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Abstract: This paper constructs a continuous dual-channel closed-loop supply chain (DCLSC) model
with delayed decision under government intervention. The existence conditions of the local stability
of the equilibrium point are discussed. We analyze the influence of delay parameters, the adjustment
speed of wholesale price, recovery rate of waste products, direct price, carbon quota subsidy,
and carbon tax on the stability and complexity of model by using bifurcation diagram, entropy
diagram, attractor, and time series diagram and so on. Besides, the delay feedback control method
is adopted to control the unstable or chaotic system effectively. The main conclusions of this paper
show that the variables mentioned above must be within a reasonable range. Otherwise, the model
will lose stability or enter chaos. The government can effectively adjust manufacturers' profit through
carbon tax and carbon quota subsidy, and encourage manufacturers to reduce carbon emissions and
increase the remanufacturing of waste products.

Keywords: dual-channel closed-loop supply chain; government intervention; delayed decision;
entropy; stability; complexity

1. Introduction

The rapid development of the Internet has increased people’s shopping choices, and nowadays
online shopping and physical stores coexist, so this paper studies closed-loop supply chain (CLSC)
problems against the background of dual-channel retail availability. This is in line with social reality.

At the same time, with the rapid economic development and the improvement of people’s
living standards, energy consumption and the replacement of products have been accelerated.
The product waste has brought great pressure on the environment. Therefore, energy-saving and
emissions-reduction have become topics of common concern to the people around the world. In this
paper, we pay attention to the recycling and remanufacturing of waste products, reusing as many
waste products as possible, thus saving resources and reducing environmental pollution. Moreover,
it is necessary to encourage enterprises to recycle and remanufacture products and reduce carbon
emissions through government intervention. Recycling means that the waste products provided by
the retailer to a manufacturer only appear as raw materials in the manufacturer’s manufacturing
process. In this paper, the products obtained from waste products are called remanufactured products.
Remanufacturing is an industrial process that turns waste products into “like-new” products [1].
Typically, remanufactured products are as good as new products in quality because of manufacturers
adopt special process technology. Reducing carbon emissions indicates that enterprises reduce
emissions by improving production technology and increasing products remanufacturing under
the intervention of carbon tax and carbon quota subsidy measures. Therefore, we propose that CLSC
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is conducive to promoting the reuse of resources. In addition, both the product sales and the recycling
of waste products are closely related to the price, so manufacturer and retailer must set reasonable
prices to maximize profits. This has good practical significance.

In this context, many scholars have discussed carbon emissions and government interference in
dual-channel supply chains, closed-loop supply chains and multi-echelon supply chains. They have
obtained a lot of valuable research results. In addition, some scholars have studied the dynamic
behavior of CLSC, focusing on the impact of parameters on the dynamic behaviors of the system.

Much research has been performed on carbon emissions in dual-channel supply chains and
closed-loop supply chains. Ji et al. [2] studied the carbon emission reduction behaviors of members
in a dual-channel supply chain which includes cap-and-trade regulation and consumers’ low-carbon
preference. Research suggests that manufacturers can increase profits by opening up direct channels
when the low carbon sensitivity of consumers meets certain conditions. Xu et al. [3] analyzed the
influence of carbon emissions on hybrid CLSC structures and dedicated CLSC structures. A set of
integrated mixed integer linear programming models to quantify the effects is developed and the
impact of carbon emissions policies and market factors on CLSC structure is compared. The results
show that the impact of scale effect and product income on customer demand is less than the total
cost and total emissions under considering market conditions. Zheng et al. [4] built a CLSC logistics
integration optimization model, and proposed a CLSC logistics integration management method,
which can reduce carbon emissions and increase the value of the supply chain. Fahimnia et al. [5]
established a unified optimization model for a CLSC. They assessed the impact of positive and reverse
supply chains on carbon footprint. The study found that cost and environmental changes affect the
range of carbon pricing. Bazan et al. [6] proposed two-echelon supply chain model which consists of
one manufacturer and one retailer. They focus on three key environmental issues: the energy used in
production, GHG (Greenhouse Gas) emissions and the amount of remanufactured product. Qi et al. [7]
explored a two-echelon supply chain consisting of one supplier and two retailers under carbon cap
regulation. They pay attention to the price decision process of supply chain members, and find out
the best wholesale price and retail price. The research shows that the combination of wholesale price
and retail price with transfer payment is the best price decision. In addition, the study found that
a reasonable carbon emission limit can effectively reduce carbon emissions. Tao et al. [8] studied the
equilibrium problem of CLSC networks including manufacturer, retailer, demand market and recovery
in a multi-period planning horizon. A network equilibrium model is established under the condition
of the carbon emission constraint of periodic and global. They analyze the influence of two kinds of
constraints on the network equilibrium of CLSC.

Normally, the government encourages enterprises to undertake energy-saving and emission-
reduction, waste recycling and remanufacturing actions through carbon taxes and carbon quota
subsidies. Therefore, scholars have studied the effects of government intervention in CLSC.
Sheu et al. [9] analyzed the influence of government financial intervention on green supply chain
competition in the three-stage game model. Their studies showed that the government should adopt
green tax and subsidy measures to ensure that the green products produced by enterprises make
profits. Wang et al. [10] discussed the government's carbon emission tax policy in the three-stage
Stackelberg game model with a decentralized supply chain and the two-stage Stackelberg game
model with a centralized supply chain. The results show that centralized supply chain is more
advantageous to enterprises and government than decentralized supply chain. Fareeduddin et al. [11]
proposed a CLSC design and logistics operation optimization model based on carbon regulation
policy. The impacts of different policies on emission reduction costs are analyzed. The findings
can help policymakers predict the impact of normative policies on total carbon emissions in the
supply chain operations. He et al. [12] discussed the impact of free riding behavior of consumers
and government taxes on carbon emissions in CLSC is analyzed. The results show that manufacturer
can derive economic benefits from consumer free riding behavior, but the total carbon emissions in
the whole supply chain are also increasing. In addition, the government can reduce the free rider
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behavior and total carbon emissions through carbon tax Li et al. [13] studied the impact of carbon
subsidy on remanufacturing closed-loop supply chain (RCLSC). They discuss the profits and the
carbon emission quantities in forward supply chain and RCLSC with the carbon subsidy. The studies
show that when the price of the recovery meets certain conditions, the government can implement
carbon subsidies, and the amount of subsidies should be within a reasonable range. Ma et al. [14]
explored the influence of consumption subsidy on dual-channel closed-loop supply chain (DCLSC for
short). Research shows that all consumers who buy new products benefit from the government’s
consumption subsidies. Zhao et al. [15] developed a decision model considering the effects of consumer
preferences on remanufactured products and government subsidies. Remanufacturing pricing and the
sharing of subsidies between the manufacturers and consumers are discussed. The study found that if
manufacturers share a certain proportion of government subsidies, they can gain more profits when
the market expands. Mitra et al. [16] analyzed a two-period model which production and sale of new
products and remanufactured products, respectively. They focus on the incentive role of government
subsidies for remanufacturers. The results show that reasonable sharing of subsidies can increase
the profits of manufacturers and remanufacturers, and promote the recovery and remanufacturing
of products. Yang et al. [17] established three game models of green supply chain with government
intervention under the fuzzy uncertainty of production cost and consumer demand. The influence
of channel leaders and government intervention on product price, green level and expected profit
is analyzed. The results show that retailers have more advantages as the leader of game model
when government intervention is too strong. Heydari et al. [18] analyzed the operation decisions of
two-echelon reverse supply chains consisting of one manufacturer and one retailer. They propose quantity
discounts, increasing fee contracts and different incentives provided by the government to coordinate
supply chains. The study found that gross profit was improved in the case of supply chain coordination.

Whether it is energy-saving emission-reduction measures or the government’s intervention
policies, as well as the price of recycling of waste products have to fluctuate in a certain range, otherwise
it will backfire. Therefore, scholars have also studied the game behavior of supply chains. Xie et al. [19]
discussed the game behaviors of a duopoly color TV recovery market consisting of two recyclers and
one processor. It is found that the abrupt change of the adjustment coefficient of the decision variable
leads to chaos in the system. The system will be confused and the regional stability of the system will
be reduced when the parameters are beneficial to manufacturers, consumers and the environment.
Ma et al. [20] studied the game behaviors of products recycling in a CLSC with one manufacturer and
one retailer, such as bifurcations and chaos. The research shows that the increase of retailer status is
easy to lead the system into chaos. Guo et al. [21] established a CLSC pricing game model consisting of
a manufacturer and a retailer. They explore the complex dynamical behaviors of the system and analyze
the effects of parameters on system stability and complexity. The research conclusions can provide
reference for prices decision of manufacturer and retailer. Zhou et al. [22] studied the three-echelon
CLSC consisting of one supplier, one manufacturer and one retailer. They focus on the effects of the
factors on the system dynamic characteristics. The results show that the higher yield can improve the
dynamic performance when the unit step response as input.

To sum up, we find that scholars mainly discuss carbon emissions, carbon tax and government
subsidies in dual-channel supply chains or the CLSC. In addition, the influence of supply chain
parameters on the system is analyzed by scholars. However, we are more concerned about the following
aspects: (1) the game behaviors of product sales and recycling in DCLSC are studied; (2) manufacturers
sell new products and remanufactured products through direct channel and retailer channel,
respectively; (3) the government encourages manufacturers to recycle and remanufacture waste
products by using carbon quota subsidies and carbon tax policy simultaneously; (4) manufacturers and
retailers adopt postponement strategies when making price decisions; (5) the influence of parameters
on the stability and complexity is analyzed based on entropy theory and nonlinear dynamics theory;
(6) the chaotic system is effectively controlled by using the method of delayed feedback control.
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The main contributions of this paper are as follows: first, we construct a dual-channel closed-loop
supply chain model with time delay based on government intervention, and discuss the price decision
problems of manufacturers and retailers. Second, the influence of various decision critical parameters
on the dynamic behaviors of supply chain system are analyzed, such as bifurcation, chaos and entropy.
The ranges of parameters to maintain the stability of the system are also given. Third, we explore the
effective incentive measures of government to manufacturer and the control method of chaotic system.
Fourth, the research results of this paper can provide valuable reference for manufacturer, retailer and
government decision-making.

The rest of the paper is structured as follows: Section 2 establishes a continuous DCLSC model
with delayed decision under government intervention. The local stability of equilibrium point of
model is discussed in this section. Section 3 analyzes the influence of parameters on the stability and
complexity of the DCLSC through numerical simulation. The chaotic system is successfully controlled
by the delayed feedback control method in Section 4. Section 5 presents a summary of this paper and
prospects for future research.

2. The Model

We structure a DCLSC model consisting of one manufacturer and one retailer. The retailer is
responsible for recycling waste products and then sells them to the manufacturer. The manufacturer
produces new products by using new materials and uses waste products for remanufacturing. In order
to help consumers to distinguish new products from remanufactured products, the manufacturer sells
them through a direct channel and the retailer channel, respectively. Consumers can buy products
through these two channels according to their own needs.

In general, manufacturer uses special manufacturing processes to make remanufactured products
as good as new products in quality and performance. Therefore, the products sold through the
two channels are homogeneous, that is to say, they are substitutes. This leads to an inevitable
price competition between channels. In addition, in order to reduce environmental pollution,
the government forces the manufacturer to improve the emission-reduction level by imposing a carbon
tax. Meanwhile, the government encourages the manufacturer to recycle and reuse waste products
through a carbon quota subsidy. The carbon quota subsidy obtained by the manufacturer is positively
related to the ratio of the quantity of remanufactured products to the quantity of new products.

The DCLSC structure is shown in Figure 1. The meanings of the different parameters are described
in Table 1.
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Table 1. Parameter description.

Symbol Descriptions

cm Production cost of unit new product
cr Production cost of unit remanufactured product
wr Wholesale price provided by the manufacturer to the retailer
br Recovery price of unit product for manufacturer
qe Market demand for direct channel
qr Market demand for retailer channel
q Supply quantity of waste products
θ Recovery rate of waste products
γ The ratio of remanufactured products and new products
pe Price of unit product in direct channel (direct price for short)
pr Price of unit product in retailer channel (retail price for short)
pc Recycling price of unit waste product
s The quantity of waste products voluntarily provided by consumers
k Sensitive coefficient of recovery price for consumer
ei Carbon emissions of unit product (i = p, r; p = production, r = remanufactured)
ce Carbon tax of unit carbon emission
qf Basic carbon quota subsidy provided by government for manufacturer
πr Retailer’s profit
πm Manufacturer’s profit
τr Decision delay parameter of retail price
τw Decision delay parameter of wholesale price
τc Decision delay parameter of recovery price

Assumptions of the general model:

(i) The cost of a unit of new product is higher than that of a unit of remanufactured product, cm > cr.
(ii) Recovery rate of waste products θ ∈ [0, 1]. The retailer is responsible for the inspection of waste

products to ensure compliance with the remanufacturing standards. θ = 0 indicates that there are
no qualified waste products for remanufacturing in the market, while θ = 1 is an ideal situation,
which means that all the waste products can be used for remanufacturing.

(iii) To ensure the retailer can make a profit, let pr > wr and br > pc.
(iv) Carbon emissions per unit of new product are higher than those of a unit of remanufactured

product, ep > er.
(v) We do not consider the sale cost and other costs of the two channels.
(vi) All products recycled by the retailer are resold to the manufacturer for remanufacturing.

The function of consumers to provide waste products is as follows:

q = s + kpc (1)

Equation (1) shows that the supply of waste products comes from two sources. On the one hand,
consumers voluntarily provide waste products. On the other hand, consumers sell waste products to
retailers according to the recycling price. Obviously, the higher the recycling price, the more consumers
will be willing to sell waste products. The sensitivity of consumers to recycling prices is denoted by k.

The product demand functions of direct channel and retailer channel are given by:

qe = a− bpe + cpr (2)

qr = θq− bpr + cpe (3)

where a > 0 and θq > 0 are the market capacities of new products and remanufactured products
respectively. b > 0 is the price elasticity coefficient, c > 0 is the cross price sensitivity coefficient. b > c
represents that the price has more impact on its own demand than cross price. Equation (2) implies
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that the demand for new products in the direct channel is negatively related to the direct price, while it
is positively related to the retail price. Equation (3) has a similar meanings. That is to say, lowering the
retail price or raising the direct price the will increase the market demand of the retailer channel and
vice versa.

The carbon emissions of new products and remanufactured products are qeep and qrer respectively,
so the total carbon tax paid by the manufacturer is:

ce[qeep + qrer] (4)

With reference to Hypothesis (iv), we can draw the following conclusions from Equation (4)
when the other conditions are fixed. Manufacturers can effectively reduce the total carbon tax by
increasing the remanufacturing of waste products. At the same time, manufacturers can also reduce
carbon emissions per unit product (including new and remanufactured products) by improving the
manufacturing technology. In addition, the government can directly affect the manufacturer’s profit
through per unit carbon emission tax revenue.

The government provides a carbon quota subsidy for manufacturers γqf. The amount of carbon
quota subsidy obtained by a manufacturer depends on the ratio of remanufactured products and new
products, that is γ = qr/qe. This can motivate manufacturers to be more engaged in remanufacturing
waste products.

With the above analysis, we formulate the profit functions for manufacturer and retailer:

πr = (pr − wr + br − pc)qr (5)

πm = (pe − cm)qe + (wr − cr − br)qr − ce[qeep + qrer − γq f ] (6)

For brevity, we assume that the quantity of new products is equal to the remanufactured products,
i.e., γ = 1. This shows that manufacturers can obtain the basic carbon quota subsidy provided by
the government.

We consider the Nash game in the price game market. Because of the complexity and uncertainty
of environmental constraints, it is difficult for manufacturers and retailers to make decisions under
completely rational conditions. Therefore, we assume that manufacturer and retailer make decisions in
the context of bounded rationality (limited information processing capacity, self-discipline, knowledge,
information, and experience). However, the Nash equilibrium is an optimal strategy based on complete
rational hypothesis and obtained by rigorous logic operation, so it is difficult for the manufacturer and
retailer in a bounded rationality scenario to achieve Nash equilibrium in the short run. The purpose of
their decisions is to converge to the Nash equilibrium. It is also a process in which manufacturer and
retailer learn from each other and adjust their strategies [23].

The decision process is as follows: the manufacturer determines the wholesale price and the
retailer determines the retail price and recycle price simultaneously according to their own knowledge
and experience. Then, the manufacturer and retailer adjust their strategies on the basis of the decisions
made by the other player and the maximization of their own utility. In the course of the repeated game
of strategy interaction and behavior learning, the strategy combination of manufacturer and retailer is
close to the Nash equilibrium. In this state, manufacturer and retailer have made optimal decisions,
and none of them are willing to take the initiative to make strategic changes.

As manufacturer and retailer have incomplete market information in the game process, so they
refer to marginal profit when making decisions. From Equations (1)–(3), (5) and (6), the marginal
profits for manufacturer and retailer with respect to pr, pc and wr are given by:

∂πr(pr ,pc ,wr)
∂pr

= θq + cpe − bpr − b(br − pc + pr − wr)
∂πr(pr ,pc ,wr)

∂pc
= −θq− cpe + bpr + kθ(br − pc + pr − wr)

∂πm(pr ,pc ,wr)
∂wr

= cpe − bpr + θq

(7)
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If ∂πr/∂pr > 0 and ∂πr/∂pc > 0, the retailer raises the retail price and recovery price, and vice
versa. If ∂πm/∂wr > 0, the manufacturer raises the wholesale price, and vice versa, so the dynamic
price adjustment process is as follows:{ ·

pi(t) = αi(pi)
∂πr(pr ,pc ,wr)

∂pi
, i = r, c

·
wr(t) = αw(wr)

∂πm(pr ,pc ,wr)
∂wr

(8)

where αi(pi) represents the influence factor of marginal profit on retail price and recovery price, αw(wr)

indicates the influence factor of marginal profit on the wholesale price. We assume that αi(pi) and
αw(wr) are linear functions. Namely: {

αi(pi) = vi pi, i = r, c
αw(wr) = vwwr

(9)

where vi > 0 represents the adjustment speeds of retail price and recovery price, vw > 0 indicates the
adjustment speed of the wholesale price.

Substituting Equations (7) and (9) into Equation (8), we obtain the price game model of DCLSC
as follows: 

·
pr = vr pr(θ(s + kpc) + cpe − bpr − b(br − pc + pr − wr))
·

pc = vc pc(−θ(s + kpc)− cpe + bpr + kθ(br − pc + pr − wr))
·

wr = vwwr(cpe − bpr + θ(s + kpc))

(10)

Manufacturer and retailer are decision makers with bounded rationality. They not only consider
the current price, but also refer to historical prices to make sure that the decisions made are more
accurate. The delay parameter is τw when the manufacturer sets the wholesale price, and the delay
parameter for retail price and recovery price is τr and τc respectively. Therefore, the dynamic game
process with delay strategy can be translated into:

·
pi(t) = vi pi

∂πr(pd
r ,pd

c ,wd
r )

∂pi
, i = r, c

·
wr(t) = vwwr

∂πm(pd
r ,pd

c ,wd
r )

∂wr

(11)

where:

pd
r = w′r pr(t) + (1− w′r)pr(t− τr), pd

c = w′c pc(t) + (1− w′c)pc(t− τc),
wd

r = w′wwr(t) + (1− w′w)wr(t− τw).

The superscript d means postponement decision. 0 ≤ w′r, w′c, w′w ≤ 1 represent the weight of the
current prices when the manufacturer and retailer make decisions. Since current prices are difficult
to obtain accurately and timely, we assume that manufacturer and retailer only consider historical
prices to make decisions. That means w′r = w′c = w′w = 0 and τr, τc, τw > 0. Therefore, the stability and
complexity of the system are discussed when τi > 0, i = r, c, w in this paper.

Based on above description and discussion, Equation (10) can be converted to:
·

pr = vr pr[θs + (θk + b)pc(t− τc) + cpe − 2bpr(t− τr)− bbr + bwr(t− τw)]
·

pc = vc pc[−θs− 2θkpc(t− τc)− cpe + (b + kθ)pr(t− τr) + kθbr − kθwr(t− τw)]
·

wr = vwwr[θs + θkpc(t− τc) + cpe − bpr(t− τr)]

(12)

Let us assume the equilibrium point of Equation (12) is E(p∗r , p∗c , w∗r ). In other words, the system
will tend to the equilibrium point after game. Based on the Hopf bifurcation theorem in [24], we have
the following conclusion (the proof is in Appendix A):
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Theorem 1. The equilibrium point E(p∗r , p∗c , w∗r ) of Equation (12) is asymptotically stable for τ ∈ [0, τ0) and
it is unstable for τ > τ0. Equation (12) has a Hopf bifurcation at τ = τ0. Where τ = τr = τc + τw, τ0 indicates
the critical value of the delay to ensure the stability of the system.

3. Numerical Simulation and Analysis

Now we investigate the influence of several parameters on the stability and complexity of
the system, and show the dynamic evolution process of the system from different perspectives.
After assigning the parameters, it will be given the following system from Equation (12):

·
pr = 0.4pr[0.62 + 0.9pc(t− τc)− pr(t− τr) + 0.5wr(t− τw)]
·

pc = 0.5pc[−0.848− 0.8pc(t− τc) + 0.9pr(t− τr)− 0.4wr(t− τw)]
·

wr = 0.6wr[0.92 + 0.4pc(t− τc)− 0.5pr(t− τr)]

(13)

where τr = τc + τw = τ. We assume τc = τw = τ/2. By simple calculation, it is easy to obtain the
equilibrium point of Equation (13) is E (2.403, 0.169, 1.968). We can get ω0 = 0.483, τ0 = 1.445 by
Equations (A8) and (A12). In addition, we can obtain Q3 + Q4 = 34.409 6= 0 and z0 = −18.313 < 0.
On the basis of Theorem 1, the equilibrium point is asymptotically stable when τ ∈ [0, 1.445) and it is
unstable when τ > 1.445. It undergoes a Hopf bifurcation at τ = 1.445.

3.1. The Influence of τ on the Stability and Complexity of Prices and Profits

In this paper, we only consider τ > 0. Figure 2a shows the dynamic evolution behaviors of
the system. We can find that Equation (13) changes from stability to instability with the increase
of τ, and finally it falls into chaos. The critical value of the system state change with respect to τ is
1.445. This conclusion is completely consistent with the above theoretical analysis. We further verify
Theorem 1 by using the largest Lyapunov exponent (LLE for short) which measures the stability of
system according to the relation between the exponent value and zero. The system is stable when
exponent value is less than zero, while if exponent value is greater than zero, the system is unstable.
Exponent value is equal to zero which indicates the system is losing stability. From Figure 2b we
can find out exponent value is equal to zero when τ = 1.445. On the left side of the critical value,
the exponent value is less than zero, while on the other side is greater than zero. This is consistent
with the meaning expressed in Figure 2a. We can also make clear that τ ∈ [0, 1.445) is the stable region
of the system (the system is also stable according to Theorem 1 when τ ∈ [0, 1), we take τ ∈ [1, 2] for
the simulation effect). This tells us that manufacturer and retailer do not refer to historical prices as
long as possible. In other words, the delay of the retail price can not exceed τ0, or the sum of the delay
of recovery price and the delay of wholesale price can not exceed τ0. Otherwise, it will lead to price
fluctuation and even enter chaos.

Complexity is another characteristic of the system. This paper uses Kolmogorov entropy to
measure the complexity of the system. The rules for judging system complexity as follows: the system
is stable when the entropy value is zero, and it maintains original complexity. Otherwise, if the entropy
value is greater than zero, the system is unstable, and the complexity is increasing. On the basis of the
above analysis, we can infer that the entropy value is equal to zero when τ < 1.445, and it is more than
zero for τ > 1.445. The complexity of the system increases gradually with the increase of τ. Figure 2c
shows this property visually.

The effects of delay parameter on the profits of manufacturer and retailer are shown in Figure 2d.
The profits of manufacturer and retailer are stable when τ < 1.54, while the profits will lose stability
when τ > 1.54. The fluctuation trends of the profits are basically the same, but it will cause great losses
to manufacturer and retailer.
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Figure 2. The impact of τ on the stability and complexity of Equation (13). (a) Bifurcation diagram;
(b) the largest Lyapunov exponent diagram; (c) entropy diagram; and (d) profit change trends of the
manufacturer and the retailer.

In summary, we can conclude that if the delay parameter goes beyond a certain range, the DCLSC
game system will lose stability and become more complex, which is not good for manufacturer and
retailer to make price decisions. This also shows that the price of a long time ago has no reference value
to the current decision-making, but it is prone to decision-making errors. In addition, the fluctuation
of the profits lags behind the instability of the prices.

The delay parameter τ increases from 1.2 to 2.18, the system undergoes steady state, periodic
state, quasi periodic state and chaotic state. Meanwhile, the system is also becoming more and more
complex. Figure 3 shows the dynamic evolution process of the system from stable to chaos through
attractor. It can be seen from Figure 3a the system is stable, and the prices will tend to the equilibrium
point after game, which is the best decision for manufacturer and retailer. While Figure 3d shows the
system is chaotic, and the prices fluctuate irregularly. It is difficult for manufacturer and retailer to
make profits in such a situation. Figure 3b,c indicate that the system is in periodic and quasi periodic
states respectively. In the periodic state, the prices eventually tend to the limit cycle and show periodic
fluctuation. In quasi periodic state, the prices are not a strict periodic change, and some fluctuation
or even bifurcation occurs in system. Therefore, market stability is the best decision environment for
manufacturer and retailer, and other three states must be avoided.
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Figure 3. Attractor. (a) τ = 1.2; (b) τ = 1.6; (c) τ = 2.0; and (d) τ = 2.18.

3.2. The Influence of vw on the Stability and Complexity of Prices and Profits

Normally, a manufacturer adjusts the wholesale price according to the operation so as to maintain
the stability of the profit. But if the wholesale price is adjusted too frequently, it will backfire. We only
analyze the effect of vw on the stability and complexity of Equation (13) when the system is stable in
this paper, so let τ = 1.2 < τ0 = 1.445. Figure 4a–c depict the dynamic behaviors of the system with
an increase of the wholesale price adjustment speed. When vw increases from 0 to 0.1, the wholesale
price wr and the retail price pr increase gradually and tend to be 2.421. There is a bifurcation occurring
at vw = 0.725, the system has lost stability and increased complexity since then. The retail price is based
on the wholesale price, so the impact of vw on the retail price and wholesale price is obvious, but the
recovery price pc is less affected. The stability region of the system with respect to vw is [0.1, 0.725].

On the other hand, the profits of manufacturer and retailer are closely related to price.
The fluctuation of prices is bound to cause the instability of profits. Figure 4d represents the trend
of profit change trends for manufacturer and retailer. It can be seen that the profits have gradually
fluctuated considerably when vw > 0.78. This warns the manufacturer not to rely solely on raising
the wholesale price adjustment speed to gain greater profits. Otherwise, it will damage the system
equilibrium and bring unnecessary losses to the members of DCLSC.
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Figure 4. The impact of vw on the stability and complexity of prices and profits when τ = 1.2.
(a) bifurcation diagram; (b) the largest Lyapunov exponent diagram; (c) entropy diagram; and (d) profit
change trends of manufacturer and retailer.

3.3. The Influence of τ, vw on the Stability and Complexity of Prices and Profits

As one can see from Figure 5a, it describes the change trends of pr, wr and pc. The price pr is
above, and the price wr is in the middle, while the price pc is below. The price change trends are
basically the same. When τ and vw are larger, Equation (13) is in a state of instability, and becomes
more complex. This is shown in Figure 5b. Manufacturer and retailer make sure that (τ, vw) is in the
stable region, where entropy value equals zero in Figure 5b.

The profit change trends of manufacturer and retailer are basically the same as the prices.
The profits rise with an increase of vw, while τ has less impact on profits. We can infer that if
manufacturer and retailer want to gain higher profits, they can control the delay parameter in
a reasonable range, and then speed up the wholesale price adjustment. But adjusting τ won’t do any
good for profits.



Entropy 2017, 19, 577 12 of 21

Entropy 2017, 19, 577    12 of 22 

 

reasonable  range, and  then  speed up  the wholesale price adjustment. But adjusting     won’t do 

any good for profits. 

(a)  (b)

(c)  (d)

Figure 5. The impact of  , wv  on the stability and complexity of profits. (a) price changing trend; (b) 

entropy diagram; (c) manufacturer’s profit; and (d) retailer’s profit. 

3.4. The Influence of     on the Stability of Prices and Profits 
Increasing the recovery rate of waste products can reduce manufacturers’ production costs and 

obtain  more  government  carbon  quota  subsidy.  It  can  be  seen  from  Figure  6a,  the  profits  of 

manufacturer  and  retailer  rise  with  the  increase  of   ,  but  when  0.765  ,  the  profits  will 

become unstable due to price fluctuations. Figure 6b–d show intuitively the stability change of the 

system  when  0.6  ,  0.7    and  0.8    respectively.  The  fluctuation  of  prices  is  positively 

related to   . We can deduce that blindly pursue high recovery rate will be more harm than good 

under other conditions unchanged.   

0

0.5

1

1.5 0

0.5

1
0

1

2

3

4

5

6

vw


p r,p
c,w

r

0
0.5

1
1.5 0

0.5

1

0

0.2

0.4

0.6

0.8

1

vw



E
nt

ro
pi

c

0 0.5 1 1.5 0

0.5

1
0

1

2

3

4

5

6

7

8

9

vw



m

0
0.5

1
1.5 0

0.2
0.4

0.6
0.8

1

-4

-3

-2

-1

0

1

2

3

vw




r

Figure 5. The impact of τ, vw on the stability and complexity of profits. (a) price changing trend;
(b) entropy diagram; (c) manufacturer’s profit; and (d) retailer’s profit.

3.4. The Influence of θ on the Stability of Prices and Profits

Increasing the recovery rate of waste products can reduce manufacturers’ production costs
and obtain more government carbon quota subsidy. It can be seen from Figure 6a, the profits of
manufacturer and retailer rise with the increase of θ, but when θ > 0.765, the profits will become
unstable due to price fluctuations. Figure 6b–d show intuitively the stability change of the system
when θ = 0.6, θ = 0.7 and θ = 0.8 respectively. The fluctuation of prices is positively related to
θ. We can deduce that blindly pursue high recovery rate will be more harm than good under other
conditions unchanged.
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Figure 6. Time series diagram and profit change trend with respect to θ when τ = 1.2. (a) profits
change trends diagram; (b) θ = 0.6; (c) θ = 0.7; and (d) θ = 0.8.

3.5. The Influence of pe on the Stability of Prices and Profits

Manufacturers usually increase direct prices to make more profits. Now we are concerned about
the impact of direct price on prices and profits. As can be seen from Figure 7a, the profit of manufacturer
raises significantly with the increase of direct price, but retailer’s profit almost remains unchanged.

Entropy 2017, 19, 577    13 of 22 

 

   

(a)  (b)

(c)  (d)
Figure 6. Time series diagram and profit change trend with respect to θ when  1.2  . (a) profits 

change trends diagram; (b)  0.6  ; (c)  0.7  ; and (d)  0.8  . 

3.5. The Influence of  ep   on the Stability of Prices and Profits 

Manufacturers  usually  increase  direct  prices  to make more  profits. Now we  are  concerned 

about the impact of direct price on prices and profits. As can be seen from Figure 7a, the profit of 

manufacturer  raises  significantly  with  the  increase  of  direct  price,  but  retailer’s  profit  almost 

remains unchanged.   

(a)  (b)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-1

0

1

2

3

4

5

6

 

 

X: 0.765
Y: 3.466





X: 0.765
Y: 0.521

m

r

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5

3

3.5

t

p r,p
c,w

r

 

 
wr

pc

pr

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

t

p r,p
c,w

r

 

 
wr

pc

pr

0 20 40 60 80 100
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

t

p r,p
c,w

r

 

 
wr

pc

pr

0 0.5 1 1.5 2 2.5 3 3.5 4
-6

-4

-2

0

2

4

6

8

10

12

 

 

X: 2.5
Y: 0.2296

pe



X: 2.5
Y: 8.057

m

r

0 0.5 1 1.5 2 2.5 3 3.5 4
0

1

2

3

4

5

6

7

X: 2.35
Y: 2.97

pe

p r, 
p c, 

w
r

pr

wr

pc

Figure 7. Cont.
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Figure 7. The impact of pe on the stability of prices and profits when τ = 1.2. (a) profit change trends
diagram; (b) bifurcation diagram; and (c) the largest Lyapunov exponent diagram.

However, the direct price cannot increase unlimitedly, and if pe > 2.5, retailer’s profit will slow
down, there has been a marked loss. Figure 7b,c describe the effects of pe on prices. It results in
an increase in wholesale and retail price when pe moves from 0 to 2.35, but the recovery price is almost
unaffected. If pe > 2.35, the system will go into unstable state, or even enter chaos, so we can speculate
that the manufacturer can interfere with retail prices by adjusting the direct price or wholesale price.
The manufacturer gains much more profits than the retailer by increasing the direct price, but if the
direct price exceeds a reasonable range, it will seriously damage the interests of the retailer.

3.6. The Influence of Government Intervention on the Stability of Manufacturer’s Profit

Carbon emissions of unit product, carbon tax, and carbon quota subsidy affect manufacturer’s
cost and profit. Figure 8a shows the effects of carbon quota subsidy q f , carbon emissions of unit new
products ep, and carbon emissions of unit remanufactured products er on the manufacturer’s profit
πm. We find that the increase of ep will lead to lower πm, while er has little impact on πm. In addition,
manufacturer’s profit πm is positively related to q f . Therefore, the manufacturer should increase
the recycling and remanufacturing of waste products, and strive for more government carbon quota
subsidies to raise profits.

Figure 8b describes the effects of carbon tax ce, carbon emissions of unit new products ep and
carbon emissions per unit of remanufactured products er on the manufacturer’s profit πm. The increase
of ce will cause a significant decrease in πm when ep is relatively larger. Therefore, the government
generally regulates the energy-saving and emission-reduction of manufacturers by using a carbon
tax, and forces manufacturer to increase investment and reduce carbon emissions. If the ce is lower,
ep and er have less impact on πm. However, if the ce is higher, πm decreases with the increase of ep.
Regardless of the carbon tax, the carbon emissions per unit of remanufactured product have little
impact on the manufacturer’s profit, so the manufacturer should actively carry out recycling and reuse
of waste products.
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Figure 8. The impact of government intervention on the manufacturer’s profit τ = 1.2. (a) q f , er, ep;
and (b) ce, er, ep.

4. Chaos Control

Based on the above analysis, we know that if the system is unstable or chaotic, it will cause sharp
fluctuations in prices and profits, and bring unpredictable losses to the manufacturer and retailer.
Therefore, it is necessary to take measures to avoid or delay systematic bifurcation, or to make the
unstable system return to stable state. In this paper, the delayed feedback control method is adopted
to control the chaotic system.

In Figure 3d, the system is chaotic when τ = 2.18, its corresponding time series diagram is shown
in Figure 9. It is clear that the price fluctuates irregularly. At this time, the wholesale price is not always
smaller than the retail price. Obviously, this will have a bad influence on retailer’s profit.
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For that reason, adding control item on Equation (13), we can get:
·

pr = 0.4pr[0.62 + 0.9pc(t− τc)− pr(t− τr) + 0.5wr(t− τw)]− µ(pr − pr(t− τr))
·

pc = 0.5pc[−0.848− 0.8pc(t− τc) + 0.9pr(t− τr)− 0.4wr(t− τw)]− µ(pc − pc(t− τc))
·

wr = 0.6wr[0.92 + 0.4pc(t− τc)− 0.5pr(t− τr)]

(14)

where µ is the control parameter. Next, we focus on the influence of µ on Equation (14), which is shown
in Figure 10. Equation (14) is unstable when µ < 0.206. There is a bifurcation occurs when µ = 0.206.
In addition to the situation, Equation (14) is stable. We can also find that µ is negatively related to the
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stability and complexity of the system. That is to say, the control parameter µ can directly affect the
stability and the complexity of Equation (14), it will return to stable state as long as µ > 0.206.

Let’s observe the chaos control effect for µ = 0.1 < 0.206 and µ = 0.25 > 0.206 respectively. It can
be seen from Figure 11 that Equation (14) is still unstable when µ = 0.1. After a long game, the prices
of manufacturer and retailer will tend to a limit cycle. That is to say, the ultimate purpose of control is
not achieved, but comparing Figures 9 and 11a, we find that Equation (14) has been transformed from
chaotic state into periodic state. This show the control measures have played a certain role. The retail
price has already greater than the wholesale price, but the cyclical price fluctuations are not good for
the decisions of manufacturer and retailer.
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Figure 10. The impact of µ on the stability and complexity of Equation (14) when τ = 2.18.
(a) bifurcation diagram; (b) the largest Lyapunov exponent diagram; and (c) entropy diagram.
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Figure 11. Equation (14) is unstable when µ = 0.1 and τ = 2.18. (a) time series diagram; and (b) attractor.
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However, Equation (14) returns to stable state when µ = 0.25, which is shown in Figure 12.
Equation (14) has changed from chaotic state to stable state by adjusting µ. After game, the prices will
tend to equilibrium point, then manufacturer and retailer can get the maximum profits. The chaotic
control is realized successfully by using delayed feedback control method, and the price stability of
DCLSC is ensured by adjusting the control parameter.
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Figure 12. Equation (14) is stable when µ = 0.25 and τ = 2.18. (a) time series diagram; and (b) attractor.

5. Conclusions

This paper constructs a DCLSC with carbon emissions and government subsidies, which is
composed of a manufacturer and a retailer. The manufacturer is responsible for the production of new
products and remanufactured products. The retailer is responsible for the recycling of waste products
and reselling them to manufacturer. The manufacturer sells new products and remanufactured
products through a direct channel and retailer channel, respectively. There is price competition
between the two channels. A continuous price game model with delays is established in DCLSC,
and the local stability of the model is analyzed.

In the numerical simulation and analysis, the influence of parameters such as bifurcation and
chaos on the dynamic characteristics of the model is investigated. In order to overcome the adverse
effects caused by chaos, we adopt the delayed feedback control method to make the chaotic system
returns to the stable state successfully.

The following conclusions can be drawn from this study: (1) the local stability conditions of
the equilibrium point of the model are given; (2) the delay of retail price decisions or the sum of
wholesale price delay and recovery price delay shouldn’t be too large. If they go beyond a certain
range, the price game system will lose stability and even enter chaos. This will increase the complexity
of the system and result in instability of profits; (3) the profits of manufacturer and retailer are
positively related to the adjustment speed of the wholesale price when τ is smaller, but the adjustment
speed of the wholesale price should be controlled within a reasonable range, otherwise it will cause
the fluctuation of profits when τ is bigger; (4) the improvement of recovery rate of waste products
will increase the profits of manufacturer and retailer, but it must be controlled within a reasonable
range, otherwise it will cause serious damage to the profit of the retailer; (5) the growth of direct
price will lead to increase of retail price and manufacturer’s profit, but the retailer’s profit is almost
unchanged; (6) the government can adjust the manufacturer’s profit through carbon taxes and carbon
quota subsidies. The manufacturer’s profit is negatively related and positively related to carbon taxes
and carbon quotas subsidies, respectively. Therefore, the government can stimulate manufacturers to
reduce carbon emissions and encourage them to improve the recycling and remanufacturing of waste
products by means of these two approaches; (7) the delayed feedback control method can be taken to
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make unstable or chaotic systems get rid of disadvantage, and to ensure manufacturer and retailer
make the right decisions in stable system.

The paper only considers the government subsidy to the manufacturer. As a next step, we will
discuss the sharing of subsidy between manufacturer and retailer by using subsidy sharing contract.
In addition, we can also study the government subsidy to retailer directly, and increase the enthusiasm
of retailer to participate in the recycling of waste products.
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Appendix A

Proof of Theorem 1

Proof. Equation (12) can be linearized through the Jacobian matrix is as follows [25]:
·

pr = J11 pr + J12 pr(t− τr) + J14 pc(t− τc) + J16wr(t− τw)
·

pc = J22 pr(t− τr) + J23 pc + J24 pc(t− τc) + J26wr(t− τw)
·

wr = J32 pr(t− τr) + J34 pc(t− τc) + J35wr

(A1)

where:

J11 = vrθs + vr(θk + b)p∗c + cvr pe − vr2bp∗r + vrbw∗r − vrbbr, J12 = −2bvr p∗r , J13 = 0,
J14 = (θk + b)vr p∗r , J15 = 0, J16 = bvr p∗r , J21 = 0, J22 = (b + kθ)vc p∗c ,
J23 = −θsvc − 2θkvc p∗c − cvc pe + (b + kθ)vc p∗r + kθbrvc − kθw∗r vc, J24 = −2θkvc p∗c ,
J25 = 0, J26 = −kθvc p∗c , J31 = 0, J32 = −bvww∗r , J33 = 0, J34 = θkvww∗r ,
J35 = θsvw + θkvw p∗c + cvw pe − bvw p∗r , J36 = 0.

The characteristic determinant of Equation (A1) is:

|λI − J| =

∣∣∣∣∣∣∣
λ− J′11 −J′12 −J′13
−J′21 λ− J′22 −J′23
−J′31 −J′32 λ− J′33

∣∣∣∣∣∣∣ = 0 (A2)

where:

J′11 = J11 + J12e−λτr , J′12 = J14e−λτc , J′13 = J16e−λτw , J′21 = J22e−λτr , J′22 = J23 + J24e−λτc ,
J′23 = J26e−λτw , J′31 = J32e−λτr , J′32 = J34e−λτc , J′33 = J35.

The characteristic equation of Equation (A1) is:

λ3 + A2λ2 + (B2λ2 + B1λ)e−λτr + (C1λ + C0)e−λ(τc+τw) + D0e−λ(τr+τc+τw) = 0 (A3)

where:

A2 = −sθvw − cpevw − kθvw p∗c + bvw p∗r ,
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B2 = 2k2θ2brv2
c p∗c − 2ksθ2v2

c p∗c − 2ckθpev2
c p∗c + . . . + 2b2v2

r p∗r w∗r + 2bvr p∗c p∗r vr(b + kθ),
B1 = 2ks2θ3v2

c vw p∗c − 2k2sθ3brv2
c vw p∗c + 4cksθ2 pev2

c vw p∗c + . . . + 2b2vrvw p∗c p∗r 2vr(b + kθ),
C1 = −b2vcvr p∗c p∗r − 2bkθvcvr p∗c p∗r − k2θ2vcvr p∗c p∗r + . . .− 4bk2θ2v2

c vr p∗c 2 p∗r w∗r vr(b + kθ),
C0 = b2sθvcvrvw p∗c p∗r + 2bksθ2vcvrvw p∗c p∗r + . . .− 4b2k2θ2v2

c vrvw p∗c 2 p∗r 2w∗r vr(b + kθ),
D0 = −2b2kθvcvrvw p∗c p∗r w∗r − 2bk2θ2vcvrvw p∗c p∗r w∗r + . . . + 2bk2θ2vcvrvw p∗c 2 p∗r w∗r vr(b + kθ).

Set τr = τc + τw = τ, Equation (A3) can be simplified as:

λ3 + A2λ2 + (B2λ2 + B1λ)e−λτ + (C1λ + C0)e−λτ + D0e−2λτ = 0 (A4)

Both sides of Equation (A4) multiplied by eλτ can be obtained:

(λ3 + A2λ2)eλτ + B2λ2 + B1λ + C1λ + C0 + D0e−λτ = 0 (A5)

Let λ = iω (ω > 0) be the root of Equation (A5). Substituting λ = iω(ω > 0) into Equation (A5)
and separating the real and imaginary parts, we get:{

−ω3 cos ωτ + (D0 − A2ω2) sin ωτ = −(B1ω + C1ω)

(D0 − A2ω2)cosωτ + ω3 sin ωτ = B2ω2 − C0
(A6)

From Equation (A6), we have: sin(ωτ) = B2ω5−(−A2B1−A2C1+C0)ω
3−(B1D0+C1D0)ω

2(D0−A2ω2)ω3

cos(ωτ) = B2ω5−(A2B1+A2C1+C0)ω
3+(B1D0+C1D0)ω

2(D0−A2ω2)ω3

(A7)

Squaring and adding both Equations (A6), then we have:

ω6 + z2ω4 + z1ω2 + z0 = 0 (A8)

where:

z2 = A2
2 − B2

2 , z1 = 2B2C0 − 2D0 A2 − B2
1 − C2

1 − 2B1C1, z0 = D2
0 − C2

0 .

Let s = ω2, Equation (A8) is simplified as:

s3 + z2s2 + z1s + z0 = 0 (A9)

We define:
h(s) = s3 + z2s2 + z1s + z0 (A10)

(a) If z0 < 0, then Equation (A9) has at least one positive root.
(b) If z0 ≥ 0 and4 = z2

2 − 3z1 < 0, then Equation (A9) has no positive roots.
(c) If z0 ≥ 0, then Equation (A9) has positive roots if and only if s1 = (−z2 +

√
4)/3 > 0 and

h(s1) ≤ 0.

Without losing generality, it is assumed that Equation (A9) has three positive roots, namely
s1, s2, s3. So ω1 =

√
s1, ω2 =

√
s2, ω3 =

√
s3.

Then, for every fixed ωn(n = 1, 2, 3), there exists a sequence
{

τ
(j)
n |n = 1, 2, 3; j = 0, 1, 2, . . .

}
which

satisfies Equation (A5). From Equation (A7), we can get:

τ
(j)
n = 1

ωn
arccos( B2ω5

n−(A2B1+A2C1+C0)ω
3
n+(B1D0+C1D0)ωn

2(D0−A2ω2
n)ω

3
n

) + 2jπ
ωn

, n = 1, 2, 3; j = 0, 1, 2, . . . (A11)
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Let τ0 = min
{

τ
(j)
n

∣∣∣n = 1, 2, 3; j = 0, 1, 2, . . .
}

= min
{

τ
(0)
n

∣∣∣n = 1, 2, 3
}

= τn0 , then ω0 = ωn0 ∈
{ω1, ω2, ω3}. Thus, we obtain τ0 as follows:

τ0 =
1

ω0
arccos(

B2ω5
0 − (A2B1 + A2C1 + C0)ω

3
0 + (B1D0 + C1D0)ω0

2(D0 − A2ω2
0)ω

3
0

) (A12)

Then, we can draw the following conclusions [26,27]:

Lemma 1. If conditions (a)− (c) have at least one hold, then Equation (A5) has a pair of purely imaginary
roots ±iω0 when τ = τ0.

The following, we take the derivative with τ in Equation (A5), we have:[
dλ

dτ

]−1
=

(3λ2 + 2A2λ)eλτ + 2B2λ + B1 + C1

B2λ3 + (B1 + C1)λ2 + C0λ + λ2D0e−λτ
− τ

λ
(A13)

Then:

Re
[

dλ(τ0)

dτ

]−1

λ=iω0

=
Q3 + Q4

Q2
1 + Q2

2
(A14)

where:

Q1 = 2D0ω0 sin ω0τ0 − (B1 + C1)ω
2
0 , Q2 = C0ω0 − B2ω3

0 + 2D0ω0 sin ω0τ0,
Q3 = B1R + C1R− 2A2ω0R sin ω0τ0 − 3Rω2

0 cos ω0τ0,
Q4 = 2IB2ω0 + 2IA2ω0 cos ω0τ0 − 3Iω2

0 sin ω0τ0.

Lemma 2. If Q3 + Q4 6= 0, then dReλ(τ0)
dτ

∣∣∣
λ=iω0

= Re
[

dλ(τ0)
dτ

]−1

λ=iω0
6= 0. Thus, it satisfies the

transversal condition.

We can obtain Theorem 1 according to Lemmas 1 and 2.
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