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Abstract: The first- and second-order optimum achievable exponents in the simple hypothesis testing
problem are investigated. The optimum achievable exponent for type II error probability, under the
constraint that the type I error probability is allowed asymptotically up to ¢, is called the e-optimum
exponent. In this paper, we first give the second-order e-optimum exponent in the case where
the null hypothesis and alternative hypothesis are a mixed memoryless source and a stationary
memoryless source, respectively. We next generalize this setting to the case where the alternative
hypothesis is also a mixed memoryless source. Secondly, we address the first-order e-optimum
exponent in this setting. In addition, an extension of our results to the more general setting such
as hypothesis testing with mixed general source and a relationship with the general compound
hypothesis testing problem are also discussed.

Keywords: general source; hypothesis testing; information spectrum; mixed source; optimum exponent

1. Introduction

Let X = {X"}? ; and X = {Yn},‘f:l be two general sources (cf. Han [1]), where we use the term
of general source to denote a sequence of random variables X" (respectively, X ') indexed by block
length 1, where each component of X" (respectively, X') takes values in alphabet X and may vary
depending on #.

We consider the hypothesis testing problem with null hypothesis X, alternative hypothesis X
and acceptance region A, C X". The probabilities of type I error and type II error are defined,

respectively, as
o= Pr{X" ¢ An}, Api=Pr{X" €A} 1)

We focus mainly on how to determine the e-optimum exponent, defined as the supremum of
achievable exponents R for the type II error probability A, =~ e~""R under the constraint that the type I
error probability is allowed asymptotically up to a constant ¢ (0 < ¢ < 1). The classical but fundamental
result in this setting is so-called Stein’s lemma [2], which gives the e-optimum exponent in the case
where both the null and alternative hypotheses are stationary memoryless sources. The lemma shows
that the e-optimum exponent is given by D(Px||Px), the divergence between stationary memoryless
sources X and X. Chen [3] has generalized this lemma to the case where both of X and X are general
sources, and established the general formula of e-optimum exponent in terms of divergence spectra. The
e-optimum exponent derived in [3] is called in this paper the first-order e-optimum exponent.

On the other hand, the second-order asymptotics have also been investigated in several contexts
of information theory [4-9] to analyze the finer asymptotic behavior of the form A, ~ e "R—V/nS,
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Strassen [4] has first introduced the notion of e-optimum achievable exponent of the second-order
in hypothesis testing problem in the case where both of X and X are stationary memoryless sources.
The results in [4] have also revealed that the asymptotic normality of divergence density rate
(or likelihood ratio rate) plays an important role in computing the second-order e-optimum exponent.

In this paper, on the other hand, we investigate the hypothesis testing for mixed memoryless
sources. The class of mixed sources is quite important, because all stationary sources can be regarded
as mixed sources consisting of stationary ergodic sources. Therefore, the analysis for mixed sources is
primitive but fundamental and thus we first focus on the case where the null hypothesis is a mixed
memoryless source and the alternative hypothesis is a memoryless source. In this direction, Han [1]
has first derived the single-letter formula for the first-order e-optimum exponent in the case with
mixed memoryless source X and stationary memoryless source X. The first main result in this paper
is to establish the single-letter second-order e-optimum exponent in the same setting by invoking
the relevant asymptotic normality. The result is a substantial generalization of that of Strassen [4].
Second, we generalize this setting to the case where both null and alternative hypotheses are mixed
memoryless X, X to establish the single-letter first-order e-optimum exponent.

It should be emphasized that our results described here are valid for mixed memoryless sources
with general mixture in the sense that the mixing weight for component sources may be an arbitrary
probability measure. For the case of mixed general sources with finite discrete mixture, we reveal
the deep relationship with the compound hypothesis testing problem. We notice that the compound
hypothesis testing problem is important from both of theoretical and practical points of view. We show
that the first-order 0-optimum (respectively, exponentially r-optimum) exponent for the mixed general
hypothesis testing coincides with that for the 0-optimum (respectively, exponentially r-optimum)
exponent in the compound general hypothesis testing.

The present paper is organized as follows. In Section 2, we fix the problem setting and review
the general formula (Theorem 1) for the first-order e-optimum exponent. This is used to prove
Theorem 5 to establish a first-order single-letter formula for hypothesis testing in the case where both
the null and alternative hypotheses are mixed memoryless. Moreover, we give the general formula
(Theorem 2) for the second-order e-optimum exponent, which is used to prove Theorem 4 to establish
a second-order single-letter formula for hypothesis testing in the case where the null hypothesis is
mixed memoryless and the alternative hypothesis is stationary memoryless. In Section 3, we establish
the single-letter second-order e-optimum exponent in the case with mixed memoryless source X
and stationary memoryless source X (cf. Theorem 4). Furthermore, in Section 4, we consider the
case where both of null and alternative hypotheses are mixed memoryless sources, and derive the
single-letter first-order e-optimum exponent (cf. Theorem 5). Section 5 is devoted to an extension of
mixed memoryless sources to mixed general sources. Finally, in Section 6, we define the optimum
exponent for the compound general hypothesis testing problem to discuss a relevant relationship with
the hypothesis testing with mixed general sources. We conclude the paper in Section 7.

2. General Formulas for e-Hypothesis Testing

In this section, we first review the first-order general formula and then give the second-order
general formula. Throughout in this paper, the following lemmas play the important role, where we
use the notation that P indicates the probability distribution of random variable Z.

Lemma 1 ([1] (Lemma 4.1.1)). For any t > O, define the acceptance region as

An == X € Xﬂ
{ Pyn(x)

%mgpx”(x) zt}, @)
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then, it holds that
Pr {Y“ € An} <e M, 3)

Lemma 2 ([1] (Lemma 4.1.2)). For any t > 0 and any Ay, it holds that

P (X7)

Pr{X”Qé.An}+e”tPr{Xn€.An}zPr{ilogPXn(mgt}. 4)
X

Proofs of these lemmas are found in [1].
We define the first and second-order e-optimum exponents as follows.

Definition 1. Rate R is said to be e-achievable, if there exists an acceptance region A, such that

limsup u, < e and liminf1 log i > R. 5)
n

n—oo - n An
Definition 2 (First-order e-optimum exponent).
Be(X||X) := sup{R|R is e-achievable}. (6)

The right-hand side of Equation (5) specifies the asymptotic behavior of the form A, ~ e "R
Chen [3] has derived the general limiting formula for B¢(X||X) as follows, which is utilized to establish

Theorem 5 in Section 4.

Theorem 1 (Chen [3] (Theorem 1)).

B:(X||X) = sup{R|K(R) <&} (0<Ve<1), (7)
where
_ 1. Pxa(X")
K(R) =1 Pr¢{ —log—=———<~ <R5}. 8
) = imsupre {fios 2 < 1 ?

Moreover, we consider the second-order (¢, R)-optimum exponent as follows.

Definition 3. Rate S is said to be (g, R)-achievable, if there exists an acceptance region Ay such that

: | 1
llflnjoljp pn < € and hﬂg}fﬁ log FEDS > S. )
Definition 4 (Second-order (g, R)-optimum exponent).
Be(R|X||X) := sup{S|S is (¢, R)-achievable}. (10)

The right-hand side of Equation (9) specifies the asymptotic behavior of the form A, ~ e "R=V75,
The general limiting formula for B.(R|X||X) is given as follows, which is the second-order counterpart
of Theorem 1, and is utilized to establish Theorem 4 in the next Section 3.2 to give a second-order
single-letter formula for hypothesis testing in the case where the null hypothesis is mixed memoryless
and the alternative hypothesis is stationary memoryless.

Theorem 2.
B:(R|X||X) = sup{S|K(R,S) < e} (0<Ve<1), (11)
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where

L 1. Pxo(X") S
K(R,S)—hmsupPr{nlogpxn(X”)§R+\/ﬁ}. (12)

n—oo

Proof. See Appendix A. [
3. Mixed Memoryless Sources

3.1. First-Order e-Optimum Exponent

In the previous section, we have demonstrated the “limiting” formulas for general hypothesis
testing. In this and subsequent sections, we consider special but insightful cases and compute the
optimum exponents in single-letter forms.

Let © be an arbitrary probability space with general probability measure w(0) (6 € ®). Then,
the hypothesis testing problem to be considered in this section is stated as follows:

e  The null hypothesis is a mixed stationary memoryless source X = {X"}?° ,, that is, for
Vx = (xq, -+ ,xy) € X"
Pxo(x) = [ Pyy(x)dw(0), (13)
where Xj is a stationary memoryless source for each 6 € ® and
n
Pxn(x) = [ T Px, (x:) (14)
i=1

with generic random variable Xy (6 € ©) taking values in X'.

— — (e}
e  The alternative hypothesis is a stationary memoryless source X = {X”} . with generic random
n=

variable X taking values in X, that is,
Py (x) = HPY(xi). (15)

We assume X’ to be a finite alphabet hereafter.

To investigate this special case, first we introduce an expurgated parameter set on the basis of types,
where the type T of sequence x € X" is the empirical distribution of x, thatis, T = (N(x|x)/n)yecx
with the number N(x|x) of i such thatx; = x (i =1,2,--- ,n).

Let Ty, Ty, - - -, Tn, denote all possible types of sequences of length n. Then, it is well-known that

Ny < (n+1D)I¥ (16)
Now, for each x € X", we define the set
o(x) :={oco ’ng(x) <e¥"Pu(x) }. (17)

Since Pxy is an i.i.d. source for each 6 € O, the set ©(x) depends only on the type T of sequence
x, and therefore, we may write (T ) instead of ©(x). Moreover, we define the “expurgated” set
NH
0, =) O(Ty). (18)
k=1

Then, we have the following lemma:
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Lemma 3 (Han [1]). Let X = {X"}?° ;| denote a mixed memoryless source defined in Equation (13), then
we have .
/amw)217m+nwwﬁﬁ (19)
o

Next, we introduce two basic “decomposition” lemmas as follows.

Lemma 4 (Upper Decomposition Lemma). Let X = {X"}% , be a mixed memoryless source and

X = {?n }oo ) be an arbitrary general source. Then, for any 6 € ©;, and any real z,, it holds that
n=

1. Pxa(X2) 1, Pxn(Xy) 1
Pr{ —log—=—— % <7 Y <Pr{{=-log—0 "~ <z, 4+ —%. (20)
{ n & Pyn (Xg) " n & Pon (Xg) " WB
Proof. See Appendix B. O

Lemma 5 (Lower Decomposition Lemma). Let X = {X"}% , be a mixed memoryless source and

X = {Y"}oo ) be an arbitrary general source. Then, for any 6 € ©, z,, and v > 0 it holds that
n=

1. Pxa(X)) 1, Pxp(Xy) v _
Pr{ — log >0/ < >Pri-—log—0 9 <, L L _o=vur 21
%n%%mpj"—rn%%ﬂgj”wle @

Proof. See Appendix C. [

These Lemmas 3-5 are used later in order to establish Theorems 3-5. First, Theorem 3 concerning
the first-order e-optimum exponent for mixed memoryless sources has earlier been given as follows:

Theorem 3 (First-order e-optimum exponent: Han [1]). For 0 <e <1,

dw(f) <e (22)
/{9|D(Px9Px)<R} ®) }

where D(Px||Px) denotes the Kullback-Leibler divergence between Px and Px.

B:(X||X) = sup {R

Remark 1. If © is a singleton, the above formula reduces to
B:(X||X) = D(Px||Px) (0<Ve<1), (23)
which is nothing but Stein’s lemma [2].

Remark 2. B (X||X) can be expressed also as

Be(X||X) =sup{ R dw(f) <e ;. 24

((XIX) p{ |/{0D(PX9HPX)<R} 0 < } @)
This can be verified as follows. Set

:=sup<{ R dw(0) <e 3, 25

& p{ ‘/{9|D<PXGPX><R} @) = } %)

Be := R dw(0) < . 26
e Sup{ ‘/{9|D<PXGPX><R} Wl )‘8} (26)
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Then, clearly Bs < Be. Here, we assume that Bg < B¢ to show a contradiction. From the assumption,
there exists a constant -y > 0 satisfying Be + 2y < Be. On the other hand, from the definition of B, for any 5 > 0

¢ > / dw(6 27)
J101D(Py, |IPg)<Be—1} ©)

holds. Thus, setting 1 < <y leads to

e 2 J{oin(py, | Ipg)<pe—m) 40(0)
2 Jioip(py, 1Pg)<pe—r) 0 (6) o8
2 Jioi(py, 1) <perry 70(6)

> ¢,
which is a contradiction, where the last inequality is due to the definition of Be.

3.2. Second-Order e-Optimum Exponent

Next, we establish the second-order e-optimum exponent for mixed sources, which is the first
main result in this paper.

Theorem 4 (Second-order e-optimum exponent). For 0 <e <1,

Be(R|X||X) = S dw(6 Dy(S)dw(0) < , 29
oI Sup{ |/{9|D<PXGPX)<R} “ )+/{6D<PXQPX>R} o)t )‘8} )

where S
Dp(S) =G (m) , (30)
1 a2
G(x) := W ./_Ooe dx, (31)
Py, (x) )2
Vy = p 1 — D(Px,|| Py . 32
b= X o) (log 2205~ PP ) @

Proof. See Appendix D. [

Remark 3. If © is a singleton (® = {6p}), Theorem 4 reduces to B¢(R|X||X) = ,/VQOCDG_Ol () for
R = Be(X||X), which is originally due to Strassen [4].

Remark 4. From Theorem 3 with R = Be(X||X), it is not difficult to verify that

dw(f) <e (33)
[{9|D(ngpx)<R} ®)

and
/ dw(0) > ¢ (34)
{61D(Py, | |Px) <R}

Here, let us consider the following canonical equation for S

[ dw0(6) Jim @o(v/n(B.(X|X) — D(P | IPx)) +5) = e (35)



Entropy 2018, 20,174 7 of 27

In view of Equations (33) and (34), this equation always has a solution S = S(¢). It should be noted that if
f{G\D(PXQHPY):BE(XHY)} dw(6) = 0 holds, the solution is not unique and so S(¢) = —+o0. By using the solution

S(g), it is not difficult to check that Theorem 4 with R = Be(X||X) can be expressed as
Be(R|X[[X) = S(e). (36)

The canonical equation is a useful expression for the second-order e-optimum rate [7,10-12]. Equation (35) is
the hypothesis testing counterpart of these results.

4. Mixed Memoryless Alternative Hypothesis

In this section, we consider the case where not only the null hypothesis but also the alternative
hypothesis are mixed memoryless sources to establish the single-letter formula for the first-order
e-optimum exponent, by which we intend to generalize Theorem 3.

Let {PE }aez be a family of probability distributions on X', where ¥ is a probability space with
probability measure v(c). We assume here that X is a compact space and Py is continuous as a
function of o € Z.

The hypothesis testing problem considered in this section is stated as follows:

e The null hypothesis is a mixed memoryless source X = {X"}? ; as defined by Equations (13)
and (14) in Section 3.1.

J— — ()
o  The alternative hypothesis is another mixed memoryless source X = {X”} , that is, for Vx € X"
n=

Pon(x) = /E Pyt (x)do (o), (37)

where

Pyn(x) = HPya(x,'). (38)

Let us now consider, for each P € P(X) (the set of probability distributions on &X’), the equation
with respect to ¢’ € X as follows:

D(P||P,/) = v-ess.inf D(P||P,) (foreach P € P(X)) (39)

with v-ess. inf f, := sup{B| Pr{f> < B} = 0} (the essential infimum of f,, with respect to v(¢)), where “ Pr”
is measured with respect to the probability measure v(c).

Since the solution ¢’ of this equation depends on P, we may write as 0’ = o(P) (¢0(:) : P(X) — X).
Notice here that D(P||P,) is continuous in (P, P;), and as we have assumed that ¥ is compact and
P, is continuous in ¢, there indeed exists such a function ¢(P). Now, to avoid technical subtleties,
we assume here that the function ¢(P) may be chosen so as to be continuous. For example, if we
consider a special case such that X is a closed convex subset of P(X), then it is not difficult to verify
that the function ¢(P) is uniquely determined and continuous (or even differentiable), which follows
from the strict convexity of D(P||P) in (P, P). Another simple example will be the case that ¥ is
a countable set.

Hereafter, for simplicity, we write Py, P (respectively, P, ﬁji) instead of Py,, PXS (respectively,
Px , Pgn), then we have the second main result in this paper as

o

Theorem 5 (First order e-optimum exponent). For0 <e <1,

B:(X||X) = sup {R

_ dw(f) <e ;. (40)
/{GD(PGPE,([)Q)KR} © }
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Remark 5. In the case that X. is a singleton, the above theorem coincides with Theorem 3. Therefore, this theorem
is a direct generalization of Theorem 3. This means also that both © and % are singletons, the theorem coincides
with Stein’s lemma (see Remark 1).

Remark 6. Remark 2 is also valid in this theorem. That is, B¢(X||X) can be expressed also as

- dw(0) <e . 41)
/{GD(PGPn(pQ))SR} ®) }

Proof of Theorem 5. To show the theorem, let 7" C X" be the set of v-typical sequence with respect
to Px,, that is, let 9’,11, be the setof all x = (x1,xp,- -+ ,x,) € X" such that

B:(X||X) = sup {R

IN(x|x)/n — Px,(x)| <vPx,(x) (VxeX), (42)

where N(x|x) is the number of i such that x; = x, and v > 0 is an arbitrary constant. Then, it is well
known that
Pr{Xy e Ty} =1 (n— o). (43)

In the sequel, we use the upper and lower bounds of the probability

P (x) = /)2 P! (x)do(c) (44)
in the form

1 1 1 1
“lo > —log —— — So(v), 45
n gpyn(x) = n ng(PG) X) 9( ) ( )
1 1 1 1 1
—1lo < -log————+ —log——— 4+ (T —y(v)), 46
8B ) S ngi(pg)(x) 718 5 (T —0p(v)) (46)

for each x € 7y, where dy(v) satisfies dp(v) — 0asv — 0,and T > 0 and cx,, (Py) > 0 are some
constants independent of n. Proofs of Equations (45) and (46) appear in Appendix E.

We then prove the theorem by using Equations (45) and (46) as follows. In view of Theorem 1 and
Remark 6, it suffices to show two inequalities:

. 1. Pxn(X") /

limsupPr{ —log ———< <R, < B dw(9), 47)
e {n & Py (X7) {6|D(Pol|Py(p,)) <R} )

. 1. Pxn(X") /

limsupPr¢ —log—=——< <R, > _ dw(6). (48)
v {n & Py (X7 } {61D(Py|[Py(p,)) <R} )

e Proof of Equation (47):

Similar to the derivation of Equation (A23) with Lemma 4, we have

. 1 Pxn (X™)
limsupPr< —log ——%- <R
n—>oop { n 8 PY” (Xn) B

=limsup | dw(f)Prq —log %Xg) <R (49)
n—oo JO n Pgn (X§)
Pyn (X7
< / dw(6) lim sup Pr llogLi) <R+ %
€] n—oo n PYH(XB) \4/%
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From the definition of the v-typical set and Equation (45), we also have

1. Pxp(Xy) 1
li Pr{—log——- <R+ —
1im sup r{n ogpY my S +

n—co n (X %3
, 1, Pxr(Xy) 1
<limsupPr { —log T~ < R+ XG IS + hm sup Pr {Xe ¢ }
n—o0 n PX”(XQ)
o (X1 (50)
. 0
<limsupPr< —lo 77§R+—+5 v), Xj €
n%mp { g Pn(Pg)(Xg) 3 9( ) 4 }
Pyn (X2
< limsup Pr —10g#§1€+%+59(1/) ,
n—o0 n p (Pe)(Xg) \4/ﬁ
for any 0 € ©. Here, we define two sets:
0, = {9€®’D(P9||FU(P9)) gR}, (51)
0, = {9 €O ‘D(P9||E,(pe)) > R}. (52)
Then, from the definition of ®; there exists a small constant y > 0 satisfying
D(Py|[Py(p,)) > R+ 37 (53)
for 0 € ©®,. Thus, it holds that
1 Pxn (X3 1
lim sup Pr {lognx"(ei <SR+—7+ (59(1/)}
e " Pory (X5) vn
< limsup Pr 11 M<D(P||F )+L+5(v)73 (54)
= nj::p n 0g P = 0110 (Py) %3 0 Y

Pyn (X7
< limsupPr{loanX(e <

n—o0

where we have used the relation % < 7, and dy(v) < 7 for sufficiently large n and sufficiently
n

small v > 0.
Therefore, noting that, with X} = (Xg1, Xgp,- -+, Xou),

Pxn (X n Py (X, :
log X ( 9) _ l Zlogf X, ( 0i) (55)
n " Popy(X3)  n{S7 Pogpy (Xe,)
gives the arithmetic average of 7 i.i.d. variables with expectation
1 Py, (Xp) 5
E |- ) log =~——| = D(Py||Pyp,))- (56)
nS 7 Py, (Xp) o)
Then, the weak law of large numbers yields that for V6 € ©,,
, Pxn(Xg) -
lim sup Pr —logi’1 < D(B||Py(p,)) =7 ¢ =0. (57)
n—o0 0-(139) (XG )



Entropy 2018, 20,174

10 of 27

Thus, from Equations (54) and (57), the right-hand side of Equation (49) is upper bounded by

: Py (Xg) 1
/ dw(0) limsup Pr< — log 7,17 <R+ —5 +d(v)
® n—oo (Pg) (Xg) {‘/ﬁ

</ dw(0) lim sup Pr 1lo M D(Py||Pyp,y) — v
. 0, n~>oop n gﬁZ(Pg)(X;;) - o o (Pp)
1 Pxr (Xg) —
+ dw(0)limsup Pr<{ = log ————— < D(Py||P —
® ( ) n—>oop {I’l gPZ(Pg)(Xg) ( 9|| U(PQ)) Y

< dw(6
< J,
= dw(6),

{61D(Py|[Py(p,)) <R}
which completes the proof of (47).
e Proof of Equation (48):

Similar to the derivation of Equation (A32) with Lemma 5, we have

o (X7)
li Pr<—1 <R
msup { °gP X")

>/dw(0)limianr —lo M<R—
= Jo e 8 e (X1) =

} |

From the definition of the v-typical set and Equation (46), we also have

limianr{ Px H(Xgi }

n—co 710gP (X
) . 0
_r Xn
R
n
0

4

o

o Xy (Xg
> lim inf Pr logP (X0

> lim inf Pr lo ﬂ<l€flfllo ;—TJHS(U)
= 1 gﬁ”(%)(xg)* Jion 8 (By) 0
—limsup Pr{Xy ¢ 75", }

n—oo

1 Pxr (X3) yoo1 1
=liminfPr{ —log ——— < R— — — Zlog —— — 7+ (v
n—soo {n & PZ(Pg) (Xg) \/ﬁ n & CTm(Pg) 6( )

forany 0 € O.
We also partition the parameter space © into two sets.

0 = {9 €O ’D(P9||Pa(pe)) < R},
O, =

N~

{9 co ’D(P9||Fg(p9)) > R}.

(58)

(59)

(60)

(61)

(62)

Then, for 6 € @, if wesetv > 0and T > 0 sufficiently small, then there exists a constant 7 > 0 satisfying

AN S I S P
R \/ﬁ 7 log C-L—W(Pg) T+(59(1/) > D(PGHPU(Pg)) + 1 (Vl’l > 1’10).

(63)
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Thus, again by invoking the weak law of large numbers, we have for V0 € ©]
Py (Xg) | 1
liminfPr< —lo 7§R———710 — T+
=0 {Tl °8 U(Pe)(Xn) \/H n gCTm(PQ) 9( )
Pyy (Xy) _ (64)
> liminfPr} —log ———— < D(Py]|P +
> lim i {n gPZ(pg)(Xg) < D(Pyl[Py(p,)) +11
=1
Summarizing up, we obtain
. 1 Pxn (X™)
Zlog X2 <
h{qn_f::pPr { . log P (X7) = R
1 Py (X§) o1 1
dw(6 hmmfPr —log = <R—-——F=—-log——= —T+ v
> o { S e RV BT T Y R
1 PX" (X7) = (65)
> dw(0) liminfPr < — < D(Py||P
= Jo, w(6) lim in r{n 08 ST e o (XD = (Pol[Py(p,)) +11
dw(6
[, @
B dw(9).
{01D(Po|[Py(py)) <R}
This completes the proof of Equation (48). O

Remark 7. Theorem 3 is a special case of Theorem 5 when X is a singleton

To illustrate a significance of Theorem 5, let us now consider the special case with ¢ = 0. Then, by
virtue of Theorem 5, we have the following simplified result

Corollary 1. In the special case of € = 0, we have

X||X) = w-ess. inf v-ess. inf D(DPy||P,
(XI[X) = w-ess. inf o-ess. inf D(Py|[Py)

(66)
Proof. The formula (40) can be written in this case as
Bo(X|[X) = sup { R / B dw(f) =0 Y. 67)
{01D(Py||Py(py) ) <R}
Let
Ry < sup{ R / B dw(6) =0, (68)
{ | {01D(Po| Py (py)) <R}
then this means that o
Ry < w-ess. inf D(Py||Py(py)) )
= w-ess. inf v-ess. inf D(Py||P,).
0cO gEL
Contrarily, let
Ry > sup 4 R / B dw(8) =0}, (70)
{ ‘ {01D(Po|[Py(py) ) <R}
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then this means that -
R, > w-ess. inf D(P9||P(T(p ))
fc® o

inf inf D(Py||P 7y
= w-ess. inf v-ess. inf (Py|Po).

As a consequence, (66) follows from (67), (69) and (71). O

Remark 8. One may wonder if it might be possible to deal with the second-order e-optimum problem too using
the arguments as developed in the above for the first-order e-optimum problem with mixed memoryless sources X
and X. To do so, however, it seems that we need some novel techniques, which remain to be studied.

5. Hypothesis Testing with Mixed General Sources

We have so far investigated the e-hypothesis testing for mixed memoryless sources. In this section,
we deal with more general settings such as hypothesis testings with mixed general sources, which inherits
the crux of that for mixed memoryless sources (cf. Theorem 5). This leads us to a primitive but insightful
“general” observation.

To do so, we consider the case where both of null hypothesis X and alternative hypothesis X are
finite mixtures of general sources as follows:

e Thenull hypothesis is a mixed general source X = {X"}* , consisting of K general (not necessarily
memoryless) sources X; = {X"}° ; (i =1,2,---,K), thatis, ¥x € A",

K
Pxn(x) = )  a;Px»(x), (72)
i=1

wherea; >0(i=1,2,--- ,K)and X a; = 1.
(e )

e The alternative hypothesis is another mixed general source X = {Yn} ’ consisting of L general
n=

(not necessarily memoryless) sources X; = {Y;l}le (j=1,---,L), thatis, ¥x € X",
L
PY” (X) = Z 'B]Pyn (X), (73)

where,Bj >0 (] =1,2,--- ,L) andeL:l ﬁj =1.

In this general setting, it is hard to derive a compact formula for the first-order e-optimum
exponent (with 0 < ¢ < 1). Instead, we can obtain the following theorem in the special case of € = 0.

Theorem 6.

Bo(X[|X) = 1Sigr1r<1}lr1§j§LBo(Xi||Xj)- (74)

In particular, if X; and X; are all stationary memoryless sources specified by X; (i = 1,2,--- ,K) and
X;(j=1,2,---,L), respectively, then

Bo(X[[X) = _ min _ D(Px]|Pg), (75)

which is a special case of Corollary 1.

Proof. See Appendix F. O

Furthermore, we can also consider the following exponentially r-optimum exponent in hypothesis
testing with two mixed general sources X and X as above.
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Definition 5. Let r > 0 be any fixed constant. Rate R is said to be exponentially r-achievable if there exists
an acceptance region Ay, such that

lim inf 1 log i >r, liminf 1 log % > R. (76)
n

n—sco 1 Un n—oo 1
Definition 6 (First-order exponentially r-optimum exponent).
B (r|X||X) := sup{R|R is exponentially r-achievable}. (77)

Then, it is not difficult to verify that a result analogous to Theorem 6 holds, which is a generalization
of [1] (Remark 4.4.3):

Theorem 7.

B(rXIX) = min  B(rIXiIX)) (78)

In particular, if the null and alternative hypotheses consist of stationary memoryless sources
X (i=1,2,---,K)and X]' (j=1,2,---,L), respectively, then

B.(r|X||X) =  min inf  D(P| |PY]-)’ (79)

by virtue of Hoeffding’s theorem.

6. Hypothesis Testing with Compound General Sources

In this section, let us consider the compound hypothesis testing problem with finite null
hypotheses X; = {X}3°; (i = 1,2,---,K) and finite alternative hypotheses X; = {Y?}Z":l (j =
1,2,---,L), where X; and X are general sources. As is well-known, this problem is expected to have a
primitive but “general” relationship to that of mixed hypothesis at the structural level.

Specifically, the compound hypothesis testing is the problem in which a pair of general sources
(Xi, Xj) occurs as a pair (null hypothesis, alternative hypothesis), and the tester does not know which
pair (X;, X;) is actually working. This means that the acceptance region A, cannot depend on i and ;.
The type I error probabilities of the compound hypothesis testing are given by

u =Pr{Xx" ¢ A}, (80)
for each general null hypothesis X;. The type II error probabilities are also given by

M =P {X] e A}, (81)
for each general alternative hypothesis ij. Then, the following achievability is of our interest.

Definition 7. Rate R is said to be 0-achievable for the compound hypothesis testing, if there exists an acceptance
region A such that

() NS S
nh_r)x;lo Uy’ =0 and h%l’_l}g)lf . log 0 >R, (82)
n

foralli=1,2,--- ,Kandj=1,2,--- L.
Definition 8 (First-order 0-optimum exponent).

B({X;}1|[{Xj} 1) := sup{R|R is O-achicvable}. (83)
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Now, we have

Theorem 8. Assuming that a; > 0 and ﬁj > 0hold foralli=1,2,--- ,Kand j =1,2,--- ,L, it holds that

BU{X; o 11X ) = B({ai, X} [1{B7, X} 1), (84)
where with sources Equations (72) and (73), we use here the notation
B({"‘ifxi}zK:l I {5jrij}]'L:1) (85)
to denote Bo(X[|X) to make explicit dependence on a;, B;.

Proof. See Appendix G. [

From Theorems 6 and 8, we immediately obtain the first-order 0-optimum exponent for the
compound hypothesis testing as:

Corollary 2. Assuming that a; > 0 and [3]- > 0hold foralli=1,2,--- ,Kand j =1,2,--- , L, we have

BI{XiH (X} ) = min _ Bo(Xi[[X;). (86)
In particular, if X; and X are all stationary memoryless sources specified by X; and X;, respectively, Equation (86)

reduces to
BU{XiH [{X}y) = _ min _ D(Py,||Pg). (87)

Remark 9. Similar to Definition 5, we can define the exponentially r-optimum exponent also for the compound
hypothesis testing problem as follows.

Definition 9. Let r > 0 be any fixed constant. Rate R is said to be exponentially r-achievable for the compound
hypothesis testing, if there exists an acceptance region Ay, such that

lim inf 1 log % >, (88)
n—oo 1 s
o 1 1
liminf — log — > R, (89)
n—oo 1 ASZJ)

foralli=1,2,--- ,Kandj=1,2,---,L.
Definition 10 (First-order exponentially r-optimum exponent).
Be(r[{X:}5, || {X; }]L:l) := sup{R|R is exponentially r-achievable}. (90)
Then, using an argument similar to the proof of Theorem 8, the following theorem can be shown:
Theorem 9. Let a; > 0 and ﬁj > 0hold foralli=1,2,--- ,Kand j=1,2,--- ,L, then it holds that
Be(rl{X, 1 R y) = Belrl{a, XY 1B, Xy, 1)

where with sources Equations (72) and (73) we use the notation

Be(rl{ai, X} |1{B, X} 1) (92)
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to denote B,(r|X||X) (cf. Definitions 5 and 6).
Combining Theorems 7 and 9, we immediately obtain the following corollary:
Corollary 3. Let a; > 0 and /3]- > 0hold foralli=1,2,--- ,Kand j=1,2,--- , L, then it holds that

Be(rl{Xi}a [{X} 1) = Be (r|Xi[|X;). (93)

In particular, if the null and alternative hypotheses consist of stationary memoryless sources specified by
X;(i=12,---,K)and Y]' (j=1,2,---,L), respectively, as in Theorem 7, then

Be(rl{Xi}i4[[{Xj}j21) = _ min inf  D(P[|Px,), (94)

which corresponds to Equation (79).

7. Concluding Remarks

Thus far, we have investigated the first- and second-order e-optimum exponents in the hypothesis
testing problem. First, we have studied the second-order e-optimum problem with mixed memoryless
null hypothesis and stationary memoryless alternative hypothesis. As we have shown in the analysis
of the second-order e-optimum exponent, we use, as a key property, the asymptotic normality of
divergence density rate for each of the component sources. We also observe that the canonical
representation, first introduced in [11], is still efficient to express the second-order e-optimum exponent
for mixed memoryless sources in the hypothesis testing problem.

The first-order e-optimum exponent in the case with mixed memoryless null and alternative
hypotheses has also been established. One may wonder whether we can apply the same approach
in the derivation of the second-order e-optimum exponent in this setting. Notice that one of our key
techniques to derive the first-order e-optimum exponent is an expansion Px around Py. More careful
evaluation of this expansion would be needed to compute the second-order e-optimum exponent.
This remains to be a future work. Our final goal is the problem of hypothesis testing in which both of
null and alternative hypotheses are general stationary sources. This paper characterizes the first- and
second-order performance of hypothesis testing for mixed memoryless sources as a simple but crucial
step toward this goal.

Finally, the relationship between the first-order O-optimum (respectively, exponentially
r-optimum) exponent in the hypothesis testing with mixed general sources and the 0-optimum
(respectively, exponentially r-optimum) exponent in the compound hypothesis testing has also
been demonstrated.

Acknowledgments: We are grateful to the reviewers for useful comments. In particular, we greatly appreciate the
unusually thorough and insightful comments by Reviewer 3, which indeed helped us enhance the quality of the
paper. The second author of this work was supported in part by Japan Society for the Promotion of Science (JSPS)
KAKENHI Grant Number JP26420371.

Author Contributions: Te Sun Han first presented Theorem 4, part of the paper, at IEEE Information Theory
Workshop, Jeju, 2015, and subsequently, Te Sun Han and Ryo Nomura discussed together and collaborated to
establish Theorem 5.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Proof of Theorem 2
The proof consists of two parts.
(1) Direct Part:

Set Sy = sup{S|K(R,S) < €}. Then, we show that S = Sy — 1 is (¢, R)-achievable for V7 > 0.
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Define the acceptance region A, as

P)@(X) S
Ay = {lgpxn(x)>R+ﬁ}. (A1)

Then, from Lemma 1 with t = R+ f we have the upper bound for the type II error probability A;;:

Ao =Pr{X" € Ay} < e RS, (A2)
from which it follows that 1
hrllg 1£f 7 log z =S (A3)
We next evaluate the type I error probability ;. Notmg that
Pxn (X S
yn:Pr{X"eéAn}:Pr{ logpxgxiéR—O—n}, (A4)
we have
limsup yy = limsupPr< — log Pn(X") <R+ S <eg (A5)
n—soo n—00 (X ) n

because S = Sy — v by the definition. Hence, from Equations (A3) and (A5), S = Sg— v is
(¢, R)-achievable. Since y > 0 is arbitrary, the direct part has been proved.

(2) Converse Part:

Suppose that S is (¢, R)-achievable. Then, there exists an acceptance region .4, such that

. oo 1 1
111;1_}5;1}? pn < & and 117% g}f 7 log Aok >S. (A6)

We fix this acceptance region .A;. The second inequality means that for any y > 0

Ay < o~ "R—=+/n(S-7) (A7)

holds for sufficiently large n. On the other hand, from Lemma 2 with t = R + S?/? it holds that

P (X

n —
X

Substituting Equation (A7) into this inequality, we have

IN

Hn +e VT > Pr{ log PX”E;{ ; R+ S _ZIY}, (A9)

for sufficiently large n. Thus, we have

n —
limsup yy, > limsup Pr {Tlllog % <R+ S 27} . (A10)
Y}’l

n—o0 n—o0
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Here, from Equation (A6) we have

. . 1 PX” (Xn) S — 2’)’
e > limsu > limsupPr< —log ———+ < R+ , All
n~>oop Hn n%oop { n & PX”(XH) \/ﬁ ( )
which means that
5 — 21 < B(RX|[X). (A12)

Since 7y > 0 is arbitrarily, the proof of the converse part has been completed. [

Appendix B. Proof of Lemma 4
Since Pyy (x) < eV Py (x) holds for V0 € ©;;, we have

1 1 1
Pr{nlogPXn(Xg) < Zn} < Pr{nlogPXg(Xg) - ﬁ < zn}

(A13)
1 1
= Pr{nlogPXg(Xg) <zp+ \4/#}
for any z,. By using this inequality with z, + 1 log Py (X3 ) instead of z,, we have
1. Pxu(X} 1. Pxi(Xy 1
Pr —logLZ) <z, <Pr —logLﬁl)Sz,ﬁ——a (A14)
n PY”(XG) n PYV!( 9) %
which completes the proof. [
Appendix C. Proof of Lemma 5
Setting v > 0, we define a set
D,=q¢xe X" 110 p (x)—llo p (x)<—l (A15)
n= 08Xy ;08X X) = N K
for 6 € ©. Then, it holds that
Pr{Xj € Dn} = Yiep, Pxy(x)
< Yxep, Pxn(x)e= vV (A16)
< eV,
Thus, for any real number z, it holds that
Pr 1lo Pxn(Xy) <z - T
0 gLxui{Ag) = Zn N
_ 1 " n _ Y wyn 1 . n Y wn
= Pr{Llog Pyy (X) < 20— 5, X3 & Du} +Pr { log Py (Xf) < zu — J, X} € Dy } A1)

< Pr{LlogPui(X) <21} +Pr{Xf € Dy}

< Pr {%logPXn (Xpy) < zn} +em VY,
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Hence, we obtain the inequality

1 1 0% _
Pr {nlogPXn(Xg) < zn} > Pr {nlogPXg(Xg) <z,— \/ﬁ} —e \/ﬁ’Y/
from which with z, + % log Py (X} ) instead of z, it follows that
Zlog 207 < > Zlog—t Y <y LU vy
Pr{nlog PY”(XS) <z, >Pr nlog Pyn(XZ;) <z T e

for all 6 € ®. This completes the proof. [J

Appendix D. Proof of Theorem 4

Setting

B:(R,S) := dw(0) + D
«(R.5) /{9D<PX9||PX><R} ©) /{9D<Px9||PX>—R}

it suffices, in view of Theorem 2, to show two inequalities:

- . 1. Pxa(X") S
B:(R,S) > 1 Pr{ —log——* <R+ —,,
(o8 = houp r{n"gpxn(X")— *ﬁ}

— . 1 pxn (X”)
< —_ P S
BE(R,S) lll;lnsup Pr { log P n(XYl)

IA
=
_|_
Sl
H‘/_/

e Proof of Equation (A21):
By the definitions of X and X, it holds that

n
1imsupPr{1logPX(X) < R—l—s}
n Pgn n

n—o0

Pxn (X}
= limsup dw(G)Pr{ilogPXE(Z;SR—i—S}
0

n—»o00 ®

<limsup | dw(@)Pr 1 log Pxr (X)) <R+ S + lim sup dw(0)
T e Jo; n P Pen(Xy) n oo JO-0
. 1 Pxn (X}) S
=limsu dw(@)Pr{ —log —5F <R+ —
n%oop CH (6) {1’1 gPy"(XS) N n
Pyen (X3
<limsup | dw(0)Pr 1 log Li) <R+ > + ! 3
o JO n Pgn (X3) nooYn
1 Pxn (X7 1
<limsup | dw(f)Pr< —log Li) <R+ S +—
n—co JO n Py (X3) noYn
1. Pyp(Xy) s 1
g/dw@limsu Pr{—log—"—~ <R+ —+ ,
o 10(0)limsup {n Bppx) =t n

18 of 27

(A18)

(A19)

(A20)

(A21)

(A22)

(A23)

where the second equality and the second inequality are due to Lemmas 3 and 4, respectively, and the

last inequality is from the reverse Fatou’s lemma.
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Here, we define three sets:

Qg := {0 € ®|D(Px,||Px) =R}, (A24)
0 := {0 € ©|D(Px,||Pg) <R}, (A25)
0, := {6 € ©|D(Px,||Pg) > R}. (A26)

Noting that, setting X} = (X1, X2, , Xon),

PX (X” n
Liog i - 2 ni ,)) (A27)

gives the arithmetic average of n i.i.d. variables with expectation

1 P
Z Xﬂ )| _ D(Px, ||Px). (A28)
=7 Px(Xe)
Then, the weak law of large numbers yields that for V6 € ©,
Py (X§) _ s 1
limsupPr{ —log —%——— =0. (A29)
n%oop { & P ( 9 ) \/> \f

Moreover, for V0 € Oy, the central limit theorem leads to

lim sup Pr lo (Xg) R—i—i—i-i
v gP O TV g

1 Py (X3)
= limsupPr¢ — loggin—\/ﬁD(ngpr) <SS+

(A30)
P Vi \ %8 P (X)

= Dy (S).

Summarizing these equalities, we obtain

{ Py (X2

/(;) dw(0) lim sup Pr

n—o0

—log P

Pxn
= [ dw(f)limsupPr{ — log ——
(O n—00

(A31)

" Pyn (X7
+ dw(@)limsupPr{rlllogX"Eg)gRJrsJr 13}
n

O)) n—00
< / dw(0) + / Dy
{0ID(Px, ||Px) <R} {0ID(Px, ||Pg)=R}
Plugging Equation (A31) into Equation (A23) yields Equation (A21).

e Proof of Equation (A22):
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By the definitions of X and X, and Lemma 5 with z,, = f’ it holds that
lirnn_)sogpl’r {ilogw <R+ Sn}
> lirgiolgf @dw(@)Pr{}llogm <R+ jﬁ}
> lim inf @dw(@)Pr{ilog% <R+ jﬁ - Jﬁ}
— timinf [ duw(e) P {ilog% <R+ S\;ﬁv}
/ dw hmmfPr{ log I;jéig; <R+ SJE'Y},

20 of 27

(A32)

for any v > 0, where the last inequality is due to Fatou’s lemma. We also partition the parameter space

O into three sets as in Equations (A24)—-(A26).
Then, similarly to the derivation of Equations (A29) and (A30), we obtain

Pyen (X _ _
linl)ianr{ #<R+S 7}:{q39(5 ’)/), 0 €O
n—co F

2
8 P (X = J 1. 0 €0,

Thus, the right-hand side of Equation (A32) is rewritten as

Py (X2 B
/dw 11mmfpr{1og;<§x§§§R+sﬁy}
>.§1dw<9>1%?1£§f1’r{ilogw <R+ SﬁW}
B {01D(Px,|IPx) <R} Awl) = /{GID(pngx)—R} s (5 —m)duw(®)

(A33)

(A34)

Substituting Equation (A34) into Equation (A32) and noting that v > 0 is arbitrary, we obtain

Equation (A22). O

Appendix E. Proofs of Equations (45) and (46)
(1)  Proof of Equation (45):

To prove Equation (45), we define a(x) as

a(x) := v-ess.sup Py (x),

(A35)

where v-ess. sup f, denotes the essential supremum of f, with respect to v(c), i.e., v-ess.sup fo :=
inf{a|Pr{f, > a} = 0}. Thus, from the property of the essential supremum we immediately have

a(x) > Pgn(x),

forvn=1,2,---.

(A36)
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Let P denote the type of x € 7" . Then, noting that

n

Py(x) = [TyeaPo(x)NOX)
= oxp [Lre N(x[x) log Po (x)] (A37)
= exp [—n (H(Py) + D(P|[Py))]
holds, a(x) is written as
a(x) = exp [—n (H(Py) + v-ess.inf D(Px||Py))]

= exp [ —n (H(P) + D(P[Pip,) )| - (A%

Here, it is important to notice that D(P||P,) is continuous in (P, P;) and hence, owing to the
assumption, D(P|[P,q)) is continuous in Q € P(X). Thus, expanding D(P||P,p,)) in P around Py
leads to

D (Pl[Po(ny ) = D(P|[Pyp,)) +d0(v) (x € Tgh). (A39)
with some dg(v) such that 5 (v) — 0 as v — 0, because Yy x [Po(x) — Px(x)| < v forx € Ty,

Then, with Py instead of P in Equation (A39) and in view of Equation (A36) for each x € Gf’v we
have the upper bound:

— exp [_n (H(Px) + D(PXII?ou’x))ﬂ

B (A40)
= exp | =1t (H(Px) + D(Bx|[Po(p,)) = 55(v) )|
= Pyp,)(x) exp[ndp(v)],
from which it follows that for each x € 7;’/1]/
1 1 1 1
—1lo > —log ———— — (V). A4l
n gPyn(X) = gPZ(Pg)(X) 9( ) ( )

Therefore, the proof of Equation (45) has been completed.
(2)  Proof of Equation (46):

To prove Equation (46), we show the lower bound of Py (x). For any P € P(X) and any small
constant T > 0, set

Si(P)i={rex ’D(P||E,) < D(P|[Pyip)) + 7}, (A42)

then, by the definition of v-ess.inf,
ce(P) i= / 1y 40(0) >0 (Ad3)
(P

holds. Our claim is that for any 6 € © and sufficiently small T > 0 and with some positive constant
cg >0

inf cr(Px) > cg. (A44)
x€7—9’,1v
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To see this, consider a sequence {7;}?°; such that0 < 7y < 7p < --- — 7. Then, there exists a positive
integer m such that c,, (Py) > 0. Otherw1se the continuity of probablhty measure implies that

0= lim ¢, (Py) = cx(Py) >0, (A45)
1—00
which is a contradiction. On the other hand, in view of Equation (A42), o € Sy, (Py) is equivalent to

D(Py||Py) < D(Py|[Py(p,)) + T, (A46)

D(Px|[Ps) < D(Px||Py(p,)) + Tu +7(v) (VX € Tg)), (A47)

where Equation (A47) follows from Equation (A46) by expanding Py around Py with some y(v) > 0
such that y(v) — 0 as v — 0. Therefore, all ¢ € Sy, (Py) satisfy Equation (A47). Now we can take
v > 0so that 7, + 7(v) < T to have

D(Px||Ps) < D(Px|[Py(py)) +T (Vx € Tgh)- (A48)
Therefore, S, (Py) C S¢(Px). Hence, we have
0 < cg,(Pp) <ce(Px) (Vx€Tg,). (A49)

This is nothing but Equation (A44).

Thus, again for Vx € 9 ',» we have the lower bound

Por(x) = [y Ph(x)do(o

> [s.(py Pr(x)dv(0)

= [s.(py &P [—1 (H(Px) + D(Px||Py))] do(0)
Js.m) exp[ n(H (Py) + D(Py||P, P>)+r)}d0(a)
= cr(Py) exp[ (H Py) + D(P||Py(p,)) + T — G (v ))}

> c1,(Po) Py(p,) () exp [ (6(v) — T)],

(A50)

Vv

where in the second last equality and in the last inequality we have used the continuity of
D (Px\ \FU( px)) in Px around Py and Equation (A49), respectively. From Equation (A50), we obtain

1 1 1

%log P (x) < . log m + %log B + (Tt —6p(v)), (A51)
for each x € 7", which completes the proof of Equation (46). [
Appendix F. Proof of Theorem 6
First, we prove the inequality:
Bo(X[IX) > min _ By(X|[X;). (A52)

1<i<K1<<L

To do so, we arbitrarily fix Rl-]- for1 <Vi <K,1<Vj<Lso that

R,‘j < Bo(XZHY]) (A53)
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(i,j)

Then, by the definition of By(X;]|X;), there exists an acceptance region A,"’ satisfying
nlgrolo uli =, (A54)
h)g 1£f " log (1 ] > Rjj, (AbB5)
where yg, /) and )L,(f’j ) are defined respectively as
w = {xr g AL, A =P {X] € AP (A56)

By using these regions, we define the acceptance region A, as

LI] (ﬂ AN ) (A57)

j=1

Then, we have

=P {X" € A} = Yored X ¢ (U ﬁAJ"))}

K L .
<Y aPr {x;1 ¢ (ﬂ Afj")) }
i=1 j=1 (A58)
> (s }

from which, together with Equation (A54), we obtain

lim y, = 0. (A59)

n—o0

Similarly, we have

. L K
/\n:Pr{X eAn} ZZ (A60)
j=1i=1
from which, together with Equation (A55), we obtain for any small ¢y > 0
hm mf —1lo ! min  R;i— (A61)
&N, 1§1§K,1§]§L i
Since R;; are arbitrary as far as Equation (A53) is satisfied, we have Equation (A52).
Next, we prove the inequality:
By (X||X) < min  By(Xj] |¥]-). (A62)

1<i<K,1<i<L
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To do so, let R be 0-achievable, then there exists an acceptance region .4, satisfying

nlgtgo pn =0, (A63)
1
hy{rl) g}f = log — > R. (A64)

We fix such an A, and consider the hypothesis testing with null hypothesis X; and alternative
hypothesis ij for arbitrarily fixed i and j. Then, probabilities of type I error and type II error are given by

ui) = Pr{Xr ¢ An}, (A65)
AU _ py {X}? c An} . (A66)
Since
K
Hy = sziPr{Xf ¢ Ay}
X ” (A67)
- Z z,un 7
i=1
we have
) < B (A68)
@
From this inequality and Equation (A63) we obtain
; (@) _
r}gIolo uy” =0. (A69)
Similar to the derivation of Equation (A68), we have
Al < A (A70)
Bj
Hence, from Equation (A64) we obtain
1
R < lim 1nf - log —
n—oo mn
1
< hrrlr_1>10101f E log —— £l’]) + llrrlnj;lp —log E] (A71)
1
= h%glggf " log — ( 5

From Equations (A69) and (A71), it follows that R is 0-achievable for the hypothesis testing with
X; against X;. Noting that i, j are arbitrary with 1 <i < Kand 1 < j < L, we obtain

R < i Bo(X:|IX5). A72
_1<z‘<n12,11n<i<L 0(Xil[X) (A72)

This means that Equation (A62) holds, completing the proof of Theorem 6. [
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Appendix G. Proof of Theorem 8

It suffices to show two inequalities:

B{Xi}iea X} 1) < B{ai, Xi} i 1B, X} o), (A73)
B({Xi}{ 1H{X }] 1) > B({a;, X} 1||{,3]/X]}] 1)- (A74)

e Proof of Equation (A73):

Suppose that R is 0-achievable for the compound hypothesis testing, that is, there exists an acceptance
region A, such that

(i) _ P —
nlgrolo uy =0 (i=1,2,---,K), (A75)
hmmf log 1 >R (j=1,2,---,L). (A76)

AY)

Then, the type I error probability u, for the hypothesis testing with mixed general sources is
evaluated as follows. By the definition of y;, and Equation (72), we have

pn =Pr{X" ¢ A,}

K
=) a;Pr{X] ¢ A}

= (A77)
K
=Y apll,
i=1
from which, together with Equation (A75), we obtain
nh_r}r(}o #n = 0. (A78)
Similarly, we have
)\n - PI‘ {X” € An}
L
= PriX; c A
]; BiPr{X] € Arf (A79)
L
=Y By
j=1
On the other hand, Equation (A76) implies
A;g]) S e*n(wa’) (n Z no), (A80)

holds forany v > Oand all j = 1,2, - - -, L. Substituting this inequality into Equation (A79) yields

lim inf 1 log ! >R—1. (A81)

n—oo 1 n

Since v > 0 is arbitrary, from Equations (A78) and (A81) we conclude that Equation (A73) holds.
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e Proof of Equation (A74):

Suppose that R is 0-achievable for the mixed hypothesis testing, that is, there exists an acceptance
region A, such that

Jlim py =0, (A82)
.1 1
liminf — log — > R. (A83)

n—oo 1 gAn_

We fix such an A,, and set

i) =Pr{x ¢ A}, (A84)
A9 — py {X;-’ c An} . (A85)

Then, from Equation (72) we have

K
pn =Y o Pr{X!' ¢ A,}
=1

1
X ; (A86)
= Z“il’ln ’
i=1
from which, it follows that ‘
w) < B (A87)
1
foralli=1,2,.--,K. From this inequality and Equation (A82), we obtain
. (i) _
lim " =0, (A88)
foralli=1,2,---,K. Similarly,
L N
)\n = ;ﬁ]Pr {X] € An}
= (A89)
SN0
= Z ,B]/\n ’
=1
so that we have forj=1,2,---,L,
AP < (A90)
B
which means that p
% log ﬁ > % log ﬁ
i (A91)
1 1 1 1
Noting that §; (j = 1,2, -, L) are constants, from Equation (A83) we obtain
.1 1
liminf — log — > R, (A92)

n—oo n )\1(1])

forallj=1,2,---,L. From Equations (A88) and (A92), we conclude that Equation (A74) holds. O
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