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Abstract: This study considers the goodness of fit test for a class of conditionally heteroscedastic
location-scale time series models. For this task, we develop an entropy-type goodness of fit test based
on residuals. To examine the asymptotic behavior of the test, we first investigate the asymptotic
property of the residual empirical process and then derive the limiting null distribution of the
entropy test.
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1. Introduction

In this study, we consider the goodness of fit (GOF) test on the innovations of location-scale time
series models with heteroscedasticity. These models accommodate a broad class of financial time
series models (see Noh and Lee [1] and Kim and Lee [2]). Correct information on the innovation
distribution is considerably important in analyzing time series. For example, in the parameter
estimation, one conventionally uses the Gaussian quasi-maximum likelihood estimator (QMLE), which
undermines the accuracy of estimation when their innovation distributions are deviated far from the
normal distribution. To overcome this difficulty, a different likelihood function has been considered
as an alternative—see Lee and Lee [3] who use a family of normal mixtures, and Lee and Kim [4]
who use asymmetric skew t distribution (ASTD) and asymmetric exponential power distribution
(AEPD) families. The family of normal and Student’s ¢ distributions has been widely used in the
literature—see Hansen [5], who uses a skew Student’s t distribution in generalized autoregressive
conditionally heteroscedastic (GARCH)-type models (Bollerslev [6]), and also the papers cited in Kim
and Lee [2,7].

The GOF test has a long history, and has been playing a central role in matching given data
sets with the best-fitted distribution families (see D’Agostino and Stephens [8] for a review).
Among the GOF tests, the empirical process-based GOF test has long been popular because the classical
Kolmogorov-Smirnov and Cramér—von Mises tests can be generated from the empirical process.
Recently, Lee, Vonta and Karagrigoriou [9] proposed an entropy-based GOF test and demonstrated
that it outperforms the classical tests in various situations. Lee, Lee and Park [10] and Lee and Oh [11]
later applied the entropy test to GARCH-type models, and all confirmed its validity empirically.
Further, Lee and Kim [4] used the entropy test for iid random variables following ASTD and AEPD
families to demonstrate that ASTD accommodates AEPD to a greater degree than the other way around.
Although the asymptotic theorems for the entropy test are established for GARCH models (Lee, Lee
and Park [10]), those are not yet attempted in general location-scale time series models. Motivated
by this, we are led to investigate the asymptotic behavior of the residual empirical process from the
location-scale model and then verify the limiting null distribution of the entropy test—see Durbin [12],
Lee and Wei [13], and Lee and Taniguchi [14] for relevant references.
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The remainder of this paper is organized as follows. Section 2 investigates the asymptotic behavior
of the residual empirical process and derives the limiting null distribution of the entropy test. Section 3
proves the theorem in Section 2. Section 4 provides concluding remarks.

2. Entropy Test for Location-Scale Models

2.1. Main Result

Let us consider the conditional location-scale model:

Y = 8t(B1o) +he(Bo)ye, tE€Z, 1)

where ¢ : R® x @ — Rand i : R® x @" — R are measurable functions, " = @1 x ©, with compact
subsets ©; C R% and 0, C Rdz, gt(,Bl,O) = g(Yt_1,Yt,2,' .- ;ﬁl,O) and ht(ﬁo) = h(Yt—LthZ/ s ;ﬁo),
where By = (1, B3 )" denotes the true model parameter belonging to @"; {1;} is a sequence of iid
random variables with zero mean and unit variance. In what follows, we assume that {Y; : t € Z}
is strictly stationary and ergodic and that 7; is independent of past observations ()s for s < t. In this
section, we consider the entropy-based GOF test proposed by Lee, Vonta and Karagrigoriou [9] for the
location-scale models in (1). To this end, we set up the hypotheses:

Ho:Fy € {Fg: 0 €@} vs. Hy:not Ho, )

where F; denotes the innovation distribution of the model and Fy can be any family of distributions.

To carry out the test, inspired by Rosenblatt [15], we check whether the transformed

Yi—g:(B10)
ht(Bo)

where ¢y and By are the true parameters. Since the parameters are unknown, by replacing
those with their estimates, we check the departure from U[0,1] based on U; := Fy (fr) with
. Yi—3t (Bin - =

e = 2538 where §i(B1) = g(Yi, Y1, Y3,0,...;B1) and Fu(B) = h(Yy, Yi1,.., 1,0, ;)
with B = (B],BI)T € @™ see Francq and Zakoian [16], who take this approach of using initial values
for GARCH models.

The entropy-based GOF test is constructed based on the Boltzmann-Shannon entropy defined by

random variables U; = Flgo( ) follow a uniform distribution on [0,1], say, U[0,1],

H(F) == [ ) log(f(x)dx ©

for any density function f. It is noteworthy that the H(f) actually measures the distance between
a distribution with density f and the uniform distribution. Lee, Vonta and Karagrigoriou [9] construct
a GOF test using an approximation form of the integral in (3). For any distribution F, we introduce

m
§(F) = — Y. w,(F(s) — F(si-1)) log (FEL = ECiz)y @

i=1 Si = Si-1
where the w;’s are weights with 0 < w; < 1and }J' ; w; = 1, m is the number of disjoint intervals
for partitioning the data range, and —c0 < a < sp < --- <55 < b < 0 are preassigned partition
points. Note that the argument in (4) is a good approximation of that in (3) when w; are all equal
to 1—see Section 2.1 of Lee, Vonta and Karagrigoriou [9], and also their Remark 1 concerning the role
of weights w.

Further, we define the residual empirical process:

A

Va(r) = vn(Eu(r) —7), 0<r<1 (5)
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with F,(r) = 1y9 1 (Fg, () < r), where 8, is any consistent estimator of d under the
null; for example, the maximum likelihood estimator (MLE). We then define the entropy test by

Ty := Vnsupycpy [SY(E)|-

To derive the null limiting distribution of the entropy test, we impose the regularity conditions
as follows:

(C1) (i) For some random variable V and constant « € (0,1), sup Bc0, |8t(B1) — &(B1)| < V! forall

t>1;
(ii) For some random variable V and constant « € (0,1), sup eon |ht(B) — he(B)| < V! for all
t> 1

(C2) (i) Forallt > 1, §(B1) and h;(pB) are differentiable in 81 and B on some neighborhoods Ny of 81 o
and N; of Bo;

(ii) There exists a random variable V and constant ¥ € (0,1) such that for all t > 1,
supg cn, 198¢(B1)/9B1 — 0g+(B1)/9p1|| < V' and supgcy, [10h:(B) /9B — Ohi(B) /9Bl < V',
(C3) (i) Forallt € Z, g¢(B1) and h;(p) are twice differentiable in f; € Ns; and B € N, where N and
Nj are the ones in (C2)(i);
(i) E[supg, c, [19g1(B1)/9B1]|*] < oo and E[supgy, [[0h1(B)/9B|%] < oo;
Gii) Elsupg, e, 19281 (B1) /981981 ] < co and Elsuppe, 9%/ (B)/90BT][] < oo.
(C4) (i) Fy, is continuous and has a positive density fg;
(ii) fg, and x — xf4 (x) are uniformly continuous on (—co, o0);
(iii) For some L > 0, sup, | fg,(x)| < L, sup, |xfg,(x)| < L, and sup,, |x2fl’90(x)| <L
(C5) Fy is twice continuously differentiable with respect to ¢ and there exists L > 0 such that
sup, || a;f;’a(g ) | <Landx— || anlgx) || is uniformly continuous on (—oo, %0).
(C6) Under the null, /(B — o) = Op(1) and v/n(8, — 8) = O,(1).

Remark 1. The above conditions can be found in Kim and Lee [2]. They show that a class of GARCH
and TGARCH models with ASTD and AEPD innovations satisfy the reqularity conditions and the MLE is
asymptotically normal.

Below is the main result of this section: see the proof in Section 2.2.
Theorem 1. Under (C1)~(C6), we have

Va(r) = Vu(r) + Ru(r), 0<r<1 (6)

where Vy (r) = /n(Fy(r) — r) with F,(r) = 1 Y7 I(Fy, () < 1) and

Ru(r) = \/ﬁ(r’%ln—51,0)T5{h1(1180)agla(gf'o)}fwo(P%l(r))
V= o) E [y o B 1)y ()
7 9Fg, (Fy (1))

+ \/ﬁ(@n - 190)

5 +0p(1) uniformlyin r.

Moreover, we are led to the following result, the detailed proof of which is omitted for brevity
because it is essentially the same as that of Lee, Vonta and Karagrigoriou [9] and Lee, Lee and Park [10].
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Theorem 2. Suppose that the assumptions in Theorem 1 hold. Then, under Ho, if maxq<ij<y, |S; — si—1| — 0
as m — oo, we have that for all large m, as n — co,

T % sup | Y- wi(B(si) ~ Blsi1))|, )

weW' ' i=1

where W' is any finite subset of the class of all weights and B is the Brownian bridge on [0, 1].

d
Here, the symbol A, := Ay, ~ A := Ay as n — oo indicates that the limiting distribution of
Ay is approximately the same as the distribution of A as n tends to co. More precisely, we can write

Ay = A1um + Agnm, where Aq 4 Aasn — o0 and limy e limy—se P(|Azum| > ) = 0 for all
6> 0.

Remark 2. As seen in the proof of Theorem 2 of Lee, Lee and Park [10], one can easily check that owing to
Theorem 1, under the null,
m m

sup |vnS”(E;) + ZM’(Vn(Si) - VH(Sifl)) + ) w (Rn(si) - Rn(5i71)> ’ = o0p(1),

wGW, i=1 i=1

wherein the term: Y[" | w; (Rn(si) - Rn(si,l)) becomes negligible as n tends to infinity when m is large.
This yields Theorem 2.

2.2. Proof of Theorem 1

We reexpress V;,(r) as follows:

T Lol < = Fy, (0] = = Yl < 3] = Fa (5] Au(3) + Ba(2) + o),

t=1 t=1
where

_ 1 ¢ St(Biw) —8t(Bro) |, me(Bn) 1 (S(Bin) —8t(Bro) | Fr(Bn)
An) = oY < S R ]~ E () e

+Fay(x) — 1l < %1},

1 @) — i) | T
B = = L B (T ) @)
G = o= t_il[P%(x)F@n(x)].

Since sup, g |An(x)| = 0p(1) owing to Lemma 1 below, we handle the two terms B, (x) and
Cn(x). Let

$1(B1) — g1(B1o) an ~ h(B1) — he(Bo)
i (Bo) d P ="

and let {, be a sequence of positive integer numbers with {, = o(y/n) and {, — coas n — oo.
We express By, (x) = By, (x) + Bou(x) +0p(1), where

utn(ﬁl) =




50f10

Entropy 2017, 19, 388

Bin(x) = th?o (am ﬁl n) + btn(}gn) ), (8)

Banx) = 5o t_gﬁﬁlfgo(xr)(am(ﬁl,a + ()

for some x; between x and a, (B1,,) + b (Bn)x + x. By Taylor’s theorem, we can express

) 1 agt 511 9 | Ryp(2) + Rau(x) ©)

Y fos@am(Brn) = V(i — o) fo (x

t=1

-

with
Ri,(x) = \}ﬁtéfﬁo(x)(gt(ﬁl,r;i)t(—ﬁ(()g)t(&/n))/

Ron(x) = Vn(Biw—P1o)" fo,(x thlﬁo agﬁtl(fg'}l)(ﬁ - B10)
1

for some B] , between B and Bl,n- Then, owing to (C1)(i) and (C4)(iii),

sup [Ry,

xeR x| = TEVK sup | fa, (x x)| = 0p(1),

1 x€ER
and due to the ergodic theorem, Lemma 4 of Amemiya [17], (C3)(iii), (C4)(iii), and (C6), we get
sup,cg [Ran(x)| = 0p(1), so that
5 1 w 1 0
Zfﬁo X)am(B1n) = Vn(Biw — B1o)" fo, (x E Z 5] 83(511,0) +0p(1). (10)

Similarly, it can be easily seen that
1 9(po)

1 & A 1y
T L o (bm(Bu) = V(B — B T o, (x EZ W) of (11)

+0p(1).

C1(i),

Next, we analyze B, ,,(x). Owing to the ergodic theorem, Lemma 4 of Amemiya [17], (

(C3)(ii), (C4)(iii), and (C6), we have

sup —= Efﬁo atn ,Bl n)

x€R
St(Bin) — & (Bin)
< T sup ol (MR

for some K > 0, which is no more than

gt(Bin) — §+(B10) 2
Jr Dol (MR s

n d * )0 x .
fgi‘:l; |3, () |V + Ky/n(B1y — Bro)" suP | fo, (%) 7112 10 gta(//;l,n) g;(lf{l'n)(ﬁl,n—ﬁl,o)

= 0p(1), where B7 , is an intermediate point between B1, and B g.
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Meanwhile, since maxz, << |at (Bin)| = 0p(1) and maxg, <;<, |btn(Bn)| = 0,(1), we can find
(large) M > 0, such that on the event £ := (maxg,<i<y latn (B1n)| < 01, maxg, <t<pu bin (Bn)| < 62),
41 > 0,1 < J < 1, with probability tending to 1,

\f\lg/f (i*)z =D < oo. (12)

Hence, owing to the ergodic theorem, Lemma 4 of Amemiya [17], (C1)(ii), (C3)(ii), (C4)(iii),
and (C6), we can have that on £ and for |x| > M,

X f190 x;{)b7 2 (Bn)

s
Vi
L

K 2 he(Bn) —=he(Bu)\2 | K& oy g (1 (Bn) = 1e(Bo) \2
< \/* ‘fﬁo xt ( ht(,BO) ) +\/ﬁt:§+1x |fl90(xt)|( ht(,BO) )
n X\ 2
< 7 gz 2|f190 xt) ( ?) V2!

; 3 X\ 1 () (B
+ ﬁ(ﬁn—w;t:gzﬁl Pl DI(5) G o5 apr ) (Br = Po)

for some K > 0 and intermediate vector B} between f, and Bo, which is negligible. Because for
x| < M, % Ytz xzféo(xf)bfn(ﬁn) = 0,(1), it holds that sup, . |Bou(x)| = 0,(1), which together
with (10) and (11) indicates

Bu(x) = Vn(Briw—P1o) fo,(x %i tlﬁo aggng) (13)
=1
+  Vn(Bn— Bo) xfa, (x 1 ) 1 aht(ﬁg) +0,(1).

:

- 9p

Since C, (x) = /n(d, 190)TE)F‘90 ) +0p(1), owing to (C5) and (C6), we establish the theorem.
Lemma 1. Under the assumptions in Theorem 1, we have sup,..p |An(x)| = 0p(1).

Proof of Lemma 1. Due to (C6), for any € > 0, there exists L > 0 such that P(B, € NL/\/E) >1—¢
where N}, 7 = NL/[ X NL/f is a compact neighborhood of By with || — Bo|| < L/+/n for all
BeN, /n- For a positive real number 1, we partition Ny, /i into a finite number, say, 4(1) of subsets

1_11 1 q() _ 1q900) o, 79()
L, = Il,n X Iz,nf' L = Il,n X Iz, with diameter less than f Set

ohy (B

a3t (B L
iy = — v H t Hh and dyy, = ﬁﬁeszvlff H

2

Let N(n) be an integer such that N(n) = [n!/2*4] 41, where d € (0,1/2) and [x] is the
largest integer that does not exceed x. We divide the interval [0, o) into N(n) parts by the points
O=xp<x < - < XN(n) = with Flgo(x,‘) = iN(Vl)_l
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. ‘T 4T .
Then, for any points g, = (ﬁJLnr ﬁjzln)T in I, we have

Ap(x) < \}ﬁ t; {I [ﬂt < ﬂtn(ﬁ]iln) + btn(ﬁ{q)xrﬂ + dipy + dopnXrg1 + xr+1} (14)
— Foy (am(Bua) + bin(B) +x) + Fyy (v) — 1l < 21}
Anx) = jﬁ X {1 < 00n(8h0) (B = i = g (15)

— Fog (a0 (Bun) + b (Bu) %) + Fay () — Il < 1},

Putting A, = sup_ A, (x), for B, € N} ;. /m, We can express

An < max sup sup (Al,n (x) + AlZ,n(x) + A3,n (X) + Ai},n(x) + A5,n (X))

15900 1 xefxnx,ia)
with
Ap,(x) = ﬁ Yig {1 [77t < atn(ﬁ]i,n) + b (B)) X1 + dign + dagn Xy g1 + xr+1}
—Fy, (ﬂm(ﬁ]i/n) + b (Bl)%r 11 + dipn + dan X1 + xr+1) + Foo (xr41) — I[me < xr+ﬂ}
A, (x) = ﬁ Y {Fﬁo (ﬂtn(ﬁéln) + btn(ﬁ]ﬁ)xrﬂ +diy + dopnXrg1 + xr+1>
—Foy(atn (Bun) + bin(Bu)x +x) }

Agy(x) = | iy {1l < x1] = Foy () + Fay (x) — Ll < ]

7

7

7

and A;’n(x) and Ay ,(x) are the same as Aj ,,(x) and A3, (x), with x,41 and dj, replaced by x, and
—djy, i = 1,2, respectively.
To show A, = op(1), we verify that max;<j<,(y) sup, SUPy <y, A;-,n(x) =o0p(1),i=1,...,5

Below, we only provide the proof for the cases of i = 1,2,5, since the cases of i = 3,4 can be
handled similarly.
We first deal with A’z,n(x). By the mean value theorem, we can see that

! .
mMaXx;<j<g(;) SUP, SUPyc[y, x,.,) A2, (X) is no more than

ﬁ Y41 {P&O (am(ﬁ]l,n) + bin(Bl)Xp41 + dipn + don X1 + xr+1>

maXj<j<g(y) SUP; SUPy¢ [xr,xp41)

(16)

_Fﬂo (af" (nle,n) + b (ﬁ]n)xr + dltn + dogn Xy + xr) + Ay
with
1 & . .
N, = max sup sup — {Fg az (ﬂ] ) + by (‘3] Vxr + digy + dom X + x )
! 1<j<q(e) r XE[Xr,Xp11) \/H t:@zn:H ’ ( L e " e '

— Foy(am(Bin) + ben(Br)xr + xr)}"

Note that the term in (16) is 0,(1) due to Lemma 1, and

n

Bn S maxicjcqsup  sup Y fao(xf) sup(1+ |x|)(fo, (1)
r X

xe [xrrxr+1> t=Cn+1

X
o Aoty + dipn },
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where x} is a real number between ay,, (‘len) + by (,B]n)xr 4 dip + doin Xy + xp and agy (Br ) + bin (Br) Xy + Xr.
Using an argument similar to that in (12), we can see that 11, = 1O,(1), which can be made arbitrarily
small by taking sufficiently small .. Hence, we get max; <;<,(,) SUp, Sup, . <y, ., A,z,n(x) = 0p(1).

Next, because |Fy (xr+1) — Fg (x/)] < n=1/2-4 e can write

!
sup, supx,<x§x,+1 A5,n (x)

< sup, = (D0 {100 < %r41) — Foy(esn) — Fay(30) + T < 50} +o(1) = 0p(1).
Hence, it remains to show that
max sup sup Al (x) = 0p(1). (18)
1<j<q() ¥ xp<x<npyq
Put
em = 1 {’71& < am(ﬁﬁ,n) + btn(ﬁ£1>xr +dipy + dopn Xy + xr}

— Fy, (atn(ﬁérn) + btn(,Bj;l)xr + diy + dopnxr + xr) + Fﬂg(xr) - 1[77t < xr]}/ 1<t<m

and Si, = Z’le etn. Note that {Sg,,;k = 1,...,n},n > 1, forms an array of martingale differences.
Then, we get

Pl max su A/ x)>e€) =P max maxn Y2[S,,| > e , 19
(1§j§q(t) xp l,n( )— ) (lgqu(l) < |nn|, ) ( )

and further, applying Rosenthal’s inequality (Hall and Heyde [18], p. 23),
n 2 n
Elsh) < C(E[ L E@l0n] + L Ee)), >0, (20)
t=1 =1

By the mean value theorem, we can have E(e?,|Q) < Kfg, (x})]|aem (,len) + bm(‘BL)xr + dipn + dopn Xy
for some K > 0 and x; between x, and atn(ﬁém) + by, (ﬁ{;)xr + dign + dopxr + x,, so that
E {Z?:l E(é, |Qt)} ’ = O(n), by using an argument such as that in (12). Therefore, since /" ; E(e},) < 16n,
we have E[S%,] = O(n) by (20). This, together with (19), validates the lemma. [

Lemma 2. Under the assumptions in Theorem 1, for every d € (0,1/2), we have
1 n
Api= sup  sup ’— Y [Foy (an(B1) + b (B)x + dipy + donx + x)
ﬁeNL/\/ﬁ (xry)eBd,n \/ﬁ t=1
—Fyy(atn(B1) + bin(B)y + dign + dotny +y)]| = 0p(1)

where By, = {(x,y) € R?: |Fgy(x) — Fyy(y)| < n~"/>77}.

Proof of Lemma 2. The lemma can be proven by using (C2)~(C4) and the second-order Taylor’s
expansion theorem centered at x and y. We omit the details for brevity. O

3. Discussion

In implementation, following the idea of Lee, Vonta and Karagrigoriou [9] and Lee, Lee and Park [10],
we generate independent and identically distributed (i.i.d.) r.v.s wij, j=1,---,], from U[0, 1], where |
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is a large integer (e.g., 1000), and then use @;; =
the test:

ands; =i/m, i =1,---,m to apply

w,-]-
Wyjte Wy

T = Vimaxi<iey | Tty o (B (4) = B (52) ) logm (B (&) — E(52)))
Lsupu [y (5(3) ~5()) |

The choice of m could be an important issue because the test performance might be sensitive to m.
Here, we use m = [n!/%] because this has produced reasonably good results in our previous studies.
The critical values could be obtained through Monte Carlo simulations as follows:

(21)

(i) From the data Xj,...,X,, estimate § and ¢ by suitable estimators Bn and &,; for example,

MLE (Kim and Lee [2]).

(i) Generate 77,...,17; from Fy (-) and Y{,..., Y, using the equation: Y = §t(Brn) + he(Bu)ni
Then, obtain T}, denoted by T;, with the preassigned m in (21) based on these random variables.

(iii) Repeat the above procedure B times and calculate the 100(1 — p)% percentile of the obtained B
number of T} values.

(iv) Reject Hy if the value of T, obtained from the original observations is larger than the obtained
100(1 — p)% percentile in (iii).

The good performance of the entropy test for GARCH-type models can be seen in our previous
works: Lee, Lee and Park [10], Lee and Oh [11], and Lee and Kim [4]. However, more refined empirical
studies are required to see the performance of the above procedure in various location-scale models.
Meanwhile, verifying the weak consistency of the T can be an important issue. The proof would be
similar to that in Lee and Kim [4], which, however, needs much more careful analysis. All these issues
are worth further investigation and are left as our future project.

4. Conclusions

In this study, we considered the entropy-based test for location-scale time series models and
showed that it converges weakly to a functional of a Brownian bridge. As mentioned earlier,
the bootstrap test in this setting deserves special attention owing to its importance in implementation.
Furthermore, a modification of the entropy test based on integrated distributions is worth further
investigation. We leave these issues to our future project.
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QMLE quasi-maximum likelihood estimator

ASTD asymmetric skew ¢ distribution

AEPD asymmetric exponential power distribution
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