl+1xn_kz+1))

. 2m(1-kq )k 27t(1-ky )k s 2n(1kq)k . 2m(1-kp)k
e e\ sin 220k cog 2RO E () sin 2RO i 200k ()
1 ¢ T T
= L [ (s, o,
ky ko=1 152

with
27t(1-1)k

cos
wl:<.n2n(1”_l)k>, led{l,...,n},

SI. m
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and consequently,

A (E(@@T)) =5 2 [E ()], o ol

p) |
_ iklgl hi[un]kl,m (E (vuavl ) ) [l i,

_ }qké—l (v, v)Th_Zl[un]kl,hAh (E (3naia ) ) Wl
B i) (i) (i)
- o o)) [ o

with E (x,x,,) = Undlag1<]<n( (E (x41x,.,))) U, ! being a diagonalization of E (x,.1x,.;) where
the eigenvector matrix U, is unitary. Therefore,

2

< (e (0 )< (8 (ania), &

h=1

" 2

Z [ o[Unly

Y w o[Unly

=1

(et 2

To finish the proof we only need to show that

—_

1 n

n
Y w o[U]y
i=

Applying Equation (9) and [4] (Equations (14) and (15)) yields

1 n n T 2
=) (Y w o[Un]y
=1 i=
TE, 172 1¢ ( 27(1—1) 27(1— )k >2
==Y (w'v)] ==Y (cos v1 +sin o
”1=1< > [y n
1 21(1—=Dk\? ,1 & 27(1 — Dk \ 18 2n(1—Dk | 2rn(1—1Dk
:v%fZ(cosM) +v%fz<sinM) +20102*ZCOS ( ) sin ( )
anl n Tll:1 n nl:1 n n
1¢ 2(1—Dk\* o3 "t 4x(1—-Dk
2
= vlgl; (COS n + ?2 +0102*l;sm
1 27t(1 — Dk \? 2 o 4n(l— 1)k
==Y (1 <51 (1=l ) ) %fvlvszsm (=1
3 =1
1& (. 2n(1-Dk\?\ o3 1 "
= 1—— - — — I n 1
(1L () ) vk om0
2 2
_nn ., 1 S N S D |
=3 + 5 vlvznlm <lzle ) = -0 072.

3. RDF Upper Bounds for Real Gaussian Vectors

We first review the formula for the RDF of a real Gaussian vector given by Kolmogorov in [1].
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Theorem 3. If x,,.1 is a real zero-mean Gaussian n-dimensional vector with positive definite correlation matrix,
its RDF is given by

Ry, (D Zmax{ o 1y M (E (xmxll))} D e <otr(E(x1x1))]

0 n

where tr denotes trace and 6 is a real number satisfying

— ikémin {G,Ak (E (xnzlx;qr:l)) }

We recall that Ry, (D) can be thought of as the minimum rate (measured in nats) at which one
must encode (compress) x,,.; in order to be able to recover it with a mean square error (MSE) per
dimension not larger than D, that is:

E (I~ 5all) _

= 7

n

where x,,1 denotes the estimation of x,.; and || - ||2 is the spectral norm.
The following result provides an optimal coding strategy for X1 in order to achieve Ry, (D)
whenever D < A, (E (x41x,);)). Observe thatif D < A, (E (x41x,);)) then

& e det (E (x,qx|
Rxﬂ] zi Z xglxnzl)) _ %ln e ( (gzlxn:l)). (13)

Corollary 1. Suppose that x,.1 is as in Theorem 3. Let E (Xp:1X,p.1) = Updiagy << ,(Ax (E (xpa%,,))) Uy!
be a diagonalization of E (x,1x,,) where the eigenvector matrix U, is real and orthogonal.
IfD € (0,A (E (xyax,.,))] then

_1y¢ _ )
Rxn:l(D) - Ekzlezk(D) = % Z In D (14)

with z,. = U,] xp.1.

Proof. We encode zj,...,z, separately with E (||zk —z~k||§) < D for all k € {1,...,n}. Let
Xpa := Upzya, where
Zn
Zp: =

21

As U,] is unitary (in fact, it is a real orthogonal matrix) and the spectral norm is unitarily invariant,

we have
E (Hxnzl_f;:/l”%) E(Huy—zrxnzl xnl” ) (Hzn:l_zf\n:ﬂ‘%)
n - n n
E(Ti-2)) TaE(@-207) Sk (lE-El)
= ” = ” = " <D,
and thus,
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To finish the proof we show Equation (14). Since

E (znazpn) = E (U xua0aUn ) = Uy E (1) ) Un = diagy e (Ax (E (xu1%71) ) ).

we obtain

E(:F) = [E (i) ], g = oot (B (90200) ) 2 20 (E (reaia ) ) 2 D >0

Hence, applying Equation (13) yields

1 1
-l Z Rzk(D) N
n = n

O

Corollary 1 shows that an optimal coding strategy for x,,.1 is to encode zy, . . ., z, separately.
We now give two coding strategies for x,,.; based on the DFT whose computational complexity is
lower than the computational complexity of the optimal coding strategy provided in Corollary 1.

Theorem 4. Let x4 be as in Theorem 3. Suppose that .1 is the DFT of x,,.1 and D € (0, Ay (E (xy1x,.1))]. Then

Rup (D) < Ry (D) < Ry (D) < 5, 0 E(d’) (15)
<R. (D)+ 1o n HE X1 Xy) — V”dlagl<k<n<[v E (xu1%y4) V”]kk) V* (16)
= n: 5N ’

" 2 Vi A (E (¥m1%,4))
where || - || is the Frobenius norm,
Ry, (D)2 70 ) Ry (2)+Rya (D)
_ = - if n is even,
Ry, (D) := 1 D
- 251 R (8) R (D) N
- if n is odd,
and

if n is even,

—— if n is odd.

Proof. Equations (15) and (16) were presented in [4] (Equations (16) and (20)) for the case where the
correlation matrix E (x,x,.,) is Toeplitz. They were proved by using a result on the DFT of random
vectors with Toeplitz correlation matrix, namely, ref. [4] (Theorem 1). The proof of Theorem 4 is similar
to the proof of [4] (Equations (16) and (20)) but using Theorem 1 instead of [4] (Theorem 1). Observe
that in Theorems 1 and 4 no assumption about the structure of E (xn:l xl—:l) has been made. [

Theorem 4 shows that a coding strategy for x,,1 is to encode y17, ..., yu separately, where (%]
denotes the smallest integer higher than or equal to 5. Theorem 4 also shows that another coding
strategy for x,,.1 is to encode separately the real part and the imaginary part of y; instead of encoding v
whenk € {[5],...,n =1} \ {§}. The computational complexity of these two coding strategies based
on the DFT is lower than the computational complexity of the optimal coding strategy provided in
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Corollary 1. Specifically, the complexity of computing the DFT (y,.; = V;;x,,.1) is O(n1logn) whenever
the fast Fourier transform (FFT) algorithm is used, while the complexity of computing z,,.; = U, x,. is
O(n?). Moreover, when the coding strategies based on the DFT are used, we do not need to compute
a real orthogonal eigenvector matrix U, of E (xnzlxll). It should also be mentioned that for these
coding strategies based on the DFT the knowledge of E (xnzl xll) is not even required, in fact, for them

we only need to know E (yAk (yAk)T) withk € {[5],...,n}.

The rates corresponding to the two coding strategies given in Theorem 4, Ry, , (D) and Ry, (D),
can be written in terms of E (xn:lxll) and V, by using Lemma 1 and the following lemma.

Lemma 2. Let y,.1 and D be as in Theorem 4. Then

L Ryk(D):%mE(g%)foralzlke{1“5,”}0{%%}. 2
2. Ry (g) - %m’f((Re(yk)) )E((Im(ygg)g(E(Re(ykﬂm(yk))) forallke {1,...,n—1}\ {2}
2
E((R 2 ;
3. Reewy (%) = %1n%fomzzk €{L...,n—1}\ {2}.
4 Ringy (2) =

Proof. (1) Applying Equation (2) and [4] (Lemma 1) yields

o< < (& (saria)) < £ () = £ ).

Assertion (1) now follows directly from Equation (13).
(2) Applying Theorem 2 we have

2
lnw]‘orallké {1, n=13\ {5}
7

NI—=

0 < g < An(E (x;:lxll)) <A (E (yAk (yAk>T)>_

Consequently, from Equation (13) we obtain

wor [ E(Re)?) B (Re (3 1m ()
py 1. det(E(GG)) 1 E(Im (yo)Re (i) E ((Im (y))?)
7 <E) = Zln 5 =-In

2 1 2
(%) (%)
Assertions (3) and (4) Applying Equations (3) and (4) yields

X1 X,
0 < % S )\n (E ( 211.1 n:l)) S E ((Re (yk))2> .

and
X, JCT
0 < % < An (E ( 271-1 n:l)) <E ((Im (yk))z) .

Assertions (3) and (4) now follow directly from Equation (13). O

We end this section with a result that is a direct consequence of Lemma 2. This result shows
when the rates corresponding to the two coding strategies given in Theorem 4, Ry, , (D) and Ry, (D),
are equal.

Lemma 3. Let x,.1, Yp.1, and D be as in Theorem 4. Then the two following assertions are equivalent:

1. ﬁxn:l(D) = Rxn:l(D)'
2. E(Re(ye)Im(y) = Oforallk € {[%],...,n—1}\ {4}.
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Proof. Fixk € {[5],...,n—1} \ {$}. From Lemma 2 we have

(&)
1 E((Re())?) B (1m (v))?)
o 2
(8
2

L, E((Re()’) |

D
2
D D
- RRe <2> +RIm (2) .

4. Low-Complexity Coding Strategies for Gaussian AWSS AR Sources

@)J E ((Re (y))?) E (I () ) — (E (Re (y) Im (y))’

IN

O

We begin by introducing some notation. The symbols IN, Z, and R denote the set of positive
integers, integers, and (finite) real numbers, respectively. If f: R — C is continuous and 27-periodic,
we denote by T, (f) the n x n Toeplitz matrix given by

[Ta(H)ljk = tj—k

where {t; }rcz is the sequence of Fourier coefficients of f, i.e.,

1

= — o flw)e™idw Yk ez
27T Jo

If A, and B, are n x n matrices for all n € IN, we write {A,} ~ {B,} if the sequences
{A,} and {B,} are asymptotically equivalent, that is, {||Ax||2} and {||Bx|2} are bounded and
limy o0 % = 0 (see [5] (Section 2.3) and [6]).

We now review the definitions of AWSS processes and AR processes.

Definition 1. A random process {xy } is said to be AWSS if it has constant mean (i.e., E(x;) = E(xy) for all
j, k € IN) and there exists a continuous 2rt-periodic function f: R — C such that {E (xp1x}.1)} ~ {Tu(f)}-
The function f is called (asymptotic) PSD of {xy }.

Definition 2. A real zero-mean random process {xy } is said to be AR if
n—1
=Y ay4x,x VneN,

or equivalently,
n—1
Y ajx,_=w, Vnekl, (17)
k=0
whereag = 1,a_x € R forallk € N, and {w, } is a real zero-mean random process satisfying that E (wjwy) =
6ix0” for all j,k € W with 0> > 0 and & being the Kronecker delta (i.e., §;x = 1if j = k, and it is
zero otherwise).
The AR process {x,} in Equation (17) is of finite order if there exists p € IN such that a_; = 0 for all
k > p. In this case, {x, } is called an AR(p) process.
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The following theorem shows that if x,,.; is a large enough data block of a Gaussian AWSS AR
source, the rate does not increase whenever we encode it using the two coding strategies based
on the DFT presented in Section 3, instead of encoding x,.; using an eigenvector matrix of its
correlation matrix.

Theorem 5. Let {x,} be as in Definition 2. Suppose that {ay } ez, with ay = 0 for all k € IN, is the sequence
of Fourier coefficients of a function a: R — C which is continuous and 2mt-periodic. Then

1 infuen An (E (xpax) ) > —— >0,

= maxye[on [a(w)]?
2. Consider D € (0,infyen An (E (x41%,.4))]-
(a) If{x,} is Gaussian,

1. o2

5N 5 =Ry, (D) <Ry, (D) <Ry, (D) <Ki(n,D)<Kp(n,D)<K3(n,D)  VneNN, (18)

where Ky (n, D) is given by Equation (16), and Ky(n, D) and K3(n, D) are obtained by replacing
. . . 2 .
A (E (’fntle)) in Equation (16) by infyen An (E (x41%,.,)) and oo @R respectively.
(b)  If {x,} is Gaussian and AWSS,

lim Ry, (D) = lim Ry, (D) = lim Ry (D) = lim K3(n, D). (19)
: : : lim

n—o0 n—o0 n—o00

Proof. (1) Equation (17) can be rewritten as
Tu(a)xXp:1 = Wy Vn € IN.
Consequently,
Tu(a)E (xn:le) (Tu(a)" = E (T”(”)xnrl (Tn(ﬂ)xm)T) =k (wnrlwlo =0c’l, VneN.

As det(T,(a)) =1, T, (a) is invertible, and therefore,

E (el ) =0 (Ta(@) 7 ((Ta(@) ) = ((Ta(@) T Tal@) " = 0 (Ta(@)) Tul@) ™"

= <N”diag1§k§” <(Uk (T"(”)))z) N;>_1 = Nydiag; ., ((mc(;z(a)))z> Ny (20)

forall n € N, where T, (a) = Mydiag) ;- (0x (Tu(a))) Ny is a singular value decomposition of Ty (a).
Thus, applying [8] (Theorem 4.3) yields

2 2

(o (o
Mo (E (vuaxia) ) = (@1 (To(@) ~ Maxee o2 [2()

‘2>0 Vn € IN.

(2a) From Equation (13) we have

det (02 (To(@)) " ((Tu(@)) ")
:iln (0.2)11 Zilnﬂzl
2n D”det(Tn(a))det((Tn(a))T) o M Dr T2

2
ln% Vi € IN.

Assertion (2a) now follows from Theorem 4 and Assertion (1).
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(2b) From Assertion (2a) we only need to show that

HE Xpi1X,p) — Vndlag1<k<n<[v E (xp1%,4) Vn]kk) V*
lim
n—oo \/ﬁ

As the Frobenius norm is unitarily invariant we obtain

= 0. (1)

HE (xn:lx;{:l> - Vndiaglgkgn( [V;E (%] 1) vn] ) v

0< NG L
E(rey) -0, -Gt |Vediomrcuca([ViE (srela) ], ) Vi=Catr)|
= v L A i
E(uarty) -1, 10—, | Vedtiomceca( [V (E(omaxi) -mip)w] Iy
v T NG
JeGist) -7, [m0-G0) dingscco[Vi (E(snsa) - Tu0) )|
Vn i Vi
g HE(wL)nn(f)\F+ nm;m\\u\vz (E<xn:1xl\1/)ﬁ ~Tu()) Va,
|E(xnaxi)=Tu(h)|, [ TutH=Cutr)],
Vi i

where f is (asymptotic) PSD of {x,} and C,(f) = Vidiag) <, ([Vi Tu(f) Valkx) Vi Assertion (2b)
now follows from {E (x,1x,.1)} ~ {Tu(f)} and [9] (Lemma 4.2). O

If Y9 |ak| < oo, there always exists such function a and it is given by a(w) = Y-0__ ae“! for
all w € R (see, e.g., [8] (Appendix B)). In particular, if {x, } is an AR(p) process, a(w) = Zgz_p ageket
forallw € R.

5. Sufficient Conditions for AR Processes to be AWSS
In the following two results we give sufficient conditions for AR processes to be AWSS.

Theorem 6. Let {x,} be as in Definition 2. Suppose that {ay }rcz, with ap = 0 for all k € IN, is the sequence of
Fourier coefficients of a function a: R — C which is continuous and 2rt-periodic. Then the following assertions
are equivalent:

{x,} is AWSS.
{||E (xnlx DI, } is bounded.
{Tu(a)} is stable (that is, {II(Tw(a)) |2} is bounded).
a(w) # 0 forall w € R and {x, } is AWSS with (asymptotic) PSD - ‘7

oo =

Proof. (1)=-(2) This is a direct consequence of the definition of AWSS process, i.e., of Definition 1.
(2)&(3) From Equation (20) we have

2

2 Gonsin) |, = e =

1 2 2

‘Nndiaggks;« (Uk(Tn(a))> M

2

foralln € IN.
(3)=(4) It is well known that if f: R — C is continuous and 27t-periodic, and {T,(f)} is stable
then f(w) # 0 for all w € R. Hence, a(w) # 0 for all w € R.
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Applying [8] (Lemma 4.2.1) yields {(Tn(a))T} = {(Tu(a))"} = {Tu(a)}. Consequently, from [7]
(Theorem 3) we obtain

{(Tu(@) " Tu(@) } = {Tu@Tu()} ~ {Tu(@)} = {Tx (1a) } .

Sl

Observe that the sequence

{| (o0 10 L= L Gt}

is bounded. As the function |a|? is real, applying [8] (Theorem 4.4) we have that T, (|a|?) is Hermitian
and 0 < minefoo [a(w)]* < An(Ty (Ja]?)) for all n € IN, and therefore,

|7 o))

Thus, from [5] (Theorem 1.4) we obtain

{2E (i) | = { (50" Tut@) "} ~ { (1 () "}

Hence, applying [10] (Theorem 4.2) and [5] (Theorem 1.2) yields

{28 () b~ {7 () -

Consequently, from [8] (Lemma 3.1.3) and [8] (Lemma 4.2.3) we have

et~ {om (32} - {5 (52

(4)=(1) Itis obvious. O

—E (xﬂilxnzl)

1 1
= < — Vn € IN.
2 An(Tu(lal?)) minge(o,27] la(w)|?

Corollary 2. Let {x,} be as in Definition 2 with Y0_ __ |ax| < 0. If Y32 ya_zk # 0 for all |z| < 1 then
{xn} is AWSS.

Proof. It is well known that if a sequence of complex numbers {#; }yc7 satisfies that } ;> || < o0

and that Y3 #z" # 0 forall |z| < 1then {T,(f)} is stable with f(w) = Y5> tefiforall w € R.
Therefore, {T,,(b)} is stable with b(w) = Y5>y a_xef“! for all w € R. Thus,

{flemtan2|,} = { || (crmtan )|} ={ ][ (man™) | } = {emeen-,}

is bounded with a(w) = Y9_ _ ekl for all w € R. As {T,(a)} is stable, from Theorem 6 we
conclude that {x, } is AWSS. O

6. Numerical Example and Conclusions

6.1. Example

. - . _ p 2
Let {x, } be as in Definition 2 with a_; = 0 for all k > 1. Observe that maxaco o W@ — TR
If [a_1| < 1 from Corollary 2 we obtain that the AR(1) process {x, } is AWSS. Figure 1 shows Ry, , (D),
o? _ 4
(L+[aq2 — 9
and n < 100. Figure 1 also shows the highest upper bound of R, , (D) presented in Theorem 5,

Ry, (D), and Ry, (D) by assuming that {x,} is Gaussian,a_; = —1, 0> =1,D =
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namely, K3(n, D). Observe that the figure bears evidence of the equalities and inequalities given in
Equations (18) and (19).

Nats per dimension

05 f .

045 .

04r I I I I I I I I I ]
10 20 30 40 50 60 70 80 90 100

Figure 1. Considered rates for a Gaussian AWSS AR(1) source.

6.2. Conclusions

The computational complexity of coding finite-length data blocks of Gaussian sources can be
reduced by using any of the two low-complexity coding strategies here presented instead of the
optimal coding strategy. Moreover, the rate does not increase if we use those strategies instead of
the optimal one whenever the Gaussian source is AWSS and AR, and the considered data block is
large enough.
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