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Abstract: We investigate herein the spin interaction during collisions between Kerr-(anti-)de Sitter
black holes. The spin interaction potential depends on the relative rotation directions of the black
holes, and this potential can be released as gravitational radiation upon collision. The energy
of the radiation depends on the cosmological constant and corresponds to the spin interaction
potential in the limit that one of the black holes has negligibly small mass and angular momentum.
We then determine the approximate overall behaviors of the upper bounds on the radiation using
thermodynamics. The results indicate that the spin interaction can consistently contribute to
the radiation. In addition, the radiation depends on the stability of the black hole produced by
the collision.
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1. Introduction

As recently observed by the Laser Interferometer Gravitational–Wave Observatory, gravitational
waves are generated by binary black hole mergers [1–3]. GW150914, which was the first detected
gravitational wave [1], was particularly caused by black holes with masses more than 10-times that of
the Sun. A third gravitational wave, GW170104, was recently detected. This wave was also created
by a binary black hole system, in which the black holes had masses greater than 10-times that of
the Sun [3]. The energy of the gravitational radiation was approximately three-times that of the
Sun; hence, black hole collisions are an important source of gravitational radiation detectable in
our universe. Another important observation is related to the value of the cosmological constant.
Our universe is currently in a state of accelerated expansion; thus, the cosmological constant should
be positive. According to several astrophysical observations [4–6], the value of the cosmological
constant is definitely small. According to the theory of gravity proposed by Einstein, with a positive
cosmological constant, the black hole solution is a de Sitter (dS) black hole. Therefore, dS black holes
provide an appropriate description of the phenomena occurring in our universe. On the contrary,
the curvature is negative in anti-de Sitter (AdS) spacetime. The AdS spacetime itself is different from
that present in our universe, but plays an important role in gauge/gravity duality, which is called
anti-de Sitter/conformal field theory (AdS/CFT) duality [7,8]. The theory of gravity in D-dimensional
AdS spacetime corresponds to (D− 1)-dimensional CFT on the AdS boundary due to the AdS/CFT
duality. Dual CFT can be described in terms of a finite temperature originating from an AdS black
hole [9–11] because thermal properties, such as temperature, can appear at the boundary of AdS
spacetime. An interesting correspondence with AdS spacetime can be found in condensed matter
theory (CMT). This AdS/CMT correspondence, as well as the holographic superconductor given by
the correspondence can be treated using charged AdS black holes [12–14].
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The energy of a black hole can be extracted from a particle through the Penrose process [15,16].
In this process, the black hole only loses reducible energy, such as rotational and electric energy,
but another type of energy, called irreducible mass, always increases even during the Penrose
process [17,18]. This irreducible energy is distributed on the surface of the horizon [19] and is
proportional to the square root of the area of the horizon. Like the square of the irreducible mass,
the area of the horizon increases upon the addition of external particles or fields. In this regard, the area
is similar to the entropy of the thermal system. Therefore, the Bekenstein–Hawking entropy of the
black hole can be defined in terms of the area of the horizon [20,21]. In addition, the black hole can
radiate energy via the quantum effect through which the Hawking temperature of the black hole can
be made similar to that of a black body [22,23]. Hence, the black hole can be treated as a thermal
system with temperature and entropy, and the laws of thermodynamics can also be defined in terms of
its thermal properties.

The gravitational radiation released by a collision between black holes has an upper limit given
by the laws of thermodynamics [24], but this upper limit is large in a collision between identical black
holes. More precise results can be obtained by assuming that the black hole collision is a high-energy
collision [25–27]. The collision between black holes and the waveform of the gravitational radiation
can be identified using numerical relativity in the theory of gravity proposed by Einstein [28–31].
The waveform generated by a collision between black holes can currently be investigated under various
initial conditions [32–37]. In addition, the gravitational radiation depends on the relative rotations of
the black holes because of their spin interaction, which has an effect even if the rotation planes of the
black holes are parallel. The interaction potential is negative for an anti-parallel arrangement of the
rotation planes, but positive for a parallel one. Therefore, black holes in anti-parallel arrangements
attract, and those in parallel arrangements repel [38–41]. The spin interaction can be modeled using
a spinning particle moving in spacetime [42,43]. The spin interaction increases along with the mass
and angular momentum of the black hole system. Hence, this interaction can be large enough to affect
the stability of a binary black hole [44,45].

Black hole stability can be studied using various methods. The Kerr black holes present in the
asymptotically flat case are stable against perturbations of massless fields [46,47], but the energy
of these black holes can be extracted by external fields. A massive scalar field can extract energy
from a Kerr black hole, causing the black hole to become unstable. Hence, Kerr black holes are
unstable against massive scalar field perturbations [48–52]. In addition, for a Kerr black hole in
a cavity, an external field can continuously take energy from the black hole. Consequently, the black
hole can become unstable because of this process. This phenomenon is called superradiance [53].
Physically, a Kerr black hole in a cavity is similar to a Kerr-AdS black hole because the AdS boundary
reflects the external field. Therefore, AdS black holes are unstable against superradiance [54–57].
For a positive cosmological constant, Kerr-dS black holes are also unstable against superradiance [58].
Non-perturbative instabilities can be tested using various black holes. One of these instabilities
is fragmentation instability, which was first studied using Myers–Perry (MP) black holes [59].
Fragmentation instability suggests that rapidly-rotating black holes can be broken into multiple
black holes because of centrifugal force. For MP black holes, the power of the gravitational force
changes in higher dimensions. Thus, MP black holes are thermodynamically unstable during a rapid
rotation, and their instability can be predicted. Furthermore, fragmentation instability can act as
an indicator of the existence of other instabilities [60–66]. Fragmentation instability is also exhibited by
Gauss–Bonnet and AdS black holes [67–69].

In this work, we investigated the effects of the cosmological constant on spin interaction and
gravitational radiation by investigating the collisions between Kerr-(A)dS black holes. We used the
generalized cosmological constant to determine the extent to which the spin interaction contributes to
the gravitational radiation and how the released radiation is related to the instability of the final black
hole. In addition, our results are consistent with previous investigations to the radiation of Kerr black
holes [24,41] and the instability of AdS black holes [67]. The radiation and the interaction of black
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holes are generally too difficult and complex to formulate in terms of exact equations. We will obtain
the upper bound of the radiation energy thermally allowed under the collision between black holes to
avoid the complexity. Interestingly, when one of the black holes was assumed to be very small and
slowly rotating, the upper bound of the radiation corresponds to the spin interaction obtained from
the Mathisson–Papapetrou–Dixon (MPD) equations for the black hole and spinning particle system.
Furthermore, this tendency given by the potential still maintains for the upper bounds of the radiation
thermally allowed under the collision of two massive black holes. Thus, we can approximately expect
that the interaction between the black holes works by a similar manner to that of the black hole and
spinning particle system. We can then consistently and numerically generalize our analytical approach
to massive cases using thermodynamics. The upper bounds of the radiation thermally allowed were
obtained for the massive cases. We expanded our results to identify the overall behaviors of the upper
bounds on the radiation with respect to the total angular momentum and mass of the black holes.
In this analysis, the upper bounds on the radiation were importantly affected by the instability of the
final black hole resulting from the collision.

An arbitrary cosmological constant was employed in this study. Hence, the initial settings
were similar in each case. However, the positive case was different from the others because of the
cosmological horizon of the spacetime. Hence, dS-Kerr black holes were used as generalizations
of AdS-Kerr black holes, which was reasonable when the mass or cosmological constant was small.
This point will be discussed in detail later.

The paper is organized as follows: Section 2 introduces the Kerr-(A)dS black holes and their
thermodynamics; Section 3 presents the calculations of the energy of the gravitational radiation
generated by a collision between the Kerr-(A)dS black holes and demonstrates that the energy exactly
corresponds to the spin interaction potential of a system containing a black hole and a spinning
particle; Section 4 provides the upper bounds of the radiation with respect to the total mass and
angular momentum of the black holes; and in Section 5, we briefly summarize our results.

2. Kerr-(A)dS Black Hole

Kerr-(A)dS black holes are the solutions to the theory of gravity proposed by Einstein with
a cosmological constant in a four-dimensional spacetime. The sign of the cosmological constant
determines that of the spacetime curvature. We will discuss both the positive and negative cases.
A black hole is a rotating solution given in terms of mass and spin parameters m and a,

ds2 = −∆r

ρ2

(
dt− a sin2 θ

Ξ
dφ

)2

+
ρ2

∆r
dr2 +

ρ2

∆θ
dθ2 +

∆θ sin2 θ

ρ2

(
a dt− r2 + a2

Ξ
dφ

)2

,

ρ2 = r2 + a2 cos2 θ , ∆r = (r2 + a2)(1− 1
3

Λr2)− 2mr , ∆θ = 1 +
1
3

Λa2 cos2 θ , Ξ = 1 +
1
3

Λa2 ,

(1)

where coefficient Ξ is defined as a positive value; hence, the bounds are Bogomol’nyi-Prasad-
Sommerfield (BPS)-like for the AdS cases [70]. The mass MB and the angular momentum JB are
presented as follows, respectively [71,72]:

MB =
m
Ξ2 , JB =

ma
Ξ2 . (2)

The thermal properties of a black hole are defined at its horizons, and the definitions of these
properties are consistent with all values of the cosmological constant. This study mainly focuses on
the properties of the outer horizon rh. The Hawking temperature TH and the Bekenstein–Hawking
entropy SBH are given as:

TH =

rh

(
1− Λa2

3 −
a2

r2
h
−Λr2

h

)
4π(r2

h + a2)
, SBH =

π(r2
h + a2)

Ξ
. (3)
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The angular velocity is Ωh at the outer horizon, but includes the rotation of the coordinates,
as shown by M = 0 in Equation (1), where the rotation still exists [72,73]. The referential angular
velocity Ω∞ at r → ∞ can be determined to remove this effect. Hence, the angular velocity of the black
hole Ω is [72]:

Ω = Ωh −Ω∞ =
aΞ

r2
h + a2

− Λa
3

=
a
(

1− Λ
3 r2

h

)
r2

h + a2
, (4)

which is consistent with an arbitrary cosmological constant. The first law of thermodynamics at the
outer horizon is:

dMB = ΩdJB + THdSBH . (5)

In dS spacetime, the cosmological horizon rc is outside the outer horizon. Compared with the
AdS and flat cases, the observable region is confined in the dS case. The first law of thermodynamics is
defined the same way at the cosmological horizon as it is at the outer horizon, hence:

dMB = ΩcdJB + TcdSc , (6)

where the temperature Tc, entropy Sc and angular velocity Ωc on the cosmological horizon are:

Tc =
rc

∣∣∣1− Λa2

3 −
a2

r2
c
−Λr2

c

∣∣∣
4π(r2

c + a2)
, Sc =

π(r2
c + a2)

Ξ
, Ωc =

a
(

1− Λ
3 r2

c

)
r2

c + a2 . (7)

The absolute values in the temperature expression are necessary to make the temperature positive
definite because the surface gravity of the cosmological horizon is negative.

3. Spin Interaction and Gravitational Radiation

We will show herein that the energy of the spin interaction between two Kerr-(A)dS black
holes contributes to the gravitational radiation released upon their collision. We will present the
thermodynamic calculations of the energy of the radiation released when one of the black holes has
a tiny mass and a small angular momentum, enabling it to be considered as a spinning particle and
higher-multipole moments to be ignored. In this case, the energy of the radiation exactly corresponds
to the spin interaction potential from the Mathisson-Papapetrou-Dixon (MPD) equation for a spinning
particle near a black hole. In this analysis, the effects of the cosmological constant, such as the AdS
boundary and cosmological horizon, were assumed to be governed by the more massive of the two
black holes.

3.1. Gravitational Radiation Released by a Collision between Two Kerr-(A)dS Black Holes

This section addresses the energy resulting from the gravitational radiation released because
of a collision between two Kerr-(A)dS black holes. One of the black holes is assumed to be small;
hence, the radiation energy will match the spin interaction potential in a system consisting of a spinning
particle and a black hole. We determine the energy of this radiation by assuming that the first and
second Kerr-(A)dS black holes with masses M1 and M2 stay far away from each other and are separated
in the direction of their rotating axes such that their rotating planes are parallel [41]. Slowly moving
because of gravitational attraction, the two black holes then undergo a head-on collision and merge
into one final black hole, which has mass M f [24]. The difference between the total masses in the initial
and final states can be defined as the gravitational radiation, Mr,

Mr = (M1 + M2)−M f , (8)
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where only the radiation swept the first time is included, and the radiation energy will equal the spin
interaction energy. Hence, the reflections at the AdS boundary will not be considered. The radiation
may be released in arbitrary directions rather than a specific direction; hence, most of the angular
momentum can remain in the final state. In addition, the angular momentum is assumed to be
conserved as:

J1 + J2 = J f , (9)

where J1 and J2 are the angular momenta of the first and second initial black holes, respectively; and J f
is the angular momentum of the final one. Two rotation planes of the black holes are parallel or
anti-parallel to the direction of the approach. The Bekenstein–Hawking entropy of the final black
hole S f should be greater than the sum of those of the first and second initial black holes, S1 and S2,
respectively, because the head-on collision between the initial black holes occurs due to gravitational
attraction. Hence,

S1 + S2 ≤ S f . (10)

The radiation energy depends on the initial conditions of the black holes. Using the given initial
conditions of the black holes, which are m1 and a1 for the first one and m2 and a2 for the second one,
the upper bound on the radiation and the lower bound on the mass parameter m f of the final black
hole with the spin parameter a f can specifically be obtained. The first black hole is fixed, and the
second black hole is assumed to have mass and angular momentum smaller than those of the first one
to describe the radiation in terms of the parameters of the second black hole. Therefore, M1 � M2 and
M2

1 � J2. The maximum value of the radiation in Equation (8) can then be calculated using the equality
of Equation (10) by imposing Equation (9). By combining the partial derivatives of Equations (8)–(10),
the change of the maximum radiation Mmax can be expressed in terms of the partial derivative with
respect to the angular momentum of the second black hole, thereby making the following leading term:

∂Mmax

∂J2
= − 2m1a1r1

(r2
1 + a2

1)
2
+O(J2) . (11)

With the integrated Equation (11) with respect to J2, the maximum value of the radiation can
be obtained by applying the negative sign to compare it with the spin interaction potential Us and
rewritten in terms of the cosmological constant using ∆r in Equation (1). Then, approximately:

Mmax ≈
2m1a1r1

(r2
1 + a2

1)
2

J2 =

(
1− 1

3 Λr2
1

)2
Ξ2

1

2m2
1 r1

J1 J2 , (12)

which will be shown to be coincident to the spin interaction potential between the black holes. In the
small-mass limit, the expected upper limit of the radiation does not include the mass of the second
black hole, but includes the energy of the spin interaction between the black holes. The overall
sign of the potential for both black holes depends only on the rotation direction. The potential in
a parallel arrangement is positive; hence, the black holes repel each other. In contrast, an anti-parallel
arrangement produces a negative potential; thus, the two black holes will be attracted by the
spin interaction. At this point in the analysis, the potential is an effective value, but will exactly
correspond to the potential obtained from the MPD equation for a spinning particle near the black
hole. This correspondence will be explored in the section that follows.

One might question the feasibility of the initial state in the case of a dS-Kerr black hole. The second
black hole cannot remain far away from the first one because of the cosmological constant, even in the
small-mass limit. However, the procedure from Equations (8)–(12) is still reliable in the small-mass
limit, assuming that the small second black hole is added to the pole of the first black hole. The potential
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will then be acceptable in the case of a dS-Kerr black hole and will be consistent with the results of the
section that follows.

3.2. Spin Interaction Potential from the MPD Equation

The second black hole is small compared with the first one and, thus, can be treated as a spinning
particle. This section demonstrates that the spin interaction potential in Equation (12) exactly
corresponds to that of a spinning particle near a Kerr-(A)dS black hole. The motions of the spinning
particle are governed by the MPD equation [74–76] with linear momentum pµ and velocity vµ such that:

Dpµ

Ds
= −1

2
Rµ

νρσvνSρσ ,
DSµν

Ds
= pµvν − pνvµ , (13)

where Sµν and s are the spin tensor and the proper time, respectively, in the spacetime of the Riemann
curvature tensor Rµ

νρσ. The trajectory of the spinning particle can be properly described by applying
the supplementary condition [77] as:

pµSµν = 0 . (14)

The mass µ and the spin magnitude S of the spinning particle can be expressed in terms of the
spin tensor and the linear momentum, respectively:

S2 =
1
2

SµνSµν , µ2 = −pµ pµ . (15)

The spinning particle is now presumed to be the second black hole in Section 3.1. Thus, the spin
monopole of the particle is only considered in the MPD equations. The momentum of the particle is
proportional to the velocity.

DSµν

Ds
= 0 , pµ = µvµ . (16)

The direction of the head-on collision is pole-to-pole. Therefore, the spinning particle also slowly
comes toward the north pole of the first black hole in the initial conditions, and its spinning plane is
parallel to that of the black hole. The normalized velocity and spin vectors are presented as follows
assuming that the particle is non-relativistic:

vµ =

(
1√−gtt

, vr, 0, 0
)

, and Sµ =

(
0,

1
√

grr
S, 0, 0

)
, (17)

where the components of the metric are those of a Kerr-AdS black hole. The kinetic energy of the
spinning particle is not a conserved quantity because the energy now includes the spin interaction
potential. Furthermore, the potential can change as the particle moves because the spin interaction
potential depends on the spin of the particle. The conserved quantities Cξ in the Killing vector ξµ

are [76]:

Cξ = pµξµ +
1
2

Sµν∇µξν , (18)

where the particle energy corresponds to the Killing vector ξ
µ

(t) = δ
µ
t . Then,

E = −pt −
1
2

Sµν∇µgνt , (19)

where the spin interaction potential can be directly obtained. The first term in the energy expression in
Equation (19) refers to the kinetic energy corresponding to the linear momentum, while the second
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term represents the spin interaction potential. The radiation will be contributed by the spin interaction
potential at the outer horizon; thus, the potential should be obtained at the outer horizon of the first
black hole. Then,

Es =
2m1a1r1

(r2
1 + a2

1)
2

S +
aΛ
3

S , (20)

in which the second term is caused by the spacetime rotation. This term can be removed when
considering the referential angular velocity Ω∞ [72]. In the particle energy, the effect of this velocity
appears as an additional energy proportional to the angular momentum [78]. The normalized spin
interaction potential is given as follows:

Us =

(
1− 1

3 Λr2
1

)2
Ξ2

1

2m2
1 r1

J1 S = Mmax , (21)

which is exactly that yielded by Equation (12) with S = J2. Therefore, the spin interaction potential in
the aforementioned limit is released as gravitational radiation. In addition, the parallel arrangement
corresponds to the repulsion of the black holes, and the anti-parallel arrangement corresponds to
the attraction. Therefore, the energy of the radiation is expected to be greater in the anti-parallel
arrangement than in the parallel one. We confirm this behavior by presenting the results of the
thermodynamic approach in Section 3.1 without applying a limit to the second black hole.

4. Upper Bound on the Radiation under the Collision

The results from Section 3.1 are expanded herein to illustrate the approximate dependences of the
radiation on the mass and the angular momentum using a thermodynamic analysis with numerical
approaches. The effects of the cosmological constant become greater than before if the mass and
the angular momentum are large. Therefore, these effects cannot be ignored under the collisions.
The analysis in this section is only applicable when the black hole mass or the cosmological constant is
small. In this section, the upper bounds on the radiation are given with respect to the mass and the
angular momentum under the dimensionless coordinates scaled by

√
λ/Λ, in which λ is −1, 0 and +1

for the AdS, flat and dS cases in Equation (22), respectively. Then,

s̃ =
s√

λ/Λ
, t̃ =

t√
λ/Λ

, r̃ =
r√

λ/Λ
, M̃ =

M√
λ/Λ

, ã =
a√

λ/Λ
,

ρ̃2 = r̃2 + ã2 cos2 θ , ∆̃r̃ = (r̃2 + ã2)(1− 1
3

λr̃2)− 2m̃r̃ , ∆̃θ = 1 +
1
3

λã2 cos2 θ , Ξ̃ = 1 +
1
3

λã2 ,
(22)

where the tildes were omitted for simplicity. In the coordinates, the dependence on the cosmological
constant can be removed by scaling. The upper bounds on the radiation can be obtained approximately
by applying a thermodynamic approach without including the effect of the cosmological constant,
such as the effect of the (A)dS boundary. However, the radiation trends can be determined
approximately using this approach. In addition, the interesting behaviors between the gravitational
radiation and the black hole stability can be investigated by applying this method.

The general procedure and the initial condition are similar to those in Equations (8)–(10).
For a given cosmological constant Λ, two black holes, (m1, a1) and (m2, a2) stay far from each other;
thus, their interactions can be ignored in the initial state. Merged from the collision of the black holes,
the final black hole, (m f , a f ), will then have a larger entropy than the sum of the initial black holes
because of the second law of thermodynamics after a sufficiently large time flowed. From Equation (10),

S1(Λ, m1, a1) + S2(Λ, m2, a2) ≤ S f (Λ, m f , a f ) , (23)
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in which a possible mass range of the final black hole can be determined because of the inequality.
Saturated to the inequality, the mass of the final black hole is the minimum mass. The black hole
collision includes a non-equilibrium process. We have assumed the initial state that two black holes
have a distance in a small cosmological constant, such that their interactions are negligible, to restrict
the effect of the non-equilibrium process. After the black hole collision, we should then observe
the black hole passing a sufficiently large time. The entropy can be expected to increase even if the
middle of the collision is non-equilibrium because the initial and final states are approximately stable.
Furthermore, the process from the initial to the final state is an irreversible process; hence, the entropy
can increase. We impose the conservation of the angular momentum in Equation (9) to obtain the
spin parameter of the final black hole a f . We can then find the minimum mass of the final black hole
satisfying Equation (23). However, finding an analytical formula is quite difficult because the entropy
of the rotating black hole depends on the spin parameter and the cosmological constant. The upper
bound of the radiation Mr is obtained from Equation (8) using the numerical method.

Mr = M1(m1, a1) + M1(m2, a2)−M f (m f , a f (m1, a1, m2, a2)) , (24)

where mass M f is the minimum mass obtained from the initial condition. For example, as regards the
collision of the non-rotating black holes, a1 = a2 = 0, the increase of the entropy is simply written
as follows:

r2
1 + r2

2 ≤ r2
f , (25)

from which the minimum mass of the final black hole is at r f =
√

r2
1 + r2

2. The energy of the radiation
is maximized at the minimum mass; hence, in terms of r1 and r2,

Mr =
1
6
(3− r2

1Λ)r1 +
1
6
(3− r2

2Λ)r2 −
1
6
(3− (r2

1 + r2
2)Λ)

√
r2

1 + r2
2 . (26)

However, for a1, a2 6= 0, the minimum mass of the final mass should be obtained by a numerical
method because of the non-trivial dependency on the spin parameters of the masses of the black holes.
We ignore the entropy and the angular momentum of the radiation because the actual radiation is very
small compared with the total mass of the system. Furthermore, in considering the entropy and the
angular momentum of the radiation, this does not change its overall behaviors. The general behavior
of the radiation remains nearly the same regardless of the cosmological constant, as is evident in
Figure 1. As shown by Equation (11), the derivative of the bound on the radiation with respect to the
angular momentum of the second black hole is negative.

Therefore, the bounds on the radiation are greater if the black hole arrangement is anti-parallel
rather than parallel for any value of the cosmological constant in Figure 1a. The radiation in the
anti-parallel arrangement includes the contribution from the negative spin interaction potential
between the black holes. Consequently, the minimum radiation energy appears in the parallel
arrangement, which has a positive potential. The radiation is greater when the cosmological constant
is positive instead of negative (Figure 1a). The bounds on the radiation increase along with the mass of
the second black hole (Figure 1b).
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(a)

(b)

Figure 1. Bounds on the radiation for the collisions of two KdS black holes. (a) Bounds on the radiation
with respect to the angular momentum of the second black hole for different values of the cosmological
constant. The black holes are m1 = 0.1, a1 = 0.05 and m2 = 0.1; (b) Bounds on the radiation with
respect to the mass of the second black hole for different values of the cosmological constant. The black
holes are m1 = 0.1, a1 = 0.05 and a2 = 0.05.

The minimum black hole masses for a fixed angular momentum are given by the extremal
conditions because the angular momentum conservation causes the final black hole conditions to
be saturated in the extremal conditions. Thus, the final state in the case of the masses smaller than
the minimum mass of M2 is not black holes. The radiation bounds correspond to the maximum of
Mrad. Consequently, the bounds start at finite masses in Figure 1b, which become saturated to reach
the extremal conditions. The radiation bounds are then proportional to the mass of the second black
hole, but the dS and AdS cases have upper radiation limits because of the effects of the cosmological
constant. The radiation in the dS case is limited by the cosmological horizon, while that in the AdS
case is limited by the entropy preference.

The overall behaviors are similar to those for the Kerr black holes when the cosmological constant
is positive. The parameter range, in which a Kerr-dS black hole can exist, is very limited because of the
extremal conditions and the cosmological horizon causing the radiation to exhibit a narrow angular
momentum range (Figure 2a).

Figure 2a,b shows that the radiation bounds normally increase according to the mass of the second
black hole, and more radiation can be released by near-extremal black holes. A Kerr-dS black hole
with a spin parameter of zero can have an outer horizon with a small mass; hence, radiation can
be observed when the second black hole is small. In addition, the minimum masses of the second
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black hole enable the radiation to be released for the given spin parameters because of the extremal
conditions in Figure 2b. The minimum mass is then started at the finite value. The second black hole in
the case of a2 = 0 does not contribute to the angular momentum; hence, it starts at the M2 = 0 point.

(a)

(b)

Figure 2. Bounds on the radiation for the collisions of two KdS black holes. (a) Bounds on the radiation
with respect to the angular momentum of the second black hole having different masses m2. The black
holes are m1 = 0.1 and a1 = 0.05 in the positive cosmological constant; (b) Bounds on the radiation
with respect to the mass of the second black hole having different spin parameters a2. The black holes
are m1 = 0.1 and a1 = 0.05 in the positive cosmological constant.

The bounds for the Kerr-AdS black hole collisions are different from those of the flat or dS
black holes because the cosmological constant is negative. With respect to the angular momentum
of the second black hole, the radiation is greater in an anti-parallel arrangement than in a parallel
one (Figure 3a). The radiation for the second small black hole increases along with the mass of the
second black hole (Figure 3b). However, the radiation can decrease as the mass of the second black
hole increases when the mass of the second black hole is large (Figure 4a). The radiation diminishes
to zero as the mass of the second black hole continues to increase (Figure 4b). Approximately zero
radiation can be predicted using an analytical method. To demonstrate this behavior, suppose that
two large Schwarzschild-AdS black holes with the same mass collide. In this situation, the outer
horizon of the initial black hole is r1 = r2 ∼ (6m)1/3, and that of the final black hole is r f ∼

√
2(6m)1/3.

The difference between the masses is within the limit of m� 1:

Mrad = (M1 + M2)−M f = (2− 2
√

2)m < 0 . (27)
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(a)

(b)

Figure 3. Bounds on the radiation for the collisions of two Kerr-AdS black holes. (a) Bounds on the
radiation with respect to the angular momentum of the second black hole having different masses m2.
The black holes are m1 = 0.1 and a1 = 0.05 with the negative cosmological constant; (b) Bounds on
the radiation with respect to the mass of the second black hole having different spin parameters a2.
The black holes are m1 = 0.1 and a1 = 0.05 with the negative cosmological constant.

(a)

Figure 4. Cont.
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(b)

Figure 4. Bounds on the radiation for the collisions of two Kerr-AdS black holes. (a) Bounds on the
radiation with respect to the angular momentum of the second black hole. The black holes are m1 = 1.0
and a1 = 0.25 with the negative cosmological constant; (b) Bounds on the radiation with respect to
the mass of the second black hole. The black holes are m1 = 1.0 and a1 = 0.25 with the negative
cosmological constant.

Therefore, no radiation is released if the masses of the colliding black holes are sufficiently large.
This result was obtained without considering the AdS effect on the initial conditions. Although
a more detailed analysis may be required, zero radiation may originate from the instability of the
Kerr-AdS black holes, which can increase according to the angular momentum. The fragmentation
instability based on thermodynamics particularly yields results similar to those of a reversed collision
process [67,79,80]. This characteristic implies that no more energy can be released as radiation
because too much energy is needed to synthesize the unstable final state; hence, the initial state
is thermodynamically preferable to the final state [81]. The instability of the black hole may affect the
radiation released from the Kerr-AdS black hole collisions. However, as noted, the AdS effect from the
spacetime boundary becomes important when the black holes are massive. Therefore, the preference
for the initial state requires a more detailed analysis.

5. Summary

This study investigated the spin interaction and its relation to radiation in Kerr-(A)dS black hole
collisions. Using a thermodynamic approach, we obtained the energy of the gravitational radiation
emitted because of a collision between two black holes by assuming one to have very small mass
and angular momentum. The energy of the radiation emitted in this limit exactly corresponds to
the spin interaction potential between the black hole and a spinning particle. Therefore, the spin
interaction energy can be released by the collision. Depending on the cosmological constant, the spin
interaction causes the attraction if the black holes are in an anti-parallel arrangement and repulsion if
they are in a parallel one. We simply expanded the thermodynamic approach to arbitrary masses and
angular momenta to discover the overall characteristics of the radiation and obtain the upper bounds
on the radiation instead of deriving the exact expressions. In most cases, the radiation is greater in
the anti-parallel arrangement than in the parallel one and may be proportional to the masses of the
initial black holes because of the spin interaction. The collisions between the Kerr-dS black holes
were similar to those between the Kerr black holes, and a higher-energy radiation was expected for
a given mass in these cases than in the flat cases. However, the radiation released because of a collision
between the Kerr-AdS black holes was closely related to the instability of the black hole in the final
state. An increased instability can decrease the energy of the radiation emitted from the collision
because more energy is needed to synthesize an unstable final state than a stable one.
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